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JOHN  JOSHUA  PROBY, 

EARL  OF  CARYSFORT  -, 

KNIGHT  OF  THE  MOST  ILLUSTlilOJJS  ORDER  OF  ST.  PATRICK, 
MY  LORD, 

Although  the  promotion  of  the  arts  and  sciences  has 
been  ever  deemed  the  proper  province  of  the  great 
and  noble,  yet  it  has  not  always  been  the  good  for- 
tune of  those  who  employ  their  time  a'nd  exertions 
in  the  dissemination  of  knowledge,  to  meet  with  at 
patron  who  is  at  once  distinguished  by  his  rank,  his 
talents,  and  his  zeal  in  the  encouragement  of  useful 
perfotmances.  I  cannot,  therefore,  but  esteem  it  a 
high  honour,  and  a  source  of  considerable  gratifica- 
tion, that  I  am  permitted  to  present  a  Treatise  of 
Mechanics  to  the  public,  under  your  Lordship's  pro* 
taction  :  and  I  have  been  doubly  solicitous  that  the 
work  which  you  have  thus  been  pleased  to  encou- 
rage, may  not  be  found  altogether  unworthy  the  ap- 
probation of  such  a  patron. 

When  I  reflect  upon  your  lordship's  eminent  and 
accurate  acquaintance  with  many  of  the  subjects'^ 
discussed  in  the  following  sheets,  my  diffidence  might 
be  justly  alarmed  ;  but  I  throw  myself  upon  the  can- 
dour and  kindness  I  have  so  often  experienced:  and. 


ly  DEDICATION. 

though  I  am  not  vaih  enough^  to  imagine  tiiat  my 
undertaking  will  be  found  free  from  faults  and  errors, 
or  that  these  can  escape  your  notice  ;  yet  I  have  the 
satisfaction  1)0  know,  notwithstanding,  that  whatever 
will  stand  the  test  of  a  correct  and  solid  judgment, 
or  may  be  found  calculated  to  enlarge  the  stock  of 
human  knowledge,  or  mora  widely  to  diffuse  an  ac- 
quaintance with  the  principles  of  a  branch  of  science 
of  acknowledged  utility,  will  not  fail  to  receive  your 
Jordship's  capwieadation  ^nd  support. 

Allow  me,  my  lord,  publicly  to  thank  you  for  the 
numerous  favours  you  have  conferred  upon  me  in 
different  periods  of  my  life,  and  to  subscribe  myself, 
with  unfeigned  respect,  and  the  sincerest  gratitude. 

My  lord, 

Youy  lordship's  most  obliged 

and  most  obedient  Servant, 

OlINTHOS  G.  GnEGOitY. 


PREFACE. 


It  lias  of  late  beefl  a  too  prevallihg  opinion  in  this  counti^,  that 
a  man  may  become  celebrated  as  a  natural  philosopher,  and  be  very- 
successful  in  the  application  of  his  knowledge  to  practical  purposes  | 
particularly  in  tfie  construction  of  machinery  j  while  he  Is  completely 
unacquainted  with  the  principles  of  mathematics.     Among  a  va- 
riety of  Unpleasant  consequences  which  have  resulted  from  this  er- 
roneous opinion,  may  be  reckoned,  the  rapid  decline  of  the  mathe- 
matical scietices  in  Britain,   the  dissemination  of  superficial  and 
vague  notions  oh  physical  topics,  and  the  absolute  necessity  of  hav- 
ing recourse  to  foreign  publications  for  profound  and  extensive  in- ' 
formation  on  those  subjects,  which  we  should  have  supposed,  had 
not  experience  convinced  us  of  the  contrary.  Englishmen  would  have 
been  proud  to  cultivate ;  since  they  were  first  placed  upon  an  un- 
shaken basis  in  the  Principia  of  out  Own  countryman,  the  illustrious 
Newton.    It  has  been  asserted  by  a  competent  judge.  Dr.  Robison, 
and  it  is  mortifying  to  reflect  that  the  assertion  is  true,  "  that  while 
the  continent  has  suppHed  ns  with  most  elaborate  and  useful  trea- 
tises on  various  articles  in  physical  astronomy,  practical  mechanics, 
hydraulics,  and  optics,  there  has  not  appeared  in  Britain  half  a 
dozen  treatises  worth  consulting  for  the  last  forty  years."      We 
have,  it  is  readily  admitted,  many  popular  works   on  meclianic*, 
hydrostatics,  &c.  in  which '  the  principles  are  exhibited,  and  their 
application  to  the  useful  purposes  in  life  illustrated  by  examples  j 
but  since  their  authors  have  scarcely  ever  aimed  at  demonstration, 
those  who  rest  satisfied  with  the  information  they  can  gather  from 
these  treatises,  can  at  hest  acquire  biit  a  kind  of  second-hand  know* 
ledge  of  unproved  principles  loosely  floating  in  the  mind  j  and  must 
VOL,  I,  b 
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generally  hesitate  in  every  case  presenting  a  novel  aspect,  for  want 
of  that  confidence  in  principles  and  results  wliicli  the  irresistible 
evidence  accompanying  the  deductions  of  pure  science  alone  can 
inspire.  I  would  not  be  understood  as,  intending  to  cast  any  censure 
upon  the  authors  of  familiar  treatises  on  scientific  subjects  :  I  only 
wish  it  to  be  recollected  that  these  are  much  fitter  for  children  than 
for  men;  that  they  may  be  useful  as  introductory  books  for  pupils, 
but  of  little  or  no  immediate  service  in  the  active  concerns  of  a 
.  more  advanced  state ;  and  that,  because  they  merely  excite  a  thirst 
for  knowledge  which  they  cannot  gratify.  Nor  would  I  .wish  to 
insinuate  that  there  are  not  in  our  language  some  excellent  works 
on  the  theory  of  mechanics ;  but  I  cannot  help  being  apprehensive 
that  most  of  these  (chiefly  on  account  of  the  small  encouragement 
likely  to  be  given  them)  are  too  confined  in  their  object,  and  for 
that  reason  fail  in  being  so  .beneficial  to  the  public,  as  the  talents  of 
their  authors  might  otherwise  lead  us  naturally  to  eXpect. 

For  some  years  I  have  seen  (or  thoitght  I  have  seen),  and  often 
regretted,  that  a  forbidding  distance  and  awkward  jealousy  seem 
to  subsist  between  the  theorists  and  the  practical  men  engaged  in 
the  cultivation  of  mechanics  in  this  country  :  and  it  is  a  desire  to 
shorten  this  distance,  and  to  eradicate  this  jealousy,  tliat  has  been'  a 
principal  stimulant  in  the  execution  of  the  following  performance. 
I  have  by  long  habit,  combined  perhaps  with  early  acquired  pre- 
judices,'been  much  delighted  with  the  investigations  of  theorists: 
but  while  I  prize -the  deductions  of  sound  theory  as  highly  as  any 
person,  and  rest  as  firmly  upon  them ;  yeit  am  I  desirous  not  to 
forget  that,  as  all  general  principles  imply  the  exercise  of  abstrac- 
tion, it  would  be  highly  injudicious  not  to  regard  them  in  their 
•practical  applications  as  approximations,  the  defects  of  which  must 
be  supplied,  as  ifideed  the  principles  themselves  are  deduced,  from 
experience.  Habits  of  abstraction  and  theorizing  may  be  carried  to 
excess ;  and  crude  experience  without  reflection  will  never  be  pro- 
•  ductive  of  essential  good.  Bpt,  as  an  eminent  philosopher  *  (for 
whose  talents  and  virtues  I  entertain  great  respect)  remarks,  "  Care 
"  should  be  taken  to  guard  against  both  these  extremes,  and  to 
"  unite  habits  of  abstraction  with  habits  of  business,    in  such  a 

*  Professor  Dugald  Stewart;  Elements  of  the  Philosopfiy  of  the  Hum»a 
Mind,  p.  2.1,  <Scc. 
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"  manner  as  to  enable  men.  to  consider  things  either  in  genersffor 
"  in  detail,  as  the  occasion  may  require.  Whichever  of  these 
"  habits  ma)'  happen  to  gain  an  undue  ascendant  over  the  mind, 
"  it  will  necessarily  produce  a  character  limited  in  its  powers,  and 
"  fitted  only' for  particular  exertions. — When  theoretical  knowledge 
"  and  practical  skill  are  happily  combined  in  the  same  person,  the 
"  intellectual  power  of  man  appears  in  its  full  perfection,,  and  fits 
''  him  equally  to  coiiduct  with  a  masterly  hand  the  details  of  ordi- 
"  nary  businessj  and  to  contend  successfully  with  the  untried  diffi- 
"  culties  of  new  and  hazardous  situations.  In  conducting  the 
"  former,  mere  experience  may  frequently  be  a  sufficient  guide : 
"  but  experience  and  speculation  must  be  combined  together  to 
"  prepare  us  for' the  lafter,"  'Expert  men,'  says  Lord  Bacon, 
'  can  execute  and  judge  of  particulars,  one  by  one;  but  the  generai 
'  counsels,  and  the  plots,  and  the  marshalling  of  affairs,  come  best 
'  from  those  that  are  learned.' 

Admitting  the  truth  of  these  observations — and  their  truth  I  think 
cannot  well  be  denied— it  will  thence  follow, 'that  theoretical  and 
practical  men  will  most  eifectually  promote  their  mutual  interests, 
not  by  affecting  to  despise  each  other,  but  by  blending  their  efforts  : 
and  further,  that  an  essential  service  will  be  done  to  mechanical 
science,  by  endeavouring  to  make  all  the  scattered  rays  of  light  they 
have  separately  thrown  upon  this  region  of  human  knowlfedge  con- 
verge to  one  point.  In  conformity  with  these  ideas,  I  have  under- 
taken a  task,  attended,  I  am  aware,  with  so  many  difficulties,  that 
•  even  failure  will  not  be  disgraceful ;  while,  on  tlie  other  hand, 
success,  if  my  labours  should  fortunately  be  crowned  with  it,  will 
be  doubly  gratifying}  as  I  .shall  then  flatter  myself  with  .having  con- 
tributed in  some  measure  to  the  union  of  accurate  theory  and  judi- 
cious practice,  and  thus,  ultimately,  to  the  promotion  of  arts  and 
manufactures. 

The  Treatise  of  Mechanics  I  now  presume  to  lay  before  the 
public  is  comprised  in  two  volumes,  besides  a  volume  of  plates. 
Of  these,  the  first  volume  is  devoted  chiefly  to  the  theory :  the 
second  is  practical  and  descriptive.  The  theoretical  part  in  divided 
into  five  books,  and  these  are  subdivided  into  chaptersj  as  the  na- 
ture of  tlie  several  subjects  seemed  to  require, 

Book  I.  is  appropriated,  to  tke  subject  of  Statics,  and  is  sxUpiU 
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vided  into  six  chajiters.  It  commences,  as  irideed  do  all  the  book^,' 
with  definitions  and  preliminary  remarks ;  which  ire  succeeded  by  a 
statement  and  illustration  of  the  Newtonian  laws  of  motion  and 
rest,  which  are  assumed  as  fundamental  principles  to  guide  our  sub- 
sequent enquiries.  The  nature  of  statical  equilibrium,  with  the 
composition  and  resolution  of  forces,  are  then  discussed ;  forces 
being  considered,  1 .  as  disposed  in  one  plane,  and  concurring  ifl 
the  same  point :  2.  as  directed  to  one  point,  but  not  confined  ttf 
one  plane:  3.  as  situated  in  one  plane,  but  applied  to  different 
points  of  a  body  :  4.  as  not  confined  to  one  plane,  and  directed  to 
various  points  of  a  body.  This  portion  of  the  work  occupies  rather 
more  space  than  has  been  commonly  assigned  to  it  in  treatises  of 
mechanics ;  but  this  circumstance  will,  I  hope,  be  found  to  facili- 
tate the  application  of  the  parallelogram  of  forces  to  the  investiga- 
tions which  follow.  The  remaining  chapters  in  this  book  treat  of 
the  centre  of  gravity,  and  the  centrobSryc  method ;  the  simple  ma- 
chines, or,  as  they  are  usually  called,  the  mechanical  powers ;  the 
strength  and  stress  of  timber  and  other  niaterials ;  and  the  equili- 
brium, tension,  and  pressure  of  cords,  arches,  and  domes.  The 
minuter  topics  connected  with  these  general  points  of  enquiry  can- 
not well  be  specified  here. 

The  second  book  relates  to  Dynamics.  It  comprehends  six 
chapters ;  treating  of,  motion,  uniform  and  variable ;  the  descent 
and  ascent  of  heavy  bodies  in  vertical  lines ;  the  motion  of  projec- 
tiles, with  observations  on  ricochet-firing ;  descents  along  inclined 
planes  and  curves  ;  the  vibrations  of  pendulums,  and  the  curve  of  • 
swiftest  descent ;  central  forces  j  the  rotation  of  bodies  about  fixed 
axes,  and  in  free  space,  with  theorems  relative  to  the  centres  of  os- 
cillation, gyration,  percussion,  spontaneous  rotation,  &c.  j  the 
physico-mathematical  theory  of  percussion,  nearly  as  first  delivered 
in  Don  George  Juan's  Examen  Maritime  ;  and  the  motion  of  ma- 
chines, and  their  maximum  effects ;  closing  with  some  remarks 
shewing  in  what  points  of  view  machines  ought  to  be  considered  by 
those  who  would  labour  beneficially  for  their  improvement. 

Book  III.  is  devoted  to  tlie  subject  of  Hydrostatics.  '  It  i"s 
divided  into  four  chapters— On  the  pressure  of  non-elastic  fluids ;  the 
determination  of  the  specific  gravities  of  solid  and  fluid  bodies;  the 
construction  of  hydrometers  or  areometers ;  <^e  equilibrium,  stabi- 
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llty,  and  oscillations  of  floating  bodies,  with  a  particulat  reference 
to  ships  and  canal  boats  j  and,  on  the  phenomena  of  attraction  in 
capillary  tubes.  This  book  contains  an  extensive,  and,  I  trust> 
correct  tableiof  specific  gravities. 

in  the  fourth  book  I  have  given  some  of  the  most  useful  proposi- 
tions and  theorems  relative  to  Hydrodynamics.  But  as  this  is  a 
^ery  complex  and  intricate  subject,  in  which  the  most  elaborate 
-theory  can  do  but  little,  independent  of  numerous  experiments,  it 
seemed  prudent,  rather  than  to  delude  the  student  with  a  display 
of  mathematical  accuracy  where  it  is  so  far  from  being  attained,  to 
curtail  the  theoretical  part  with  a  view  to  tlie  introduction  of  some 
valuable  experimental  results.  This  book  comprises,  then,  only 
-four  chapters.  1 .  On  the  discharge  of  fluids  through  apertures  in 
the  bottom  and  sides  of  vessels,  and  on  spouting  fluids  :  2.  an  ac- 
count of  experiments  made  by  different  philosophers  (as  Bossut, 
Venturi,  Eytelwein,  Young,  Vince,  &c.)  on  the  discharge  of  water 
through  apertures  and  tubes;  and  the  practical  deductions  from 
those  experiments :  3.  on  the  effect  of  water  upon  tlie  motion  of 
water-wheels :  4.  an  account  of  Mr.  Smeaton's  experiments  on 
water-wheels. 

Ihe  fifth  book,  which  terminates  the  first  volume,  is  on  Pneu- 
matics, and  contains  six  chapters.  The  subjects  stated  and  dis- 
cussed in  this  book  are,  the  equilibrium  of  elastic  fluids  j  the  mea- 
surement of  altitudes  with  the  barometer  and  thermometer  j  the 
motion  of  air  when  the  equilibrium  of  pressure  is  removed ;  tlie 
theory  of  air-pumps,  and  pumps  for  raising  water  j  the  resistance 
of  fluids  to  bodies  moving  in  them ;  and  results  of  experiments  on 
the  resistance  of  fluids. 

The  second  volume  of  this  work,  which,  as  before  mentioned, 
is  chiefly  practical,  commences  with  an  introduction  occupying  about 
80  pages,  and  comprising  general  remarks,  rules,  and  directions, 
on  the  construction  and  simplification  of  niachinery  j  on  rota- 
tory, rectilinear,  and  reciprocating  motions;  on  bevel-geer,  and 
proportioning  the  number  of  teeth;  on  friction  and  the  rigidity  of , 
cords,  with  the  experiments  of  Vince,  Coulumb,  &c.  and  an  exam- 
ple of  the  power  of  the  capstan,  allowing  for  friction  and  the  stiffness 
of  cords;  on  water  and  wind  as  movers  of  machinery,  with  Smea- 
ton's rules  relative  to  Vyindmills ;  oo  the  strength  of  fired  gpnrpow-. 
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der ;  on  steam  as  a  mover  of  machinery,  with  the  theorems  and 
results  of  Bettancount  and  Dalton ;  and,  on  the  strength  of  men 
and  horses,  according  to  the  best  and  most  accvirate  observations. 
The  remaining  part  of  this  volume  is  appropriated  to  the  description 
of  a  variety  ot  mechanical  contrivances,  in  number  exceeding-  an 
hundred  and  fifty.  These  are  arranged  alphabetically,  that  they 
mav  be  consulted  vifith  most  convenience ;  and  several  of  them  re- 
late to  machines  and  instruments  which  have  never  before  been  pub- 
licly described — and  for  accounts  of  which  I  am  indebted  to  some 
of  our  naost  celebrated  civil  engineers,  whose  names  will  appear 
with  the  respective  articles.  A  geijeral  enumeration  in  this  preface 
would  be  tiresome,  especially  as  tlie  articles  are  separately  men- 
tioned in  the  Table  of  Contents  to  the  second  volume.  It  may, 
however,  be  proper  just  to  observe,  that  the  greater  part  of  the  conr 
trivances  there  described  are  such  as  are  highly  useful  in  various 
arts  and  manufactures,  and  the  most  important  purposes  of  human 
life  :  among  them  will  be  found  descriptions  of  air-pumps,  balances, 
bark-njills,  barometers,  bellows, '  clocks,  cranes  in  great  variety,  ■ 
jfile- cutters,  fire-engines,  flax^mills,  flour-mills,  foot-mills,  hand- 
mills,  hydraulic  engines  of.  various  kinds,  hygrometers,  kneading- 
mills,  lathes,  and  the  most  curious  turning  apparatus,  locks, 
cil-miUs,  ordnance  boring  machines,  contrivances  for  what  are 
called  parallel  motions,  pendulums,  pile-engines,  planing  machinery, 
presses,  and  pressure-engines,  several  pumps,  pyrometers,  Ramsr 
den's  dividing  machines,  saw-mills,  scapements,  steam-engines, 
curious  and  accurate  steel-yards,  streap-measurers,  telegraphs,  therr 
piometers,  thrashing-mills,  tide-miljs,  watches,  water-mills,  weigh- 
ing apparatus,  wind-mills,  yarn-mills,  &c.  In  some  instances 
where  the  subject  seemed  very  important,  and  not  admitting  of  suf- 
-ficiently  copious  discussion,  among  so  many  other  particulars,  I 
have  inserted  catalogues,  arranged  chronologically,  of  the  chief 
writings  on  that  respective  subject,  whellier  smaller-dissertafions,  or 
full  and  extensive  treatises  :  these  catalogues  may  be  seen  under  the 
words  dock,  Jire-engines,  liydranUc-eiigines,  and  mills.  Jn  a  few  ' 
cases  too,  where  the  theory  of  a  machine  had  not  been  correctly  ex- 
Jiibited  in  any  English  work  with  which  I  am  acquainted,  I  have 
given  such  theory  in  the  second  volume,  for  the  sake  of  more  rea- . 
dijy  deducing  the  most  useful  practical  results :  this  has  been  done 
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■with  respect  to  Barker's  mill,  the  Persian-wheel,  and  Archimedes's 
screw. 

.  In  the  composition  of  the  first  volume  of  this  treatise,  I  have  de- 
rived material  assistance  from  the  labours  of  several  of  my  prede- 
cessors in  this  department  of  science ;  though  I  have  not,  perhaps, 
so-frequently  cited  my  authorities  as  some  readers  may  be  apt  to  ex- 
pect: but  this  will  not,  I  trust,  on  consideration,  be  thought  a 
culpable  omission ;  for,  although  I  have  not,  for  example,  ascribed 
to  Prony  what  I  found  in  succession  in  the  writings  of  Varignon, 
Belidor,  BeTiout,  and  D'Alembert,  nor  to  Parkinson,  or  Atwood, 
what  had  previously  appeared  in  the  writings  of  Galileo,  Wilkins, 
Wallis,  Desaguliers,  or  Emerson,  esteeming  whatever  I  found,  in 
such  circumstances,  as  common  property,  to  be  adopted  without 
hesitation ;  yet,  in  all  cases  where  I  could  speak  confidently  of  the 
original  author,  and  particularly  where  the  matter  quoted  had  been 
but  seldom  published,  I  have  not  failed  to  make  the  corresponding 
reference.  As  to  the  second  volume,  it  is  professedly  a  compilation; 
and  I  have  no  other  merit  to  claim  respecting  it,  than  that  of  having 
employed  much  labour  and  pains  in  consulting  a  great  many  vo^ 
lumes  of  journals,  transactions,  acts,  encyclopedias,  theatres  of 
machines.  Sec.  published  in  England,  Fi'ance,  and  Germany,  and 
having  selected  from  these  numerous  and  often  voluminous  works, 
such  particulars  as  were  most  likely  to  be  serviceable  to  my  coun-. 
trymen,  when  presented  to  them'  (separate  from  every  thing  ext^ra- 
neous)  in  a  moderate  sized  single  volume. 

In  the  descriptive  part  I  have  hilt  seldom  given  accounts  of 
machinery  for  which  the  inventors  have  taken  out  patents.  In  this 
measure  I  have  been  guided  solely  by  views  of  utility  :  when  a  pa- 
tent machine  appeared  to  exhibit  some  peculiar  ingenuity  in  its  con- 
-struction,  or  when  the  specification  developed  some  general  methods 
which  are  not  merely  serviceable  with  respect  to  the  inventions  to 
which  they  are  now  applied,  but  may  after  the  expiration  of  the 
patent  be  advantageously  appropriated  to  other  machinery,  I  have 
thought  it  right  to  insert  a  description  of  such  contrivance ;  taking 
care  at  the  same  time  to. mention  the  exclusive  right  secured  for  the 
term  of  tlie, patent.  An  indiscriminate  ascount  of  what  are  called 
mentions  m  this  fruitful  age  for  the  revivaj  of  old  contrivances. 
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would  have  added  to  the  bulk  of  the  work  ;  but  it  nwst  necessarily 
'  have  operated  as  a  dead  weight  to  sink  its  t-espectab'ility. 

It  may,  probably,  be  imagined  by  some,  that  con^dering  the 
advantages  for  that  purpsse,  with  which  my  situation  at  Woolwich 
liimishes  me,  I  sliould  insert  descriptions  of  the  various  kinds  of 
rnachinery  used  in  the  artillery  service.  This,  however,  I  have  not 
done :  chiefly  because  such  de.scriptions,  by  Muller  and  other  re-? 
spectable  authors,  are  already  easily  procured  in  works  appropriated 
exclusively  to  that  important  object,  and  where  the  accounts  are  given 
with  far  greater  copiousness  than  Ihey  could  be  in  a  performance 
■jvhere  90  many  other  subjects  are  handled. 

In  the  exposition  of  the  theory  I  have  generally  proceeded  by  a 
series  of  connected  propositions  and  dependent  corollaries ;  those  in 
leach  chapter  having  a  manifest  relation  to  each  other,  and  flowing 
naturdly  from  the  same  source  :  and  I  have  at  the  sanie  time  en^ 
deavoured  to  attain  a  just  medium  between  that  fatiguing  prolixity  of 
detail  which  leaves  nothing  to  be  struck  out  by  the  ingenuity  of  the 
pupil,  and  that  obscurity  which  commonly  results  from  the  sup- 
pression of  intermediate  i,deas.  1  have,  therefore^  occasionally  in^ 
jtroduced  such  general  scholi3  3nd  more  limited  remarks,  as  seemed 
/Calculated  to  clear  up  a  point  in  the  history,  or  a  doubt  in  the  priuT 
ciple,  or  to  suggest  an  application  :  and  it  was  my  first  intention  tq 
have  these  printed  in  a  different  type  from  the  propositions  and  cor- 
roUaries  j  but  1  relinquished  that  design,  pn  -  finding  that  it  would 
much  enhance  the  price  of  these  volumes,  a  circpmstance  which 
I  have  been  all  along  sohcitous  fo  prevent. 

I  fear  many  persons  who  may  tal<e  up  this  worlf  will  be  dissatis- 
^  ^  fied  with  it  on  account  of  the  frequent  introduction  of  the  iiuxipnal 
analysis  into  the  tlieofetioal  part :  this  dissatisfaction  is  engendere4 
in  some  by  a  prejudice  to  which  1  have  already  adverted  in  the  be- 
ginning of  my  prefape ;  and  in  others,  by  an  undue  attachment  tq 
the  geometry  of  the  ancients.  I  would  beg  the  attention  of  the 
latter  plass  of  objectors  tq  a  fe\v  obse^rvatipns.  I  am  very  ready  tq 
allow  that  in  fhe  study  of  geometry,  the  diagrams  to  which  our  at- 
tention is  directed  serye  as  a  continual  check  upon  our  reasoning 
.pow.ersj  they,  besides,  exhibit  to  the  senses  a  variety  of  relations 
which  the  language  of  algebra  by  no  means  suggests,  and  which  it  \^ 
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perhaps  too  general  to  express :  still,  as  every  geometrical  investiga-> 
tion  may  be  expressed  algebraically,  and  as,  moreover,  there  have 
been  excellent  geometricians  who  were  blind  and  never  smo  a  geo- 
metrical figure  j  the  circumstance  of  the  diagrarhs  does  not  consti- 
tute so  essential  a  difference  between  geometry  and  algebra  as  some 
may  be  apt  to  suppose.  In  many  physical  investigations,  it  is  true, 
where  a  geometrical  process  can  be  applied,  it  carries  with  it  a  de- 
gree of  luminousness  certainly  not  to  be  exceeded  by  a  process  con- 
ducted according  to  the  modern  analysis ;  and  it  must  fiirtlier  be 
acknowledged,  that  this  analysis,  without  a  cautious  exercise  of  the 
judgment,  and  a  frequent  recurrence  to  first  principles,  may  ter- 
minate in  an  absurd  conclusion  :  yet,  on  the  other  hand,  it  must  be 
recollected,  that  pliysical  enquiries  conducted  geometrically  by  the 
most  eminent  men,  have  sometimes  led  to  very  erroneous  results  j 
^nd,  that  in  numerous  cases,,  tlie  geometrical  method  can  be  applied 
with  difficulty,  if  at  all,  in  which  an  investigation  carried  on  by  the 
inodern  analysis,  has  issued  in  some  very  important  discoveries.  If, 
with  regard  to  the  fluxional  calculus  in  particular,  it  be  recollected 
that  it  was  invented  by  an  Englisknmn  who  will  be  the  immortal 
honour  of  his  country,  and  that  this  is  neither  the  least  brilliant  nor 
the  least  valuable  of  his  discoveries,  it  cannot  but  be  considered  as 
singular,  that  many  among  his  countrynjen,  who  profess  themselves 
the  friends  of  science,  should  discountenance  the  introduction  of 
his  analysis  into  our  scientific  works.  Philosophical  men,  when 
.contemplating  the  progress  of  knowledge,  have  been  delighted  to 
remark  that  •"  the  discoveries  which  in  one  age  were  confined  to  the 
studious  and  enlightened  few,  become  in  the  next  the  established 
creed  of  the  learned;  and,  in  the  third,  form  part  of  the  elemen- 
tary-principles of  education:"  how  completely  diiferent  from  this 
the  progress  must  be,  when  the  discoveries  of  a  century  back  are 
disregarded,  not  because  of  their  being  useless  or  obsolete,  but  be- 
cause of  tlieir  difficulty,  js  too  palpable  to  need  more  than  an  allusion, 
and  cannot  be  dwelt  upon  without  regret.  If  what  has  been  here 
advanced  should  not  be  thought  sufficient  to  justify  the  occasional 
adaption  of  the  fluxional  analysis  (I  do  not  contend  for  the  exclusive 
use  ofxit),  let  it  be  recollected  that,  in  our  best  tretitises  on  men- 
suration, guaglng, '  &c.  it  is  allowed,  and  for  this  sufficient  reason, 
because  sucti  greafises  would  Ibe  very  (^eficient,  imperfect,  and  con- 
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fined  in  their  utility  without  it :  unless,  thereforcj  a  similar  occasion 
will  not  justify  a  similar  mode  of  proceeding  in  a  treatise  of  mecha- 
nics, I  shall  hope  to  be  excused,  even  by  those  I  am  now  address- 
ing, when  it  is  considered  that  some  of  the  most  important  branches 
of  mechanical  enquiry,  and  especially  great  part  of  what  relates  to 
the  maximum  effects  of  machines,  must  either  be  entirely  omitted, 
or  treated  by  the  fluxional  calculus,  or  some  modern  calculus  ana- 
logous to  it.     In  consistency  with  the  preceding  obseiTations,   I 
have  followed  a  kind  of  mixed  course,  and  have  deduced  the  chief 
truths  commonly  developed  in  our  elementary  books  of  mechanics, 
either  after  the  geometrical  manner,  or  by  introducing  the  alge- 
braical notation  in  aid  of  (he  deductions  from  geometry ;  and  in  the , 
more  curious  and  abstruse  enquiries  which  occur  in  various  parts  of 
the  work,  I  have  had  recoiirse  to  the  fluxional  analysis,  not  for  the 
sake  of  displaying  my  mathematical  attainments  (being  well  aware 
how  scanty  those  attainments  are),  but  in  order  to  render  the  treatise 
in  some  degree  complete  :  thus  giving  it  such  latitude  and  compre- 
hensiveness, that  those  who  consult  it  may  draw  from  it  some  such 
notions  of  the  science  of  mechanics  in  general  as  may  be  learned  re- 
specting an  existing  structure,  by  examining  a  model,  shewing  its 
several  parts  in  due  proportion. 

It  may  happen,  after  all,  that  the  arguments  adduced  in  favour  of 
the  method  I  have  chosen  may  fail  in  their  impression,  on  account 
of  their  not  being  stared  with  sufficient  force :  let  me  then  for- 
tify my  opinion,  and  shelter  this  part  of  my  plan  from  censure  by 
high  mathematical  authority.  Mr.  Simpson,  in  the  preface  to  his 
TRACTS,  speaking  of  the  problems  in  mechanics  and  physical  astro- 
nomy, says  "  In  treating  of  this  subject  I  have  chiefly  adhered  to 
"  the  analytic  method  of  investigation,  as  being  the  most  direct  and 
"  extensive,  and  best  adapted  to  these  abstruse  kinds  of  speculations. 
"  Where  a  geometrical  demonslration  could  be  introduced,  and 
"  seemed  preferable,  I  have '  given  one  :  but,  though  a  problem 
"  sometimes,  by  this  last  method,  acquires  a  degree  of  perspicuity 
"  and  elegance  not  easily  to  be  arrived  at  any  other  way ;  yet  I  can- 
"  not  be  of  the  opinion  of  those  who  affect  to  shew  a  dislike  to 
"  ever^  thing  performed  by  means  of  symbols  and  an  algebraical  , 
"  process;  since,  so  far  is  the  synthetic  method  from  having  the 
■■'  advantage  in  all  cases,  that  there  are  innumerable  enquiries  inta 
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"'  nature,  as  well  as  in  abstracted  science,  where  it  c&nnot  be  at 
"  all.  applied  to  any  purpose.  Sir  Isaac  Newton  himself  (who  per- 
"  haps  extended  it  as  far  as  any  man  could)  has,  even  in  the  most 
"  simple  case  of  the  lunar  orbit  {Princip.  b.  3.  prop.  9S.),  been 
"  obliged  to  call  in  the  assistance  of  algebra  ;  which  he  has  als* 
"  done  in  treating  of  the  motion  of  bodies  in  resisting  mediums ; 
"  and  in  various  other  places.  And  it  appears  clear  to  me,  that 
"  it  is  by  a  diligent  cultivation  of  the  modern  analysis  that  foreign 
"  mafitmaficiaiis  have,  of  late,  been  able  to  push  their  researches- 
"  further  i'n  many  particulars  than  Sir  Isaac  Newton  and  his  fol- 
"  lowers  here  have  done :  though  it  must  be  allowed,  oh  the  other 
■"  hand,  that  the  same  neatness  and  accuracy  of  demonstration  is 
"  not  every  where  to  be  found  in  these  authors;  owing,  in  some 
"  nieasure,  perhaps,  to  too  great  a  disregard  for  the  geometry  of 
"  the  ancients.'' 

When  treating  of  the  theory  of  mechanics,  I  have  not  attempted 
to  explain  the  nature  of  gravity,  impulse,  or  the  other  sources  of  the 
motion  of  bodies  :  but  this,,  I  hope,  will  not  be  considered  as  a 
defect,  when  it  is  recollected  that  the  general  definition  of  the  term 
Jbrce  in  a  mechanical  sense,  supersedes  tlie  necessity  of  enquiring 
into  the  essence  of  the  various  kinds  of  forces  which  may  operate 
\ipon  matter.  Those  who  carefully  contemplate  the  process  of  that 
gradual  refinement  of  language,  which  results  from  the  necessary 
denaands  occasioned  by  the  progress  of  civilisation,  will  see  how  re- 
quisite it  is  to  appropriate  terms  originally  of  a  laxer  or  of  a  grosser, 
signification,  to  some  peculiar  modification  ofdiought;  and  hence, 
that  such  words  as  puxccr  and  Jorre,  primarily  used  to  denote  animal 
energy,  are  now,  by  a  natural  extension,  grounded  upon  an  obvious 
analogy,  employed  to  express  efficii'iicy  in  general.  In  the  philoso- 
phical acceptation,  tlien,  we  define  force  or  power  to  be  that,  what- 
ever it  be,  which  causes  a  clpange  in  the  state  of  a  body,  whether  that 
state  be  rest  or  motion  :  and  this  definition  does  not  require  entering 
i.nto  any  metaphysical  disquisitions  relative  to  the  nature  of  caiise-s, 
or  the  connection  of  cau.se  and  effect :  that  every  effect  is  brought 
about  by  some  cause,  or  something  which  precedes  in  the  order  of 
occurrence,  is  a  truth  which  I  think  none  will  be  disposed  to  deny ; 
hut  what  is  the  agency,  or  where  it  actually  resides,  we  can  seldom 
know,  except  perhaps  in  the  case  of  our  own  voluntary  actions,   It  is 


XVI       ,  PREFACE. 

not,  then,  the  business  of  the  mechanist,  strictly  speaking,  to  enquire 
into  the  modvs  operandi :  we  learn  from  universal  experience,  that 
the  muscular  energy  of  animals,  the  operation  of  gravity,  electri- 
city, pressure,  impact,  &c.  are  sources  of  motion,  or  of  modifica- 
tions of  motion ;  and  hence,  without  pretending  to  kuow  the  es- 
sence of  either  of  these,  we  do  not  hesitate  to  call  them  mechanical 
forces ;  because  it  is  incontrovertible  that  bodies  exposed  to  tl^e  free 
action  of  either,  are  put  into  motion,  or  have  the  state  of  their 
motion  changed.  Forces,  therefore,  being  known  to  us  only  by 
their  effects,  can  only  be  measured  by  the  effects  they  produce  in 
like  circumstances,  whether  those  effects  be  creating,  accelerating, 
retarding,  deflecting,  or  preventing  motions  :  and  it  is  by  coiripar- 
ing  these  effects,  or  by  referring  them  to  some  common  measure  of 
ready  appreciation,  not  by  ascertaining  the  essential  nature  of  any 
forces,  that  mechanics  is  made  one  of  the  mathematical  sciences. 

Besides,  what  is  meant  by  the  nature  of  any  thing  ?  As  we  are 
ignorant  of  its  essence,  or  what  makes  it  that  thing  and^o  other 
thing,  we  must  content  ourselves  witli  the  discovery  of  its  qualities 
or  properties  ;  and  it  is  the  assemblage  of  these  which  is  commonly 
called  its  nature :  yet  tliis  is  veiy  inaccurate,  since  these  are  only  the 
consequences  of  the,  essence.  Hence,  we  can  give  no  definition  of 
even  the  simplest  of  things  which  comprehen'ds  its  real  essence  ;  and 
it  is  justly  observed  by  Locke  *,  that  nominal  essences  only,  winch 

*  This  great  philosopher,  so  far  from  conceiving,  as  many  of  the  modern* 
have  done,  that  the  nat»re  of  a  mechanical  operation  or  event  was  sufficiently 
explained  by  reducing  it  to  some  supposed  case  of  impulsion,  considered  even 
the  connexion  between  impulse  and  motion  as  inexplicable,  as  a  conjunction 
gathered  solely  from  experience,  and  not  as  a  consequence  deducible  from  any 
reasoning  a  priori.  The  following  passages  on  this  subject  are  highly  deserving  of 
the  attention  of  the  student.  "  Another  idea  we  have  of  body,  is  the  power  of 
"  communicatingraotion  by  impulse;  and  of  our  souls,  the  power  of  exciting 
"  motion  by  thought.  These  ideas,  the  one  of  body,  the  other  of  our  minds, 
••  every  day's  experience  clearly  furnishes  us  with :  but,  if  here  again  we  enquire 
"  how  this  is  done,  we  are  equally  in  the  dark.  For,  in  the  communication  of 
"  motion 'by  impulse,  wherein  as  much  motion  is  lost  to  one  body  as  is  got  to  the 
"  other,  which  is  the  ordinariest  case,  we  can  have  no  other  conception  but  of 
"  the  passing  of  motion  out  of  the  one  into  another ;  which,  I  think,  is  as  oh- 
"  soure  and  inconceivable  as  how  our  minds  move  or  stop  oar  bodies  by  thought 
"  which  we  every  moment  find  they  do."  Again  :  "  Sensation  convinces  us 
"  that  there  are  solid  exttnded  substances  ;  and  reflection,  that  there  are  think- 
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ate  the  creatures  of  our'  own  minds,  can  be  properly  comprehended 
bj'  usj  or  can  be  properly  defined ;  and  even  of  tlies^  there  are 
many  too  simple  in  their  nature  to  admit  of  definition.  3"he  various 
properties  of  a  body  which  fall  under  our  observation,  offer  them-: 
«elvefs  to  our  notice  simultaneously ;  while  we  have  the  power  of  an 
intellectual  separation,  by  which  we  can  form  different  branches, 
each  constituting  a  particular  object  of  research:  thus,  the  exten- 
sion, the  materiality,  the  impenetrability,  the  colour,  &c.  are  co- 
existent qualities  of  a  body  j  but  our  minds  being  too  limited  to  ex- 
amine these  all  at  once,  we  divide  and  assort  them,  and  consider 
them  singly,  or  in  kindred  groups;  hence  arise  the  sciences  of 
geometry,  mechanics,  chromatics,  &c.  It  would  seem,  then, 
that  to  the  weakness  of  our  reason  is  to  be  ascribed  the  origin  of  the 
sciences :  and  this,  if  it  is  riot  very  gratifying  to  our  pride,  may 
teach  us  at  least  to  moderate  our  expectations  when  we  attempt  to 
investigate  those  ultimate  questions,  which,  sooner  or  later,  occur 
In  all  objects  of  human  enquiry.  I  trust  it  will  not  be  supposed 
that  I  mean  to  discourage  an  examination  of  physical  and  metaphy- 
sical problems;  on  the  contrary,  I  am  of  opinion,'  that  by  looking 
attentively  into~such  subjects,"  our  minds  are  opened  and  enlarged  : 
an  enquiry,  properly  conducted,  will  lead  to  at  least  one  of  two  good 
effects ;  though  it  should  not  make  us  more  knowing,  it  may  make 
us  modest ;  though  it  may  not  preserve  us  from  error,  it  may  from 
(ht  spirit  of  error;  and  may  teach  us  to  be  aware  of  dogmatism,  when 
so  much  labour  may  terminate  in  so  much  uncertainty. 

The  preceding  observations  may  serve  to  suggest  the  advantage 
of  a  mathematical  process,  in  which  we  have  a  clear  perception,  not 
t)f  the  things  themselves,  but  of  the  agreement  or  disagreement 
of  our  ideas  at  every  step  of  the  enquiry,  over  other  processes  in 
which  there  is  much  that  is  conjectural,  or  gratuitously  assumed, 
pnd  in  which  a  mass  of  error  may  be  produced  in  the  result,  propor- 

"  ing  ones:  experience  assures  us  of  the  existence  of  such  beings;  and  that  the 
"  one  hath  a  power  to  move  body  by  impulse,  and  the  aiher  by  thought.  If 
"  we  would  enquire  further  into  their  nature,  causes,  and  manner,  we  perceive 
"  not  the  nature  of  extension  clearer  than  we  do  of  thinking.  If  we  would  ex- 
"  plain  them  any  further,  on-j  is  as  easy  as  the  other;  and  there  is  no  more  dif- 
"  fioulty  to  conceive  how  a  substance  we  know  not  should  by  thought  set  body 
"  in  motion,  than  how  a  substance  we  know  not  should  by  impulse  set  body  inte 
"  motion."    Xxicke's  Essay,  book  ii.  chap.  23. 
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tioned  to  the  length  to  which  the  chain  of  reasoning  is  extendcAj 
although  in  the  mathematics  the  relations  of  quantity  are  so  various, 
yet,  as  they  are  all  along  susceptible  of  exact  mensuration,  these,  if 
any,  are  the  sciences  in  which  reason  may  triumph,  while  in  otliers 
its  trophies  are  comparatively  inconsiderable.  On  these  accounts  I 
have  been  caieful  in  the  composition  of  the  following  sheets,  to  as- 
sociate nothing  with  the  theory  of  mechanics  but  the  results  of  im- 
portant experiments,  and  the  descriptions  of  ingenious  and  useful 
machinery ;  omitting  all  those  discussions  which^  in  my  judgment, 
appeared  to  be  merely  conjectural  and  speculative. 

Hitherto  I  have  been  using  the  language  of  justification,  with 
which  I  have,  unawaies,  detained  the  reader  much  longer  than  I  at 
first  intended':  it  is  time  to  adopt  the  tone  of  apology.  In  the  exe- 
cution of  this  work,  I  have  experienced  the  wide  difference  between 
forming  a  project  and  accomplishing  the  object  1  had  in  view  :  al- 
tliough  I  have  sometimes  pleased  myself  with  imagining  I  have 
struck  out  a  more  satisfactory  illustration,  or  a  more  convincing 
demonstration,  than  has  been  usually  given,  I  have  too  frequently 
found  it  necessary  to  rest  below  that  perfection  which  I  had  previ- 
ously fancied  within  my  reach.  I  am  conscious  of  some  deficiencies 
and  of  some  mistakes  in  arrangement,  especially  in  the  second  vo- 
lume, which  were  discovered  too  late  to  be  now  rectified.  I  hope, 
hovv'cver,  none  of  them  will  be  found  of  much  cqnsequence.  Other 
mistakes,  it  may  be  apprehended,  will  be  detected  .by  the  acute 
reader  ;  I  shall  rejoice  if  these  are  but  few  and  of  slight  importance. 
Every  exertion  has  been  made  on  my  part  to  renfler  the  performance 
correct,  perspicuous,  and  useful ;  and  if  the  candid  examiner  should 
find,  that  in  the  main  it  possesses  these  properties,  I  shall  hope  to 
escape  severe  censure  for  those  imperfections  which  my  want  of  abi- 
lities, not  want  of  care,  may  have  permitted  to  meet  the  eye  of  the 
ptiblic. 

Raifdl  Military  Academy,  Woolwich, 
tiecember,  160j. 
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MECHANICS. 

BOOK  I. 

STATICS. 

Introductory  Definitions  and  Remarks. 

■  1. Mechanics,  the  fubjeft  of  this  work,  is  a  mixed  mathe- 
matical fcience,  which  treats  of  forces  or  powers,  and  their 
effefls  upon  bodies,  either  with  or  without  the  intervention  of 
machines. 

The  theory  of  Mechanics,  next  to  that  of  Geometry,  is.juftly 
reckoned  the  moft  certain ;  for  next  to  that  it  propofes  the 
feweft  properties  of  matter  as  obje£ts  of  contenfiplation.  Ge- 
nerally fpeaking,  this  fcience  propofes  for  confideration,  timef 
forte,  or  power,  and  the  following  properties  of  bodies :  viz. 
exten/ion,  figure,  impenetrability,  mafj,  mobility,  and  inertia.  The 
application  of  this  fcience  to  the  various  practical  purpofes  in 
human  life,  leads  to  many  other  branches  of  enquiry ;  fuch  as^ 
the  nature  of  machinery,  the  advantages,  and  difadvantages,  of 
different  materials,  the  effects  of  friftion,  &c.  Each  of  which 
will  be  brought  under  difcuffion,  after  the  fevejral  parts  of  the 
theory  are  laid  down. 

2.  Matter  is  a  term  by  which  we  denote  that  fubftance  of 
which  every  thing  our  fenfes  perceive  is  imagined  to  be  com- 
pofed.  So^r  as  relates  to  Mechanics,  its  eflence  may  be  re- 
garded as  confifting  in  extenfion,  impenetrability,  and  inertnefs. 

3.  Body  is  fuch  a  colle£led  quantity  of  matter  as  is  pal- 
pable, or  obvious  to  fome  of  the  fenfes.  We  fay  that  a  body 
is  folid,  when  it  is  compofed  of  particles,  or  moleculse,  fo 
adhering  the  one  to  the  other  that  they  cannot  be  fepar?te4 
without  effort :  fuch  are  metals,  ftone,  wood,  &e.    The  terni 

fiuid  we  apply  to  fuch  fubftances  as  are  compofed  of  particles 
adhering  very  ilightly,  and  which,  yielding  to  any  fmall  effort, 
are  eaiily  moved  among  each  other :  fucH  are  water,  beer, 
air,  &c. 

All  bodies,  it  is  manifeft,  are  extended,  and  therefore  are 
found  exifting  under  figure,  or  (hape,  which  is  the  boundary 
of  exteniion.  It  appears  alfo  effential  to  matter,  that  it  pre- 
vents all  other  fubftances  of  the  fame  kind  from  occupying  its 
place  ;  and  that  it  requires  the  exertion  of  fomething  ab  extra 
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to  remove  it  from  Its  fituation,  or  to  change  its  ftate.  The 
former  of  thefe  properties  is  czlldd 'SdHdi^y  or  Imp£netrability  s 
the  latter,  Inertnefs  or  inertia  ,■  of  -whidi  we  fhall  have  occafion 
to  fay  more.  (i8.) 

.  .  4.  All  bodies  are  diviftble  either  in  reality  or  in  imagination. 
By  art  they  may  be  divided  into  parts  of  furprifmg  minute- 
nefs  ;  as  by  the  operations  of  grinding,  hammering,  wiredraw- 
ing, &c.  In  fome  chemical'  fblat'ions  this  may  be  carried  far- 
ther ftill.  And  the  conftituent  particles  of  the  folids  and  fluids 
of  the  myriads  of  animakute  which  are  difcovered  by  the  , 
microfcope,  muft  be  fmall  beyond  conception :  fo  that  we  can 
fcarcely  help  imagining  the  capacity  of  divifibility  to  be  with- 
out limit.  What,  however,  are  called  mathematical  d.emon- 
ftrations  o^  the  infinite  divififcility  of  matter,  fail  in  their  object : 
they  merely  prove  the  infinite  divifibility  of  extenfion,  in  a  geo- 
metrical fenfe.  It  is  probable  that,  withrefpe£t  to  matter,,  the 
actual  di^^ifioa  may  admit  of- being  carried  to  a  different  extent 
in  different  Ijodies :  but  the  inquiry'is  of  little,  if  any,  confe- 
quence  to  the  mechanician.  Thofe  who  wifh  to  penife  a  co- 
pious difiertation  on  this  topic  are  referred  to  Keil's  IntrpSuet, 
ad  Ver.  Phyfic.   Led.  3,  4,  and  5. 

5.  Space,  is  commonly  defined  as,  the  order  of  things  which 
coexifl :  in  this  fenfe  .it  is  a  mere  abftract  idea,  arifing  from 
our  notion  of  the  actual  or  poffible  fituation  of  things  amongft 
themfelv^s.  We  rather  choofe  to  call  Jpace  an  extenfion  con- 
ii^ered  as  without  bounds,  imniqveable  but  penetrable  by  mat- 
ter :  this  may  be  regarded  as  dbfoiute  Jpace. 

6.  Relative  Space  is  that  variable  ditnenfion  or  meafure  of 
ahfolute  fpaee  which  our  fenfes  define  by  its  relation  to  bodies 
within  it. 

7.  Place,  qt  ahfolute  place,  is  that  part  oF  infinite  fpace  whicli 
a  body  pofiefTes.  Relative  place  is  the  fpace  a  body  occupies 
cojifidered  with  relation  to  other  objedts. 

B.  MobiHity  is  a  property  of  body,  by  which  it  is  capable  of 
feeing  transferred  from  one  place  to  another,  or  of  exifljng  in  ' ' 
different  parts  of  fpace. 

9,  All  bodies  are  porous:  'whence,  together  with  the  ex- 
treme minutenefs  of  their  particles,  it  happens,  that  fluids  will 
infinuate  thefnfelves  into  all  bodies  ;  that  fometimes  a  mixture 
of  two  fluids  will  be  lefs  in  bulk  than  when  they  are  feparate; 
and  that  the  fame  bulk  may  contaih  diflferent  quantities  of  mat- 
teri  or  maffes. 

10.  Denftty,  fl;ri£lly  fpeaking,  denotes  vicinity  or  clofenefs  of 
particles.  But  in  mechanical  fciencc  it  is  ufed  as  a  term  of  com;, 
parifori  exprefling  the  proportion  of  the  number  of  equal  mole- 
ewfe,  or  the  quantity  of  matter  in  one  body,  to  the  number  of 
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«qiaal  moleculse  in  the  fame  bulk  of  aflotfeer  bedy:  dknfity, 
therefore,  is  direftly  as  the  qttantity  of  matter,  and  invcrfely  as 
the  magnitude  of  the  body. 

Since  it  may  be  flsiewn  experimentajly  that  the  quantity  of 
matter  in  different  bodies  is  proportional  to  their  weight,  of 
■confequenee,  the  denfity  of  any  body  is  d'ireetJy  as  its  weight, 
and  inverfely  as  its  ma>gnitude:  or,  the  inverfe  raitio  of  the 
magnitude  of  two  bodies',  having  expeiimentally  equal  ^(freights 
(in  the  fame  place)  conftittttes  die  raftio  of  their  denfities. 

ir.  Motion  is  a  fimple  idea,  and  thesefore  admits  not  of  de- 
finition :  when  we  fay  that  it  is  a  continual  and  facceffive 
change  of  place,  we  deferibe  it  in  a  periphrafis,  by  its  fenfible 
•effedks.  Or,  by  another  circumloeution,  motion  may  be  defcribed 
tis  that  ftate  of  a  body  which  is  not  ponfiftent  with  itscontina- 
ance  in  the  fame  place  ;  or  m  which  it  is  not,  in  twd  fuccef- 
•five  inftahfes  of  duration',  at  the  fame  diftance  frwm  divers  fixed 
points  in  fpace  :  this  flate  is  oppofed  to  that  of  refl. 

Thus,  conceiving  in  fpace  three  planes  in  known  and  fixed 
piofitions,  not  parallel  to  each  other ;  if  from  any  material 
point  perpendiculars  are  demitted  on  thefe  three  planes,  we 
lay  the  point  is  in  motion  when  it  does  not  conftantly  retain 
thefe  diftances,  fe«t  when  in  any  two  fu'cceffivfi  inftants,  one  of , 
*hefe  p«rpendic«ilars  changes  its  magnitude. 

12.  The  motion  of  bodies  is  confidered  either  as  d^foiitte  or 
telative.  A  body  is  faid  to  be  in  abfohte  motion  while  rt  is 
actually  paffing  from  one  point  in  fixed  fpace  to  another  ;  and 
to  be  ia  relative  motion  while  its  pofition  is  varying  with  refpc£t 
to  other  bodies. 

It  is  obvious  that  thefe  two  kinds  of  motion  can  only  coin- 
cide wh'cn  the  bo^es,  to  which  the  reference  is  made,  are 
fixed :  in  other  cafes  a  body  in  relative  motion  may  or  may 
not  be  in  abfolute  motion.  The  determination  of  the  abfoliite 
motions,  by  means  of  obfervations  on  the  relative  motions,  is 
always  a  fflatter  of  great  difficulty,  nay,  is  generally  abfolutely 
impoffible.  Thus,  when  a  ball  is  difcharged  from  a  piece  of 
ordnance,  it  b  polEble,  by  means  of  the  balHUic  pendulum, 
and  other  cobtrivaroes'  of  ingenious  men,  to  afcertain  its  rela- 
tive motion,  that  is,  its  motion  with  refpe'<a  to  that  place  on  the 
earth's  furface  from  which  it  is  projedled ;  but  in  order  to  de- 
termine its  abfolute  motion,''the  diurnal  and  annual  mtitions  of 
the  earth  about  the  fun,  an'd  probably  the  motion  of  that  lumi- 
nary about  the  centre  of  fome  more  extenfive  fyftem,  muft  ie 
taken  into  the  accooint  i  fo  that  on  the  whole  this  apparently 
fimple  enquiry  becomes  fufBciently  complex  to  baffle  tiie 
proadeft  efforts  of  human  iijteffig€hce. 
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13.  The  conGderation  of  motion  neceffarily  involves  that  of 
time;  for  no  motion  can  be  inftantaneous. 

14.  Abfolute  time  is  a  portion  of  duration  whofe  quantity  is 
only  known  by  a  comparifon  with  another  portion ;  and  con- 
fequently  the  relation  between  any  two  parts  of  absolute  time 
is  not  to  be  difcovered.  Relative  time  is  a  part  of  duration 
which  elapfes  during  any  motion  of  body,  or  any  fucceffion  of 
external  appearances. 

There  is  a  ftriking  analogy  between  the  afFe£lions  of  fpace 
and  time:  hence  it  is,  that  time  may  be  reprefented  by  lines 
and  meafured  by  motions.  Hence  alfo,  we  fay  that  an  injiant 
is  the  boundary  between  any  two  contiguous  portions  of  time, 
as  a  point  is  the  boundary  of  any  contiguous  lines.  A  moment 
is  any  fmall  portion  of  time.  To  render  time  fufceptible  of 
ihathematical  difcuflion,  it  rauft  be  conceived  as  meafureable ; 
and  to  this  end  it  is  neceffary  to  recur  to  fome  event  which  we 
imagine  uniformly  requires  equal  times  for  its  accomplifliment. 
We' are  furnifhed  with  fuch  an  event  in  the_  complete  rotation 
of  the  earth  upon  its  axis,  which  marks  out  a  natural  day  as  an 
apt  and  obvious  unit  of  time.  This  is  divided  into  24  equal 
parts  called  hours,  each  of  thefe  into  60  equal  parts  called  mi- 
nutes, and  each  of  thefe  again  into  60  equal  parts  called  fe- 
conds.  Afecond  is  the  unit  of  time  generally  employed  in  me- 
chanical difquifitions. 

I  J.  Velocity,  or  celerity,  is  that  affedllon  of  niption  which  de- 
termines its  quantity :  it  is  the  name  expreffing  the  relation  be- 
tween the  fpace  defcribed  by  a  moving  body  and  the  time  which 
elapfes  during  its  defcription ;  and  it  is  meafured  by  the  fpaee . 
uniformly  defcribed  in  a  given  time. 

A  body  is  faid  to  move  with  z  uniform,  accelerated,  ot  retarded 
velocity,  according  as  its  rate  of  motion  continues  the  fame,  in- 
creafes'or  decreafes  :  when  the  increafe  or  decreafe  of  velocity 
is  the  fame  in  any  equal  times,  the  acceleration  or  retardation 
is  faid  to  be  uniform :  and  when  this  increafe  or  decreafe  of 
velocity  itfelf  increafes  or  decreafes  in  any  equal  times,  the  ac- 
celeration or  retardation  increafes  or  decreafes  in  the  fame 
ratio.  Thefe  circumftances  will  be  brought  more  fully  into 
confideration  as  we  proceed. 

16.  The  direction  of  a  motion  is  the  poGtion  of  the  line  along 
which  it  is^ performed:  thus  if  a  body  move  from  a  point  A  to 
another  point  B  along  the  ftraight  line  which  joins  thefe  points, 
AB  is  called  the  diredion  of  the  body:  if  the  body  move  from 
B  to  A  along  the  fame  right  line,  BA  is  its  diredion.  If  a 
bodjmove  along  a  curve  line,  its  dire ff ion  is  continually  chang-, 
jng)  X  may,  however,  in  any  given  point  be  regarded  as  eoin- 
cidmg  ^th  the  tangent  to  the  curve  at  that  point. 
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17.  Force  or  power,  in  a  mechanical  fenfe,  is  that  which 
Caufes  a  change  in  the  flat?  of  a  body,  whedier  that  ftate  be 
reft  or  motion.  ' 

We  fpeak  here  of  proximate  caufes,  for  it  is  not  the  bufirtefs 
of  mechanics  to  fearch  into  the  eflential  and  hidden  caufes  of 
motion.  The  enquiry  whether  they  are  material  or  fpiritual 
may  exercife  the  talents  of  ingenious  fpeculatifts,  and  may,  per- 
haps, be  of  fbme  importance  in  a  moral  point  of  view ;  but 
certainly  forms  no  part  of  the  principles  of  mechanical  fcience. 
The  mufcular  power  of  animals,  as  likewife  preffure,  impa£b, 
gravity,  eleflricity,  &cc.,  are  by  us  looked  upon  as  forces,  or 
fources  of  motion ;  for  it  is  an  incontrovertible  fa£l  that  bodies 
expofed  to  the  free  a£lion  of  either  of  thefe  are  put  into  mo- 
tion, or  have  the  ftate  of  their  ndotion  changed.  All  forces, 
however  various,  are  meafured  by  the  effefts  they  produce  in 
like  circumftances ;  whether  the  efFefts  be  creating,  accelerat- 
ing, retarding,  or  deflefting  motions:  the  effedt  of  fome  gene- 
ral and  commonly  obferved  force  is  taken  for  unity ;  and  with 
this  any  others  may  be  compared,  and  their  proportions  repre- 
fented  by  numbers  or  by  lines  :  in  this  point  of  vieW  they  are 
confidered  by  the  mathematician ;  all  elfe  falls  within  the  pro- 
vince of  the  univerfal  philofopher  or  the  metaph^fician.  When 
we  fay  that  a  force  is  reprefented  by  a  right  line  AB  it  is  to  be 
underftood  that  it  would  canfe  a  material  point  fituated  at  reft  in 
A,  to  run  over  the  line  AB  (which  we  name  the  dire£i ion  oi  the 
power)  fo  as  to  arrive  at  B,  at  the  end  of  a  given  time  ;  While 
another  power  fhould  caufe  the  fame  point  £0  have  moved  a 
greater  or  lefs  diftance  from.  A  in  the  fame  time. 

18.  Among  other  forces  it  has  been  cuftomary  to  fpeak  of 
the  vis  inertia,  or  inert  force  of  matter ;  applying  the  term  to  that 
property  of  bodies  by  which  they  tend  to  retain  their-prefent 
ftate  (3.),  or  are  indifferent  to  motion  or  reft.  But  while  we  ad- 
mit that  much  of  the  language  relating  to  powers,  forces,  aftions, 
&c.  is  metaphorical,  we  muft.objefl:  to  fuch  ufe  of  it  in  the  pre- 
fent  cafe  ;  this  property  being  improperly  called  a  force  :  ift.  Be- 
caufe  wer?,  it  adually  fuch  it  muft  be  of  fome  definit?  quantity 
in  a  given  body,  aild  therefore  an  impreffed  force  lefs  than  that 
would  not  move  the  body;  whereas  any  impreffed  force,  how- 
ever fmall,  will  piove  any  body  however  great,  zdly.  Becaufe 
it  feems  to  indicate  an  aftive  power  refident  in  matte*  ;  or  ra- 
ther, it  implies  an  abfolute  contradiftion,  namely,  that  a  body 
ftiould  be  both  adive  and  inaftive  at  the  fame  time.  It  is  de- 
firable,  therefore,  that  only  the  term  inertia,  or  inertnefs,  fliould 
be  retained:  for  this  term  will  imply,  as  it  ought  to  do,  that 
matter  is  a  merely  paifive  thing.  A  faft  which  needs  no  la- 
toured  proof;  for  this  inertia  prefent*  itfelf  immediately  in  all 
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our  &bfcrvatloris  and  experiments  oipon  matterj  and  is  infepara- 
ble  from  it,  even  in  idea.     When  we  confider  any  of  the  aflrive 
powers  of  nature,  as  they  are  called,  fuch  as  gravitation,  mag- 
netifm,  ele6i:ricity,  or  the  attradtiocis  and  repu-Wons  which  take 
place  in  the  cohefions  and  feparat^on's  of  the  fmall  particles  of 
na*i!iral  bodies.,  and  eadea-vcnir  to  rcfolve  them  into  fome  higher 
and  Cmpler  principles,  the  inertia  is  always  the  common  baCs 
upon  which  we  endeavour  to  ereft  our  folutions.     For  t!he  ac- 
tive party  which  is  fuppofed  to  generate  the  gravitation,  mag- 
netifm,  &c.  ih.  the  paffive  one,  muft  have  a  mTJtion,  and  inertia, 
whereby  it  continues  in  that  motion,  elfe  it  could  have  no- 
power  ;  and  by  parity  of  reafon,  the  paffive  party  muft  be  in- 
ert alfo,  elfe  it  could  not  re-a£t  -againft  the  aftive  party,  nor 
imprefs  motion  on  a  foreign  body.   And  this  by  the  way,  if  the 
reader  will  pardon  one  flight  digreffibn,  fnggefts  a  brief  but  co- 
gfent  argument  for  the  immateriality  of  the  Supreme  Being.. 
For,  as  the  acute  Ilartle^f  pbferves,  ,"  let  us  proceed,  as  far  a* 
*'  we  pleafe  in  a  feries  -of  fucceffive  folutions,  we  fhall  always 
"  find  an  inertia  inherent  in  matter,  and  a  motion  derived  to  it 
"  from  fome  foreign  caufe.     If  this  caufe  be  fuppofed  matter 
"  always,  we  fliall  be  carried  on  to  an  infinite  ferfes.  of  folu- 
"  tions,  in  each  of  which  the  fame  precife  difliculty  will  recur^ 
"  without    our    at    all    approaching   to   the   removal   of  it, 
"  Whence,  according  to  the-  mathematical  do61:rine  of  ultimate 
"  ratios,  not  even  an  infinite  feries,  were  that  poffible  in  this 
"  cafe,  could  remove  it.    We  muft,  therefore,  ftop  fomewhere, 
"  and  fuppofe  the  requifite  motion  to  be  imparted  to  the  fup- 
"  pofed  fubtle  mattJ^r,  by  fomething  which  is  not  matter;  /.  e.. 
"  fince  God  is  the  ultimate  a^ithor  of  all  motion,  we  muft  fup- 
"  pofe  him  to  be  immateriak" 

19.  Equilibrium  may  be -defined  generally,,  as  an  equality  of 
weights,  powers,  or  forces,  of  any  fort.  Bodies  at  reji  are  in. 
a  ftate  of  equilibrium,  when  the'y  are  folicited  by  varioiis  forces- 
In  different  directions  in  fuch  a  manner  as  to  be  completely  ba- 
lanced, and  have  no  tendency  to  move  in.  any  direfliion.  Bodies, 
in  motion  are  in  a  ftate  of  equilibrium,  when  the  refiftance  to 
motion  and  the  power  producing  it  are  fo  adjufted,  that  there- 
fuk  fhall  be  uniform  motion.     An  accurate  knowledge  of  both 

,    kinds  of  equilibriiim  is  indifpenfa^ly  necefFary,  in  order  that  the 
theory  may  be  applied  to  good  praftical  purpefes. 

The  equilibrium  of  bodies  at  reft  is  fometimes  charaaerifed 
in  two  different  ways;  equilibrium  of  rotation,  and  equilibrium 
of  tranjation  :  the  former  denoting  that  the  tendency  to  a  rota- 
tory motion  is  counteraaed;  the  latter,  that  the  tendency  to  a 
redlilinear  motion  is  prevented  ;  and  reft  in  both  cafes  enfurcd. 

20.  We  may  now  define   foraewhat  more  diftinaiy  the 


IntroduSory  Pefimtians  and  Remarks.  7 

Science  of  Mechanics:  it  comprifes  the  doftrine  pf  the  reft, 
the  equilibrium,  and  the  motion  of  bodies.  It  may  be  divided 
into  mechanics,  properly  fo  called,  and  Hydraulics:  the  firft 
comprifes  Statics,  whic^i  h^s  ;fpr  its,pb|e£i:  the  balanced  reft  of 
folid  bodies ;  and  Dynamics,  which  confiders  the  motion  of  folid 
bodies  :  The  latter  comprifes  Hydroflatics,  which  relates  to  the 
refting  equilibrium  of  nonelaftic  fluid  bodies ;  and  Hydrodyna- 
mics, which  treats  of  fuch  bodjes  in  motion-  To  diefe  muft 
likewife  be  added  Pneumatics,  which  comprehends  the  doftrine 
of  the  weight,  preffure,  ^nd.effefts  of  ekftic  flvi4?>  3S>?«>,  &g. 
_  According  to  this  d^vifio;i  .jjre  fhall  arjOTge  the  fubjefts  ofoUr 
fijrft  five  PjOoks. 
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CHAPTER  I. 


Axioms,  or  Laws  of  Motion  and  Rest. 

ii.  In  order  that  the  do£trIne  of  Mechanics  may  be  brought 
within  the  boundaries  of  mathematical  inveftigation,  it  js  ne- 
cfffary  not  only  that  the  quantities  it  propofes  for  difcuilion 
Jhould  be  meamrable  either  in  themfelves  or  in  their  eiFe£i:s ; 
but  alfo  that  fome  general  principles  fhould  be  exhibited,  the 
truth  of  which  ihould  be  incontrovertible,  and  to  which  the 
ftudent  may  at  all  times  appeal  in  the  courfe  of  his  refearches. 
Such  general  principles  were  firftdiftindlly  propofed  by  Sir 
Ifaac  Newton  in  his  Principia ;  they  have  fince  his  time  beea 
received  as  Mechanical  Axioms,  or,  as  they  are  commonly 
called, Laws  of  Motion;  and  are  as  follows. 

/.  Every  body  continues  in  itsjlate  of  reft ^  or  of  uniform  motion 
in  a  right  line,  until  a  change  is  e^e&ed  by  the  agency  of  fame  mecha- 
nical force. 

II.  Jlny  change  effeEted  in  the  quiefcenee  or  motion  of  a  body  is  in 
the  dire  ff  ion  ofthefot;ce  imprejfed,  and  is  proportional  to  it  in  quan- 
tity. 

III.^  Rea5iion  is  always  equal  and  contrary  to  aBion  ;  or,  the 
mutual  aBions  of  two  bodies  upon  each  other  are  always  equal,  and 
direBed  to  contrary  parts. 

Of  thefe  axioms,  the  firft  has  refpefl:  to  the  continuance  of 
bodies  in  a  ftate  of  repofe  or  of  motion,  without  any  altera- 
lion,  except  fo  far  as  fubfequent  caufes  operate ;  the  fecond 
affigns  the  quantity  and  nature  of  fuch  alterationis ;  and  the- 
third  has  refpe£t  to  the  mutual  circumftancei  of  the  patient, 
which  fuffers  alteration  from  any  caufe,  and  of  the  agent  pro- 
ducing the  alteration.  So  that  thefe  principles,  when  eftablifh- 
ed,  have  a  manifeft  tendency  to  facilitate  the  ftudy  of  the 
fcience  in  which  they  are  propofed,  not  as  felf-evident  truths, 
but  as  truths  which  refult  by  legitimate  induction  from  the  tef- 
timony  of  our  fenfes. 

22.  The  evidences  from  which  our  aflent  to  thefe  axioms  is 
derived,  are  generally  ftated  as  threefold,  i  ft.  From  the  conftant 
obfervation  of  our  fenfes,  which  tend  to  fuggeft  the  truth  of 
them  in  the  ordinary  motion  of  bodies,  as  far  as  the  experience 
of  mankmd  extends.  2.  From  experiments,  properly  fo  called 
3,  From  arguAients  ^  pofieriori.    But  befides  thefe  it  has  been 
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fuggefted  that  they  are,  in  fad,  laws  of  human  thought  refultlng 
from  the  nature  of  things  independent  of  experience.  That 
the  ftudent  may,  without  hefitation,  yield  his  aflent  to  thefe 
principles,  it  is  thought  expedient  to  ftate  briefly  the  nature  of 
the  different  kinds  of  evidence  thus  afforded. 

23.  I.  From  eonjlant  obfervation.  Here  with  relpeS:  to  the  firfl: 
axiom,  that  a  body  at  reft  cannot  put  itfelf  into  motion,  is  fup- 
pofed  to  be  known  from  univerfal  experience :  but  that  a  body 
in  motion  would  continue  to  move  uniformly  in  a  re£lilinear 
path,  though  equally  true,  feems  lefs  apparent.  Since,  how- 
ever, motion  is  contmued  the  longer,  in  proportion  as  obftruc- 
tions  become  lefs,  as  a  vjbrating  pendulum  moves  longer  In  air 
than  in  water,  longer  yet  in  an  exhaufted  receiver,  it  may  be 
Teafonably  inferred  that,  if  all  obftacles  could  be  removed,  motion 
once  communicated  to  any  bodTy  would  never  ceafe.  The 
principle  may  be  farther  confirmed  by  a  reference  to  common 
occurrences.  Thus,  when  a  ftone  is  whirled  round  in  a  fling, 
on  being  fet  at  liberty,  it  will  continue  to  move  with  the  force 
it  has  acquired.  Again,  when  a  veffel,  containing  a  quantity 
of  water,  is  moved  along  upon  an  horizontal  plane,  the  water 
obeying  its  tendency  to  reft,  will  at  firft  rife  up  in  a  direftion 
contrary  to  that  in  which  the  moving  force  a&s :  when  the 
motion  of  the  veffel  is  communicated  to  the  water  it  will  per- 
fevere  in  this  ftate  j  and  if  the  veffel  be  fuddenly  flopped,  the 
water  by  its  inertia  oppofing  the  change  from  motion  to  reft,  it 
will  rife  up  on  the  oppofite  fide  of  the  veffel.  In  like  manner, 
if  a  horfe  which  was  ftanding  ftill  fuddenly  ftart  forward,  the 
rider  will  be  in  danger  of  being  thrown  backwards :  if  the 
horfe  when  in  motion  ftops  fuddenly,  the  rider  will  b^  thrown 
forwards.  In  all  thefe  and  numerous  other  inftances  which 
might  be  adduced  there  is  ftrong  evidence  that  matter  has  ^ 
tendency  to  continue  in  its  prefentjiate ;  and  this  is  what  the 
firft  axiom  afferts. 

As  to  the  fecond,  the  inferences  from  experience  arc  equally 
powerful.  Thus  a  ball  moving  with  a  double  or  triple  velocity, 
generates  in  another,  by  impulfe,  a  double  or  triple  velocity, 
and  the  ball  lofes  th^  fame  proportions  of  its  own  velocity. 
Two  bodies  meeting  with  equal  quantities  of  motion  mutually 
ftpp  each  other.  Two  forces,  which,  by  adiing  fimilarly  dur- 
ing equal  times,  produce  equal  velocities  in  fome  third  body, 
are  found,  by  adling  together  during  the  fame  length  of  time 
to  produce  a  double  velocity.  If  a  new  force  be  impreffed 
upon  a  body  in  motion,  in  the  direftion  in  which  it  niqves,  its 
motion  is  increafed  proportionally  to  the  new  force  impreffed  j 
If  this  force  a£l:s  in  a  diredlion  contrary  to  that  m  which  the 
body  moves,  it  is  found  to  lofe  a  proportional  part  9f  its  m^- 
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tion:  if  the'dirdQion  of  this  force  be  obli<jue  to  the  direaion 
of  the  moving  body,  it  .gives  it  a  new  direftion  coinpounded  of 
both.  A  force  which  we  inow  to  aft  equablyN produces  equal 
increments  of  velocity  in  equal  times.  Ip  all  thefe  exainples 
we  may  trace  a  ftri£t  conformity  to  the  axiom. 

The  third  principle  is  likewife  obfervablein  all  the  molioris  of 
iiature,' obtaining  indeed  throughout  the  virhole  folar  fyfteia 
with  the  utmoft  .precifion:   all  whith  will  be  obvious  enough, 
when  it  is  weH'underffiood  what  this  axiom  affirms.     In  the 
communication  of  preffiire  upon  any  immoveable  plane*,, whe- 
ther arifing  from  the  protrufion,  gravity,  or  impadi  of  a  body., 
the  meaning  of  this  principle  is,  that  the  rejj,ftance  of  the  plane, 
and  an  oppofite  force  equal  to  that  producing  the  preflu,re,  have 
.,precifely  the  fame  efFe£t,  as  either  of  them  only  deftroys  the  force 
cf  protrufion,  .gravity,  or  ibipfift.    In  the  com«iunication  oimor- 
tion  by  vifible  impa£l  ,the  axiom  alTerts  that  the  quantities  tjf 
motion  loft;  and  gained  are  equal  when  eftimated  in  oppofite 
.dire£lions.      In    the  coram unication  of  motion  by   unknowg 
means,  as  magnetifm,  ele(3:ricity,  &c.,  it  affirms  that  the  body 
attracting  or  repellirig  moves  in  an  oppofite  direijfcion  to  ihatm 
the  tody  attra£ted  or  repelled,  and  with  an  equal  quantity  of 
motion.     Thus,.to  propofe  an  inftance  in  the  cafe  of  attrac- 
tions :  When  a  loadftone  and  a  piece  of  iron,  equal  in  weight, 
Joat  in  water  upon  equal  and  fimilar  pieces  of  cork,  diey  are 
found  to  approach  each  other  with  equal  velocities ;  and  when 
they  meet,  or  are  kept  afunder  by  any  obftacle,  they  fufl:ain  each 
other  by  equal  and  oppofite  prelTures.     Again,  when  a  force  of  - 
any  kind  i,s,counterpoifed,  whether  ,by  the  exertion  of  animal 
ftrength,  the  preffure  of  a  fluid,  the  iorce  of  a  fpring,  &c.  each 
of  thefe  oppofed  forces  will  be  equal  to  fome  given  weight, 
which  if  it  be  fubftituted  fo  as  to  a£t  infl:ead  of  the  force, 
will  prefervc  the  equilibrium  unaltered.     Even  an  immoveable 
obftacle  exerts  a  definite  force  equal  and  contrary  to  that  which 
is  applied  in  any  manner  or  degree  to  alter  its  pofition  :  for  if 
fuch  obftacle  be  taken  away,  a  force  equal  and  contrary  to  that 
by  vhich  it  was  before  urged  muft  be  fubftituted  in  its  place  to 
keep  the  whole  at  reft.  -' ^    , 

.  24.  II.  Evidence  from  .experiments.  Common  experience, 
however,  it  muft  be  admitted,  is  not  entirely  fufficient  to  efta- 
blifti  the -truth  of  thefe  general  principles :  for,  as  we  have  al- 
ready remarked  (12.),  we  know  not  what  is  the  a£lual  motion 
of  a. body,  or  when  it  is  abfolutely  at  reft;  fo  that  thofe  obferv- 
ations  which  have  been  adduced  as  made  upon  bodies  apparent- 
ly at  reft,  or  in  reailinear  motion,  do  not  fatisfadtorily  deter- 
mine the  point  they  are  intended  to  eftablifli.  Recourfe  mu,ft, 
therefore,  be  had  to  experiments  of  a  more  refined  and  artificial 
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complexion,  and  fuch  .  may  readily  ,be.  found.  Although  we 
cannot  appreciate  the  abfoljate  nioiions  of  bodies,  we  can  ob- 
ferve.  and  accurately  meafure  their  relative  motions.  For  in- 
ftance,  if  it  can  be  fh«wn  experimentally,  that  bodies  flieW  equai 
tendencies  tp  refift  the  augmentation  and  the  diminution  of  their 
relative  motions,  they,  of  confequence,  would  extibit  equal 
tendencies  to  refill  fuch  augmentation  or  diminution  in  their  ab- 
folute  motions  r  and  numerous  experiments,  it  is  evident,  might 
be  conducted  which  fltow  this  very  clearly.  And  in  like  man- 
ner experiments  might  be  contrived  tending  to  eftablifh  the 
other  axioms  :  and  it  would  undoubtedly  be  found  that  in  .pro- 
portion as  all  impediments  were  removed,  the  more  perfeftly 
would  the  experiments  coincide  with  what  thefe  axiorais'vmigbfr 
lead  us  to  expe£t.  Many  experiments  might  eafily  be  propofed  i 
but  our  bufinefs  here  is  not  to  exhibit  them,  btft  to  fuggeft  xhs 
argument  which  flows  from  them. 

25.  III.  From  arguments  h  pofleriori.  The  convi<Slion  with 
which  we  are  furnifhed  in  thiS  manner  is  very  .cogent :  for,  a& 
Mr.  Atwood  remarks,  "  Let  a  propo(ition  be.  afliimed  as  true 
•'  even  without  evidence  of  any  kind,  if  -by  ftridt  and  logical 
"  reafoning,  various  conclufions-  are  deduced,  v^hich  upon  exa- 
♦'  juination  are  found  confiftent  among  thetafelves,  and  with 
•'  experience,  this  will  be  a  prefumptive  proof  in  favour  of , the 
"  principle  affumed ;  and  our  aflent  to  it  will  be  the  more 
*'  ftrcmgly  enforced  in  proportion  as  the  conclufions  inferred 
"  aiid  the  comparifon  of  them  with  experience  have  been  more 
*'  extenVive.  From  the  Newtonian  axioms  affumed  as  true,  a 
"  fyftem  has  been  adduced  and  compared  with  phenomena  in 
"  numberlefe  cafes :  it  has  been  applied  to.  the  motion  of  the 
"  planets  and  comets,  to  that  of  bodies  on  the  earth's  furface  ; 
"  even  to  the  motion  pf  thofe  minute  particles  which  compofe 
"  both  folid  and  fluid  fubftances.  A  perfeHi  agreement  between 
"  thefe  confequences  of  the  axioms  and  matter  of  faft  has  been 
"  the  refultj  no  one  tt^ance  excepted.  'I  heft  and  other  fimilax 
"  arguments,  upon  the  whole  amounting  to  evidence  fearccljf 
"  inferior  to  mathematical  demonftration,  are  the  grounds  on 
*'  which  the  laws  of  motion  are  received  aa  axioms,  from 
■"  which  the  various  theorems  concerning  the  effefts  of  forces 
"  are  fyftematicaUy  demonftrated."  Treatife  on  Motion.  Page 
360. 

'  26.  IV.  Left  the  combined  eflcifts  of  the  preceding  argu- 
ments (hould  after  all  be  infufficient,  let  us  enquire  whether  the 
truth  of  thefe  general  principles  cannot  be  made. evident,  froiA 
the  laws  of  human  judgment  independent  of  all  experiment? 
Ndw  with  refpecSt  to  the  firft  axiom,  let  it  he  recoUefited:  that 
"we  know  nothing  of  forces  of  any  kind  but.from  their  effedts. 
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and  that  we  conftantly  infer  the  agency  of  a  force  from  its 
changing  the  ftate  (as  to  motion  or  reft)  of  bodies  on  which  it 
zSts.      We  fuppofe  both  reft  and  motion  to  hejates  or  condi' 
tfons  of  a  body,  from  th6  one  of  which  it  is  no  more  likely  to 
be  converted  into  the  other  without  caufe,  than  it  is  to  change 
fpontaneoufly  from  a  cubical  to  a  pyramidal  or  globular,  or  any 
other  form.     If  this  be  admitted,  as  we  truft  it  will,  it  follows 
that  a  body  mu/t  continue  in  its  extflingjiate  of  refl  or  uniform  mo- 
tion, until  that  flate  is  changed  hy  fame  mechanical  force.     The  mat- 
ter has  been  ftated  a  little  differently,  thus  :  "  Suppofe  a  body 
"  in  motion,  and  that  the  inftantaneous  aftion  of  the  moving 
"  force  is  adequate  to  make  the  body  defcribe  a  certain  fpace  y 
"  then,  fince  after  the  fir  ft  inftant  the  moving  force  ceafes,  and 
"  the  motion  ftill  continues,  it  muft  be  uniform,  becaufe  the 
"  body  cannot  of  itfelf  either  accelerate  or  retard  it  j  the  mo- 
"  tion  will  moreover  be. re£tilinear,  for  there  is  no  reafon  why 
*'  the  body  fhould  deviate  to  the  right  rather  than  to  the  left ; 
**  and  hence,  in  this  cafe,  where  the  body  is  capable  of  moving, 
"-  during  a  certain  time  and  independently  of  the  moving  caufe, 
••  the  motion  will  be  uniform  and  reftihnear.     A  body  which 
"  can  move  itfelf  uniformly,  and  in  a  ftraight  line  during  a  cer- 
**  tain  time  will  perpetually  riiove  after  the  fame  manner : — for, 
"  fuppofe  a  body  capable  of  defcribing  uniformly  a  ftraight  line, 
"  of  whiph  the  two  extremities  are  A  and  B  (PI,  I.  fig.  i.); 
"  between  A  and  B  take  two  points  C  and  D,  then  the  body  at 
•'  D  is  precifely  in  the  fame  ftate  as  when  at  C,  excepting  that 
"  it  is  in  a  different  place.    Therefore  the  fame  ought  to  hap- 
*•  pen  to  the  body  as  when  at  C  :  but,  by  hypothecs,  when  at 
"  C  it  can  move  itfelf  uniformly  to  B  ;  therefore  wheaat  D  it 
"  will  be  liable  to  move  itfelf  uniformly  to  a  point  G,  taking 
«  DG=CB}  and  fo  on  for  ever."     Monthly  Rev.  N.  S.  VoL 
XXViii,  pa.  316. 

Again,  with  refpeft  to  the  fecond  axiom,  it  may  almoft  be 
confidered  as  an  identical  propofition,  confidering  force  as  we 
do  (17.),  merely  as  the  caufe  of  motion,  or  of  a.  change  in  mo- 
tion :  the  law  is  in  fa£t  equivalent  to  faying  that  "  we  take  the 
*'  changes  of  motion  as  the  meafures  of  the  changing  forces, 
*«  and  the  direaion  of  the  change  for  the  indication  of  the 
*'  direaion  of  the  forces." 

-The  third  axiom  is  indeed  a  univerfal  faftr  but  we  conceive 
it  is  likewife  a  neceffary  truth.  To  affert  the  contrary  is,  wc 
think,  to  maintain  an  abfurdity:  for  if  aftion  and  reaftion  are 
Hot  equal,  the  greater  either  a£ts  againft  nothing. and  is  there- 
fore not  a6tion  (contrary  to  hypothefis),  or  exifts  without  a 
Caufe,  which  if  once  admitted,  we  know  not  what  can  be  denied* 
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27.  Thefe  axioms  relate  immediately  to  the  aftlons  of  par- 
ticles of  matter  upon  each  other,  in  free  fpace;  or  to  thofe  cafes 
in  which  the  whole  mafs  may  be  conceived  as  Collected  into  a 
point. 

When  bodies  move  on  fixed  axes,  the  energy  of  the  moving 
force  and  refiftance  of  the  body  moved  will  "depend  on  the 
diftance  from  the  axis  :  in  thefe  cafes  the  inertia  of  the  parts  of 
tlie  fyftem,  by  which  they  oppofe  motion,  being  calculated, 
and  a  mafs  of  equivalent  inertia  being  fubftituted  for  the  given 
fyftem ;  the  quantity  of  the  moving  force  when  moving  with 
the  fame  velocity  as  the  matter  moved,  is  likewife  computed. 
The  moving  force  and  mafs  being  thus  afcertained,  the  refult- 
ing  motions  may  be  calculated,  and  it  will  thence  appear,  that 
in  rotatory  motions  on  fixed  axes,  or  on  moveable  axes  in  free 
fpace,  as  well  as  in  dire£l:  rectilinear  motions,  a£):ion  is  always 
equal  to  reaftion.  But  this  is  merely  hinted  by  the  way ;  it 
will  be  developed  more  fully  when  we  come  to  Dynamics. 
(Art.  314,  &c.) 
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CHAPTER  IL 

On  Statical  Equilibrium,  and  the   Compofition  and 
Refolution  (^Forces. 

a8.  EopiLiBRitTM,  according  to  our  definition  fig.),  is  of  two 
kinds,;  the"  one  relating  to  bodies  at  refl:>  the  other  relating  to 
bodies  in  uniform  motion  :  the  former  may  be  properly  calTed 
Statical  equilibrium,  and  may,  therefore,,  whenever  referred  to 
in  our  firfl  book  (whofe  objedl:  is  Statics)  be  charaflerifed  by 
the  term  equilibrium  alone  ;  the  latter  may  be  called  Dyndtnicd 
tqnilihrium,  and  will  be  brought"  under  confideration  In  fub- 
fequent  parts  of  the  work. 

29.  Def.  "When  two  or  more  forces  afl:  upon  a  body,  or 
lipon  a  material  point,  at  ^he  fame  time,  the  aggregate  effeft 
produced  by  their  fimultaneous  a£tion,  or  a  force  of  a  certain 
magnitude  and  dire£lion  equivalent  to  their  joint  energy,  is 
called  the  Refultantf  or  the  Equivalent ;  and  the  feveral  forces 
of  which  this  is  compounded'  are  called  Components  or  Cotn- 
pojants.  '     . 

30.  De^.  The  problem  of  the  Xiompofition  of  Forces,  is  that 
in  which  it  is  propofed  to  find  the  refultant  of  any  given  fyftem 
of  forces  :  and  the,  Refolution  of  Forces^,  which  is  the  converfe 
problem,  propofes  to  trace  out  the  coinpofants,  which  by  their 
united  energy  might  produce,  or  did  produce,  a  given  refultant. 

Thus,  fuppofing  two  forces  C,  C',  whofe  magnitudes  and 
direftions  are  reprefented  (17.)  by  CP,  CT,  to  aift  at  the  fame 
time  upon  a  material  point  P  (PI.  I.  fig.  2.)  ;  by  the  firft  of. 
thefe  problems  we  determine  the  magnitude  and  direftion  of 
the  equivalent  RP  to  thefe  two  forces ;  and  by  the  latter  we  en- 
quire the  two  forces  CP,  C'P,  or  various  pairs  of  forces,  of 
which  the,  refultant  is  RP.  It  may  be  proper  to  remark  here 
thsft  the  Compofition  and  Refolution  oi  .forces,  and  the  fi- 
milar  Compofition  and  Refolution  of  motions,  are  completely 
difl;in£l  objefts  of  enquiry:  the  former  is  entirely  a  phyfical 
queftion,  the  latter  a  problem  purely  mathematical.  Some 
authors  have  inferred  from  their  demonftrations  of  the  latter 
problem,  the  truth  of  the  former;  but  this  cannot  well  be  ad- 
mjffible,  becaufe  wherever  ftatical  equilibrium  obtains  there  can 
be  no  motion,  and  of  courfe  the  principle  on  which  the  infer- 
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ence  is  grounded  is  foreign  to  the  nature  of  the  thing  ^o  be 
ffoVed.  It  feems  moft  confiftent  with  fcientific  preciiion,  to 
eftablifti-  fubjefts  fo  very  diftin£t,  each  on  its  own  proper  bafis: 
and  though  the  attertipting  to  accomplifli  this  may  fomet-imes 
give  Tin- appearance  of  tautology,  it  is  ftill  thought  better  than 
to  aim  at  eoncifenefs  by  the  facrifice  of  accufacy. 

3  r.  Def.  The  moment  of  a  force  Of  power,  is  a  term  by  wWch 
We  Ihall  denote  the  produft  of  its  magnifude  into  the  neareft  di- 
ftance  of  its  direftion  (17.)  from  ahy  fixed  point. 

Thus,  in  fig.  2.  Pt.  I.  if  the  direftions  of  the  two  powers 
C,  C,  are  at  the  refpedlive  perpendicular  diftances  d,  a  froja 
a  point  S  taken  arbitrarily,  theft  .^111  the  produfts  Cd,  Cd'  re- 
prefent  whs^t  we  call  the  morhents  of  thofe  powers.  They  ex- 
pVefs  the  energies  of  thofe  powers,  and  differ  only  in  the  man- 
ner of  application  from  momenta  in  Dynamics. 
'3I.  In  every  fyftem  of  an  invariable  form  we  may  fate  for 

Sioints  of  application  of  powers,  any  points  whatever  in  the 
irtes  ol  theit  refpeftive  directions.  ' 

For  the  diftances  of  the  feveral  points  of  the  fyftem  remain- 
ing conflafitly  the  fame,  no  one  of  the  points  in  the  direftion 
of  any  power  can  move  without  drawing  into  its  motion  all  the 
points  in  the  fame  line,  nor  of  cdrifequence  without  cau&ng 
fuch  motion  as  would  be  produced  if  the  power  were  applied 
immediately  at  that  iridividual  point. 

This  propofition  may  be  illuflirated  by  a  fimple  and  obvious* 
example.  If  the  body  AB  (fig.  5.  PI.  II.)  be  afted  upon  by  a' 
force /o/5i«g'  agaittft  it  byrneans  of  an  iiitflexible  fcaf  OQ,  the 
effe£t  upon  the  body  will  be  juft  the  fame  whether  the  force  be 
exerted  on  the  lever  at  o,  g,  or  Qj  and,  if,  on  the  contrary,  the 
bttd'y  v^ere  a£ted  upon  by  a  fotce.draiving  it  by  means  of  an  in- 
extenfible  cord.P  E  C,  the  tendency  to  move  the  body  would  be 
tuft  the  fame,  whcthet  the  cbtd  were  pulled  af  P,  £,  or  C. 
Here  we  eiclude  the  confideratloil  of  gravity  froni  the  bar  and 
the  coifd. 

33.  iittite,  If  an  obftacle  be  employed  to  deftroy  any  force. 
It  is  fudicierit  if  fuch  obftacle  be  applied  at  apy  point  whatever 
in  the  direftion  of  this  fbfce,  provided  the  point  be  one  of 
thofe  in  a  fyftem  of  uttchafiging  forrii :  fo  that  we  may  in  all 
fuch  cafes,  without  danger  of  error,  conceive  that  the  power  is 
immediately  applied  to  the  obftacle. 

34.  I.  Two  forces  adling  in  the  fame  right  line,  and  di- 
fe£led  the  faiiie  way,  are  equivalent  to  one  force  equal  to 
their  fum.  . 

a.  Two  equal  forces  ading  in  the  fame  right  lijie,  but  »a 
cppofite  direiiiotis,  deftroy  each  pther. 
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3.  Several  forces^  aftlng  in  oppofite  direiSliions  in  the  fame 
tight  line  are  equivalent  to  one:  only,  namely,  to  the  excefs  of 
the  fum  of  the  forces  afting  in  one  direftion  above  the  fum  of 
the  forces  afting  in  the  contrary  direftion. 

Thefe  are  obvious  truths  neceflarily  refulting  from  the  defi- 
nition of  force  (i7.)>  and  Newton's  third  axiom  (ziO- 

3j.  Since,  then,  a  fyftem  is  in  a  date  of  equilibrium  when  it 
is  fubjeft  to  the  joint  aftion  of  two  equal  forces  exerted  in  op- 
pofite dircftions;  a  fyftem  fubje£led  to  the  united  energy  of 
various  forces  is  in  equilibrio,  when  any  one  of  the  forces  is 
equal  and  oppofite  to  the  refultant  of  all  the  reft  :  and,  of  con- 
fequence,  the  general  problem  of  the  equilibrium  between 
various  powers,  is  reduced  to  that  of  the  Compofttion  of  Forces 
{30.).  We  ftiall,  therefore,  nqw  proceed  to  the  folution  of  this 
problem,  and,  for  the  fakd  of  perfpicuity,  fliall  confidcr  it  under 
four  feparate  heads,  according  to  thofe  divifions  wliich  the  order 
of  nature  feems  to  prefent,  viz. 

1.  Of  forces  difpofed  in  one  plane,  and  concurring  in  the 
fame  point. 

■2,.  Of  forces  diredled  to  one  point,  but  not  confined  to  one 
plane. 

3.  Of  forces  fituated  in  one  plane,  but  applied  to  different 
points  of  a  body. 

4.  Of  forces  not  confined  to  one  plane,  diredled  to  various 
points  of  a  body. 

I.  Of  Forces  disposed  in  one  Plane,  and  concurring  in 
THE  SAME  Point. 

36.  Prop.  The  equivalent  of  feveral  forces  fttuated  in  one  plane 
is  in  the  fame  plane. 

For  if  we  fuppofe  the  iequivalent  to  be  out  of  the  plane  of 
the  forces,  on  either  fide,  we  may  always  find  a  line  on  the 
ether  fide  of  the  plane  fituated  in  a  perfefkly  fimilar  manner ; 
and  fince  there  can  be  no  reafon  why  the  refultant  fliould  be  in 
one  of  thefe  diredions  rather  than  in  the  other :  it  is  therefore 
in  neither  of  them,  unlefs  we  admit  the  abfurd  confequcnqe 
that  it  is  in  both,  that  is,  unlefs  we  admit  that  the  fame  forces, 
afting  in  like  manner,  can  produce  two  diftindt  efFeds.' 

Cor.  The  refultant  of  two  equal  forces  muft  be  in  their 
plane  ;  and  it  muft  be  in  a  line  which  bifefts  the  angle  of  their 
diredtion,  fince  there  is  no  reafon  why  it  fhould  tend  more  to 
one  fide  than  to  another. 

37.  Prop.  If ■  to  a  material  point  already  hpt  in  equilibrio  by  a 
f^jjlem  offerees^  another f^em  is  applied  alfo  in  equilibrio,  thi'i  •will 
not  deftroy  the  pre-exifling  equilibrium.     This  is  maftifeft.  - ' 
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Cor.  Hence,  if  the  three  fofees  C,  C'^  O  (PI.  I.  fig.  3.),  are 
in  a  ftate  of  equilibrium,  and  if  each  of  the  forces  were 
doubled,  or  tripled,  or  quadrupled,  or  if  they  Were  halved, 
quartered,  &e.  or  changed  in  any' proportion,  the  equilibrium 
vrould  remain,  fo  long  as  they  continued  to  a£i:  in  the  fame 
direSions,  CP,  C'P,  OP. 

Cor.  2.  Hence  alfo,  fince  the  refultant  R  is  always  equal 
and  oppofite  to  one  of  the  forces  (as  O),  it  follows  that  when 
the  magnitude  of  equilibrated  forces  eoneurring  in  a  point  are 
made  to  vary  in  any  ratio,  the  refultant  retains  its  pofition  but 
changes  its  magnitude  in  the  fame  ratio. 

38.  Prop.  If  three  equal  forces  are  inclined  to  one  another  in 
angles  each  of  1 2o  degrees,  any  one  of  them  will  balance  the  joint 
uMon  of  the  ether  two.'. 

This  is  likewife  incontrovertible ;  for  neither  of  the  forces 
can  prevail.  ' 

39.  Prop.  Two  equal  forces  inclined  in  an  angle  of  120  de- 
grees, have  for  their  equivalent  a  third  which  has  the  direBion  and 
proportion  of  the  diagonal  of  the  rhombus  conftruEled  on  the  lines 
which  reprefent  the  forces. 

For,  if  C,  C,  are  the  forces  (fig.  3. )  afting  on  the  point  Pi 
the  force  O  whofe  meafure  is  OP=CP,=:CP,  and  is  fituated 
fo  that  the  angles  CP  O  and  C'P  O  are  each  equal  to  C  P C, 
will  (38.)  enfure  the  equilibrium.  But  RP,  the  meafure  of  the 
equivalent  R,  is  equal  and  oppofite  to  OP  (35.)  :  therefore 
CP=PR=C'P;  andbecaufe  angle  CPR=69°=C'PR,  CR=CP 
and  C'R— C'P.  Confequcntly  C'PC'R  is  a  rhombus,  and  RP 
the  reprefentative  of  the  equivalent  of  the  forces  C,  C,  is  its 
diagonal.     Q[^E.  D. 

CoR.  If  half  the  angle  C  P  C  be  denoted  by  a,  we  fliall  have 
PD=PC  cos.  a—C  cos.fl,  whenccthe  equivalent  RP=2C  cos. a. 

4s.  Prop.  J^ny  two  equal  forces  have  for  their  equivalent  the  \ 
diagonal  of  the  rhombus  conftruMed  on  the  right  lines  which  repre^ 
fent  them  in  magnitude  and  direBion. 

For,  1 .  If  this  propofition  be  true  with  regard  to  any  two 
equal  forces  C,  C,  afting  in  the  direftions  CP,  CP  (PI.  I.  fig. 
4.),  and  forming  with  their  refultant  R,  the  angles  CPR,  C'PR^, 
each  for  example  equal  to  a,  it  is  true  likewife  for  two  other  equal 
forces  c,  c,  acting  according  to  the  d:ire£i:ions  c  P,  c  P,  which 
bife<a  thofe  angles.  In  this  cafe  r  may  be  cortfidered  (36  eor.) 
as  the  refultant  of  two  equal  forces  *■  and  y,  ading  in  the  di- 
reftions  CP,  RP;  and  in  like  manner  c'  may  be  confidered  as 
the  refdtant  of  two  other  equal  forces  x  and/,  a£ling  in  the 
direaions  C'P,  RP :  fo  that,  in  lieu  of  the  two  equal  forces 
f,  c,  we  may  confider  four  equal  but  unknown  forces  x,  «*,  j?,/, 
aaing  in  the  dwreaions  juft  afligned  thenj.  The  two  firftof 
VOL.  I.  C 
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thefe,  X,  at',  aftlng  in  the  direaions  C  P*  C'P,  have,  by  hypo- 
the'fis,  the  diagonal  of  the  rhombus  for  their  refultant;  that  is, 
they  are  equivalent  to  a  force  expreffqd.  by  2  «  cos.  a  a£ling  in 
R  P :  therefore  the  refultant  z  oi  c  and  c,  will  be  equal  to 
2  y  +  2  X  COS.  a.  But  x  =  y,  therefprejz  =  2  *■  (i  +  cos.  a). 
Now,  the  angles  C  P  R,  c  P  c',  being  each  equal  to  half  C  P  C, 
are  equal  to  each  other ;  and  z  being  the  refultant  of  two  equal 
components  afting  in  cY  and  cT,  while  c  is  the  refultant  of 
'  two   others    ading  in  C  P   and   R  P,   we  have  (37,  cor.  2.) 

z:c::c:x  =  —.    Subftituting  this  value  of  x  for  it  in  the  pre- 

ceding  equation,  we  obtain  z  = (i  +  cos.  a  J  =  c  >/  "2. 

\/i  +cos.fl  =  f  \/2  X  (i  +  cos.a).  But  it  is  known  that. 
cos.  \a  =  ^/  •iii:?!.--''-  (See   Hutton's  Difiiomry,  art.  Sine,  or 

Carnot  de  Geometrie  de  Pofition,  p.  154.) ;  whence,  by  redu£tion 
z  =  2  f  cos.  ~  a.  Confequently  the  propofition  if  true  for  a,  is 
true  for  4  a- 

.  2.  In  exa£tly  the  fame  manner  may  the  propofition  be  proved 
true  with  refpeft  to  the  half  of  ^a,  or  i  a,  and  in  fucceffion  for 
1^  a, -j% «, -3V  a,  &c.  That  is,  fince  it  is  true  (38.)  when  the 
angle  CP  C  is  meafured  by  \  of  the  circumference,  it  is  like- 
wife  true  when  the  angle,  between  the  equal  -comportents  is 
meafured  by  -i,  ^,^^,  JS^.,  &c.  of  the  circumference,  wherp  the 
feri^s  may  be  continued,J?«^  limite. 

3.  If  the  propofition  be  demonftrated  fbr  the  three  angles  a, 
b,  and  a  —  i,  it  will  be,  true  for  the  angls  a  -\-b  ;  that  is,  if  we 
take  two  equal  components  c  and,  /  making  with  their  refultant 
;v,  angles  =:  a  -\-  b,  we  fhall  have  x  =  ic  cos.  {a  +  b-)  Thus, 
if  in  PI.  I.  fig.  ;.  the  angles  C  P  R,  CT  R,  are  each  equal  to 
a,  and  c/P  C,  CF  d,  cT  C,  CP  d',  each  equal  to  b  :  conceiving 
two  forces  dF,  dP,  each  equal  to  c,  their  refultant  will,  by 
hyp.  be  =:2fcos.  {a~b)y  hecauted'PK=a  —  b;  and  this 
quantity  fubtra£l:ed  from  the  refultant  of  c,  c,  d,  d',  will  give  x. 
"But  c  and  d  have  their  refultant  C,  a£ting  in  C Pj  and  =  2c 
€08.  b ;  the  fame  thing  holding  witlj  rcfpe£t  to  c  and  d',  we  have 
two  forces  equal  to  C,  and  equivalent  to  one  which  is  2  C  cos.  a 
or4<7Cos.fl.  cos.^:  whence .*•  =  4  c  cos. a.  cos.b~2c cos.{a  —  b). 
But  cos.  a.  cos.  ^  =>4cos.  [a  +  b)  +  i-cos-ia-b).  (See  Cra- 
kelts  Mauduitt,  p.  50.  Hutton's  Diet.  art.  Sine,  or  Carnot  Gem, 
Fos.  p.  153.)  Which  value  of  cos.  a.  cos.  b,  fubftituted  for  it 
in  the  preceding  equation  gives  /v  =  2  c  cos.  (a  +  b).  So 
that  the  propofition  when  true  for  a,  b,  an,d  a  —  b^  is  true  foy 
ff  +  3.         • 

4.  Let  b  be  taken  as  fmall  as  we  plcSfe  in  the  feries  |,  ^'sn' 
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'?>  aVj  &c.  and  let  a  be  the  preceding  term'in  the  ferie's,  them 
a,  b,  a  —  b,  a  -\-  by  are  2  b,  b,  b,  and  3  b  refpeftively,  in  each 
of  which  the  propbfition  holds  :  again,  ii  a  =z  2  b,  a  +  b  =  /^bi 
i{ a  =  4  b,  h  +  b=  s  b,  &c.  So  that  the  theorem  is  demon-  ^ 
ftrated  for  all  angles  in  the  feries  i,  2  &,  3  ^,  4  i,  5  b.  Sec.  in 
which  b  may  be  taken  of  a  magnitude  less  than  any,  one 
which  can.  be  afligned.  Gonfequently  the  theorem  is  true 
with'refpeft  to  any  rhombus  whatever:  for  let  any  rhombus 
be  propofed  which  it  is  affirmed  is  an  exception  to  this  proof; 

.  we  dan,  it  is  obvious,  by  choofing  b  lower  than  any  afligned 
number,  and  taking  a  fuitable  multiple  of  it,  approach  nearer 
the  excepted  angle  than  by  any  affignable  difference,  that  is, 

,    we  {how  that  our  theorem  is  applicable  to  the  angle  itfelf. 

41.  Prop.  An^tnuo  fiirces  having  the  ratio  of  the  fides  of  a  reB-] 
angle,  and  -whofe  direBions'  coincide  luiih  thofe  fdes^  have  for  their  \ 
equivalent  the  diagonal  of  that  rectangle. 

Let  the  two  forces  C,  C  (pi.  I.  fig.  6),  aft  in  the  direftlpns 
C  P,  C  P',  which  comprife  the  right  angle  P  :  complete  the  pa- 
rallelogram C  P  C'R,  and  draw  its  diagonals.;  parallel  to  C  C, 
draw  f  i:' terminited  by  Cc,  CV,  which  ^are  drawn  parallel  to 
the  refuking  diagonal.  Conceive  c  and  c  to.^be  two  equal 
forces  a£ling  in  the  equal  lines  cP,  c'P,  oppofite  to  each  other, 
and  confequently  annihilating  each  other's  effefts ;  .  then. 
cPDC  and  t'P DC  being  rhombi,  the  force  CP  is  the  equi- 
valent of  cF,  DP,  andC*?  that  of  cT,  DP,  by, the  preceding 
prop.  Therefore  the  components  C  P,  CP,  are  the  fame,  in 
efFe<a  as  the  oppofite  ones  c  P,  cTP,  together  with  D  P,  D  P  ; 
that  is,  the  equivalent  fought  is  2  D  P  or  R  P,  the  diagonal 
of  the  parallelogram.     Q.  E.  D. 

Coi.  Since  RP  :  rad.  ::  CP  :  cos-  CPR  :  -.CP  :  cps. 
GT  R,  we  have  thd'  refultant  equal  to  either  component  di- 
vided by  the  cofine  of  the  angle  which  it  makes  with  the  re- 
fultant. 

42.  Prop,  ^ny  two  forces  luhateve^  have  their  equivalent  ex~ 
prejjed  in  magnitude  and  direilion  by  the  diagoncl  RP  of  the  parnl-  A 
lelogram  co0ru£ied  on  the  lines  C  P,  CP,  which  reprefent  thefe  j 
forces. 

.Having  completed  the  parallelogram  CPC'R  (fig,  7.  pi.  I.) 
on  the  given  fides,  draw  c  c  perpendicular,  and  C  c,  CV,  pa- , 
rallel  to  the  diagonal,  demit  alfo  CD,  CD',  perpendicular  to  the 
diagonal :  then  will  CcPD,  CVPD',  be  reflangles,  and  the 
triangles  CRD,  CP  D',  equal  in  all  refpefts ;  confequently 
C  c  =  D  P,  R  D  =  D'P,  and  /:  P  =  cY.  The  addition  pf  ihe 
equal  forces  c,  c',  afling  in  the  oppofite  direftions  c  P,  c'V,  will 
snake  no  difference  as  to  the  ftate  of  the  fyftemi :  and  fince  th« 

c  2 
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components  D  P,  e  P,  have  C  P  for  their  refultant,  and  the 
components  D'P,  <:'P,  the  refultant  C'P  (by  the  preceding  prop.), 
we  may  inftead  of  the  original  forces  C  P,  CT,  fubftitute  the 
forces  c  P,  c'P,  D  P,  D'P,  of  which  the  two  former  deftroy  each 
other's  effeiSs,  and  the  latter  D  P,  DP,  are  manifeftly  equal  to 
R  P  ;  that  is,  the  refultant  of  the  two  forces  C  P,  C'P,  is  equal 
to  the  diagonal  R  P  of  the  parallelogram.     Q^E.  D. 

43.  Thus  have  we,  by  a  feries  of  conneftcd  propofitions,  de- 
monftrated  that  which  is  juftly  reckoned  the  molt  important  in 
the  theory  of  Statics,  and  which  is  now  commonly  fpoken  of 
under  the  title  of  the  Parallelogram  of  Forces.  The  demonftra- 
tion  here  given  is  commenced  upon  the  fanAe  principle  (38.)  as  , 
that  propofed  by  D'Atembert  in  the  Memoirs  of  the  French 
Academy  for  1769:  it  waS  fomewhat  fimpHfiediiy  Francosur  ia 
his  Mechanics ;  but  what  is  here  offered,  at  the  feme  time  that 
it  is  more  concife  than  the  dftmonftration  of  Francoenr,  is  freed, 
it  is  hoped,  from"  fome  objeftionabte  pofitions  into  which  that 
author  has  certai-nly  fallen.  This  demonftration  would  mani- 
feftly be  the  fame  in  every  ftep,  fuppofing  the  forces  to  aft  in 
the  directions  PC,  PC:  fo  that  the  proof  is  general  for  th« 
compofition  of  any  fyftems  of  forces  whether  preffing,  or  im-. 
pulfive,  or  attracting,  or  repelling,  &c.  Profelfor  /SisijSw,!  by 
iHgenioufly  blending  the  Demonft  rations  of  Bernouilli,  D'Alem- 
bert,  and  Paul  Frifi,  deduces  the  fanie  conclufion  by  a  feries  of 
propofitions  commencing  with  the  cafe  of  two  equal  forces 
acting  at  right  angles.  See  art.  Dynamics.  Supp.  Encyi  Britan. 
The  demonftrattons  by  Laplace  and  Lagrange,  though  con- 
fefledly  curious,  depend  upon  principles  too  abftruie  to  be  ad- 
mitted, without  impropriety^  into  this  work.  In  order  to  faci- 
litate the  application  of  thei  Parallelogram  of  Forces,  it  will  b« 
proper  to  fpecify  the  moft  ufeful  propofitions  and  coroliariesi 
which  immediately  flow  from  it. 

44.  Co&.  .1'  If  two  component  forces  are  reprefetited  by  the  tiv» 
fides  of  a  triangle,  the  refultant  ivill  be  reprefented,  by  the  double  ef 

the  line  drawn  from  the  point  -where  the  forces  aB,  tq  the  middle  of 
the  third ftde  of-^he  triangle. 

Thus,  in.  figs.'  3,  6,  7.  the  refultant  P  R  =  ^  P  D;  becauf*, 
the  diagonals  of  the  parallelogram  C  P  C'R  bifeCt  each  other, 

45.  Cor,  2.  If  the  angle  at  which' two  given  forces  aSl  be  dinti- 
■  nished,  their  refultant  will  be  increased,  and  vice  verfa. 

For  in  the  triangle  C  P  C,  in  which  the  line  P  D  bifefts  the 
bafe,  it-is  known  that  C  P^  +  CP'  =  2  DP^  +  2  CD^  (Hut- 
ton's  Qeom.  th.  3  8 . )  Whence  2  D,  P^  =  C  P^  +  C'P''  -  2  C  D% 
or  4  D  P^  =  R  P^  =  2  C  P^  +  2  CP'  -  C'C^  But  C  P,  and 
CP  remaining  conftant,  the  fide  C  C  will  vary  as  the  meafure 
of  the  angle  CP  C ;  and  fince  the  fquar?  of  C  C  i«  fybtiaiaivf 
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in  the  above  value  of  R  P%  the  latter  will  increafe  as  the  for- 
mer decreafes,  and  vice  verfa. 

46.  CoRf  3.  Two  given  forces  produce  the  grealefl  effeB -when 
they  alt  in  the  fame  direSion,  and  the  leaf  when  they  aft  in  oppofte 
dire^ions. 

For,  in  the  former  cafe  the  diagonal  of  the  parallelogram  be- 
comes equal  to  the  fum  of  its  {ides,  and  in  the  latter  equal  to 
their  difference.  The  fame  conclufion  may  alfo  be  deduced  im- 
mediately from  art.  34.  The  conception  of  the  ftudent  may  be 
aflifted  by  referring  to_  figs.  8  and  9- 

46.  Prop.  If  a  material  pointy  be  kept  in  equilihrio  by  thefmtd- 
ianeous  aBion  of  three  forces,  thofe  forces  ivill  be  reprefented  in  mag- 
nitude and  direSliim  by  the  three  fies  tf  a  triangle  refpeSively  paraU 
lei  to  the  direElions  tf  the  forces. 

For,  when  a  fyftem  of  forces  ftrftains  a  point  in  equilibrio, 
any  one  of  the  forces,  as  that  reprefented  by  UJP  (fig.  10.  pi.  I.) 
is  equal  and  oppofite  to  RP  the  refultant  of  the  others  (35). 
But  the  refultant  of  the  two  forces  reprefented  by  C  P  and  C'P, 
is  reprefented  by  the  diagonal  of  the  parallelogram  conftituted 
upon  CP,  CT,  (42.)  and  confequently  if  P  R  be  equal  to  OP, 
C  R  will  be  parallel  to  P  C.  Whence,  it  is  obvious  that  the 
tjiree  fides  of  the  triangle  P  C  R  are  refpeftively  equal  to  the 
three  forces  O,  C,  C,  and  parallel  to  the  direftions  in  which 
they  a£l:. 

47.  CoR.  I,  If  a  body  be  kept  in  equilibrio  by  three  forces,  and 
two  of  them  be  reprefented  in  magnitude  and  direction  by  twoftdes  of 
a  triangle^  the  third  fide j  taken  in  order,  will  reprefent  the  magni- 
tude and  direBian  of  the  other  force. 

48.  Cor.  2.  Since  the  fides  of  triangles  are  as  the  fines  of 
the  dppofite  angles,  it  follows  that  when  three  forces  keep  a  poinf 
in  equilibrio,  each  force  is  proportional  to  the  fine  of  the  angle  made 
by  the  direBions  of  the  other  two.  Thus,  in  the  forces  reprefented 
in  fig.  10. 

O  :  C :  C : :  fin.  CPC  :  fin.  OPC  :  fin.  OPC  : :  fin.  PCR  : 
fin.  CRP :  fin.  CPR. 

49.  Cor.  2-  If  "  material  point  be  kept  at  refl  by  three  forces, 
end  lines  be  drawn  at  right  angles  to  the  diteBions  in  which  they 
aB,  and  produced  till  they  forni  a  triangle,  the  fides  of  this  triangle 
*uAll  be  proportional  to  the  refpeBive  forces :  or,  if  lines  be  drawn 
each  making  the  fame  given  an^e  with  the  direBions  of  the  forces, 
the  fides  of  the  triangle  formed  by  thefe  line?  will  likewife  be  pro- 
portional to  the  forces. 

For  it  may  eafily  be  fhewn  that  each  of  thefe  triangles  will 
be  fimilar  to  the  triangle  formed  bythediredions  of  the  forces. 

50.  Prop.  If,  when  three  given  forces  O,  C,  C,  aBing  upon  a 
point  P  keep  it  in  equilibrio,  right  lines  PO,  PC,  PC,  be  Jet  off 
from  P  praportienal  ts  the  fev$fal  foriees  rind  in  their  refpeBive  dif 
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reBions,  the  point  P  tuill  be' the  centre  of  gravity  of  the  triangle 
O  C  C.  '  ■       ' 

Produce  OP  to  R  (fig.  1 1.  pi.  I.)  making  PR  =  OP,  thpn 
will  PR  be  equal  to  the  equivalent  of  the  components  C,  C,  and 
confequentlyit  will  be  the  diagonal  of  the  parallelogram  CPC'R: 
wherefore  PD,  its  half,  is  likewlfe  equal  to  half  OP,  and  falls 
upon  the  middle  of  the  fide  CC  of  the  triangle  OCC  But 
•when  OP  =  2PD,  CD  beiirg  =  CD,  P  is  the  centre  of  gravity 
of  the  triangle.  (See  Art.  114.)     Q^E.  D. 

51.  Prop.  To  find  the  refultant  of  any  number  of  forces  ailing 
upon  a  point ,  their  dire  ff  ions  all  lying  in  the  fame  plane. .  , 

This  is  done  with  much  facility  by  an  obvious  application  of 
tl>e  parallelogram  of  forces  :  iot  fince  the  united  aftion.  of  any 
two  forcesv  upon  a  point  puts  it  in  the  fame  (late  as  if  their 
equivalent  had  afted  upon  it,  we  may  compound  any  two  of 
the  forces,  and  (ubftitute  their  refultant  for  them;  this  com- 
pounded with  a  third  force  will  give  a  new  refultant;  and  this 
blended  with  a  fourth  force,  another  ;  and  fo  on  as  far  as  ne- 
ceflary.  Thus  fuppofe  the 'refultant  of  the  five  forces  repre- 
fented  in  magnitude  and  direftion  by  PC,  PC,  Fc,  Fc,  and  PC'' 
(fig.  12.  pi.  I.),  were  required.  Firft  complete  the  parallelogram 
CPC'R,  and  inftead  of  the  component  forces  PC,  PC,  make 
ufe  of  the  refultant  PR  :  then  take  PR,  Fc,  as  components  and, 
complete  the  parallelogram  R  P ,;  R',  fo  will  P  R'  be  the  re- 
fultant of  the  two  forces  PR,  Pc,  or  of  the  three  PC,  PC,  Fc : 
again,  take  PR',  Fc,  as  components,  and  complete  the  paral- 
lelogram PRcV  :  next,  take  the  new^refultant  Fr,  and  the  fifth 
force  P  C  as  components,  and  complete  the  parallelogram 
F  rr'  C"  ;  fo  will  the  new  refultant  P  r,  be  the  refultant  of  the 
five  original  forces:  artd  of  confequence  (35.)  a  force  equal 
and  oppofite  to  P  r  will  keep  the  equilibrium  in  the  whol? 
fyileni. 

52.  CoR.  I.  Since  CR  is  both  equal  and  parallel  to  PC^ 
.RR'  equal  and  parailel  to  F  c,  R.'r  toFc',  &c.  the  refultant 
when  the  forces  are  ail  in  one  plane  may  be  readily  determined, 
by  drawing  confecutive  lines,  each  from  the  end  of  the. pre- 
ceding, and  having  the  directions  and  proportions  of  the  fe- 
veral  forces.  Thus  draw  from  C  (fig.  12.)  CR  equal  and 
parallel  to  PC,  R.R'  to  Fc,  RV  to  Fc',  rf  to  FC",  and  Pr' 
will  be  the  refultant,  as  befor^. . 

53.^  CoR.  2.  If  any  number  of  forces  reprefaited  in  magnitude 
and  dire'Bion  by  the  fides  of  a  polygon  taken  in  order,  ail  ftmulta- 
tieoufy  uponthe  fame  poinfofa  body  at  reji,  they  -will  keep  it  at  refii 
Let  PC,  C  R,  RR'j.il'r,  rr,  r'F  (fig.  12.),  reprefent  the 
forois ;  then,  fince  the  firft  five  of  thefe  have  P  r  for  their 
^  equivalent  (52.),  and  r'F  the  fifth  force  is  equal  and  oppofite  to 
Fr\  it  will  preferve  the  ejuilihrium  of  the  fyllem  (35.), 
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54.  Prop.  A  ftngU  force  may  be  rejolved  into  any  number  of 
forcei.  , 

Since,  any  fingle  force  as  P  R  (fig.  10.)  is  the  equivalent  of 
the  two  forces  PC,  PC,  which  are  two  contiguous  fides  of  a 
paraUelogram  whofe  diagonal  is  P  R,  and  lince  it  will  likewife 
be  the  refultant  of  any  two  forces  proportional  to,  and  in  the 
direftion  of  any  parallelogram  which  has  PR  for  a  diagonal  \ 
it  follows  that  the  fingle  force  PR  may  be  decompofed  into  as 
many  pairs  of  forces  as  there  can  be  defcribed  parallelograms 
having  the  fame  common  diagonal,  tha't  is,  into  an  indefitiite  num- 
ber of  fuch  pairs.  And  fince  either,  or  both,  of  thefe  component 
forces  may  again  be  decompofed,  in  like  manner,  into  two,  and 
either  of  thefe  again  into  two ;  it  is  manifeft  that  the  original 
force  may  in  this  way  be  conceived  to  be  refolved  into  any 
number  of  others,  ad  libitum  s  and  thefe  either  into  the  fame 
plane,  or  any  others. 

55.  Scholium.  The  preceding  propofition  is  ufeful  in  what 
is  called  the  ReduBion  of  forces,- or  eflimating  their  effedts  in 
any  given  direftion.  Thus,  if  it  were  required  to  eftimate  the 
efFeft  of  the  force  PC  (fig.  7.  pi.  I-)  in  the  direftion  of  the 
given  line  PR  :  conftruift  the  redlangular  parallelogram  Pc  CD, 
and  PC  will  manifeftly  be  the  equivalent  of  ±he  two  forces  Vc,- 
and  PD,  of  which  the  former  is  perpendicular  to  the  given  di- 
reftion,  and  therefore  neither  promotes  nor  obllrufts  the  effedl 
of  the  force  in  that  dired^ion,  fo  that  PD  is  the  aggregate  of 
force  in  the  dire£tion  P  R.  Of  this  fpecies  of  redu£tion  many 
c:3£amples  will  occur  hereafter. 

56.  Prop.  The  effeSfs  of  frees,  nuhen  ^ejiimated  in  given  di- 
rellions,  are  not  altered  by  compojition  or  refolution. 

Let  the'  forces  PC,  P  C,  and  their  refultant  PR,  be  -eftimated 
in  the  propofed  dire^ions  PX,  PY  (fig.  14.  pi.  I.).  Draw 
the  various  lines '  refpeftively  parallel  to  P  X,  P  Y,  as  in  the 
figure.  T^hen,  the  force  P  C,  when  referred  to  the  given  di.. 
redtions,  will  furnifh -the  components  PD,  P^;  the  force 
CR=PC,  the  components  Ce,  CE ;  and  the  force  PR  gives 
the  components  P F,  P/.  But  the  forces  P  D,  Ce,  being  in 
oppofite  direftions  will  have  oppofite  figns  (  +  and  — ),  and 
by  reafon  of  the  parallels  DE,  FR,  P/,  and  PD,  dC,  /E,  it 
will  be  PD  —  Ce  =  PD  — D F  =  P  F,  the  effed  of  the  two 
forces  PC,  PC,  eftimated  upon  PY;  alfo  Vd+CY.z^Vd 
+  df^=.  P/^  the  efFeft  of  the  fame  two  forces  eftimated  upon 
PX;  ancl  thefe,  it  is  evident,  are  likewife  the  efFedls  of  the 
refultant  P  R,  when  eftimated  in  the  fame  direftions.  In  a 
fimSlar  manner  the  truth  of  the  propofition  may  be  fhewn,  for 
any  number  of  forces,  by  compounding  each  pair,  and  tracing 
their  finjultaneous  efi^efts,  in  th«  propofed  directions.    Q^_E.  I), 
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•C&R.  If  a  fyftejn  of  equilibrated  forces  is  reduBed  to  any  one 
direftion,  the  reduced  forces  will  be  in  equilibrio. 

■  SI-  Prop-  I'd  find  the  refultant  of  a  fyfiem  of  forces  applied  to 
one  point  and  aBing  in  the  fame  plane,  by  the  method  of  reilangular 
eo-ordinates. 

Let  the  three  Jorces  C,  C,  C"  (fig.  13.  pi.  I-).  Elicit  the 
point  P,  with  energies  proportional  to  PC,  PC,  PC',  and  in 
thofe  dire£bions :  through  any  point  A  draw  two  lines  X  X, 
Y  y,  in  any  direftions  refpeaively  perpendicular  to  each 
other  ;  through  P  draw  Prf"  parallel  to  XX'  and  PD  parallel 
to  Y  Y',  and  refolve  each  of  the  forces  into  components  refpec- 
tively  parallel  to  thcfe  co-ordinates  ;  for  inftance,  P  C  into. 
P  D,  P  ^;  P  C  into  P  D',  P  d';  and  P  C"  into  P  D",  P  ^:  fet 
oiF  A  Y  and  AX  refpeaively  equal  to  PD  +PD'  +  PD", 
and  P</+P</'  +  P/';  then  complete  the  reaangle  "A  R  X  Y, 
and  its  diagonal  A  R  will  reprefent  the  magnitude  of  the  re- 
fultant of  tne  fyftem,  and  will  be  parallel  to  its  dire£lion.  The 
truth  of  which  is  manifeft,  from  the  foregoing  propofition  and 
fcholium.       ' 

58.  Cor.  Ip  the  cafe  of  an  equilibrium  AR  being  oppofed 
h^  an  equal -and  contrary  force,  the  refultant  will  be  nothing,  o* 
zero  :  or  when  the  feveral  forces  are  reduced  to  the  reflangular 
eo-ordinates,  the  fum  of  the  forces  upon  A  Y'  which  may  be 
confidered  as  negative,  muft  be  equal  to  the  fum  falling  upon 
A  Y,  and  the  fum  upon  A  X'  in  like  manner  confideted  nega- 
tive, equal  to  thofe  upon  A  X. 

59.  Scholium.  In  cafes  where  accuracy  is  required,  tho, 
(tudent  will  find  it  neceflary  to  aim  at  fomething  further  than  a 
graphical  folution ;  to  aflifi  hjs  progrefs,  we,  therefore,  add  a 
few  algebraical  formulas  which  may  often  be  advantageouffy 
applied. 

Let  the  angles  which  the  dire£i:ions  of  the  component  forces 
C,  C',  C",  make  refpeditively  with  the  axis  AX  (fig.  13.),  he.  a, 
fi,  and  a' ;  and  let  the  angle  which  R  the  refultant  makes  with 
A  X  be  denoted  by  r.  Then  when  each  pf  the  forces  is  re- 
duced  to   rectangular   co-ordinates,    we   fhall   have    (41  cor.) 

C  — ,  C  = ,    C  = T.^  whence  C cos.  a,  C  cos.  a, 

COS.  a '  COS.  a ,  cos.  tf'  ■  •"  ■  ' 

C"  cos.  a",  are  equal  to  P  ^,  P  d',  P  d",  the  various  components 
of  thefe  forces,  parallel  to  A  X  ;  and,  in  a  fimilar  manner  may 
be  obtained  Cfin.  a,  C  fin.  a,  C"  fin.  a,  the  components  of  the 
fame  forces,  parallel  to  A  Y  :  the  former  of  thefe  afting  in  the 
fame  }ine,  are  equivalent  to  a  fingle  force  expreffed  by  their  fum 
[ufing  the  v?ord /«w  in  the  fenfe  of  the  algebraifts],  that  isj 
C  pos.  a  -\-  C'cos.  d  +  C"  cos.  a,  +  &c,:  and  the  latter  are  liker 
^ife  equivalent  to  a  fingle  force  expreffed  by  their  fum,  ojr 
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C  fin.  a  +  C'fm.  a  +  C'fin.  a  +  &c.  The  two  components  ^ 
the  refultant  R  referred  to  the  fame  axis,  are'  evidently  ^  cps<  r 
and  R  fin.  r:  confequently  (56.)  the  following  equations  obtain: 
,x  ,         ^  C  COS.  a+C  COS.  a  +  C"  COS.  a"  +  &c.  =  jR  cos.  r 
^^•■'  •     \  C  fin.  a+C  fin.  a  +  C"  fm.  a"  +  &c.  =  i2  fin.  r 

If  we  denote  the  fum  of  the  components  in  the  diredion  of 
the  axis  A  X  by  j?,  and  the  fum  of  thofe  fallmg  upon  AY  byj>, 
the  preceding  will  be  reprefented  in  an  abridged  form,  thus : 
(IL) R  cos.  r  =:«?,.....  ^  fin.  r  =  y. 

When  the  fyftem  is  in  a  ftate  of  equilibrium,  the  refultant  j« 
zero  (58):  thus  our  firft  equations  give  for  the  conditions  of 
equilibrium  : 

..,j  \3«=o)^(C  cos.  a  +  C  cos.a'  +  C"  cos.a'  +  &C.  =  o. 
^"^•^  \y  =  oS        \Crin.a  +  C  fin.  a'  +  C"  co^a"  +  &c.  =  O- 

In  thofe  cafes  where  the  equilibrium  has  not  place,  it  is'ftill 
eafy  to  find  the  magnitude  and  dirf  ftion  of  the  refultant :  for, 
adding  together  the  fquares  of  the  equations  (H.)  we  fhall  have 
R'  (fin.^a  +  cos.^a-)  =  *•*  +  ji%  wherefore,  becaufe 
fin.^  a  +  COS.*  a  =■  rad.^  =1,  we  fliall  have 

(IV.) R=\/lFTf 

Which  is,  in  faft,  the  well-known  property  of  the  right-angled 
itriangle. 

Our  fecond  equations  likewife  give,  by  a  fimple  divifion^ 

(V.)    .  .  .  COS.  r=:^  ,  .  .  fin.^r=-|-. 

Or  if  we  divide  the  one  of  our  fecond  equations  by  the  other, 
another  equation  will  be  obtained,  by  which  we  may  determine 
the  direction  of  the  refultant :  for,  fince  fin.  -f  cos.  =  tang. 

.we  have         (VI.) tang.  »"  =  —•. 

When  only-one  of  the  equations  (III.)  obtains,  there  will  not 
be  an  equilibrium,  but  the  refultant  will  be  parallel  to  one  of 
the  axes  :  thus,  if  we  have  only  a-  =  o,  this  will  give  R  cos. 
r  =  o,  of  courfe  cos.  r  =  o,  or  r  z:  180°  :  that  is,  the  refultant 
is  parallel  to  AY  or  perpendicular  to  AX.  If  only  y  =  Of  the 
refultant  will,  in  like  manner,  be  parallel  to  A  X. 

60.  We  may  deduce  from  the  equations  (I.)  in  the  preceding 
artick,  two  or  three  curious  confcqueiices ;-  which  may  like* 
wife  be  found  of  utility  in  fome  fubfequent  inveftigations. 

Let  us  take  in  the  plane  of  the  forces  C,  C  C",  any  point  S 
^  pleafure,  and  let  the  capital  S  denote  its  diftance  from  P  the 
point  afted  upon  by  the  fyftem,  while  the  fmallj  reprefents  the 
angle  formed  by  SP  and  X  A  {fig.  15.  pi.  I.).  Now  multiply- 
ing the  firft  of  the  equations  juft  referred  to,  by  S  fin.  s,  the 
Jfecond  by  S  cos.  s,  and  fubtrafting,  we  have 
jCS  (cos.«.  fin.  1 03  fin.flcos.  J^+C'S  (cos.»'.  fin.  .sm  fin,  a  cos.  sj 
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+  C"S  (cos.  d'  fin.  s  CO  fin.  a  cos.  ^)  +  &c.  =  RS  (cos.  r  fin.  j- 
cc  fin.  r  COS.  j).  '  -    , 

But  it  is  known  (See  CraMt\  Mauduitt,  pa.  48.  Hutton'i 
Diff. zrt  Sine)  that  cos.  a  fin.  j  co  fin.a  cos.  ^— 'fin.  (a  m  s,)  and 
the  like  of  all  the  other  expreflions  between  the  parenthefes; 
whence  the  equation  becomes 

C  S  fin,  (a  w  ^)  +  C  S  fin;  {a  zn  s)  +  C"  S  (fin.  a"  ^  s)  +  &c. 
=  R'Sfin.  (r-LO  s). 

Here  the  angle  a%c  5x:CPS,  and  rco  j-  =  RPS,  RP  being 
the  refultant:  wherefore,  if  upon  PC  the  perpendicular  S  J  be 
demitted,  we  ftiall  have  in  the  right-angled  triangle  P  S  j-,  S  i 
n  S  fin.(fl  !Z!  s)  ;  and  in  like  manner  S  *'=  S  fin.  {a'  en  s)  the  per- 
fJendicular  let  fall  upon  P  C,  ,and  fo  on.  If,  therefore,  we  call 
the  perpendiculars  from  S  upon  the  feveral  diredlions  of 
C,  C  C",  &c.  p,  p',  p",  &c.  and  the  perpendicular  upon  the 
refultant  p,  the  preceding , equation  will  be  transformed  to  this  : 
-       (VII.)  .  .  .  .  C/,  +  C/  +  C"p"  +  &c.  =  R  ^. 

Hence,  if  we  ufe  the  term  moment  in  the  fepfe  of  art.  31. 
this  equation  will  furnifti  the  following  theorem. 
I       The  moment  of  the  refultant  of  afyfem  bf  forces,  difpofed  in  the 
fame  plane,  and  direiied  to  one  point,  is  equal  to  thefum  of  the  mo- 
ments of  the  components. 

By  the  fum  of  the  moments  is  here  meant  their  aggregate 
when  incorporated  according  to  their  figns,  ufing  the  affirmative 
fign  for  the  moments  of  thofe  powers  which  lie  on  one  fide  of 
the  point  S,  the  negative  fign  for  thofe  which  are  found  on  the 
other  fign.  Or  if  the, point  S  be  confidered  as  fi.xed,  and  the 
lines  S  Sy.  &c.  as  inflexible,  rods,  the  a£t:ion  of  each  of  the 
forces  upon  the  point  M  will  tend  to  make  it  turn  about  S  : 
viewing  the  matter  thus,  the  pofitive  moments  will  be  thofe  of 
fuch  forces  as  tend  to  produce  a  rotation  in  one  fenfe,  and  the 
n'egative  moments,  of  thofe  which  tend  to  produce  motion  in 
the  oppofite  fenfe.  The  previous  deduiStion  may,  therefore,  be 
ftated  thus : 

fVhen  feveral  forces  in  the  fame  plane  are  applied  to  a  particle  of 
waiter,  the  moment  -of  the  refultant  is  equal  to  the  ^excefs  of  thefum 
of  the  moments  of  thofe  forces  -which  tend  to  produce  a  rotation  in  one 
airectioti,  over-that  of  the  momeiits  of  fuch  as  t-end  to  produce  rotation 
in  the  contrary  direction. 

.  It  mull  be  obferved,  however,  that  the  Idea  of  rotation  in- 
troduced here,  is  merely  called  in  for  the  purpofe  of  aififting 
the  ftud«nt  in  determining  the  figns  -,  but  is  no  effential  part  of 
the  principle. 

61.  The  equation  (VII.)  will  in  two  cafes  affume  this  form: 
(VII.  2.)_ . . .  C/.  +  C>'  +  C'>"+&c.=o. 

That  is,  I.  When  R—o,  or  when  the  fyftem  is  in  equili-. 
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brio.  2.  When  ^  =  o ;  that  is,  when  the  point  S  is  taken  on 
the  line  of  direftion  of  the  refultant.     Hence  it  appears,  that, 

Thefum  of  the  moments  of  forces  ivhich  tend  to  produce  rotation 
in  one  d'treBion,  is  equal  to  the  fum  of  the  moments  of  forces  ivhick 
tend  to  produce  rotation  in  a  contrary  dire^ion,  1 .  when  the  forces 
are  in  equilibrio  ;  2.  when  the  moments  are  taken  "with  relation  tv 
fome  point  in  the,direEl\on-of  the  refultant. 

62.  To  illuftrate  the  ufe  of  the  formulae  for  finding  the  re- 
fultant of  a  fyftem  of  forces,  we  will  now  propofe  an  inftance; 

Let  the  forces  C,  C,  C"  (fig.  13.  pi.  I.Ji  be  reprefented  by  the 
numbers  30,  25,  and  20,  and  P  being  the  point  aBed  upon,  let  the 
angles  made  by  their  direStiotis,  be  C  PC  =  30°,  and  C'PC"  =  28°/ 
it  is  propofed  to  find  the  magnitude  and  dire£iion  of  the  equivalent  of 
thefe  three  forces. 

If  we  fuppofe  the  dire£i:ion  C"P  to  make  an  angle  of  20* 
with  the  aflumed  axis  A  X,  then  will  the  angles  which  the  fe- 
veral  forces  make  with  that  axis,' be  78°,  48°  and  20°.  Where- 
fore, ufing  a  table  of  natural  fines,  &c.  we  (hall  have  C  cos.  a  + 
C cos  a' -f  C" cos.  a!'/  =  30.fin.  12°  +  25.fin.42°  +  20.  fin. 70°  = 
(30  X  •2079H7)  +  (25  X  -6691306)  4-  (20  X  '9396926)  = 
41-759468  =  R  cos.  r  =jr;  and  C  fin.  a  -f-C'fin.  a  +  C"fin.  «"  = 
30.  fin.  78°  +  25.  fin.  48°  +  20.  fin.  20°  —  (30  X  -9781476)  + 
(25  X  -7431448)  +  (£ox^, -3420201)  =54-76345  =  Rfin.  r 
=  y.     Then  R  =\/aM-/  =  68-86857    the    magnitude  of 

the  refultant;  and  ^  =  1-31140203  =  tang.  52°4o'-f| theanr 

gle  which  the  refultant  makes  with  A  X ;  this  leffened  by  48°, 
leaves  4°  40'  f§  =  the  angle  C'P  R  between  CT  and  C  P.  Or 
when  the  ^iredtion  of  the  refulfant  is  determined,  its  magnitude 
may  be  found  without  the  extrafliion  of  roots :  for,  (V.)  fince 

fin.  r=  —  we  have  R  =  —-  =  68.86857,  as  before. 

To  fhew  that  the  fame  refult  maybe  obtained  although  the 
pofition  of  the  co-ordinates  A,X,  AY,  be  changed,  fuppofe 
AX  to  coincide  with  C"P  :  then  Ocos.  a-^C  cos.  d  +  C'cos.  a' 
=  30.  fin.  32"  +  25  fin.  62°  +  20.  rad.  =  57-971269  =  x,  and 
C  fin.  a  +C  fin.  a'  +  C'fin.  ^"=30,  fin.  58°  +  25  fin,  28°  +  20. 

fin.  0°  =3717.8233  =y.     Hence  —  =  -6413332  =  tang.  32° 

40' -fj,  which  leffened  by  C"P,C'  gives  4°4o'||  =  CPR,  an4 
j>  4-  fin.  32°  40' -1^  =  68-86857,  the  refultant :  agreeing  with  the 
former,  ^ 

63,  To  be  convinced  of  the  fimplicity  of  this   method-  of 

finding  the  magnitude  and  direftion  of  the  refultant,  in  cafes 

where  the  forces  meet  in  a  point  and  are  difpofed  in  one  plane, 

'  "it  is  orfy  neceiElary  to  compare  it  with  the  common  method. 
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Now,  if  the  refultant  of  forces  were  determined  in'the  ufual 
way,  the  procefs  would  be  this:  Suppofe  PC,  P  C  (fig.  i6. 
jpl.  I.),  to  reprefent  the  magnitude  and  direftion  of  two  of  the 
forces  :  then  letting  fall  C  E  and  R  F  perp^dicularly  upon  P  C» 
we  fhould  have  rad.  :  CP  : :  fin.  P  :  C  E  : :  cos.  P  :  P  E;  and  PF 
(=  P  C  +  P E)  :  rad.  :  :  R  F  (=  C  E)  :  tang.  R P  F }  alfo  rad. 
:  P  F  :  :  fee.  R  P  F  :  P  R.  Then  taking  P  R,  and  P  C,  for  the 
two  forces  of  given  magnitude  and  direfStions,  four  more  pro- 
portions would  deternsine  their  refultant :  and  in  like  manner 
four  others  would  be  neceflary  for  a  fourth  foree,  and  fo  on  : 
whereas,  by  adopting  the  method  juft  explained  there  is  but 
little  more  labour  neceflary  to  determine  the  refultant  of  five-  or 
fix  forces  than  of  two. 

II.  Of  Forces  direSied  to  one  Point,  but  not  confined 
to  one  Plane, 

64.  Prop.  If  three  forces  are  reprefentei  in  magnitude  and  dt- 
reBion  by' the  three  edges  contiguous  to  the  fame  angle  of  a  faredkh-. 
piped,  their  equivalent  -will  he  reprefented  in  magnitude  and  direffiin 
by  the  diagonal  drawn  from  that  angle  of  the  foUd. 

Let  the  three  components  foliciting  the  particle  P  be  repre- 
fented by  P  C,  P  C,  P  C"  (fig.  17.  pi.  L"),  and  let  the  parallele- 
piped be  completed.  The  equivalent  of  the  two  forces  C  and 
C  will  be  P  r;  we  m^y,  therefore,  fubftitute  P  r  for  thofe  two 
forces  :  but  fince  the  plane  in  which  are  the  parallels. C'T,  Rf, 
cuts  the  two  parallel  planes  B  D,  C  C,  the  lines  C"R,  P  r,  in 
which  it  interfefts  them  will  be  parallel  (Euc.  XI.  16.)  ;  and 
confequently  C'T  r  R  is  a  parallelogram  :  wherefore,  compound- 
ing the  two  forces  P  C",  P  r,  we  have  P  R  the  diagonal  of  the 
parallelogram  CV,  or  of  the  parallelopiped  B  D  r,  for  the  equi- 
valent of  the  three  forces  C,  C',  C".     Q^E.  D. 

65.  CoR.  Hence,  if  four  forces  aEi  upon  a  particle  in  different 
planes,  ,and  keep  it  in  equilibrio,  they  are  to  each  other  in  magnitude 
and  dircciion  as  the  three  edges  and  the  diagonal  of  a  pafalletopiped, 
eonflruEied  upon  lines  refpe lively  parallel  to  thi  direSlions  ef  tht 

forces. 

For  a  parallelopiped  may  be  conftrufted  fo  that  its  three 
edges  contiguous  to  any  one  angle,  {hall  have  magnitudes  and 
dire£i:ions  analogous  to  any  three  of  the  four  forces ;  the  dia- 
gonal of  this  folid  will,  by  the  prop,  be  the  equivalent  of  thofe 
three  forces  :  and  fince  in  the  cafe  of  an  equilibrium  the  fourth 
force  (35.)  muft  be  equal  and  oppofite  to  the  equivalent  of  the 
other  three,  it  may  be  reprefented  by  the  diagonal  of  the 
folid. 

66.  CoR.  2.  Hence/likewifCj  any  numier  of  forces  xuhatever^ 
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aSing  upon  a  particle  in  different  planes^  may  he  compounded  hy 
pairs  till  there  remain  either  two  force's  in  the  fame  plane,  or  three 
ift  different  planes,  and  ef  thefe  the  refultant  may  be  found  either  By 
art.  42.  or  by  this  proportion. 

67.  Cos..  3.  And  hencei-converfely,  a  fingle  force  may  be 
reiblved  into  three  forces,  in  different  planfs,  arid  each  of 
thefe  into  other  forces  in  the  feme  or  other  planes,  each  of 
thefe  again  into  others ;  the  refolution  admitting  of  being  car- 
ried on,  ad  infinitum.  '  . 

68.  Prop.  Jf  three  forces  in  any  one  plane  are  in  equilibria,  and- 
Hrefe  are  reduced  to  arty  other  plane,  the  reduced  forces  -will  iikewife 
he  in  eqsilibrio. 

Let  the  three  forces  O,  C,  C  (fig.  i.  pi.  11.),  reprefeijted  by 
OP,CP,C'P,  in  the  plane  OCC'be  in  equilibrio,  and  let 
them  be  reduced  by  .perpendiculars  to  the  plane  LM,  then 
Ihall  the  reduced  iorces  e  p,  c p,  e'p,  be  in  equilibrio.  For  the 
lines  Op,  Pp,  Cc,  C'c,  Rr,  being  all  perpendicular  to  the 
fame  plane  are  paraUel  to  each  other }  and  becaufe  C  P,  R  C, 
are  equally  inclined  to  the  plane  L  M,  they  are  equally  inclined 
to  the  lines  cp,r c,  in  that  plane;  hence  CF  •.cp::KC':r  c', 
and  by  permutation  C  P :  R  C :  :cp  :rc'::i:i;'m  like  manner 
it  maybe  fhewn  that-t  r  is  to/c  in  a  ratio  of  equality;  and 
confequently  p  c  r  e'  is  a  paarsdlelogram :  thus  alfo,  Cnce  O  P  = 
P  R,  op  =  j»  r:  whence,  op  being  equal  and  oppofite  to  the  dia« 
gonal  of  the  parallelogram  of  forces  cp  c'r,  the  reduced  fyftetn. 
is  in  0}uilibrio.     Q^£.  D. 

^9.  Prop.  To  find  the  refultant  of  afyflem  sf  frees  applied  t* 
one  point,  but  difpofed  in  different  planet;  by  the  method  of  relfan' 
gular  co-ordinates. 

Here  the  procefs  will  be  fimilar  to  that  defcribed  in  art.  57, 
and  may  be  explained  by  a  reference  to  the  fame  figure  (fig, 
13.  pi.  I,);  in  which  let  the  three  forces  C,  C,  C",  dire£ted  to 
the  fame  .point  "but  not  in  the  fame  plane,  be  reprefented  by 
P  C,  P  C,  P  C",  fuppdfed  not  in  the  fame  plane :  through  an 
aflltmed  point  A  draw  any  two  lines  X  X',  Y  Y',  perpendicialaip 
to  each  other,  andfuppofe  another  line  A  Z  drawn  through  A 
perpendicular  to  the  plane  of  the  figure;  thefe  will  be  the  cor 
Urdinates  to  which  the  forces  are  to  be  referred.  Through  P 
ihe  point  of  application  of  the  forces,  let  lines  P D,  P d,PS, 
.  be  drawn,  parallel  to  the  refpeftive  co-ordinates :  to  each  of 
thefe  lines  refer  the  component  forces,  by  perpendiculars  C  D, 
C  ^^  C  5,  CD',  Cd,  C'S',  &c.  and  the  fums  P  D  +  P  D'  +  P  D ", 
P  i  +  P  /  +  P  rf",  P  5  +  P  S'  +  P  3",  will  denote  the  equina-, 
lents  of  the  three  original  forces,  upon  the  edges  of  the  rec.^ 
jangular  parallelopiped ;  whence  the  diagonal  of  the  paralleiq- 
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piped  whofe  fides  are  fexprefled  by  thefe  fums  reprefents  thd 
magnitude  and  direftion  of  the  refultant  fought. 

70.  ScHot.  In  this  cafe  of  many- forces  in  different  planes, 
the  algebraic  method  of  folution  will  often  be  peculiarly  ufe- 
ful;  and  it  will  be  eafily  underftood,^  being  an  obvious  exten- 
fion  of  the  formulae  applied  to  forces  in  one  plane.  Thus,  let 
the  component  forcps  which  we  call  .  .  .  C,  C,  C",  &c. 
form  with  the  axis  A  X  fxj  the  angles       .     .     a,  a,  a",  &c. 

with  the  axis  A  Y  (^31; i,  b'i  b",  Sec. 

■with  the  axis  A  Z  fzj         c,  c,  c",  &c. 

Each  of  thefe  forces  being  decompofed  into  three  others,  of 
which  the  direftions  are  parallel  to  each  axis,  it  has  been  fhewn 
(59.)  that  for  coniponents  parallel  to  thefe  axes,  we  have 

Of  X •     C  cos.  a,  C  cos.ifl',  C'cos.  a",  &c. 

;,    ' C  COS.  b,  C  cos.  b',  C"  cos.  b",  &c. 

z C  cos.  c,  C  cos.  c,  C"  COS.  c",  &c. 

Thefe  groups  of  forces  are  each  equivalent  to  a  fingle  force, 
reprefented  by  their  fum,  a£ting  in  the  feveral  lines  to  which 
the  original  forces  are  referred;  fo  that, we  have  for  the  com- 
pcjnents  of  the  'refultant  parallel  to  each  axis,  as  below : 
a;  =  C  cos.  a  +  C'  COS.  a  +  C"  cos.  a"  +  &c. 
J  =  C  COS.  b  +  C'  COS.  b'  +  C'cos.  b"  +  &c. 
z  =  C  cos.  c  +  C  COS.  c  +  C"  cos.  c"  +  &:c.^ 
Now  denote  by  r,  /,  r",  5cc.  the  unknowh  ang-les  formed  by 
the  direfltion  of  the  refultant  and  each  of  the  co-ordinates,  and 
R  COS.  r,  ^.  cos.  r',  R  cos.  r",  will  reprefent  the  equivalents  of 
this  refultant  in  the  feveral  direftiofis  of  the  axes :  hence,  we 
Rave 

f  R  COS.  r  =  X. 
(li.)        ....       ■<  R  COS.  r  =  y. 
f^K  COS.  r   =  Z' 
When  the  fyftem  is  in  a  ftate  of  equilibrium,  we  have  R  =  o, 
fo  that  the  equations  expreffing  the  equilibrium  are 

("a?  =  C  cos.  a  +  C  COS.  a  +  C"  COS.  a'  +  &c.  =  o.  ■ 
(iii.)  .  ■  -<  j>  =  C  COS.  b  +  C  COS.  b'  +  C"  COS.  b"  +  &c.  =  6. 
(  a  =  C  COS.  c  +  C  COS.  c  +  C"  COS.  c"  +  &c,  =  o. 
If  an  equilibrium  does  not  obtain  in  the  fyftem,  the  magnitude 
and  direftion  of  the  refultant  may  be  deduced  from  the  three 
C(|uations  (ii.),  for  by  adding  together  their  fquares,  we  have  ' 
R-  (cos.  r  +  COS,  /  +  COS.  /)  ;=5(r^  +  ji^  +  z\  But  when r>  r, 
&  r",  are  angles  made  by  any  line,  and  three  redlangular  co- 
erdinates,  it  is  known  that  the  fum  of  their  fquares  is  equal  to 
unity :  therefore, 

(iv.)     .     .     .     R  =  v/«!^  +  /  4*  z\ 
Or,  referring  to  fig.  17.  pi.  I.  and  conceiving,  the  pdrallelopiped- 
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re£tangular,  and  P  C  =  ;?,  P  C  =  j;,  P  C"  =  »,  we  have  (Euc. 
.Ir47.)Pr^  =  PC^  +  C»-'=*;^  +/,  and  P  R»  =  P  r^  +  rR» 
=  «*+/  +  z;  whence  R  is  found,  as  above.  Aqd  with  re- 
fpeft  to  the  poGtion  of  the  refultant,  tliat  is  eaiily  determined ; 
for  from  the  equations  (ii.)  we  deduce 

(v.)     .     .     ctos.  »*  =  "5     •     •     cos. »"'  =  ^  ,'  •     •     COS.  r"  =i 

When  either  of  the  quantities  in  equation  (ii.)  become  =  o,  the 
confequences  are  fimilar  to  thofe  we  traced  with  refpsift  to 
forces  difpofed  in  one  plane:  thus,  if  the  .equations,  take  at  ones 
this  form, — ; 

/<  =  R  COS.  r  =  o,  ;>  =  R  COS.  /j  z  =  R  COS. 7":  , 
it  is  tihcn  manifeft  that  cos.  >-  =  o,  or  that  r  is  a  right  angle;  or 
that  the  refultant  is  fituated  in  a  plane  perpendicular  to  tlie  axis 
A  X.     If  wehave,  at  one  and  the  fame  time, 

!«  =  cos.  r  —Q,y=  cos.  r  =  o,z  =  cos.  r", 
it  will,  be  obvious  that  the  dire£tion  qf  the  refultant  is  perpen- 
dicular to  A  X,  A  Y,  and  parallel  to  A  Z. 

III.  Of  Forces  fituated  in  one  Plane,  ,but  applied  to 
different  Points  of  a  Body.  *> 

71.  Prop.  If  two  parallel  forces  aSf  perpendicularly  upon  a  right  I 
line,  in  the  fame  direhion,  their  refultant  is  parallel  to  them,  equal}' 
to  their  fum,  aHs  in  the  fame  ■  direction,  and  divides  the  line  of  (Ap- 
plication into  two  parts  which  are  reciprocally  proportional  to  the 
components.  '  •  * . 

Let  the  two  forces  C,  C  a£i:ing  in  the  direftions  CP,  C'F 
(fig.  2.  pi.  II.),  perpendicular  to  P  P',  be  thofe  whofe  equivalent 
is  fought.  Conceive  any  two  forces  c  c,  equal  to  each  other  to 
adi  in  the  oppofite  dire£tions  c  P,  cV,  oppofite  to  each  other  5 
and  it  is  obvious  they  will  caufe  no  change  in  the  ftate  of  the 
•  fyftem:  therefore,  if  r  the  refultant  of  C  and  c.tlQ.  in  the  direc- 
tion r  P,  and  r  the  refultant  of  C,  c,  in  the  direction  r'P',  the 
lines  rP,  f'P',  when  produced,  will  interfefb  in  a  point  A, 
through  which  Rp,  the  dire£l:ion  of  the  refultant  of  the  compo.- 
nents  C,  C,  muft  likewife  pafs.  This  granted,  through  A,  the 
point  of  concourfe  of  r  P,  r'P,  draw  B"D,  Ap,  refpeftively  per^ 
pendicular  and  parallel  to  the  directions  of  the  original  forces, 
and  decompofe  each  of  the  forces  r,  r,  into  two  others  adling 
in  the  dire£lions  B  A,  p  A,  and  D  A,  /  A.  Now,  fince  the  cir- 
Gumft^nces  of  the  refolution  of  r,  and  r,  are  the  fame  in  A  as 
in  P,  P',  the  force  r  adding  upon.  A  will  be  decompofed  into  the 
two,  c  a.£l:ing  in  B  A^  and  C  in  ^  A ;  and  the  force  r'  acting 
Wpon  A  will  be  refolved  into  c'  afting  in  I)  A  and  C  afting  ift 
f  A.     Bift  the  tvro  forces  e,  c,  being  equal  and  oppofite  are  an- 
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nSiilated,  therefore  R  the  equivalent  of  C  and  Cafts  in  a  pa- 
rallel direftion  R  A  and  is  equal  to  their  fum. 

Again,  to  determine  the  point  pinPF  through  which  the 
refultant  paffes :  fince  r  is  the  equivalent  of  c,  and  C,  it  follows 

(59*  wV  that  the  angle  »•  PC  has ^  for  its   tangent;  while  ii> 

P  p 
the  triangle  tp  A,  we  hav-e  tang.  P  A/>  =  tang.  rFC  =—-% 

thus  4-  =:  T^,  and  <?  =  -r^-  Proceeding  in  ajimilar  manner, 

we  have,.^  ==  -^,  and  c  =  ^^.  But,  by  hypothefis  c  =  c'; 

confequently  C.P/>  =  C'.P>,  and  Fp  :  P>  : :  C :  C.     Q^E.  D. 

72.  Con.  I.   ^A^«  three  parallel  forces  aSiitig  perpendicularly 
vpon  a  right  line  hep  it  in  equilihrin,  one  of  them  will  ait  in  a  di-   ' 
reSfion  oppoftte  to  the  other  two,  and  it  will  he  equal  to  their  fum  ,■ 
and  any  two  of  them  will  be  to  each  other  inverfely  as  their  dtflemctt 
from  the  point  to  which  the  third  force  is  applied.     , 

For  the  third  force  A  mull  be  equal  and  oppofite  to  the  re- 
fultant R  of  C,  C,  and  muft  be  applied  at  the  fame  point  p. 
And  fince  C  os/>P',  and  C  ocP/,,  A  =  C  +  C  will  ocP^  +p-p> 
=  PP.  Thatis,  A:C:C::PP':P>:P/',  as  affirmed  in  the 
corollary. 

73.  CoK.  2.  fVhen  two  component  forces  aii  in  contrary  direc- 
tions, their  refultant  is  equal  to  their  difference,  and  is  applied  at  the 

fame  point  as  the  power  which  efailifhes  the  equilibrium. 

Thus  the  refultant  of  the  forces  A  and  C  (fig.  a.  pi.  II.)  a£ls 
at  the  point  C  and  is  equal  and  oppofite  to  CP'. 

74.  CoK,.  3.  The  equivalent  of  any  number  of  parallel  forces  aBing 
perpendicularly  upon  a  line  wiH  be  equal  to  their  Jum>  -when  they  aB- 
the  fame  way  j  or  to  the  etxcefs  of  the  fum  of  thofe  which  aEl  in  one 
direSlion  above  thofe  which  aB  in  the  contrary  direSiionf  when  they 
a£i  contrarily :  and  to  find  their  point  of  application  compound 
them,  two  by  two,  as  in  the  propofition. 

75.  CoR.  ^.Ifa  right  line  be  kept  in  equUibrio  by  any  number  of 
forces  aBing  perpendiiiularly  either  at  the  fame,  or  at  different  points, 

the  fum  of  all  the  fortes  aBing  on  eneftde,  will  be  equal  to  the  fum 
^  all  thofe  aBing  on  the  other. 

76.  Prop.  The  moment  of  the  refukant  of  two  parallel  forces, 
taken  with  relation  to  any  point  whatever  in  thefmne  plane  is  equal 
to  the  fum  f  the  moments  of  the  components. 

I.  Let  C,  and  C  (fig.  3.  pi.  II.),  be  two  forces  a^Sting  in  the 
parallel  direftions  C  P,  CP,  and  S  any  point  taken  in  their 
plane  :  perpendicular  to  C  P,  CT',  draw  the  line  S  P  P',  and 
confider  P,  P',  as  the  points  of  application  of  the  forces.  The 
Kfultant  R  being  dire£t«d  to^f?ards  Q^we  have  (71.)  C  x  P  (^ 
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=  €'  X  P'Qi^No-wR  xSQ  =  (C  +  C')  x  SQ=i:(CxSQ) 
+(C'  X  S  Q),  and  S  Q_=  P  Qj-  S  P  =  S  P'  -  P  (^N  there- 
fore, by  fubftitution,  R  x  S  0=  C  •  PQ  +  C  -S  P  +  C  " 
S  P'  -  C  ■  F  Qj=  C  •  S  P  +  C  •  SP',  becaufe  C  •  P  Q  -  C  • 

a.  If  inftead  of  taking  B  out  of  tlie  space  included  by  C  P» 
C  P',  we  take  a  pfoint  S'  between  thofe  lines,  the  fame  thing  will 
hold,  ufing  the  v/ord  fum  in  the  ei^tenfive  algebraic  fenfe  (60.)* 
^©r,  in  that  cafe,  we  have  again,  R  x  S'Q  =  (C+C)  x  , 
S'Q^^  (C  X  S'  Q)  +  (C  X  SQ).  But,  as  we  have  S'Q=s 
S' P' - P' Qj=P q^ P' S',  we  obtain  by  fubftitution,  R x S' 0== 
Cx  (P  Qj^P  S')+C'x  (S'  P'-P'Q),  and  becaufe  C-PQ  -  C 
F 0=0,  we  have  R  •  S'  Q=C'  •  S' P' - C  •  S'  P. 

77.  If  we  denote  as  in  att.  60.  the  perpendiculars  from  S  updrt 
the  dire^aions  of  C,  C,  and  R,  hyp,  p',  p,  we  (hall  have  the 
equation  R  ^=C^  +C'p\  correfponding  with  the  equation  ( Vll) 
in  that  article.  So  that  the  confeqmence  ftated  there,  ha* 
equally  place  here,  and  the  obfervations  relative  to  the  pditive 
and  negative  fig«s,  are  equaly  ufeful  in  both  cafes. 

78.  Since  a  force  O  equal  and  oppofite  to  the  refultant  R, 
aStng  at  the  point  Qjvill  fuftain  the  fyftem  in  a  ftate  of  equili- 
brium, we  have  O  =  —  R,  and  the  preceding  equation  aflumes 
this  form : 

R^  +  Cc  +  C'c'  =  0. 
Confequeiitly,  luhen  thtte  pareillel  fwces  are  In  e^uilibrio,  the 
fum  of  their  moments  nuith  refpeil  to  any- point  in  the  fame  plan^, 
is  equal  to  zero. 

79.  Drawing  from  tlie  ptiint  S  (fig.  3.  PI,  II.)  any  right  line 
whatever  S^/,  and  fuppofing  the  three  forces  C,  C,  O,  which 
are  in  equilibrio,  applied  at  the  points  p,  p\  q,  we  have,  by  rea- 
fon  of  the  parallels,  S  Qj  S  P  :  S  P'  :  :  S  9  :  S  *  :  S  /^.  But  the 
equation  eft  the  m&ments  (78.)  is  0-SQ^+  C-SP  +€'-SF' 
:^  o  :  in  which,  fubftituting  the  confequents  of  the  proportion 
for  the  antecedents,  there  refults  O  •  S  ^r  +  C  ■  S^  +  C  •  Sp'=  o; 
whence  it  follows,  generally,  that  the  refultant  if  two  parallelforces 
idividet  any  right  IfHe  to  the  extremities  of  which  they  are  applied 
into  parts  reciprocally  as  the  forces :  and  moreover  that  the  re- 
fults in  arts.  71  ...  .75.  are  applicable  to  all  parallel  forces;  add- 
ing upon  one  line.  Without  regarding  ^he  angle  that  line  makes 
with  the  dire6tion  of  the  forces. 

80.  Prop.  When  a  given  power  ails  upon  a  certain  point  in  a 
title,  to  determine  its  ^eSls  upon  any  other  two  psints  in  thefanve  linf. 

Let  the  force  R  a£l  upon  the  point  q,  it  is  required  to  de- 
termine the  eifort  exercifed  upon  the  points />, /  (fig-'3-  pi.  IL). 
This  is  nothing  elfe  than  to  tefolve  the  force  R  into  the  two 
JjaifSllel  cbirfpbneWt*  C,  C'>  afting  at  the  ptdpofed  points.     Con- 

TOL.  I,  B 
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fequently  we  muft  have  C  +  C  =:  R,  and  C  :  C : :  ff  :  qp  •• 
whence,  C  +  C  :  C  :  :  gp'  +  qp  {=pp')  •■  qp',  and  C  = 

'^L-HL.     In  like  mannet  wc  find  C'=J^:^' 
PP'  PP  \  : 

8  r.  Scholium.  We  may  now  deduce  from  what  is  gone  before,   - 
a  few  theorems,  which  will  be  of  utility  in  enquiries jefpeding 
parallel  forces  in  one  plane.     Thus,  let  C,  C,  C","&c.  con- 
ftltute  a  fyftem  of  parallel  forces  afting  in  one  plane,  R  their 
refultant, /i,/',^",  p,  &c.  the  perpendiculars  demitted  feom  any^ 
point  in  the  fame  plane,  upon  the  dire£lions  of  the  feveral  forces. 
Then  with  relation  to  two  forces  C,  C,  we  have  R  =  C  +  C, 
and  R  ^  -=  Cp+Cp',  for  the  equations  by  which  we  may  deter- 
mine the  magnitude  and  pofition  of  R.    Subftituting  for  the  tvro 
forces  C,  C,  their  equivalent  R,  and  compounding  this  with  the 
third  force,  we  find  the  new  refultant,  by  means  of  the  equations 
R'  =  R+C"andR'o'z=Ro+C"/.",  or, 
tI.)R'=C  +  C'-|-C" +&c.  and  R'e'  =  C_^+C'/  +  C'>"+&c 

And  thus  may  we  proceed  with  other  forces.    - 

When  the  forces  are  in  a  ftate  of  equilibrium,  the  equations 
become  '    .   • 

(li.).. . .  C+C'+G"+&c.=o,...C/.+C>'+C"/."+&c.=o. 

When  the  equilibrium  does  not  obtain,  the  fir  ft  equation  (i) 
determines  the  magnitude  of  the  refultant :  its  direftion  will 
evidently  be  parallel  to  thofe  of  the  components,  and  its  pofition 
will  be  determined  from  this  equation : 

_  Cp  +  C-p'-\-C"p"-{-Sfc.    _    Cp  +  C'p'+C"p"  +  S;e. 

?~      c  +  c'+c''-{-«-c.       •"'  R 

In  thefe  equations  we  confider  as  negative  the  forces  which 
act  in  a  contrary  direftiou  to  "thofe  which  we  reckon  pofitive  { 
and  if  R  come  out  negative,  the  refultant  of  the  fyfl:em  will  be  a 
force  a£ting  in  a  contrary  direction  to  the  forces  we  account 
affirmative  ;  if  ^  be  negative,  the  refultaiit  muft  be  difpofed,  vrith 
regard  to  the  origin  of  the  moments,  on  the  fide  oppofite  to  that 
on  which  the  forces  are  whofe  diftanpes  from  this  point  we  con- 
fidered  as  pofitive. 

*  8  r.  Prop.  To  find  the  refultant  of  any  number  of  forces  aSiing 
upon  different  points  of  a  body,  their  direliions  being  all  inthefami 
plane. 

This  is  performed  very  readily  by  a  graphic  procefs  fimilar  to 
that  defcribed  in  art.  51.  Thus,  let  any  two  of  the  forces  be 
taken,  and,  prolonging  their  direftions,  conceive  them  to  be  ap- 
plied at  their  point  of  concourfe  (32.)  and  find  their  refultant  by 
means  of  the  parallelogram  of  forces  (42.).  Compound  this,  in 
like  manner  with  any  one  of  the  remaining  forces  ;  and  fo  on  : 
the  magnitude  and  direftion  of  the  diagonal  of  the  laft  parallelo- 
.gram,  will  ftiew  the  magnitude  and  diredj.ipn  of  the  force  equi- 
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valent  to  the  feveral  components.  For  an  example,  let  it  bei 
propofed  to  find  the  equivalent  of  the  three  forces  C,  C,  C", 
adling  upon  the  body  A  B  (fig.  4.  pi.  II.)  in  the  direftions  C  P, 
C'P',  C"P",  and  with  intenfities  proportional  to  thofe  lines. 
Produce  G  P,  C  P',- till  they  meet  in  D,  and  on  thofe  diredtions 
fet  off  D  E,  D  F,  refpedlively  equal  to  C  P,  C  P' :  complete  the 
parallelogram  E  F,  and  its  diagonal  will  repi"efent  in  magnitude 
and  direfiion  the  equivalent  of  the  two  forces  C,  C.  Then  pro- 
duce GD  till  it  meet  C"  P"  produced  inrf;  make  de—YiGf 
and  df=V"  C",  and  complete  the  parallelogram  ef:  Laftly,  pro* 
duce  the  diagonal  dg,  till  Q_R  is  equal  to  it ;  fo  will  R  QJhevw 
the  magnitude,  pofition,  and  direflion  of  the  force  equivalent  to 
the  three  components  C,  C,  and  C '. 

_  82.  Prop.  When  three  forces  in  the  fame  plane,  aEiing  upon 
different  points  of  a  body  (confi/lered  as  void  of  gravity)  keep  it  in 
equilibrio,  they  are  fuch  as  would  balance  if  applied  to  one  point  i 
their  direiiions  continuing  parallel. 

If  the  forces  C,  C,  O,  (fig.  5.  pi.  II.)  which  a£t  upon  thd 
body  AB.atthe  points  P,P',Q_,  in  the  directions CP,  C'P',OQj 
with  energies  oc  to  thofe  lines,  keep  it  in  equilibrio,  they  would 
balance  if  applied  at  one  point.  For,  producing  two  oi  the 
diredlions  e.  g.  C  P,  C  P',  till  they  meet  at  a  point  D,  making 
ED,  F D,  equal  to  C P,  C P',  refpedlively  and  completing 
the  parallelogram ,  E  F,  its  diagonal  G  D  will  reprefent  the 
magnitude  and  direiSion  of  the  equivalent  of  the  components 
C,  C.  And  fince  no  fingle  force  but  one  that  is  equal  and 
oppofite  to  the  refultant  of  C,  C,  can  keep  them  in  equilibrio,- 
the  direftion  of  the  third  force  O  muft  pafs  through  D,  and 
its  magnitude  O  Qjnuft  be  equal  to  ^  D,  or  D  G.     Q^E.  D. 

83.  Cor.  r.  uiny  two  of  thefe  forces  are  inverfely  proportional t9 
the  perpendiculars  demitted  upon  their  refpeSlive  direBions,from  the 
point-of  application  of  the  third  force,  or  from  any  point  in  its  direSlion. 

For  (48.)  O:  C :  C :  :  fin.  C  D  C' :  fin.  O  D  C :  fin.  O D  C 
(fig.  6.  pi.  II.)  And  if  we  produce  the  diire£l:ions  of  any  two  of' 
the  forces  as  CP,  C'P',  and  upon  them  let  fall  from  Q^the  point 
of  application  of  the  tliird  force,  the  perpendiculars  Q^K,  QJ-t 
or  from  any  other  point  q  itt  the  diredlion  of  that  force,  the 
perpendiculars  qk,  qi,  thefe  perpendiculars  will  be  to  each  other 
as  the  fines  of  the  angles  QDKi  QDI,  or  as  the  fines  of  the  fup- 
plcmentar  angles  ODC,  ODC.  ,  Wherefore  C:  C'::  QJ: 
QJi::  qi:qk. 

84.  Cor.  2.  WheH  four  forces  are  in  equilibrio  by  the  inter- 
vention ef  a  folid  body,  they  are  fuch  as  would  balance  each  ether 
if  applied  to  one  point. 

"^  I'hus   (fig.  5.  pi.  II.)  the  four  forces  C,  C',  C",  C"!,  which 
Vhen  the  parallelograms  of  forces  are  conftitated  on  the  r«- 

D  2 
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fpeaive  direaions,  give  the  equal  and  bppofite  refultantS 
G  D,  D  ^,  are  in  equilibrio  whether  the  points  of  ajf)phcatioft 
be  P,  P'  P'P'",  or  ifrhfether  they  are  blended  in  D.        . .    ,-    , 

85.  Cor.  3.  When  an^  number  of  forces  are  in  equilibrh  tj 
the  intervention  of  a  folid  bddy,  they  woUld  balance  each  other  if 
applied  at  one  point.  For  eithet  the  lirtes  of  directions  of  all  the 
forces  will  meet  in  one  point  when  produced,  or  they  will  meet 
in  differerit  points  forming  fb  many  fyfteftiS  iti  equilibrio;  and 
all  thefe  fyftems  when  applied  tt»  one  point,  are  ih  equilibiiOj 
by  art.  37. 

86.  Prop.  If  a  body  A  B  (fig.  7,  pi  it.)  he  fuflaimdih 
'equilibrio  by  the  fimultaneom  aiiioH  offeverdl  forces  C,  C ,  C ',  ilfe.  ■ 
in  one  plane,  their  quantities  and  dire£lions  being  reprefented  I) 
C  P,  C  P,'  C"  P",  &c.  cutting  any  line  A  X  drawn  through  the 
i'ody,  in  the  points  i*,  P',  P'',  ^c.  and  if  lines  C  S,  C  S',  C"  S"; 
i^c.  be  draiJan  parallel  toieach  othef  front  the  points  6,  C,  C',till 
they  inter/eel  the  line  AX:  then,  I.  the  fums  of  the  portions  P  S, 
P  s,  F  S',  and  P  s,  $"  S",  p"  s",  eflimated  in  contrary  dim-; 
tiohs  mujl  be  equal,     it  The  Jams  of  the  parallel  forces  on  each 

fde  AX,  i.  e.  C  S,  +  C"  S'  +  C"  S",  dnd  cs  +  c  s'  +  i" s", 
mujl  be  equal.  ^ .  The  fums  of  the  moments  on  each  fide  from 
nny  point  A,  i.  e.  A  P.  C  +  AF.  C  +  A  P'.  C"  and  A  P.  c+ 
AP.c  -^A  p".  c",  mufi  be  equal. 

Conceive  the  various  paralleldgrams  of  forces  to  be  con- 
ftruiEled,  as  in  the  figure,  then  will' the  force  reprefented  b^ 
C  P,  be  the  equivalent  of  D  P,  S  P,  the  force  C  P',  the  equi- 
valent of  D'P',  8'  P',  and  fo  of  the  others.  And  it  is  evident 
that  the  forces  P  S,  P'  S'.  &c.  muft  make  up  equal  fums  in 
the  contrary  dirieftions,  Otherwife,  inftead  of  the  fyftem  being 
at  reft,  it  would  move  either  in  the  direftion  of  A  X  or  of  X  A. 
And  with  refpeiS;  to  the  parallel  forces  D  P,  D'  P',  &c.  or  their 
equals  C  S,  C  S',  &c.  they  fall  under  the  deduftions  in  arts. 
75  ....  79.     Whence  the  truth  of  the  propofition  is  manifeft. 

87.  CoR.  If  we  cohfider  the  forces  reduced  to  A  X  to 
have  either  pofitive  or  negative  figns  according  as  they  aft 
tawards  or  from  A  ;  and  the  parallel  forces  on  different  fideS 
of  A  X  to  have  contrary  figns  :  then  will  the  fum  of  the  forced 
reduced  to  A  X,  the  fum  of  the  parallel  forces  CS,  C'S', ifc, 
and  the  fum  of  the  moments  of  the  forces  with  refpe£t  to  anjr 
point  on  A  X,  be  each  equal  to  nothing. 

88.  ScHOL.  Since  the  preceding  propofition  is  true,  what- 
ever dire£tion  the  parallel  lines  C  S,  C  S',  &c.  make  with  the 
affuifltd  line  A  X,  we  may  readily  deduce  from  hence  the 
formulae  for  feveral  forces  ading  at  different  points  in  variotis 
direaions  in  the  fame  plane,  according  to  the  method  of  red- 
angular  co-ordinates.     To  this  «nd,  let  C  S,  G'  S',  &c.  (fig.  7.) 
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1)6  perpejn^jjcolar  to  A  X,  and  l,et  the  ordinate  A  Y  be  drawn 
parallel  to  C  S.  Then  if  the  angles  which  the  dirediions  ,of 
the  forces  C,  C, C",  &cl  make  with  AX,  be  denoted  by  a,  a,  q'y 
&c.  ^dt|ve  ?ngle  made  by  R  the  refultant  with  the  fame  be  n 
aUb  if  the  Xs  jfrom  A  upon  C  P,  C  P',  C"  P'V  &c. '  be  repre- 
fentcd  by  ^, />', /)'',  &c.  we  {hall  have  S  P=C  cos.  fl,S'P'  = 
C  COS.  fl',  i&C,  and  C  S=C  fin.  a,  P'  S'=C'  C:^.  a\  kc.  And 
in  the  cafe  of  an  equilibrium,  we  fhall  haye  the  following  equa- 
tions, the  refultant  being  abfolutely  nothing. 

rC  cos.  fl+C  cos.  fl'+C"  COS.  a!''-f-&:c.=*=o. 
(i.)     .      JC  fin.  a+C  fin.  fl'+C'  fin.  a"  +  8ec.=y=o. 

IC  p  +C\  f'  +C'  /  +&c.=7r=o. 
Thefe  equations  are  (Ijke  thofe  in  arts.  59.  70.  81.)  each 
,(^mpofed  of  as  many  terms  as  there  are  forces,  wnlefs  one  of 
.  the  forces  Ihould  ha,ve  its  dire£J:ion  coinciding  either  with  A  %,  ■ 
or  AY,  or  parallel  to  either  of  them>  or  palling  through  A 
their  affumed  origin,  —  when  one  terjn  will  manifeftly  yapifli, 
in  the  correfponding  equipitipn.  * 

89.  If  the  fyftem  of  forces  is  not  in  equilibrio,  the  fubfe- 
quent  equations  will  aflift  in  finding  the  refultant,  its  magni- 
tude, and  its  point  of  application-  Befides  the  above  ch^rae- 
ters,  let  0  denote  the  perpendicular  A  «  from  the  origin  of  the 
9Jt;es  upon  the  diredlion  of  the  refultant :  then,  fince  an  equal 
force  to  the  refultant  applied  in  a  contrary  diredlion  reftores  the 
eguilihrium,  making  it  to  fubfi^  between  C,  C,  &c.  and  —  R, 
by  intjrodiiiicipg  the  expreffioBS  —  R  cos.  r,  — R  fin.  r,  and  — R^, 
into  the  equations,  we  fhall  get, 

(II.)  .     .     R  cos.  r  =  X,  .  R  Cm.  r  =  y,  .     .     R  ^  =  ir. 

Adding  together  the  fquare^  of  the  two  firft  of  thefe,  there  will 

be  found  '  

(III.)     . '.     .     .     R  =^/x'■  +y\  _ 
And  from  the  equations  (H)  we  deduce,  by  divifion, 

(IV.)  .  cos.  r=^..fm.r'=^..  tang.  r=  ^■..^  =  ^.j 

Of  thefe  equations  III  determines  the  magnitude  ;  either  of  the 
.firft  three  of  IV  afcertains  its  dir^flion,  and  the  laft  gives 
the  perpendicular  diftance  of  its  dir,e£lion  from,  the  origin  pf 
l^e  prdinates.  Thus,  drawing  a  line  A  «  =  ^  making  with  AY 
^n  angle  =r,  and  drayving  n  q  perpendicular  to  A  n,  theline  nqR. 
will  be  the  pofition  of  the  Refultant;  any  point  in  this  line  may 
be  confidered  as  the  point  of  application:  the  Cgns  of  r  and  ^f 
^,  will  determine  on  v/hich  fide  pf  A  Y  and  of  A  X,  ^  line 
Aw  mUift  be  drawn. 

90.  When  the  three  equations  f88. 1.)  all  obtain  at  the  fame 
time,  they  denote  that  a  fyftem  of  forces  difpofed  in  the  fame 
plane,  but  not  concurring  in  1^  f^me  poi«j  is  perfeftly  in 
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eciuUibrio :  but  it  will  not  be  entirely  unintcrefting  to  confider 
what  will  be  theconfequence  when  all  three  have  not  place  af 
once.     When  only  the  firft,  or  the  fecond  exifts,  we  may  ap- 
ply the  remarks  made  at  the  end  of  art.  59.  fo  that  it  only  re- 
mains for  us  to  examine  here,  what  will  occur  when  the  third 
only  exifts.     Thus,  if  inftead  of  the  fyftem  being  in  abfpjutc 
equilibrium,  we  have  the  three  following  equations : 
R  COS.  r=x,         R  fin-  r=y, 
,  ,C,/.+C>'+p''/+'&c.=Rf=o. 
Here  Rp=0,  gives  p=0,  that  is  to  fay,  the  refultant  pafles, 
through  the  origin  A  of  the  co-ordinates :  it  is  obvious  that  if 
that  point  in  the  fyftem  is  fixed  this  refultant  ought  to  be  anni- 
hilated, and  that  there  is  an  equilibrium  whatever  x  and  y  may 
be.     The  equation   Cp+Cp' +C"p" +&cc.  =  o,  therefpre,  fuf- 
ifices  folely  to  indicate  that  there  is  an  equilibrium,  on  the  fup- 
pofition  that  the  origin  is  a  fixed  point :  and  hence 

In  order  that  a  fyjiem  of  fordes  difpofed  in  the  fame  plane  h  in 
equilibrio  about  any  jtxed  pointy  it  •will  be  fujiciettt  if  the  fum  of  the 
moments  of  the  forces,  •with  refpeEt  to  this  point,  be  equal  to  zero. 

Suppofing  that  a  body  lubjeGed  to  the  .a£lion  of  fevera} 
powers  is  retained  by  a  fixed  {joint,  it  follows  neceflarily  that  it 
can  only  haye  a  motion  of  rotation  about  this  point :  if,  there- 
fore, the  equilibrium  does  not  exift,  neither  can  the  refultant 
pafs  by  this  point,  nor  can  we  have  C/>-i-Cy-t-Cy-|-&c.=o. 
Hence,  when  w=:o,  there  can  be  no  rotatory  motion,  and  when 
both  «=o,  and;!=o,  there  can  be  no  redlilinear  motion. 

IV.  Of  Forces  not  confined  to  one  Plane,  and  dire8ed 
to  mrious  Points  of  a  Body. 

91.  D&F.  Any  point  in  afyflem  of  parallel  forced,  through  •which 
ihe  refultant  pa£es,  and  which  retains  the  fame  ptacCf  although  all 
the  forces  change- their  direElions,  provided  they  continue  refpeRively 
parallel,  may  be  called  ihe  Centre  of  Parallel  Forcei. 
(  ^  92.  PKp5.  'fo  fnd,  by  a  graphic  procefs,  tie  refultant  of  any 
■fiumber  of  parallel  forces,  however  difpofed: 

Conceive  any  plane  to  be  interfe£ted  by  the  direftions  of  the 
feveral  forces,  and  the  points  of  interfeftion  to  be  joined  by 
right  lines  falling  on  the  plane.  Then,  by  the  method  already 
given  (71.  79.)  find  the  refultant  of  any  two  of  the  forces  and 
its  point  of  application  at  the  imaginary  plane  :  then  take  this 
refultant  and  its  point  of  application,  and  in  like  manner  com- 
pound with  a  third  force,  and  afcertain  their  refultant  and  its 
point  of  application :  let  this  new  refultant  be  compounded 
yifh  a  fourth  force,  and'fo  on  through  the  whole.-  Thus  for 
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example,  let  the  five  forces  reprefented  by  C,  C,  C",  C",  c,  have 
P,  P',  P",  &c.  for  their  points  of  application  in  the  plane 
P  FP"  (fig.  8.  pi.  IL).  In  the  right  line  P  P'  make:P  q :  q.Y ; : 
C':C,  and  q  will  be  the  point  of  application  of  R  =  C+C', 
■the  rcfultant  of  C  and  C.  Join  the  points' y,  P'  ,'in  the  fame 
plane,  and  niake  g  q' :  q'P" : :  C" :  R., .  then  will  q'  be  the  point  of 
application  of  the  new  refultant  R'=:R-t-C'=C+C-|-C". 
■Again,  for  the  fourth  force  C",  join  y' P'",  and  mike  j'/': 
q"  P"  : :  C" :  R',  then  q"  will  be  the  point;  of  application  of  the 
third  refultant  R"=R'+C"'=C+C'+C"+C"'.  Laftly,  join 
q"p,  and  make  tf "?.'"  :-q"'p  :  -.f.  R",  then  will  ^"'  be  the  point  of 
application  of  the  refultant  R"'  =  R"+<r=C+C'+C"+C"'+f. 
:Had  any  one  or  more  of  thefe  powers  been  exerted  in  an  op- 
pofite  direfition,  as  for  inftance  G"  and  f,  the  point  of  applica^ 
tion  of  the  refultant  R'"  would  ftill  have  been  the  fame  -,  but 
its  magnitude  would  then  have  been  C+C  — C"+C"'— t :  as 
is  evident  from  art,  73- 

93.  Cor.  I.  If  the  components  C,  C,  C ",  &c.  all  change 
their  dirediions  in  fuch  a  manner  as  to  remain  parallel  to  each 
other,  their  refultant  will  flill  be  applied  to  the  fame  point  in 
■  the  plane  PP'P";  or,  if  all  the  powers  change  their  magni- 
tudes in  one  and  the  fame  ratio,  although  the  refultant  will  un- 

.dergo  a  correfponding  mutation  in  its  magnitude,  its  point  of 
application  will  ftill  be  the  fame  ;  and  will,  therefore,  be  the 
centre  of  parallel  forees  in  the  fyftem  whofe  variations  are  thus 
regulated. 

94.  Cor.  2.  Hence  it  will  be  eafy  to  put  any  fyftem  of  pa- 
rallel forces  into  an  equilibrated  ftate '  for  it  requires  nothing 
more  than  to'  find,  by  this  propofition,  the  magnitude  and  point 
of  application  of  the  refultant;  and  then  to  apply  an  equal 
force,  to  the  fame  point  in  an  oppofite  dire£tion. 

95.  Scholium.  Here  alfo  it  may  be  proper  to  deduce  a  few 
general  theorems  which  may  be  ufeful  in-future  enquiries  rela- 
tive to  parallel,  forces  however  difpofed.     For  which  purpofe 

; Jet  us  begin  with  three  parallel  forces  C,.C',  C",  in  a^fta^e  of 
equilibrium,  which,  it  is  obvious,  muft  neceflarily  be  in  one 
plane:  let  Y  AX  (fig.  9.  pi.  II)  be  the  "plane  of  the  refiEangular 
co-ordinates  to  Vi^hich  we  mean  to  refer;  this  plasip  muft  be  cut 
(Euc.  xi.  3.)  by  the  plane  in  which  are  the  direftions  of  the 
forces,  in  a  right  line,  fuppofe  ACCC  in  the  figure;  in  this 
line  let  C,  C,  C",  be. the  points  where  thofe  three  forces  are 
applied  jn  the  plane  of  the  axes.  From  any  point  A  In  the  line 
AC"  draw  any  reftangular  co-ordinates  AX,  AY,  and  on 
thefe  let  fall  from  C,  C ,  C",  the  perpendiculars  Cd,Q'd,  C"d", 
and  CD,  CD',  C"D" :  let  Ad=d,Ad'=d',  A  d"=id',  A  D=s 
D,  AD'=D',  AD"=D".     Then  fince  what  has  been  Ihewn 
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in  art.  8 1,  is  applicable  here,  we  have,  in  addition  to  the  con- 
dition that  the  points  C,  C,  C",  are  in  one  right  line,  thpfc 
equations : 

C.AC+C'.AC'-|-C".AC"  =  o,  and  C+C'+C"-=o. 
But  by  reafon  of  the  parallel  lines,  we  have  A  C  :  A  C  :  A  C" 
::  Arf:A(i;':A^"::  AD.:AD':  AD",  and  fubftituting  the 
fonfequents  of  tbefe  for  their  r^fpeflive  antecedents  in  the  6rft 
preceding  equation,  we  obtain  the  following  equation?  pf  con- 
dition for  three  parallel  forces  in  equUibrio  : 

f   Cd  +  Cd'  +  C"d"=:o 

(I.) ^CD-f  C'D'+e"D''=;o 

(  C  +  C'  +  C"  =^0 
Some  perfons,  from  a  flight  confideration,  might  conclude,  that 
-fince  the  quantities  in  the  two  firft  of  thefe  three  equatioms  ace 
{MToportional,  ,  they  need  not  both  be  taken  at  the  fame  time : 
but  it  fhauld  be  recoHeQed,  that  when  any  one  of  them  is  taken 
together  with  the  third,  this  does  not  enfure  the  eflential  con- 
dition of  the  three  points  C,  C,  C,  being  in  one  right  line;  for 
tehile  d,  d',  d",  remained  the  fame,  the  points  miglit  aot  be  found 
in  AC",  but  in  any  unlimited  poIitioBS  upon  C^,  C'/,  C"d''; 
whereas  the  contemporaneous  exiftenee  of  all  the  three  equa- 
tions eftabli&es  the  proper  magnitudes  of  the  forces,  and  con- 
fines their  points  of  applieation  to  the  interfeftions  of  D  C,  </C, 
&CC.  upon  A  C". 

96.  A  force  ^  R  which  is  equal  and  applied  in  an  oppofite 
direiStion  to  the  refultant  R  of  two  forces  C,  C,  will  manife^W 
eftablifh  the  equilibrium.  Therefore  if  x  and  y  be  put  for  the 
diftances  at  whicjj  perpendiculars  from  the  point  of  applieatiofli 
-of  the  refultant  will  cut  the  axes  A  X,  and  .A  Y ;  and  -  R,  x, 
^ndy,  being  fubftitut«d  for  C ',  d"  and  D",  in  the  equatirais  I, 
they  yfill  be  transformed  to 

R>c=Cd+C'd' 
RjV=:CD  +  CD' 
R    =C    4-C' 
And   thefe ,  ecfuations    will  evidently  ferve    to  detertnine   the 
Magnitude  and  pofition  oi  the  refultant  of  two  forces. 

Having  four  forces  C,  C,  C ',  C",  if  w^  compound  two  of 
theri%  as  C,  C,  intp  one  force  R,  we  may  eftablifh  the  equili- 
brium between  this  and  the  other  two  by  caufing  them  to  fatisfy 
the  equations  (I) :  we  fliall  have,  therefore, 
Ra-+C"/'  +  C"'^''=o 
R:)-+C"D"-(-C"D"'=o 
R  +C"-|-C"=o 
But  the  firft  terms  of  each  of  thefe  equations  being  already 
known,  we  may  fubflitute  for  them  their  vahi^es,  and  we  fhall 
thence  obtain  the  equations  for  four  forces  in  eqjiilibrium : 
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f  C  d^Cd^C"  d'+C"  d"'-o 

viz <CD+C'D-|-C"D"+C"D    =o 

(C+C'+C"+C"'=o 

Here»  however,  it  is  not  neceflary  that  the  dirediions  of  all 
the  four  forces  ftiould  be  in  one  plane  :  it  is  merely  requifite 
that  the  three  forces  R,  C,  C,  fhouJd  aA  in  one  plane,  and  R, 
C,  C",  in  one  plane  ;  .or  that  the  plane  which  contains  the 
direftions  of  C,  C,  fliould  Interfea  that  which  contains  the  di- 
reftions  of  C",  C",  in  a  right  line  which  will  be  the  refultant 
of  both  thefe  pairs  of  forces.  Now,  on  comparing  the  equa- 
tions laft  exhibited  with  the  equations  (pj- !•)  it  will  appear, 
that  they  are  exa&ly  the  fame,  excepting  that  «ach  of  the  latter 
connprifes  one  term  more  than-the  former  :  and,  iif  a  fimilar  pro»- 
cefs  were  adopted  with  refpeift  to  a  fifth  force,  fimilar  equations 
would  be  obtained  with  another  additional  term  in  each.  Hence, 
we  may  generalife  without  hefitation,  and  for  as  many  parallel 
forces  as  we  pleafe  may  lay  down  the  following  eq^uations,  as 
conditions  of  equilibrium. 

f  C'^ + C  d'  +C"  «?" + &c.  =  o 

(II.J <CD+C'D'+C"D"-|-&c.  =  o 

tC+C'4-C'+&c.=o 

Each  of  thefc  equations  will  comprife  as  many  terms  as  there 
are  forces,  unlefs  one  of  thefe  forces  have  its  direftion  palling 
through  the  origin  A  of  the  axes,  in  which  cafe  one  of  the  terms 
.will  vanilh  from  each  of  the  firft  two  equations :  as  to  the  figns, 
they  will  bepo&tive  or  negative  according  as  the  force*  to  \v'hick 
they  are  attached  aft  in  the  fame  or  a  contrairy  direfilion,  or  as 
their  points  of  application  fall  on  the  fame  or  different  fides  of 
either  of  the  co-ordinates. 

97.     When  the  equilibrium  does  not  obtain,  we  fliall  by  .pro- 
-ceedlng  as  in  the  former  part  of  art.  96.  have  thefe  equations 
(Rx=ed+C  d  +C '  d"-Jr^c. 

(III.) <  R  v=CD+CD-fC"D"+.&c. 

tR=C-l-C'+C'+&c. 

If  the  plane  X  A  Y  be  perpendicular  to  the  direftions  of  the 
forces,  a  fu.ppofition  vehich  will  not  diminifh  the  univerfality  of 
4he.dediu^ions ;  and  if  we  conceive  AX  and  AY  to  be  two  planes 
perpendicular  to  X  AY,  the  rectangles  Rx,  and  Ry,  will  then 
become  moments  (31.)  of  the  refultant,  taken  with  regard  to  each 
■©f  thofe  two  planes  ;  and  Cd,  C  D,  will  in  like  manner  ba  mo- 
ments of  Cj  and  fo  of  the  others.  Hence  then,  taking  the 
iwmdfum  in  the  fenfe  we  have  fo  often  explained,  we  may  de- 
duce the  jCollow-iBg  theorem  fpr  all  parallel  forces,  however 
fit&ated : 

Tie  refultant  of  any  number  of  parallel  forces  -whatever  is  parallel 
to  lihem,  equal  t9  tBeirfitm,  and  has  its  moment  ejkimaied  with  refped 
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to  every  parallel  plane,  equal  to  the  Jum  of  the  moments  of  the  com- 
ponents. 

Thus  the  refultant  is  determined  in  magnitude  and  dire£lion, 
and  the  point  in  which  it  interfeiis  the  plane  X  A  Y  may  be 
readily  found  by  means  of  thefe  equations' :  . 

'                                      /'             Ca  +  C  at4-C"rf"+&V. 
I  «  -  ■ ^ • 

(IV.)   .  .  .  <        _  CD-fC'D'  +  C"D"4-yc. 

98.  The  equilibrium  will  be  abfolute  when  all  the  three 
equations  (II.)  obtain  at  once :  but  it  will  not  be  ufelefs'if  we 
enquire  what  will  be  the  confequence.when  the  equations  of  con- 
dition are  taken  partly  from  equa,  II.  and  partly  from  equa.  IIL 
If,  for  example,  we  have  the  following  equations  : 
R-C+C'4e' 

R«:==C^+C'J+C''^"  +  &c.=o 
Rj)=CD+C  D'  +  C;"D"+&c. 
Here  R  x  being  =  o,  and  R  an  abfolute-  quantity,  we  conclade 
that  *•  =  c  j  in  this  cafe  the  dire£tion  of  the  refultant  will  inter- 
feft  the  plane  XAY  fomewhere  in  AY.     If  therefore  this 
axis  is  fixed  in  the  fyftem,  whatever  R  and  ji  may  be,  the  only 
iiecfeffary  condition  of  equilibrium  is  indicated  by  the  equation 
Qd-k-Cd-VC"  d'=Q 
In  like  manner  the  equation 

CD  +  C'D'+C'D'=o 
has  place  when  the  direction  of  the  refultant  pafles  through 
fome  one  of  the  points  in  AX;  and  whert  this  axis  is  fixed 
in  the  fyftem,  this  equation  is  alone  neceflary  to  indicate  an  ex- 
ifting  equilibrium. 

If  we  fuppofe  that  the  plane  XAY  is  perpendicular  to  the 
directions  of  the  forces,  the  terms  of  thefe  two  equations  de>- 
note  the  moments  of  thefe  forces  with  relation  to  planes  paffing 
through  A  X  and  A  Y  perpendicular  to  their  plaoe.  Hence  it 
follows  that, 

In  order  to  have  afxftem  of  parallel  farces  in  equilihrio  about  any 
fixed  axis,  it  is  necejfary  that  the  fum  of  the  moments  of  thefe  frees 
•with  refpL'ci  to  a  plane  parallel  to  their  forces,  and  pafjing  through 
that  axis,  /hall  be  equal  to  zero. 

If  the  two  equations  R  jr  =  o,  and  R  v  =  o,  exift  together, 
there  will  refult  w  =  o,  y  =:  o;  that  is,  the  refultant  will  pafs 
^„,.bom  through  fome  point  in  A  X  and  fome  point  in  A  Y  ;  that 
is,  it  will  pafs  through  A  the  origin  of  the  axes  :  if,  therefore, 
this  point  be  fixed,  thefe  two  equations  denote  an  equilibrium. 
Again,  if  we  have  only  this  equation 
R  =  C+C+C"  +  &c.=o, 
we  are  not  to  conclude  that  biecaufe  R  =  6,  the  equillbriun* 
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obtains  ;  for  this  ifolated  equation  merely  denotes  that  the  fum 
of  the  forces  which  a£l  in  one  direction,  is  equal  to  the  fumof 
ihofe  which  are  exerted  in  the  contrary  dire£lion ;  and  this  may 
take  place  independently  of  the  p'ofitions  of  the  forces  :  but  the 
equilibrium  exifts  only  when  the  equal  and  oppofite.  forces  are 
applied  at  the  fame  point.  In  this  cafe,  however,  we  may 
always  eftablifli  the  equilibrium  by  means  of  one  additional 
force ;  or  we  may  reftore  it  in  an  endlefs  variety  of  ways 
by  means  of  two  additional  forces  ;  but  it  is  not  worth  while  to 
go  further  into  thefe  minutise. 

99.  Prop.  To  find  the  refultant,  or  refultants,  ofafyfiem  ^ 
forces  applied  to  different  parts  of  a  body,  and  aBing  i?t  various 
direiiions  in  different  planes. 

The  beft  method  of  performing  this  will  be  by  the  method  of 
reftangular  co-ordinates,  as  follows.  Suppofe  the  dire<9:ions  of 
the  feveral  forces  prolonged  till  they  meet  the  plane  TAX 
(fig.  9.  pi.  11.  or  fig.  13.  pi.  I ),  and  conceive  them  all  applied 
at  their  points  of  interfeQ;ion  with  that  plans :  then  each  of 
thefe  forces  may  be  refolved  into  two  others,  the  one  perpendi- 
cular to  the  plane  Y  A  X,  the  other  fituated  in  the  plane^  The 
perpendicular  forces  will  have  for  their  refultant  a  force  in  like 
manner  perpendicular  to  the  plane,  and  the  forces  fituated  in 
the  plane  will  obvioufly  have  their  refultant  lying  in  the  fame 
plane.  If  the  direftions  of  thefe  refultants  meet  in  a  point,  they 
may  be  compounded  by  art.  41.  and  the  fyftem  will  have  one^ 
refultant :  but  In  many,  indeed,  in  moft  cafes,  thefe  direftions 
will  not  meet ;  and  then,  as  the  efFe£ts  of  perpendicular  forces 
not  meeting  in  a  point  are  independent,  the  fyftem  will  have 
two  difiinif  refultants. 

CoK.  In  the  firft  of  the  above  cafes  a  fingle  additional 
force  may  reftore  the  equilibrium ;  in  the  latter,  two  at  lead 
will  be  requifite. 

100.  Prop.  Jf  a  body  be  kept  in  equilibria  by  feveral  forces 
aBing  at  different  points  and  in  various  direBiom  ntit  in  one  plane^ 
the  forces  are  fuch  as  •would  be  in  equHibrio  if  applied  to  one  painty 
and  in  direBions  refpeBively  parallel  to  the  former. 

For  in  any  affumed  plane  the  forces  parallel  and  perpendi- 
cular to  any  line,  will  be  the  fame  whether  applied  at  one  point 
or  many :  and  when  the  direftions  of  any  of  the  fdrces  are  out 
of  this  plane,  fuch  extraneous  forces, may  be  reduced  to  others, 
one  fet  afting  in  the  plane,  the  other  perpendicular  to  it ;  and 
both  thefe  will  be  equal  in  quantity  in  each  cafe ;  therefore  if 
the  equilibrium  obtains  in  the  one  cafe,  it  muft  in  the  other, 
both  with  refpe£i:  to  the  perpendicular  and  parallel  forces,'  all 
which  will  be  fufficiently  obvious  after  recollefting  what  was 
fliewn  with  regard  to  feveral  forces  in  one  plane,  (arts.  82...86.> 
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If  the  weight  of  the  bo.dy  is  taken  into  the  confideratjon  it 
jnay  be  regarded  as  a  fingle  force  applied  vertically  at  the  centre 
of  gravity  :  the  reafon  of  which  will  appear  from  the  difcijAlpps 
in  the  next  chapter. 

SCHOLIUM. 

10  r.  We  might  now  proceed  to  deduce  the  equations  of 
equilibrium,  &c.  for  forces  afting  at  different  points  ^jid  in 
various  planes :  but  as  the  procefs  would  be  complex  and  in- 
tricate, and  after  all  but  of  trifling  utility  in  elementary  me- 
chanics, except  in  the  cafe  of  parallel  forces  already  treated  in 
^rts.  95. ...98.  it  is  thought  heft  to  omjt  them.  The  ardent 
enquirer  may,  however,  be  referred  to  tjie  treatifes  on  mechanics 
by  Lagrange  and  Prony,  for  furtlier  information  on  this  point. 
We  merely  add  here,  what  follows  at  once  fronj  a  c.omparifon 
of  the  preceding  propofition  with  art.  70.  namely  that 

When  afyflem  of  forces  aBing  upon  different  paints  of  a  b.ody  in 
various  planes  keeps  it  in  equilibrio,  the furti  of  the  nfoments  taken  re-- 
fafively  to  each  of  three  reftt^ngifJar  co-ordinates y  f  the  componetits 
fftmcUe4  in  a  plane  perpendicular  to  that  ordinate,  is  equal  to  ^ero. 
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CHAPTER  III. 


Centre  of  Gravity. 

lo2  'Def.   the  Centre  of  Gravity  of  arty. body.hr  f^mof  bodies 

IS  that  point  about  which  the  body  or  fyftem,  ixBed  upon  only  by  the 

force  of  gravity,  -will  balance  itfelf  in  all pofitions  .-  or  it  is  a  point 

mihich  ivhen  fupported,  the  body  orfyffem  ivillbefupparted,  hsweiier  it 

iUay  bejituafed  in  other  refpeBs. 

The  centre  of  gravitjr-bf  a  body  is  not  always  within  the 
body  itfelf :  thus  the  centre  of  gravity  of  a  ring  is  not  in  the  fub- 
ftance  of  the  ring,  biit  in  the  axis  of  its  circumfcribing  cylinder ; 
and  the  centre  of  gravity  of  a  hollow  ftaff,  or  of  a  bone,  is  not 
in  the  matter  of  whic}i  it  is  conftituted,  but  fomewhere  in  its 
imaginary  axis.  Every  body,  however,  has  a  centrt  of  gravity, 
and  fo  has  every  fyftem  of  bodies,  as  ^is^ill  footi  be  made  evident: 
but  it  will  be  proper  tp  premife  a  few  brief  remarks  with  refpe^l 
to  gravity  itfelf,  and  its  effedl  upon  bodies  fubje£led  to  its  ope- 
ration. 

103.  It  is  a  fa£l:  eftabliflied  by  general  obfervation  in 
all  ages  and  all  countries,  that  .whenever  bodies  are  unfup- 
ported  or  left  to  themfelves,  they  begin  to  move  downwrards  in 
Vertical  lines,  and  continue  thus  to  move  until  they  meet  with 
fpmething  v/hich  interrupts  their  motion  or  preveflts  their  further 
defcent.  This  is  obferved  to  take  place  not  only  with  refpedl:  to 
large  and  w^eighty  bodies,  but  to  fmaller  ones,  and  even  to 
the  moft  minute  particles  into  which  they  can  be  feparated, 
provided  they  are  not  fo  fmali  as  to  elude  the  obfervation  of  our 
fenfes.  And  if  certain  fubftances,  fuch  as  fmoke,  and  vapiSurs, 
&c.  feeto  to  contradift  this  univerfal  fa£l: ;  it  is  becaufe  they 
are  only  in  appearance  left  to  themfelves,  while  in  reality  they 
are  fupported,  and  put  into  an  afcending  motion,  by  the  a£i:ioh 
of  the  fluids,  &c.  that  compofe  the  atmofphere  which  furrounds 
the  earth.  All  bodies,  and  their  rrtoft  intimate  particles  tend 
towards  a  point  which  is  either  accurately  or  very  nearly  tht 
centre  of  the  terraqueous  globe ;  yet  this  tendency  is  certainly 
not  eflential  to  matter,  it  is  an  effort  which  matter  of  itfelf  1*8 
Hot  able  to  mike,  being  indifferent  to  either  motion  or  reft  (18. 
26.) :  we  are  authorifed,  then,  to  conclude  that  this  tendency  ib 
motion  is  caufed  by  a  pov/cr  not  exifting  in  the  matter  on  which 
•ur  obfervations  are^  made,  but  in  fomething  exterior 5  and  this 
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force,  without  dttenljitirig  to'  explain  its  nature  and  eflence,  we 
defignate  by  the  term  Gravity  /  the  general  fadJ:  or  event  of 
bodies  falling  is  denoted  b^  the  verbal  noun  Gravitation ;  and 
it  is  a  part  ot  confequence  of  a  more  univerfal  property,  not 
here  entered  upon, — that  of  the  mutual  AttraElion  of  the  different 
bodies'  in  the  univerfe  towards  each  othet. 

104.  Since  gravity  imprefies,  of  has  a  tendency  to  imprefs, 
on  every  particle  of  bodies,  in  an  inftant,  i  certain  velocity  with 
which  they  would  begin  to  fall,  if  they  were  not  fupported  j 
and  fince,  abftrafting  the  influence  of  the  air,  this  velocity  would 
be  the  fame  for  each  of  the  moleculx  of  bodies,  whatever  be 
their  fubflance,  it  will  not  be  difficult  to  attach  a  juft  and  fcien- 
tific'meaning  to  that  which  is  commonly  called  -weight :  it  is  the 
effort  necefTary  to  prevent  a  body  from  falling.  But  bodies  fall 
in  confequence  of  the  aftion  of  the  force  of  gravity  upon  each 
of  their  particles,  and  they  can  be  prevented  from  falling'  by  a 
force  equal  and  bppofite  to  the  refultant  or  equivalent  of  all  thefe 
aclions.  Hence,  we  may  readily  diflingiiifh  between  the  effecSt 
of  gravity  and  that  of  weight,  by  adopting  the  language  of  Con- 
dorcet,  when  he  fays  '"  the  former  is  the  power  of  tranfmitting, 
•'  or  a  tendency  to  tranfmit  into  every  particle  of  matter  a  certain 
"  velocity  which  is  abfolutely  independent  on  the  number  of 
"  material  particles  ;  and  the  fecond  is  the  effort  which  mult  be 
*'  exercifed  to  prevent  a  given  mafs  from  obeying  the  law  of 
*'  gravity.  Weight,  accordingly,  depends  on  the  mafsy  but  gravity 
"  lias  no  dependence  at  all  upon  it." 

105.  Every  particle  of  which  bodies  are  compofed  receiving 
from  gravjty  equal  felicitations  towards  the  centre  of  the  eartli,  it 
follows  that  if  the  fupports  of  bodies,  whether  large  or  minute, 
were  taken  away,  and  they  were  pe|:mitted  to  fall  from  equal  alti- 
tudes, they  would  arrive  at  the  furface  of  the  earth  after  equal  por- 
tions of  time  :  and  this  is  confirmed  by  experience ;  for  under  the 
exhaufted  receiver  of  the  Air-pump  (where  the  refiftance  of  the 
air  is  removed)  the  heaviefl  metals  and  the  lighteft  feathers,  or 
down,  fall  in  the  fame  time.  If,  therefore,  a  body  is  divided 
into  ever  fo  many  parts,  each  of  them  left  to  itfelf  would  arrive 
at  the  furface  of  the  earth,  after  the  fame-  time  as  would  have 
been  employed  by  the  whole  body  in  defcending.  All  bodies 
being  more  or  lefs  porous,  and  pofTefling  different  degrees  of 
dciifity  (10.)  they  will  contain  a  greater  or  lefs  number  of  equal 
molecule  in  the  fame  volume  or  bulk :  hence/all  bodies  of  equal 
bulk  are  pot  equal  in  weight.  But  fince  the  weight  is  equal 
to  the  fum  of  all  the  efforts  exercifed  by  gravity  upon  the  conftitu- 
ent  moleculJE  of  a  body,  it  is  proportional  to  its  denfity  or  to  its 
fraf^.  If  p, p'tp'i  &c.  be  the  feveral  particles  of  which  a  body 
ts  compofed,  and  M  its  mafs,  then  will  M  =p  +  p'  +p"  +  &c. 
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and  1£  g  reprefent  the  force  of  gravity  foliciting  each  particle,  we 
fliall have  the  weight  =^M  =gp  +gp'  +  gp"+  Sec. 

106.  When  bodies  are  compofed  of  moleculsE,  wrhich  are  of 
the  fame  fize  ,and  fubftance,  and  fimilarly  pofited  throughout, 
they:  are  faid  to  be  homogeticms :  fuch  are  the  bodies  which  we 
fhall  conGder  in  .this  chapter ;  and  in  which  the  mafs  will  mani- 
feftly  be  proportional  to  the  exrenfion  or  the  magnitude,  fo  that 
the  one  may  be  fubftituted  for  the  other  in  our  inveftigations. 
The  vertical  lines  which  would  be  defcribed  by  bodies  if  fub- 
jefled  to  the  free  a6tion  of  gravity,  are  frequently-called  lines  ef 
direHion.  _  Since  they  would,  if  produced,  meet  at  the  centre  of 
the  earth,  they  cannot,  flriclly'  fpeaking,  be  parallel :  but,  with 
refpeft  to  any  body  or  atiy'fyflem  of  bodies  corineiSteA  for 
mechanical  purppfes,  the  whole  fpace  occupied  by  all  their  par- 
ticles muft  be  fo  very  minute  compared  with  the  magnitude  of 
the  earth,  that  their  feveral  lines  of  dire£l:ion  maybe  confidered- 
as  parallel  without  any  danger  of  feiifible  errour ;  juft  as  v/e 
fpeak  of  a  moderate,  portion  of  the  earth's  furface  as  a  plane^ 
although  it  is,  in  fa£t,  nearly  fpherical.  Hence,  then,  the 
aftions  of  gravity  upon  a  body,  or  fyftem,  may  be  confidered  as 
thofe  of  parallel  forces  applied  to  their  variogs  particles ;  and, 
of  confec^uence,  the  conclufions  and  theorems  which  were 
deduced,  arts.  92. ..-98.'  with  regard  to  fuch  forces,  may  be 
adopted  in  our  prefent  invefligations  relating  to  the  centre  of 
gravity.  This  being  admitted,  the  enfuing  particulars  are  with- 
out difficulty  inferred. 

I.  By  the  definition  of  the  centre  of  gravity,  when  it  is  fup- 
ported  the  body  is  in  equilibrio  -,  and  from  the  nature  of  equili- 
brium it  can  only  be  produced  fingly  by  the  exercife  of  a  force 
equal  and  oppofite  to  the  refultant  of  all  the  other  forces  adling 
upon  the  feveral  particles  of  the  body,  that  is,  fince  in  this  cafe 
tlie  forces  are  parallel,  by  a  force_(io4.)  equal  to  the  weight  of 
the  body  applied  at  the  centre  of  parallel  forces  (91  )  i  con- 
fequently  the  centre  of  gravity  coincides  with  the  centre  of  pa- 
rallel forces.  '  . 

II.  Varying  the.poGtion  of  the  body,  will  not  caufe  any/ 
change  in  the  ceiitre  of  gravity;  fince  any  fuch  mutation  will 
be  nothing  more  than  changing  the  dlre<9:ions  of  the  forces, 
without  their  "ccafing  to  be  parallel;  and  it  the  forces  do  not 
continue  the  fame,  in  confequence  of  the  body  being  fuppofed 
at  different  diitances  from  the  earth,  ftill  the  forces  upon  all 
the  moleculae  vary  proportionally,  and  their  ceiWre  remains 
unchanged  (93-). 

III.  When  a  heavy  body  is  fufpended  by  any  other  point  than 
its  centre  of  gravity,  it  will  not  reft  unlefs  that  centre  is  in  the 
fame  vertical  line  with  the  point  of  fufpenCon ;   for  in  all  other 
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pofitions  the  foffie  which  is  intended  to  enfure  the  equilibrium, 
will  not  be  directly  oppofite  to  the  refultarit  of  the  parallfei  forceU 
cif  gravity  upon  the  feveral  patticles  of  the  body,  and  of  courfe 
the  equilibriunl  will  not  be  obtained. 

IV.  If  a  heavy  body  be  fuftained  by  two  or  more  forces, 
their  dite£lions  taufl  meet  either  at  the  centre  of  gravity  of  that 
Body,  or  in  the  vertical  line  which  paffeS  through  it.  Thus,  let 
B  (fig.  lo.  pi.  II.)  be  a  heavy  body  whofe  ceWre  of  gravity  is 
G,  it  will  be  at  reft  if  the  ttring  aBbj  \fhith  it  is  fufpended 
hang  vertically,  Whether  the  ftring  itfelf  be  fixed  at  a,  ot  be  at- 
tached to  two  other  ftrihgs  whofe  lengths  are  ba,  ca,  and  fixed 
at  b  and  c.  If  the  ftring  a  B  were  either  longer  or  (horter,  the. 
point  a  continuing  fixed  and  the  pofitions  of  i  and  c  being  un- 
changed, the  body  would  ftill  hang  at  reft,  and  the  ftrings  ia, 
ca,  under  the  fame  tenfion.  If  the  body  were  removed  vertically 
to  the  dotted  fituation  in  the  diagram,  it  would  be  fuftained  in 
that  pofition  by  the  ftrings  W  and  ce,  which  would  fufFer  thfe 
fame  tenfion  as  when  they  were  united  in  the  point  a.  If  in- 
fte&d  of  the  ftrings  we  applied  props  /g,  hi-,  in  the  fame  direc- 
tions on  the  oppofice  fides  of  the  body,  their  feet  /,  h,  being 
fixed  5  or,  if  other  props  tn  n,  .op,  were  applied,  either  pa- 
rallel to  the  former,,  or  having  their  diredlions  meeting  iri  the 
vertical  line  q  G,  the  body  would  ftill  be  fupported  :  and  if  the 
dire£tidns  of  the  props  and  of  the  ftrings  were  parallel,"  the 
compreffion  in  the  one  cafe  would  be  equal  to  the  tenfion  in 
the  other.  Either  the  compreffion  or  the  tenfion  may  in  every 
cafe  be  readily  eftimated  hy  means  of  the  parallelogram  of 
Forces,  &c.  (46.)  the"  weight  of  the  body  being  known. 

V.  When  a  body  ftands  upon  a  plane,  if  a  vertical  lihe  pafs- 
ing  through  the  centre  of  gravity  fall  within  th^  bafe  on  which 
the  body  ftands,  it  will  not  fall  over;  but  if  that  vertical  line 
pafles  without  the  bafe,  the  body  will  fall,  unlefs  it  be  preventtd 
by  a  prop  or  a  cord.  When  the  vertical  line  falls  upon  the  ex- 
tremity of  the  bafe,  the  body  tedry  ftand,  but  the  equilibrium 
may  be  difturbed  by  a  very  trifling  force ;  and  the  nearer  thii 
line  paffes  to  any  edge  of  the  bafe  tiie  more  eafily  may  the  body 
be  thrown  overj  the  nearer  it  falls  to  the  middle  of  the  baffe, 
the  more  firmly  the  body  ftands. 

VI.  The  various  motions  of  animals,  if  attentively  confidered, 
^ill  appear  to  be  regulated  confiftently  with  the  principles  juft 

Thus,  when  a  man  endeavours  to  rife  from  his  feat  hft 
thrufts  forward  his  body,  and  draws  his  feet  backward  till  the 
vertical  hne  from  the  centre  of  gravity  falls  juft  before  his  feet ; 
this  enables,  or  indeed  compels  him  to  rife ;  and  to  ptevrtit 
falling  forwards  he  advances  one  of  his  feet,  till  the  tertiCal 
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line  of  direftion  is  brought  between  his  feet,  in  eonfequence  of 
which  he  may  ftahd  firmly.  In  walking,  he  firft  extends  his 
hindmoft  leg  and  foot  almoft  to  a  right  line,  and  at  the  fanje 
time  bends  die  knee  of  his  fore  leg  a  little;  by  this  means  his 
body  is  thruft  forward,  and  the  line  of  direftioftirom  its  centre  of 
gravity  falls  beyond  the  fore  foot,  on  which  account  he  is  ready 
to  fall,  but  prevents  it  by  immediately  taking  up.  the  other  foot, 
and  putting  it  forward  beyond  the  line  of  direftion.  After  the 
fame  manner,  he  thrufts  himfelf  forward  by  the  leg  which  is 
now  the  hindmoft,  till  the  line  of  dire£lion  from  the  centre  of 
gfavity  be  beyond  his  fore  foot,  when  he  again  fets  his  hind 
foot  forward  :  and  thus,  he  continues  the  motion  of  walking  at 
pleafure.  While  walking  a  man  always  fets  down'  one  foot 
before  the  other  is  taken  up ;  fo  that  at  each  ftep  he  has  both 
feet  upon  the  ground.  But  in  running  he  takes  one  up  before 
he  fets  the  other  down ;  fo  that  his  feet  touch  the  ground  al- 
tertiately  for  moments  of-time,  and  in  the  intermediate  portions 
he  does  not  touch  it  at  all. 

In  walking  up  hill  a  man  bends  his  body  more  forward  than 
in  walking  on  a  horizontal  road,  that  the  line  of  dire£tion  may 
be  thrown  before  his  feet :  in  walking  down  hill  he  rather 
leans  backwards  to  prevent  the  line  of  dire6iion  from  being  too 
forward,  which  would  occafion  his  fall.  In  carrying  a  burthen 
a  man  always  leans  the  contrary  way  to  that  in  which  the  bur- 
then lies,  in  order  that  the  common  centre  of  gravity  of  both 
may  have  its  line  of  direiJiion  between  his  feet. 

When  a  quadruped,  as  a  horfe,  moves,  he  leans  foi;Ward,  all 
at  once  lifting  up  one  of  his  fore  feet  and  one  of  his  hind  feet ; 
yrhen  the  right  leg  before  is  pufhed  forward  the  left  leg  behind 
is  moved  on  at  the  fame  time ;  and  this  motion  being  made, 
the  left  leg  before  takes  its  turn  conjointly  with  the  right  leg 
behind,  and  fo  on:  as  the  body  when  ftanding  is  fupported  by 
four  props  which  form  a  rectangle,  the  moft  commodiot^s  mode 
of  moving  is  to  change  the  pofitions  of  two  feet  at  a  time  dia- 
gonally, and  thus  to  caufe  the  centre  of  gravity  of  the  animal's 
body  to  make  but  a  fmall  movement,  and  to  remain  always 
very  nearly  in  the  dire£tion  of  the  two  points  of  fupport.  This 
rule  of  motion  is  always  <jbferved,  but  with  thefe  diiFerences : 
jn  the  pace  there  are  four  times  in  the.,  complete  movement ;  if 
the  fore  right  leg  be  moved  firft,  the  left  le^  behind  follows  the 
inftant  after ;  then  the  left  foi'e  leg  has  its  turn,  which  is  follow- 
ed the  next  inftant  by  the  right  foot  behind.  Thus  tlie  fore 
right  foot  comes  firft  to  the  earth,  the  left  foot  behind  next, 
the  left  fore  foot  third,  and  the  right  hind  foot  laft :  fo  that 
there  are  four,  motions,  and  three  intervals,  of  which  the  firft 
and  laft  are  ftioiter  than  the  middle  one.     In  trotting,  he  takes    i 
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up  two  feet  together,  and  fets  down  two  together,  diagonally 
oppofite.  In  galloping  he  takes  up  his  feet  one  by  one,  and 
fets  them  down  one  by  one ;  but  he  ftrikes  with  the  two  fore 
feet  nearly  at  once,  and  the- two  hind  feet  nearly  at  once :  all 
the  time  the  line  from  the  centre  of  gravity  lies  forward,  fo  that 
the  animal  requires  the  fore  feet  to  come  to  the  ground  at  fliort 
intervals  to  prevent  a  fall.  If  the  various  motions  of  other  ani- 
ftials  be  confidered,  they  will  all  be  found  conformable  to  the 
fame  principles.  But  it  would  be  tedious  to  enter  further  into 
the  detail  in  this  place.' 

VII.  To  find  the  centre  of  gravity  mechanically,  it  is  only 
requifite  to  dlfpofe  the  body  fucceffively  in  two  pofitions  of 
equilibrium,  by  the  aid  of  two  forces  in  vertical  direftionsj  ap- 
plied in  fucceflion  to  two  difierent  points  of  the  body ;  the  point 
of  interfedlion  of  thefe  two  dire£lions  will  fliew  the  centre 
required. 

This  may  be  exemplified  by  parttcularifing  a  few  methods* 
If  the  body  have  plane  fides,  as  a  piece  of  board,  hang  it  up  by 
any  point,  then  a  plumb-line  fufpended  from  the  fame  point  will 
pafs  through  the  centre  of  gravity ;  therefore  mark  that  line 
upon  it:  and  after  fufpending  the  body  by  another  point,  apply 
the  plummet  to  find  another  fuch  line,  then  will  their  inter- 
feftion  fhew  the  centre  of  gravity. , 

Or  thus :  hang  the  body  by  two  ftrings  from  the  Tame  point 
fixed  to-difFerent^parts  of  the  body ;  then  a  plummet  hung  from 
the  fame  tack  will  fall  on  the  centre  of  gravity. 

Another  method :  Lay  the  body  on  Uie  edge  of  a  triangular 
prifm,  or  fuch  like,  moving  it  to  and  fro  till  the  parts  on  both 
fides  are  in  ^quilibrio,  and  mark  a  line  upon  it  clofe  by  the  edge 
of  the  prifm :  balance  it  again  in  another  pofition,  and  mark  the 
frefti  line  by  the  edge  of  the  prifm ;  the  vertical  line  paffing 
through  the  interfeftion  of  thefe  lines,  will  likewife  pafs  through 
the  centre  of  gravity.  The  fame  thing  may  be  efFefted  by 
laying  the  body  on  a  table,  till  it  is  juft  ready  to"  fall  off,  and 
then  marking  a  line  upon  it  by  the  edge  of  the  table  :  this  done 
in  two  pofitions  of  the  body,  will  in  like  manner  point  out  ths 
centre  of  gravity. 

107.  When  a  plane  or  a  line  can  be  fo  drawn  as  to  divide 
a  folid  or  a  plane  into  two  parts  equal  and  fimilar,  or  fo  that  its 
moleculae  Qiall  be  difpofed  two  by  tMv;o,  in  the  fame  manner,  with 
refpea  to  fuch  plane  or  fuch  line,  we  may  call  the  body  fym- 
metrical  with  regard  to  that  plante  or  axis.  And  in  all  fuch 
bodies,  it  is  obvious  thatjhe  fum  of  the  moments  of  its  feveral 
-  molecule  with  relation  to  fuch  plane  or  axis,  will  be  nothing: 
for;  if  we  take  two  particles  dilpofed  in  the  fame  manner  but  on 
•diiFerent  fides>  their  moments  will  be  equal  but  with  contrary 
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figns ;  anc!,  confequently,  their  fum  wiil  be  equal  to  zero :  and 
the  fame  may  be  fhewn  of  every  othpr  pair  of  moleculffi,  fimilaf- 
ly  fituated :  whence,  as  (by  hyp.)  there  are  none  but  what  are 
fimilarly  fituated,  the  r^fultant  of  the  fyftem  will  be  in  fuch 
plane,  or  line,  (97.)  and,  of  confequence,  its  centre  of  gravity 
will  be  there  alfo.  The  fame  reafoning  may  be  extended  td 
the  centre  of  figure  or  of  magnitude,  that  is,  the  point  with 
tefpeft  to  which  a  whole  body  fhall  be  fymmetrical.  Hence 
we  conclude  that  the  centre  of  gravity  of  tf  right  line,  or  of 
a  parallelogram  prifm  or  cylinder,  is  in  its  middle  point ;  as  is 
alfo,  that  of  a  circle,  or  of  its  circumference,  or  of  a  fphere,  at 
of  a  regular  polygon ;  that  the  centre  of  gravity  of  a  triangle  is 
fomewhere  in  a  line  drawn  from  any  angle  to  the  middle  of  the 
oppofite  fide  •,  that  of  an  ellipfe,  a  parabola,  a  cone,  a  conoid,  a 
fpheroid,  &c.  fomewhere  in  its  axis.  And  the  fame  of  all 
fymmetrical  figures  whatever. 

108.     Prop.  To  deduce  fame  general  theorems  wMch  may  he  ufg' 
Jul  in  finding  the  centre  of  gravity  of  any  propofed  body. 

The  determination  of  the  centre  of  gravity,  being  reduced  to 
that  of  the  centre  of  parallel  forces,  we  may  here  adopt  the 
theorem  for  the  moments  laid  down  at  the  end  of  art.  97.  From 
which  it  will  follow,  that  if  p,p\p"i  &c.  (fig.  11.  pi.  II.)  be 
equal  material  particles,  and  g  the  point  through  which  the  re- 
fultant  R  of  the  gravitating  forces  upon  thefe  particles  always 
pafles;  and'ABC'D  be  a  vertical  plane,  on  which  perpen- 
diculars from  p,  p'  p",  and  g  are  let  fall,  then  will  the  fum  of 
the  produdls  of  the  forces  upon  p,  p',  p",  into  their  refpeftive 
diftances.from  A  B  C  D,  be  equal  to  the  produQ;  of  the  refultant 
R  into  its  diftance,  where  the  force  R  would  be  equal  to  thofe 
upon  p-\-p'-\-^'%  The  fame  would  likewife  obvioufly  hold  with 
refpeft  to  perpendiculars  upon  the  other  plane  A  E  C  G :  and 
fince  the  fame  will  alfo  obtain  with  relation  to  any  vertical 
plane,  although  the  pofition  of  p,  p',  and  /'  be  changed,  pro- 
vided they  retain  their  relative  fituations,  it  will  of  courfe  ob- 
tain when  the  pofition  of  the  fyftem  is  fo  varied  that  A  E  B  F 
becomes  a  vertical  plane :  confequently  the  equality  of  the  pro- 
du£ts  may  be  affirmed  with  regard  to  all  the  three  planes  at  the 
fame  time,  and  if  the  diftances-  from  the  feveral  planes  be  re- 
ferred to  the  redtangular  co-ordinates  A  X,  A  Y,  A  Z,  we  may 
feadily  appropriate  the  equations  (97.  III.)  to  our  prefent  pUr- 
pofe.  Denote,  as  before,  the  force  of  gravity  by  j-,  the  diftances 
referred  to  AX  by  d,  d',  /',  &c.  the  diftances  referred  to  A  Y, 
by  D,  D',  D",  &c.  and  thofe  referred  to  Z  by  S,  S',  §",  &c. 
A©  diftances  from  the  centre  of  parallel  forces  to  the  fame  axis 
being  denoted  by  X,  Y,  and  Z  :  then  we  fliall  have 
-^X-gpd^gp'  d  ^:  gp"  d"  +  &c, 

£  2 
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RY  =gpT)+gp'T>'  +  gp"B"  +  Sec. 

RZ=gp^+gj>'^'+ gp"  §"  +  &c. 
But  R=^/>+^/+^/>"+&c.  and  M  =/>■+/ +/'+ Sec.  whence 

X= ^ ^ 

Here,  if  we  adopt  the  language  of  fluxions,  and  put  pf,  jr,  and 
%y  for  the  variable  diftances  fr6m  A  upon  AX,  AT,  and  A  Z, 
refpeftively,  we  may  convert  thefe  equations  into  the  following? 
form,  which  will  render  it  more  ufeful  in  many  inveftigation& 

-,„-  fluent  of  I  M  -   fluent  a;  M 

A  = ; =•  rf^ • 

fluent  of  M  "^ 

•  * 

■^ ^uent  of  y  M       fluent  y  M 

^11.)  ..  <  ■   fl„„„t„f"^        "*  m"         ' 


Z  = 


fluent  of  M 
fluent  of  »  M  fluent  of  »  M 


fluent  of  M  ^    ■ 

As  thefe  values  together  determine  only  one  points  we  fee 
that  a  body  has  but  one  centre  of  gravity ;  of  which,  the  thfes 
■  Equations  determine  the  three  co-ordinates,  and  of  confequ'ence 
the  diftances  of  the  centre  from  three  planes  refpe£tively  per- 
pendicular to  each  other. 

Thefe  refults  being  entirely  independent  of  g,  that  is,  of  the '. 
force'  of  gravity,  fome  philofopherj  have  preferred,  the  term 
centre  of  inertia  to  that  oi  centre  ef  gravity':  other  philofophers, 
have,  on  account  of  other  properties,'  preferred  different  terms, 
which  will  be  mentioned  as  we  proceed. 

When  it  is  required  to  find  the  centre  of  gravity  of  any  lin» 
whatever,  it  is  confidered  as  compofed  of  a  feries  of  material 
heavy  particles  contiguous  to  each  other,  and  connedHed  by  a 
law  which  is  expreffed  by  the  equation  of  the  curve,  withrefpedl 
to  any  two  reftangular  co-ordinates  x  and  ;;.  In  this  cafe  the 
centre  of  gravity  will  manifeftly  be^in  the  fame  plane  as  the  pto- 
pofed  line,  fo  that  the  plane  Y  A  X  may  /contain  the  centre  of 
gravity,  whence  Z=o,  and  the  value  of  y  being  deduced,  from 
^he  equation  of  the  curve  in  terms  oi  y,  the  centre  of  gravity 
may  be  determined  by  thefe  two  equations : 

{III.)...X=^...Y=-M 

If  the  curve  have  two  legs  fymmetrical  with  relation  to  any 
axe,  then  we  may  reckon  the  vertex  of  that  axe  the  origin  of 
the  co-ordinates,  and  y  being  =  o,  we  fhall  only  require  X= 
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flu.  X  M 


1—  ;  but  in  this  cafe,  the  fluxion  of  M  thp  curve  being  == 


V  »*+»*,  we  have  alfo, 
(IV.)  . . .  X  =- 


^"•''■v/i'+j' 


M 

If  the  figure  is  a  plane,  its  centre  of  gravity  wrill  be  in  theism* 

plane,  and  of  courfe  we  may  take  Z=o;  and  becaufe  M=yi(, 
our  equations  become, 

Y  "•?•  ^y  a         flu.  X  y  X 

(V. )  .  .   )  flu.  y  i    "~       M 

t  y  flu,  y'  X  flu.  y'  x 

&a.yx  M 

Here  3gMn,  if  the  plane  be  fymmetrical  with  refpefl;'  to  the 
«xe,  the  equation  for  X  will  alone  be  wanted. 

When  the  figure  is  the  fuperficies  of  a  body  generated  by  the 
rotation  of  any  line  about  an  axis,  then  will  Y=:o,  and  Z=o  : 
and"  putting  *= 3;  141 59,  &c.  2irjiwill  denote  the  circumfer- 
ence of  the  generating  circle,  and  Z'^yM  the  fluxion  of  the 
fiirface,  wherefore 

i-TTr  s  -XT  flu. SnyarM  flu. ywM 

(VI.)  ....  A  =  — ":: —  = -. —  • 

flu.  z  ityM  flu.  y  M 

When  the  figure  is  a  folld  of  revoMtion,  the  centi'e  of  gravity 
being  upon  its  axis,  we  have  Y=o,  Z=o  :  and  ify^  denoting    ' 

tbe  area,  of  the  circle  whofe  radius  is  y,  and  ify''  x  =  M  th» 
fluxion  of  the  folid,  we  readily  find, 

/VII  )        X  —     ^"'  '^y''"'  fi^a.y'xx       « 

flu.  11  y  'x  flu,  y'x 

Cor.  When  X=o,  Y  =0,  Z  =0 ;  that  is,  when  the  centre  of 
gravity  is  at  the  origin  oi  the  co-ordinates,  the  equations  (I.) 
will  give /t/+/.'/+/'i/"+&G.=o,  or  d+d'+d"+&c.=o;in 
like  manner,  D+D'+D"  +  &c.=o,  and  S+S'+S"+&c.~=o: 
and  the  fame  will  hold  with  refpefl:  to  any  other  co-ordinates 

■  whofe  origin  is  the.  centre  of  gravity ;  that  is,  the  fum  of  per- 
pendiculars from  all  the  particles  affefted  vvith  contrary  figns  as 
they  lie  on  difl^erent  fides  of  either  axis  is  then  equal  to  zero : 
and  confequently,  if  on  any  plane  pqjjing  through  the  centre  of  gra- 
vity of  a  body  perpendiculars  &  let  fall  from  each  of  its  moleculte,  the 

fum  of  all  the  perpendicular  difiances  on  one  fide  of  the  plane  will  \ 
it  equal  to  the  fum  'of  all  thofe  on  the  other  fde. 

109,    Pro?.  The  pvfitiott,  difiance,  'and  motion  of  the  centre  of  \ 
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gravity  of  any  body  is  a  medium,  of  the  pojitions,  diflanceSf  and  mi'- 
tions  of  all  the  particles  in  tfie  body. 

Firft,  the  di/lance  of  the  centre  of  gravity  of  any  body  from  a 
given  plane,  is  an  average  of  the  diftances  of  each  of  its  confti- 
tuent  particles  from  the  fame  plane:  For,  let  AB  (fig.  i.  pi. 
IIL)-be  a  body  whofe  centre  of  gravity  is  G,  and  C  D  any  plane, 
from  which  the  diftances  are  to  be  eftimated  :  then  is  the  diftahce 
of  any  particle  as  p,  beyond  the  "plane  A  B  (drawn  through  the 
body  parallel  to  CD),  equal  to/iE-|-EH=/'E+GK;  and  if  «  • 
be  the  number  of  particles  p  on  the  fame  fide  of  A  B,  then  will 
the  fum  of  ail  the  diftances^  H,.be  equal  to  the  fum  of  all  the 
perpendiculars^  E,  added  to  all  the  diftances  E  H  or  G  K,  that 
is,  «  ./>  H=(«  .  GK)+(«  ./>  E).  Again,  let /be  a  particle 
of  the  body  between  the  parallel  ,planes  AB,  CD,  its  diftance 
from  the  plane  CD  will  be  equal  to  FI-F/  =  GK-F/5 
and,  if  «'  be  the  number  of  all  the  particles  p'  of  the  body 
between  A  B  and  C  D,  we  (hall  have  the  fum  of  all  their  di- 
ftances, that  is,  n  .  P' !  =  («'.  GK)  -  («' .  ¥p') :  Hence  («  .  p  H-) 
+(«'  .p'l)  =(«+«')•  GK+(«  .pE)-«' .  F/.').  But  by  the  co- 
rollary  to  the  preceding  propofition,  the  fum  of  all  the  perpen* 
djculars,  on  one  fide  of  the  plane  AB,  i?  equal  to  the  fum  of 
all  thofe  on  the  other:  confequently  «./>£  —  «'.  F/=o,  and 
n  . pH+n'. p'  1  =  (n+n)  GK  ;  that  is,  GK  is  the  mean  of  all 
the  diftances  from  every  particle  of  the  body  to  the  plane  CD. 
And  the  like  may  be  fhewn  of  any  other  plane,  pr,  of  the 
body  in  any  other  ppfition. 

Secondly,  the  mfiiion  of  the  centre  of  gravity  is  an  average  of 
the  motions  of  the  feveral  particles  of  which  the  body  is  com- 
pofed  :  For,  fuppofe  the  body  to  have  moved  towards  the  plane 
CD,  its  centre  of  gravity  having  pafled  from  G  to  g,  along  the 
right  line  GK,  and  the  body  itfelf  now  fituated  as  in  a  b.  Here, 
it  might  be  fhewn,  in  the  fame  manner  as  in  the  firft  cafe,  that 
(«+«')  ^K>  is  the  fum  of  the  pejrpendiculars  from  all  the  par- 
ticles in  tjie  body  to  the  plane  CD  :  confequently,  («+«')  GK 
—  («+»')  g  K  =:(«-[-«')  G^,  is  the  fum  of  the  approaches  of^all 

the  particles  towards  CD,  and  Gg  being  the  ^t;^  of  this  fum 

is  evidently  their  mean.  And  if  the  motion  of  G  was  along  a 
curvilinear  path,"  the  fame  conclufion  would  be  deduced,  if  we 
conceive  the  curve  to  be  feparated  into  its  infinitely  fmall  ele- 
ments, and  the  motions  with  refpe£l  to  each  determined.  The 
conclufion  will  likewife  be  the  fame  although  the  body  may  have 
turned  round  fome  centre  or  ajfig. 

,  This  property  of  the  centre  of  gravity  has  occafioned  it  to  be 
called,  by  fome  authors,  the  centre  of  pofition ;  by  others,  the 
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eenfre  of  mean  diflatut!.  The  celebrated  French  mathematician 
Carnot,  in  his  Geometrie  de  Pofition,  makes  ufe  of  the  latter  term^ 
and  has  endeavoured  to  fhew  "  that  the  theory  of  this  centre  be- 
•^  longs  to  geometry,  and  that  it  would  be  very  advantageous  for 
*'  the  progrefs  of  that  (cience,  to  re-eftablifli  in  this  refpefl  the 
*'  natural  order  of  ideas." 

no.  Prop.  The  common  centre  of  gravity,  or  of  po/ition,  of 
two  bodies  divides  the  right  line  drawn  between  the  refpeiiive  centres 
if  the  two  bodies  in  the  inverfe  ratio  of  their  majfes. 

Let  A  and  B  (fig.  12.  pi.  II.)  be  two  bodies  whofe  centres  of 
gravity  are  united  by  the  inflexible  line  AB,  then,  if  A  G  :  G  B 
:  :  B  :  A,  G  will  be  ^he  common  centre  of  gravity  of  thofe  two 
bodies,  that  is,  if  G  be  fupported,  thofe  two  bodies  aftuated  by 
the  force  of  gravity  will  be  in  equilibrio  in  any  pofition  :  for, 
through  G  let  the  vertical  line  CD  be  drawn,  on  which  let  fall 
the  perpendiculars  A  F,  B  E,  from  the  centres  of  gravity  of  the 
two  bodies,  then,  becaufe  of  the  fimilar  triangles  BE  G,  AF  G, 
we  have  A  G  :  GB  :  :  A  F  :  B  E  :  :  B  :  A,  whence  A  .  A  F= 
B  .  BE.  But  A  .  AF,  is  e<iual  to  the  fum  of  the  produfts  of 
all  the  particles  in  A  into  their  refpeflive  diftances  from  CD, 
by  the  laft  prop,  and,  in  like  manner  B  .  B  E,  is  equal  to  the 
fum  of  the  produfts  of  the  particles  in"  B  into  their  refpeflive 
diftances ;  therefore  g.  A.  AF  =j- .  B  .  BE  ;  that  is,  the  fums  of 
the  moments  of  the  forces  of  gravity  upon  A  and  B,  with  re- 
fpedi  to  CD  are  equal.  If  A  and  B  be  removed  to  any  other 
pofition  as  a,  b,  the  point  G  remaining  fixed,  it  will  appear  in 
like  manner  that  g  .  a  .  af=g  .b  .be:  fo  that  G  is  the  centre  of 
the  forces  of  gravity  with  refpeft  to  A  and  B,  that  is,  it  is  their 
common  centre  of  gravity.  In  a  manner  but  very  little  different 
G  may  be  ihewn  to  be  their  common  centre  of  pofition  :  and 
the  two  bodies,  if  confidered  as  united  by  their  centres  of  po- 
fition at  G,  will  then,  as  well  as  when  their  centres  are  feparated 
by  A^B,  have  the  fum  of  the  perpendiculars  from  the  feveral 
particles  on  one  fide  of  any  plane  pafling  through  G,  equal  to 
the  fum  of  all  the  perpendiculars  on  the  other  fide  of  it.- 

CoR.  The  centre  of  gravity  of  three  or  more  bodies  may, 
hence,  be  found,  by  confidering  the  firft  and  fecond  as  a  fingle 
body  equal  to  their  fum  and  placed  in  their  common  centre  of 
gravity,  determining  the  centre  of  gravity  of  this  imaginary  body, 
and  a  third.  Thefe  three  again  being  conceived  united  at  their 
common  centre,  we  may  proceed,  in  like  manner,  to  a  fourth ; 
and  fo  on,  ad  libitum. 

SCHOLIUM. 

III.  It  may  not  be  altogether  ufelefs  to  fhew  that  the  centre 
of  gravity  of  three  or  jnojre  bodies,  as  determined. by  this  pro- 
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pofition  and  eorollary,  will  be  the  fame  by  whatever  fteps  the 
procefs  is'condufted.  Let,  therefore,  a,  l>,~c,  denote  the  maffes 
of  the  three  bodies  placed  at  A,  B,  C  (%.•  2.  pi.- III.)  ;  and  let 
G  be  the  centre  of  gravity  of  A  and  B :  make  EG  :  EC  :  :  c  i 
a+bt  and  draw  A'EF ;  then  F  wilj  be  the  centre  of  gravity  of  B 
and  C,  arid  AE  :  EF  : :  3+f :  a.  Draw  GD  parallel  to  EG,  and 
FH  parallel  to  B  A ;  then  will  AG:AB::GD;BF=GD 

4I  =  GD  ."±1;  andXJE  :  EC  :  :  GD  :  CF  =  GD  -^^^ 
GD  .  fli:  wherefore,  BF  :  CF  ; :  fii  :  it*  : :  /:  5,  and  F  is 

c  b  c  - 

the  centre  of  gravity  of  B  and  C  Again,  CB  :  CF  : :  BG  : 
FH=BG.^=BG.-4";  but  AG=BG  - :  and  FH  :  GA 

: :  ^^-T—  :  -^ ::  a  :  l>-\-c  :  :  EF  :  AE,  whence  E  is  the  fame  point 

6-j-c         a  ■    ■■  -  ^ 

as  was  determined  from  A  and  E.  From  this  the  fame  may  be 
■(hewn  true  in  cafes  where  the  number  of  bodies  js  greater,  fol-- 
lowing  the  changes,  ftep  by  ftep.  Thus,  in  4  bodies  a,  l>,£,  d, 
the  order  a,  i,  c,  d,  will  give  the  fame  refiilt  as  c,  a,  d,  b  ;  fince 
(a,  b,  cj  d,  is  (hewn  to  give  the  fame  as  (c,  a,  b,)  d ;  and  (c,  a,), 
b,  d,  the  fame  as  (c,  a,)  d,  b,  or  as  c,  a,  d,  b. 

1 12.  -  If  the' particles  or  bodies  of  arf^  fyjiem  be  moving  uniformly 
^nd  rlBilineallyf  with,  any  velocities  and  direBions  whatever^  the 
centre  of  gravity  is  either  at  re/1,  or  moves  uniformly  in  a  right 
line.  For,  let  one  of  the  bodies  as  C  (fig.  3.  pi.  IH.)  move  uni- 
formly from  C  to  D  :  then,  g  being  the  centre  of  gravity  of  the 
remaining  bodies,  join  D  g,  and  take  ^  E  to  E  D;  as  the  mafs 
D,  to  the  fum  of  the  other  maffes ;  then,  is  G  E  obvioufly  pa- 
rallel to  CD,  and  C D  :  G  E  : :  A+B  &c. :  C,  G  E  being  in  this 
cafe  the  path  of  the  common  centre.  And  thus  may  the  motion 
of  the  centre  of  gravity  be  found,  "which  would  beproduced  by 
the-  uniform  reftilinear  motion  of  each  body  in  the  fyftern. 
'  Then,  becaufe  each  correfponding  motion  of  the  centre  of  gravity 
is  uniform  and  reftilinear,  the  refult  of  the  whole  will  be  either 
a  uniform  and  reftilinear  motion,  or  no  motion  at  all. 
I  Hence,  if  a  rotatory  motion  be  communicated  to  a  body  and  it 
■  be  then  left  to  move  freely,  the  axis  of  rotation  will  pafs  through 
the  centre  o.f  gravity :  for,  that  centre,  eitber  remaining  at  reft 
or  moving  uniformly  forward  in  a  right  line,  has  no  rotation. 

Here  too  it  may  be  remarked,  that  a  force  applied  at  the  centri 
of  gravity  of  a  body,  cannot  produce  a  rotatory  motion.  For  every 
particle  refills,  by  its  inertia,  the  communication  of  motion,  and 
m  a  direction  oppofite  to  that  in  which  the  force  applied  tends  to 
communicate,  the  motion ;  the  reiifting  forces,  therefore,  aft  in 
parallel  lines,  in  the  fame  manner  as  the  gravitating  forces :  con- 
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fequently,  fince  the  latter  balance  each  other  on  the  centre  of 
grayjty>  the  forme.r  -will  do  fo  likewifc. 

The  truths  thus  briefly  {hewn  in  this  article,  are  oftepi  dif- 
cufled  more  at  large ;  but  a  bare  ftatement  of  them  muft  fuffice 
in  thi^  place,  fince  they  fall  naturally  under  the  province  of 
Dynamics. 

113.  Prop,  ^ofind  the  centre  of  gravity  of  the  perimeter  of 
any  right-lined fgure^ 

If  the  figure  be  a  regular  polygon,  the  centre  of  gravity  of  its 
perimeter  Vill  be  the  centre  of  its  circumfcribing  or  infcribed 
circle.  But  if  it  be  irregular,  we  conceive  the  particles  of  each, 
line  to  be  all  placed  at  their  refpeftive  centres  of  gravity,  that 
is,  at  the  middle  of  each  line  (107.),  and  proceed  thus.  Join 
the  middle  points  of  any  two  of  the  fides,  as  FB,  B  C,  (fig.  4. 
pi.  III.)  by  the  \mtfb  :  make  /G  :  G  ^  :  :  B  C  :  B  F,  or/G  : 
fb  :ihC  :  BC+BF,  and  G  will  be  the  common  centre  of 
gravity  of  the  two  fides  B  C,  B  F.  Then  join  G  c,  c  being  the 
middle  point  of  a  third  fide  G  D  5  make  G  G' :  c  G' :  :  CD  : 
BC+B  F,  arid  G'  will  be  the  centre  of  gravity  of  the  three  fides, 
F B,  B  C,  CD.  In  like  manner,  join  G'  and  the  middle  point 
J  of  a  fourth  line,  and  find  the  new  centre  of  gravity  G" ;  and 
fo  on,  for  all  the  fides  of  the  figure. 

Or,  drawing  through  any  point  A  in  the  fame  plane,  the  reSt- 
angular  co-ordinates  AX,  AY,  and  denoting  the  lines  F  B,  BC, 
C  D,  &c.  by  p,  p',  p",  &c.  the  diftances  of  their  middle  points 
from  AX,  by  d,  a,d",  &c.  and  the  diftances  of  the  faid  middle 
points  from  AY,  by  D,  D',  D",  &c.  we  fliall  have  (108. 1.) 

y  _  Ar_p<l+P'  d'+p"  d"+kc.        Y  r^  A  H  -   "^  ^+^'  °-'+'°''  ^'+^''- 
P+P'+P"+^''-    '  J»+P'  +  y+&c. 

Then,  drawing  H  G,  I  Gj  parallel  to  AX  and  AY,  their  inter- 
feftion  G"  will  be  the  centre  of  gravity  required. 

114.  Prop.   To  find  the  centre  of  gravity  of  a  plane  triangle.  ~ 
Let  ABC  (fig.  5.  pi.  III.)  be  any  triangle :  draw  AE  from 

one  of  its  angles  to  the  middle  of  its  oppofite  fide,  then  will  AE 
divide  every  line  which  can  be  drawn  in  the  triangle  parallel  io 
BC  into  two  equal  parts ;  confequently  the  furface  of  the  tri- 
angle is  fymmetricaliy  difpofed  with  refpeiS  to  AE,  and  the 
centre  of  gravity  will  be  found  in  that  line  (107;).  For  a  like 
reafon,  if  from  any  other  angle  as  C  we  draw  CD  to  the  middle 
of  its  oppofite  fide,  the  centre  of  gravity  of  the  triangle  will  be 
fomewhere  upon  that  line :  it  will,  therefore,  be  at  G  the  in- 
terfe£iion  of  thofe  lines. 

Now,  fince  the  points  D,  and  E,  divide  the  fides  BA,  BC,  of 
the  triangle  proportionally,  the  line  DE  which  joins  them  muft 
be  parallel  to  the  third  fide  AC  :  hence  the  triangles  BDE,  BAG 
are  fimilar,  and  io  are  the  triang}es  G  D  E,  G  C  A.  Con- 
fequently, GD  :  GC ::  GE :  GA ::  DE  :  AC  ::  BD :  Ba  •.:  I  :  2. 
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Therefore  AG=|  AE,  andCG=f  CD,  alfo  BG=fBF. 

Cor.. If  AB,  BC,  CA,  be  denoted  by  a,  h-,  and  c,  and  AG, 
BG,  CG,  by  m,  n,  and  r,  we  have,  by  a  well-known  theorem  in 
geometry,  the  three  following  equations : 

f  AB^+AC*=2BE^-|-2AES  i.e.  a'+c'={l^Jtirn' 
)aB'+BC^  =  2CFH-2BF%  fl»H-*'=4^^+|«* 

f  ACH-BC"==2  AD^+2  CD'-,  c^-|-3"=4a'+fr» 
Adding  together  thefe  equations  and  clearing  them  of  fra£lions,- 
there  refults  a^+^^+'^^^S '»^+3«*+3  »"^  j  which  gives  this 
curious  theorem  :  In  any  plane  triangle  the^fum'of  the  fquares  of 
the  three  Jides,  is  equal  to  thrice  the  fum  of  the  fquares  of  the  difiancei 
ef  each  of  its  angles  from  the  centre  (f  gravity. 

CoR.  2.  From  the  three  equations  in  the  preceding  corollary, 
we  readily  find  ot=-|-  \/  7,  a? -\- z  c' —  b',  n=^»/2  a'-\-%b'  —  e',  and 
r—\  s/ iV-\-  ic'-^ :  by  means  of  which  the  diftance  of  the  ■ 
centre  of  gravity  from  either  angle  of  any  given  triangle  may 
be  foon  found. 

115.     Prop.  To  find  the  centre  of  gravity  of  a  trapezium. 

Let  ABCD  (fig.  6.  pi.  III.)  be  any  trape:^ium.  Divide  it 
into  two  triangles  by  the  diagonal  AC  :  find  their  centres  of 
gravity  H  and  I,  by  the  laft  propofition  ;  then  join  IH,  and  make 
IG,  to  GH,  -as  the  triangle  ABC,  to  the  triangle  ADC,  and  G 
will  be  the  centre  of  gravity  of  the  trapezium. 

Or,  divide  the  trapezium  into  -two  oth^r  trijingles  by  the  dia- 
gonal BD ;  find  their  centres  of  gravity  E,  and  F,  and  draw 
EF.  Then  the  centre  of  gravity  of  the  trapezium  muft  be  in 
the  line  HI ;  and  it  muft  likewife  be  in  the  line  EF  \  con- 
fequently  it  muft  be  in  G  their  point  of  intorfeQion. 

When  two  fides  of  the  quadrilateral,-  as  A  D  and  B  C,  (fig.  7. 
pi.  III.)  are  parallel,  the  centre  of  gravity  is  fomewhere  upon 
the  line  K  L  joining  their  middle  points  :  and  it  is  fomewhere 
upon  the  line  E  F  joining  the  centres  of  gravity  of  the  two  com- 
ponent triangles  A  B  D,  C  B  D  :  it  is,  therefore,  at  G  the  point 
of  interfedion  of  E  F  and  K  L.     And  in  this  cafe  K  G=-3-  BLL. 

B  K  +  A  D 

Bk~+ XT' 

For,  drawing  the  lines  E^,  F/J  parallel  to  AD,  BC  ;  fince 
EL=|BL,  and  KF=4KD,  we  have  Ef=4BK=-|BC,  and 
F/=:|LD=4AD.  Alfo  L  <?=jKL,  and  K/=:|KL.  Whence 
ef=\  KL.  Now,  the  fimilar  triangles  G  ^  E,  G  /"F  give  E  e  : 
G^::F/:  G/,  therefore E^+F/:  G^  +  G/:  :  F/:G/;  that 

is,  I  BC  +1  AD  :  I  KL  :  :  ^  AD  :  G/=  iEiliH..       Hence 

•'  BC-I-AD 

then,  KG=K/+/G=|  KL-|-  il^i5.=4  kL  .  Jl±l^ 

^  BK+AL 
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1 1 6.  Thus  alfo,  to  find  the  centre  of  gravity  of  the  area  of 
any  re£lilinear  figure,  divide  it  into  triangles,  and  find  their 
refpediive  centres  of  gravity,  by  art.  1 14.  then  conceiving  each 
of  the  triangles  cpllefted  into  their  refpe£tive  centres  of  gravity, 
their  common  centre  of  gravity  may  be  found,  either  by  the 
method  defcribed  in  art.  in.  or  by  the  theory  of  moments 
(equa.  I.  108.) 

117.  Prop.  To  find  the  centre  of  gravity  of  any  triangular 
pyramid. 

Let  A  BCD  (fig  8.  pi.  III.)  be  a  triangular  pyramid:  on 
one  of  its  faces,  as  BCD,  draw  D  I  from  the  angle  D  to  the 
middle  of  its  oppofite  fide  B  C  ;  fet  off  J  7=»y  I  D,  and  7  will 
(114.)  be  the  centre  of  gravity  of  that  face.  From  A  the 
vertex  of  the  pyramid,  draw  A  y,  and  it  will  pafs  through  the 
centres  of  gravity  of  every  feftibn  of  the  pyramid  parallel  to 
BCD  :  confequently,  it  will  pafs  through  the  centre  of  gravity  ^ 
of  the  pyramid.  Again,  on  the  face  ABC,  draw  A  I  from  A 
to  the  middle  of  the  oppofite  fide ;  fet  off  I  ^=-3- 1  A,  and  join 
^  D ';  the  centre  of  gravity  of  the  pyramid  will,  it  is  obvious,  be 
found  upon  this  line  alfo.  But  the  two  lines  A  7,  D^,  being 
both  in  the  plane  of  the  triangle  A  D  I,  muft  interfeft  each 
other,  and  G  their  point  of  interfeftion  muft  neceffarily  be  the 
centre  of  gravity  of  the  pyramid. 

Now,  if  we  conceive  g  y  drawn,  it  will  be  parallel  to  A  D, 
fince  I  ^  :  I  A  :  :  I  7  : 1 D  :  hence  the  triangles  G  ^  7,  G  D  A, 
are  fimilary  and, 

G^  :  G  D  :  :  G  7  :  G  A  : :  ^  7  :  A  D  : :  1:3. 
Therefore,  Gg=\G\i=\g  D  ;  G  y=\h  G=^  A  7,  &c. 

CoR.  I.  If  AB  beput=fl,  hC-h,  AD=<r,  BC=<^,  BD=*, 
CD=/'-,  and  the  diftances  from  the  angles  to  the  centre  of 
gravity,   AG=w,  BG=«,  CG=r,  DG=j-:  then,  by  a  well 

known  theorem  AP= ^^. = — *— --^— ;  and,  by 

2  2* 

the  fame,  DP=^        ~'  -  =  again,  fince  AG=aA7,  we  have 

/  AI»  .  Dv+AD*.  Iy> — ID.Iy~.vD\         ,„  , 

^G.^=h^7^=h[^—^—^- -—]■_    ^See  the 

Lemma  at  pa.  laS.Simpfon's  Seleft  Exercifes.)  Subftituting 
in  this  expreffion  the  literal  values  of  AI,  D  7,  &c.  and  reducing^  . 
we  at  length  obtain  AG^=:-j^(3a»  +  3S5-|-3c'-c;=+e'-f-p.  A 
like  equation  being  in  the  fame  manner  deducible  for  BG%  CG% 
DG%  we  have  the  following  general  theorem  :  In  any  triangular 
pyramid  the  dijlance  of  any  one  of  the  angles  of  the  pyramid,  from  the 
centre  of  gravity,  is  equal  to  one-fourth  of  the  fquare  root  of  the  dif- 
ference of  thrice  thefum  of  thefquares  of  the  three  edges  meeting  at 
that  angle,  and  thefum  of  thefquares  of  the  other  three  edges. ^ 
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Cor.  2.  Adding  together  the  four  equations  found  by  the 
preceding  corollary,  viz. 
AG^=.A(3  AB^-f  3  AC^+3  AD=)-A(BC'-+BDHCD^) 
BG^=A(3  B  A*+3  BC^+3  BD^)-t%(AC^+AD'+CD') 
CG^=^V(3CA^+3CB^+3CD^)-^(AB^+AD'+BD^) 
DG^=V!j(3  AD^+3  De+3  B  D^)-i'-5(AB^+AC^+Be) 
there  arifes  the  following  ; 

AG'-+BG^+CG^+DG'=|(AB^+AC^+ADHBCHBD^+ 
CD^).     . 

That  is,  thefum  ofthefquares  of  the  dijiancesfrom  the  angles  of 
any , triangular  pyramid  to  its  centre  of  gravity.  Is  equal  to  a  fourth 
of  thefum  of  the  fquares  of  thefw  edges  of  the  pyramid. 

Thefe  two  corollaries  are  manifeftly  analogous  to  thofe  o£ 
art.  114. 

'CoR,  3.  If  the  fides  of  the  bafe  are  equal,  as  BD=BC=CD, 
we  have  AG^=t55-(AB^+'AC^  +  AD^ -BC^). 
'     CoR.  4.  If,  moreover,  AB  =  AC  =  AD,  then  AG'  =t%(3  AB^. 
-BC^). 

CoR.  5.  If  all  the  edges  of  the  pyramid  ^re  equal,  we  have 
for  the  regular  tetraedroHj  AG^  =BG^  =CG^  =DG^  =|  AB^ 
■whence  AG=iABv/6. 

Cor.  6.  A  pyramid  whofe  bafe  is  any  polygon,  will  have  its 
centre  of  gravity  upon  the  line  drawn  from  the  vertex'  to  the 
centre  of  gravity  of  the  bafe,  and  at  the  diftance  of  \  of  its  length 
from,  its  vertex.  Which  will  be  fufEciently  obvious  if  it  be  con? 
fidered,  that  any  fuch  pyramid  is  compofed  of  triangular  py- 
ramids, whofe  centres  of  gravity  all  lie  in  one  plane  parallel  to 
the  bafe  -,  confequently  their  comm.on  centre  of  gravity  mufl  be 
in  the  fame  plane,  and  mud  likewife  be  in  the  line  drawn  from 
the  vertex  to  the  common  centre  of  gravity  of  all  the  triangles 
■which  conftitute  the  bafe. 

1 1 8..  Prop.  To  find  the  centre  of  gravity  of  a  circular  arc 
From  the  middle  point  of  the  propofed  arc  M  A  M  (figvS>- 
pi.  III.)  conceive  the  line  A  C  drawn  throughC  the  centre  of 
the  circle,  on  which  let  AP  be  denoted  by  «,  the  variable  ordinate 
P  M  by  ;;,  and  tlie  radius  A  C  of  the  circle  by  »-,  the  half  arc 
being  denoted  by  z.  Then  accounting  A  the  origin  of  the  co- 
ordinates, fince  the  curve  is  fymmetrical  with  refpeft  to  A  C, 
•we  need  only  make  ufe  of  the  equation  (108.  IV.)  which,  fub- 

J fS/ X'  -{- y^* . 
ftitutingz  for  M  will  become,  X= v — ' Now  the 

equation  exprefling  the  relation  between  the  redangular  co-or- 

*  Here,  tas  well  as  in  the  subsequent  parts  of  this  work,  we  make  the  cti" 
tacter  /  denote  the  fluent  of  the  expression  which  stands  after  it. 
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dinates  of  a  circle  is  >>*=  a  »•«—#*;  by  means  of  which'  we  have 

X  ='^J\/\%aK-x')'    The  fluent  of  this  is  X  =-(z-jy)=  r- 

— —:  which  needs  no  corre£lion,  becaufe  when  y—o,  z=o- 

Hence  then,  G  being  the  centre  of  gravity,  we  have  AG=r  — 

11-=,  AC-^.  Confequently  CG=AC-AG=^:  that  is, 

the  dyiance  of  the  centre  of  gravity  of  a  circular  arc  from  its  centre, 
is  a  fourth  proportional  to  the  arc,  the  radius,  and  the  chord  of  tht 
arc. 

Cor.  I.  When  the  arc  is  a  femicircle,  the  chord  is  double  the 

radius, and  CG= '^-~  =  — '^ — —•6t662  r. 

3-141593      157079 

Cor.  2.  "When  x  =  'Xr,y  =  o,  and"  confequently  CO = -^ = 0  : 

that  is,  the  centre  of  gravity  coincides  with  the  centre  of  the 
circle ;  as  is  fufEciently  obvious  independent  of  the  fluxionaf 
procefs.  / , 

119.     Prop.  To  find  the  centre  of  gravity  of  a  circular  fegment. 
Let  MAMT  in  the  figure  laft  referred  to  be  the  fegment 
gropofed,  and  let  the  parts  be  denoted  as  before.     Here  we 

flu  X  11  1C 

take  the  firft  of  the  equatigns  (108.  V.),  that  is  X=— j^j — > 
where  M  denotes  the  area  of  APM.    Now,  fince y=^/^rx—^', 

/*   '            /^           *          _^_^__.^__                    ( ^  T  3.' -^~X^^  ^ 
xy  X  =J  X  X  ^zrx  —  x^=— '——  + 

r  M :  this  divjded  by  M  gives  X  =  A  G = r  -  ?^'  =  C  A  - 
™^  Confequently  CG=     ^^^  ^  "^^ 


3  area  APM  3  area  APM        izareaseg. 

CoR.  When  the  fegment  becomes  a   femicircle,  we  have 
M'M=2>-,  and  CG=  j:jj^='^2^i  r. 

12O'.  Prop.  To  find  the  centre  of  gravity  of  any  parabola. 
Here  the  general-  equation   is  ji  =  «  "  -i-  «         .    And  bf 

.      /•«+■'. 
fubftitution   fl"-^y^  J_l i -!1±1.  ^  ^_^ 

flu.  y*      J  j:        t 
Cor.  I.  If  «=TJ  which  is  the  cafe  in  the  common  or  Apol- 

\\  Ionian  parabola,  l±i;f=  Jx.  Thatis,A&=|AC.(fig.To.pl.III.) 

Cor.  a.  If  «  =:.ij  the  figure  becomes  a  triangle,  and  then 
AG=|-  X :  which  agrees  with  art,  1 14. 
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120.  Frop.  To  find  the  centre  of  gravity  of  any  femipnrahda.  ' 

In  this  cafe  the  diftance  on  the  abfcifs,  or  the  value  of  X  Is 

determined  by  the  foregoing  problem  ;  we  have  now  to  find  Gg 

(fig.  10.  pi.  III.)  :  in  order  to  which  we  take  the  fecJond  equa- 

flu.  w'  X 

lion  (-108.  V.)  Y  = — ^f~"  ^7  fubftituting  for  /  in  the  nu- 
merator of  this  exprefEon,  its  value  in  the  equation  of  the 

%  n     . 

curve,  we  have  Y  M.—  I ~ 1 ,  which,  by  the  known  rulei 

a 

for  the  determination  of  fluents  is  =ji»  X  [-7-—  ^^i^  J, where 
^= AC  the  height  of  the  parabola.  And  this  when  x=.h,  be- 
comes  y^  x         ,  ^  :  wherefore,   dividing  by  M  = — q^,  wc 

,      .     ,r         (n  +  i)CD      ^ 

obtain  Y  =  ^  ^  {      =Gg. 

Cor.  I.  If  «=x>  29  Jn  the  common  parabola,  G^=|.  CD. 

CoR.  2.  In  the  triangle,  where  «  =  i,  Gg=j^CD. 

1 22.  Prop.  To  find  tie  centre  of  gravity  of  the  fegment  of  a 
Jpheraid. 

Here  the  figure  may  be  divided  Into  two  parts  fymmetrlcal 
with  refpe£t  to  the  axis :  fo  that  if  we  account  the  vertex  A  the 
origin  of  the  co-ordinates,  we  fhall  need  the  equation  for  X 
(108.  VII.).  Let  the  fixed  axis  of  the  fpheroid  be  called  a, 
the  revolving  axis  c,  then  the  equation  of  the  curve  is  ^*= 

c'  ,  N  ,.  ,  flu.«"xi  J     (ax  —  xx)-xx 

-^x  (ax  —  K^):  confequentty   ~       T — ~' 

flu.   j"  I  J       (o  X  —  I  I  •  l) 

lax-^  —  lx*         4a  — 3* 

Af— AG. 


CoR.  I.  When  the  fcgment  becomes  a  hemlfpheroid,.  «=4  a, 

and  6g_  ~ Jif  =  4^ «  for  the  diftance  of  the  centre  of  gravity 

from  the  vertex,  therefore  4  *  is  its  diftance  from,  the  centre  of 
the  bafe. 

CoK.  2.  When  c=a,  the  fpheroid  becomes  a  fphere,^  and  as 
the  theorem  is  independent  of  c,  it  is  alike  applicable  to  both 
folids,  and  to  their  correfpondmg  fegments. 

CoR.  3.  Since  the  equation  to  the  hyperbola  Is  j?*  =—(ax-\-x^) 

which  differs  from  that  to  the  elHpfis  only  in  the  iign  of  the 

I*  1  4  '^  ~l~  3  ^ 

fecond  term,  we  get  by  a  Cmilar  procefs  g^.     ^  x,  for  the  di- 
ftance of  the  centre  of  gravity  from  the  vertex  of  a  byperboloid. 
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123..     Prop,  Tojind  the  centre  of  gravity  of  a  feBor  af  a  fphere. 

A  fpheric  fedlor  may  be  confidered  as  a  folid  of  rotation  ;  for 
it  may  be  generated  by  the  rotation  of  a  circular  kOtot :  thus, 
in  fig.  9.  pi.  III.  if  the  circular  feftor  CM  A  make  a  complete 
revolution  upon  AC  as  an  axis,  it  -will  defcribe  the  fpheric  fee- 
tor  of  which  CM  AM  will  be  a  fedion.  This  folid  is  compofed 
of  a  fpheric  fegment  and  a  cone :  the  centre  of  gravity  of  the 
firft  of  thefe  we  fuppofe  at  G,  that  of  the  fecond  at  g.    If  AP 

be  denoted  by  x,  and  AC  by  r,  we  fhall  have  AG=— ^f^^O 

and,  the  cone  being  a  kind  of  pyramid,  C^=f  CP=f  (r-j?) : 

eonfequently  A  j  =  AC  -  Cg—-^^—.  Let  tf  denote,  as  before, 

Ae  number  3"i4i593,  and  by  well  known  theorems  the  folid 
contents  of  the  refpeftive  figures  will  be  thus  expreffed : 
The  content  of  the  fpheric  fedlor'^^  ic  r  ^x. 

the  fegment    .     =\'ii x'-  ['^r  —  pi). 
the  cone     .     .     =^n:  {%rx  —  x^).[r  —  )t). 
Now,  if  we  conceive  each  folid  to  be  condenfed  into  its  centre 
of  gravity,  we  mud  firft  take  the  fum  of  the  moments  with  re- 
fped  to  A,  which  are. 

For  the  fegment,  |  v  x'  (3  r-  2  ;«)^~  *■=!•  *  ^'-  ^'~^" 

the  cone     .  -Tt  (zrx  —  x^).  {r  —  x)  ^—^ — . 

Then,  dividing  the  fum  of  thefe  moments  by  the  fum  of  the 
mafles,  or  fwr  ^x,  the  content  of  the  fe£lor,  we  fliall  have 

equation  exprefiing  the  diftance  of  the  centre  of  gravity  of  the 
fpheric  fe<3ror  from  A  the  centre  of  its  bafe. 
SCHOLIUM. 

124.  Since  the  knowledge  of  the  pofition  of  the  centi-e  of 
gravity  In  any  body  or  fyftem.of  bodies  is  of  very  great  import- 
ance in  almoft  every  part  of  Mechanics,  we  have  thought  it 
right  to  be  tolerably  copious  in  the  difcuffion  of  this  fubje£l ; 
.and  have,  therefore, given  inftances  of  various  methods  of  afcer- 
taining  the  fituation  of  the  centre  of  gravity,  one  or  other  of 
which  may  be  applied  in  moft  cafes  which  can  arife.  To  fave, 
however,  the  trouble  of  a  diftinft  inveftigation  in  fonie  in- 
ftances which«ften  occar,  we  may  now  ftate  in  addition  to  the 
preceding  propofitions,  a  few  known  refults, 

1.  In  a  circular  feftor,  the  diftance  from  the  centre  of  the 

cirele  is  -^-^  ;  where  a-  denotes  the  »rc,  e  its  chord,  and  r  the 
rsqius. 
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2*'  The  centres  of  gravity  of  the;  furface  of  a  Cylinder,  ef  ^ 
cone,  and  of  a  conic  fruftum,  are  refpeftively  at  the  fame  di- 
ftances^from  the  origin  as  are  the  centres  of  gravity,  of  the 
•parallelogram,  triangle,  and  trapezoid,  which  are  vertical  fe£tions 
©f  the  refpeftive  folids. 

3.  The  centre  of  gravity  of  the  furface  of  a  fpheric  fegment, 
Is  at  the  middle  of  its  verfed  fine  or  height. 

4;  In  a  cone,  as  well  as  any  Other  pyramid,  the  diflance  from 
the  vertex  is  ^  of  the  axis. 

5.  In  a  conic  fruftum,  the  diftance  on  the  axis  from  the  centre 

of  the  lefs  end,  is  :J  ^  .  -^rTn     1    /  '•  where  A  denotes  the 

height,  and  R  and  r,  the  radii  of  the  greater  and  lefs  ends. 

6.  The  fame  theorem  will  ferve  for  the  fruftum  of  any  re- 
gular pyramid,  taking  R  and  r,  for  the  Gdes  of  the  two  ends. 

7.  In  the  paraboloid,  the  diftance  from  the  vertex  is  -f  of  the 
axis. 

8.  In  the  fruftum  of  the  paraboloid,  the  diftance  on  the  axi» 

from  the  cdntre  of  the  lefs  end,  is  i  i6  .  — —  '^    :   where  h 

denotes  the  height,  R  and  r  the  radii  of  the  greater  and  lefs 
eftds. 

Of  the  Centrobwyc  ^Method. 

Asnong  the  feveral  ufes  to  which  the  doiSrine  of  the  centre 
of  gravity  may  be  appropriated,  one,  which  for  its  elegance  and 
fimplicity  deferves  being  mentioned  here,  is  that  which  Is  called 
the  Centrobaryc  method,  and  by  which  the  magnitudes  of  fur- 
faces  and  folids  may  often  be  determined  with  great  facility. 
The  relation  between  the  centre  of  gravity  and  the  figure  gene- 
rated by  the  revolution  of  any  line  or  plane,  which  is  the  founda- 
tion of  this  method,  was  firft  diftinflly  ftated  by  Pappus  in 
the  preface  to  his  7th  book  :  but  it  was  not  completely  difcuff- 
ed  till  the  time  of  father  Guldin  ,-  who,  in  the  2d  and  3d  books 
of  his  Treatife  on  the  Centre  of  Gravity,  treated  this  mediod 
very  fully,  and  exhibited  its  utility  in  a  variety  of  examples. 
The  dodtrine  is  Comprifed  in  the  following  propofition,  and  the 
corollaries  which  naturally  flow  from  it. 

125.  Prop.  If  any  line,  right  or  curved,  or  any  plane  figure, 
•whether  it  be  bounded  by  right  lines  or  curves,  revolve  about  an  axis 
in  the  plane  of  the  figure,  the  furface  or  folid  generated  will  be  refpec- 
tively  equal  to  the  furface  or  folid  inhofe  bafe  is  the  given  line  or  figure,, 
and  its  height  equal  to  the  arc  defcribed  by  the  centre  of  gravity  of  the 
faid  generating  line  or  figure. 

Let  the  line  or  plane  BCD  (fig.  11.  pi.  HI.)  be  that  by 
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whofe  motion  a  fcertain  furface  or  folid  is'  generated,  and  let  i 
QAR  be  the  axis  about  which  the  ratation  is  performed:  through 
G  the  centre  of  gravity  of  B  Q  D  draw  A  B  G  D  perpendicular 
to  QJl,  and  either  fuppofe  the  various  particles  in  B  C  D  to 
be  referred,  by  perjieridiculars,  to  QR,  Or,  which  will  come  ):o 
the  fame  thing,  eftimated  upon  A  BD  by  lines  drawn  from  the 
feveral  moleculae  parallel  to  QJR. ;  and  let  B  and  D  be  two  of 
thofe  reduced  points.  Now,  if  ABD  after  performitig  a  rotation, 
or  part  of  a  rotation,  be  brought,  to  the  pofition  AEH,  BDHE 
will  reprefent  the  figure  generated,  and  GF  the  path  of  the  centre 
of^ravity  ;  the  generated  %ure  being  equal  to  all  the  BE)  GF, 
DH,  &c.  But  the  arcs  BE,  GF,  DH,  &c.  a,re  Cmilar  (being  equal 
parts  of  concentric  circles),  and  therefore  their  fums  are  as  all 
the  AB,  AG,  AD,  &c.  and,  by  art.  isp.  thefe  fums  are  as  fo 
many  times  AG  :  confeqiiently  the  fum  of  all  the  BE,  pF,  DH, 
&c.  is  equal  to  as  many  times  FG,  or  equal  to  BCDxFGj 
that  is,  the  figure  BEHD  is  equal  to  the  bafe  drawn  into  the 
path  defcribed  by  its  centre  of  gravity,     Q.  E.  D. 

The  fame  thing  may  be  fhewn  very  concifely  by  means  of 
the  two  values  of  Y  in  formulae  III.  and  V.  art.  ip8.  An- 
nexing the  co-efficient  2  *  to  both  numerator  and  denominator 
will  not  changfe  the  value  of  the  fractions ;  they  may,  therefore, 
be  expreffed  thus : 


The  firft  of  thefe  equations  exprefles  the  diftance  from  the 
axe  AX  of  the  centre  of  gravity  of  any  line ;  a  fimple  transform- 

ation  gives  us  2kYM.=J  2  *  ^  M,  where  2  ir  Y  is  the  cir- 
cumference of  which  Y  is  the  radius,  and,  is  that  which  is  de- 
fcribed by  the  centre  of  gravity  of  M  if  that  curve  be  made  to 

turn  about  AX  as  an  axis:  moreoverya  ffjyM  is  the  expref- 
fion  for  the  area  of  the  furface  which  is  generated  by  the  arc  M 
during  this  rotation.  Confequently,  the  furface  generated  by 
the  rotation  of  any  .given  curve  "about  an  axis  is  equal  to  the 
proda£t  of  the  generating  arc  into  the  circumference  deforibed 
by  its  centre  of  gravity. 

From   the  fecond  of  thefe   formula;  we  have   a  tf  Y  M  = 

"iif  y^  x;  where  if  we  fuppofe  a  revolution  uppn  the  axis  AX, 

the  area  of  which  the  algebraic  expreffibn  is  M  or;)  *•,  generates 

a  folid  denoted  hy/z-gy^  x,  and  the  centre  of  gravity  will  de- 
fcribe  the  circ>imference  2  tt  Y.     Therefore  the  f<;>lid  generated 
by  the  rotation  of  any  plane  figure  about  an  axis,  has  for  its  ca* 
VOL.  I.  ? 


/^ 
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pacity  the  produB  ef  the  generating  area  into  the  cireumference  de^ 
Jcribed  by  its  centre  of  gravity. 

If  inff ea4  of  2  #  we  introduced  any  fraftion,  —  it,  into  the  nu- 
merators and  denominators  of  the  same  formula,  it  would, 
thence  be  equally  obvious  that  the  fame  property  was  applicable 
to  the  curve  furfaces  or  the  capacities  of  figures  generated  by  a 
partial  revolution  about  a  fixed  axis.  And  if  many  curves  com- 
prifed  in  the  fame  plane  generate  at  once  as  many  furfaces  and 
fblids,  we  may  apply  the  fame  propofition,  by  taking  the  com- 
mon centre  of  gravity  of  the  fyftem.  From  the  whole,  then,  we 
may  deduce  a  few  corollaries. 

Cos..  I.  If  the  diftance  of  the  centre  of  gravity  of  any  line  or 
furface  from  the  axis  of  rotation,  and  the  magnitude  of  the 
line  or  furface  be  given,  the  value  of  the  fqrface  or  folid  gene- 
rated by  either  a  total  or  partial  revolution  may  be  found,  and 
confequently  any  two  of  the  three  being  given,  the  third  may  be 
eafily  determined. 

Thus,  if  the  rectangle  whofe  fides  are  m  and  n  revolve  upon 
m  as  an  axis,  it  will  generate  a  cylinder  whofe  altitude  is  m  and 
radius  of  its  bafe  «  .;  now  the  centre  of  gravity  of  the  reftangfe 
will  be  at  the  diftance  oi  i  n  from  m,  and  will  therefore  defcribe 
in  a  complete  rotation  the  circumference  -nxiit  =irn:  con- 
fequently,  by  the  propofition,  mn  y.  -an  ='it  mn'^,  is  the  ca- 
pacity of  the  folid;  and  this  is  equal  to  ntn'^  xm,  the  bafe  of 
the  cylinder  into  its  altitude,  as  it  ought  to  be. 

Again,  putting  b  the  bafe  and  a  the  axis  of  a  fem^iara- 
bola,  which  by  its  rotation  generates  a  paraboloid ;  we  have  ^b 
for  the  diftance  of  the  centre  df  gravity  of  the  femiparabola  from 
the  axis,  and  |i  x  '^-a^^bit,  the  circum.  defcribed  by  the  centre 
of  gravity :  and,  fince  the  area  of  the  parabola  \s  ^ab,  we  have 
^btc  x^ab=ia b'^it,  for  the  content  of  the  paraboloid ;  which 
is  manifeftly  equal  to  half  the  circumfcribing  cyliader,  as  it 
ought  to  be. 

For  another  example,  let  us  take  a  fphere  whofe  radius  is  r,. 
and  capacity  -|  ft  r',.  being  generated  by  the  rotation  of  the  femiv 
circle  whofe  area  is  I  ■it  r"".     Here  -J  it  H-^4.  tt  r"^  =-^  r,  the  cir-  > 
Gumference  defcribed  by  the  centre  of  gravity ;  and  this  divided 

by  2  tf,  gives  -j7= -42441  r,  for  the  diftance  of  the  Centre  of 

gravity  of  a  femicircle  from  its  centre :  agreeing  with  the  refult 
in  art.  112.     By  a  fimilar  procefs  the  centre  of  gravity  may  be 
found  in  feveral  figures,  more  eafily  than  by  the  ufual  direct 
method. 
Cor.  2.  If  the  generating  ur  revolVing-lines  or  furfaces  an^ 
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equal,  but  the  diftances  of  their  centres  of  gravity  unequal,  then 
the  generated  furfaces  or  folids  will  be  diredtly  as  the  diftances 
of  their  centres  of  gravity  from  the  axis  of  motion. 

Thus,  if  two  folid  rings  of  iron  have  both  the  fame  thicknefs 
of  metal,  but  have  diflerent  diametersj  the  capacities  of  the  rings, 
or  their  weights,  will  be  as  the  arithmetical  means  between  their 
refpeftive  inner  and  outer  diameters. 

Cor.  3.  If  the  diftances  of  the  centres  of  gravity  of  the  gene- 
rating or  revolving  lines  or  furfaces  from  the  axis  of  motion  be 
equal,  but  the  generating  lines  or  furfaces  unequal,  then  the 
generated  furfaces  and  folids  will  he  as  the  generating  lines  and 
furfaces. 

Cor.  4.  If  neither  the  generating  lines  or  furfaces  nor  the 
diftances  of  their  centres  of  gravity  from  the  axis  of  motion  be 
equal,  the  generated  furfaces  or  folids  will  be  to  each  other  in 
a  ratio  compounded  of  the  ratio  of  the  generating  lines  or  fur- 
faces, and  the  ratio  of  the  diftances  of  their  centres  of  gravity 
from  the  axis  of  motion. 

Thus,  for  example,  the  triangle  is  to  its  circumfcribed  paral- 
lelogram as  I  to  2,  and  the  diftance  of  the  centre  of  gravity  of 
the  triangle  from  its  vertex  is  -|  of  the  axis ;  but  the  diftance  of 
the  centre  of  gravity  of  the  parallelogram  from  its  fide  is  \  of 
the  other  fide,  or  of  the  axis,  therdfore  the  diftance  of  the 
centre  of  gravity  of  the  triangle  from  the  axis  of  rotation  is  toi 
the  diftance  of  the  centre  of  gravity  pf  the  parallelogramj^  as  4  to 
3.  So  that,  if  both  the  fpaces  are  fuppofed  to  revolve  about  a 
line  touching  the  vertex  of  the  triangle,  and  parallel  to  its  bafe, 
the  folid  generated  by  the  triangular  fpace-  will  be  to  that  ge- 
nerated by  the  parallelogram  as  4  to  6,  or  as  2  to  3. 

Again,  the  common  parabola  is  to  its  circumfcribing  paral- 
lelogram as  2  to  3  ;  and  the  diftance  of  the  centre  of  gravity 
of  the  parabola  is  to  the  diftance  of  that  of  the  parallelogram 
from  the  fame  point  of  fufpenfion,  as  6  to  5  ;  wherefore  the 
folid  generated  by  the  parabola  is  to  that  generated  by  the 
parallelogram,  each  revolving  about  the  fame  common  axis  paff- 
ing  through  the  vertex  of  the  parabola,  and  parallel  to  its  bafe,. 
as  12  to  15,  or  as  4  to  5  :  and  confequently,  the  folid  generated 
,.  by  the  triangle  is  to  that  generated  by  the  parabola  in  a  ratio 
compounded  of  the  ratios  of  5.  to  4,  and  of  4  to  6 ;  that  is,  of 
20  to  24,  or  5  to  6. 

After  a  fimilar  manner  may  the  value  of  any  furface  or 
folid  be  found,  and  thofe  of  all  kinds  of  furfaces  and  folids  be 
compared  together ;  for  various  other  examples  of  whicti  we 
may  refer  to  Dr.  IVallit's  Treatife  de  Calcuk  Centri  Gravitatis, 
and  Dr.  Hutton't  Menfuration. 

*  % 
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CHAPTER  IV. 


On  the  Mechanical  Pozvers. 


li6.  Def.  a  machine  is  any  thing  that  ferves  to  augment  or 
to  regulate  moving  forces  or  jpowers ; ,  or  it  is  any  body  deftined 
to  produce  motion  fo  as  to  fave  either  time  or  force  ;  or,  we  may 
in  general  apply  the  term  machines  to  the  material  agents  by  the 
aid  of  which  forces  operate  one  upon  another,  and  which  when 
employed  to  fecond  the  efforts  of  certain  powers  enable  them  to 
overcome  others  which  may  be  more  confiderable. 

127.  Machines  are  diftinguifhed  into  ftmple  and  eompmnd. 
The  only  machines  which  we  think  can  be  ftriftly  called  fimple, 
are  \!a&  lever,  the  inclined  plane,  and  cords  :  it  has  been  cuftomary, 
however,  to  confider  as  fimple  machines  thofe  of  which  all  com- 
pound machines  are  found  to  be  conftituted,  and  into  which 
.  when  their  combined  powers  are  eftimated  they  muft  be  di- 
vided in  the  inveftigation  ;    thefe  are  in  number'  fix,  viz.  the 
,  lever,    the    wheel  and  axle,   the  pulley,   the  inclined  plane,  the 
./crew,  and  the  nVed^e.    Thefe  are  moft  commonly  known  by  the 
name  of  the  mechanichl  powers.     In  all  thefe  the  mechanical 
advantage  arifes  from  diftributing  the  power  to  be  overcome 
among  the  different  parts  of  the  machine,  fo  that  the  part  fttf- 
tained  by  the  contrary  power  (hall  bear  but  a  fmall  ratio  to  the 
whole  :,  thus  a  power  incapable  of  communicating  motion  to  a 
body,  or  of  fupporting  its  prefTure,  without  mechanical  aCTift- 
ance,  may  eflfedl  its  defigned  purpofe  by  transferring  a  part  of 
the  weight  upon  a  fulcrum,  diftributing  it  among  a  fyftem  of 
pulleys,  placing  it  upon  an  inclined  plane,  fcrew,  &c. 

128.  Forces  of  diflerent  kinds  may,  it  is  obvious,  be  made  to 
operate  fo  as  to  counteraft  each  other's.  efFefts,  by  the  interven- 
tion of  machines  :  as  for  example,  the  mufcular  force  of  men 
and  animals  may  be  applied  to  machines  fo  as  to  oppofe  and 
counteract  the  force  of  gravity  ;  but  in  any  fuch  cafes,  fince  the 
juft  and_adequate  meafures  of  thefe  forces  are  their  fimultaneous 
effedils  in  fimilar  fituations,  the  theoretic  proceffes  muft  be  con- 
du£ted  in  the  fame  manner  whether  the  forces  exerted  are  .unlike 
or  the  fame,  as  when  the  force  of  gravity  follciting  two  bodies 
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caufes  them  to  ad  as  moving  powers  by  means  of  tlietr  weights. 
Hence  then,  whatever  is  feewn  to  obtain  with  relation  to  any 
two  forces  whofe  efFefts  are  known,  while  their  nature  is  un- 
defined, may  be  fafely  applied  to  all  which  are  refpeftively  equal 
and  operate  in  a  fimilar  manner,  whether  they  are  dead  weights, 
living  powers,  or  forces  exifting  naturally. 

129.  In  the  theory  of  fimple  machines,  and  indeed  of  ma- 
chines in  general,  they  are  firft  confidered  as  in  a  ftate  of 
balanced  reft :  and  when  the  ratio  of  the  forces  is  afcertained 
which  by  the  intervention  of  any  given  machine  produces 
fuch  equilibrium,  it  is  manifeft  tjiat  a  flight  change  in  the 
magnitude  of  either  of  the  forces,  or  in  their  points  of  ap- 
plication, by  caufing  a  preponderance  on  one  fide  or  other,  will 
produce  motion.  In  aftual  praftice  the  change  muft  always  be 
made  in  favour  of  the  power  which  is  to  produce  the  motion : 
and  this  may  eafily  be  accompHfhed  when  the  conditions  of  the 
equilibrium  are  once  eftablifhed.  When  forces  a£t  upon  each 
other  by  means  of  machines,  they  meet  with  various  obftacles 
on  account  of  the  roughnefs  of  furfaces,  the  ftifFnefs  of  cords, 
&c.  which  if  introduced  at  the  commencement  of  our  invefti- 
gations  would  render  them  very  embarrafling  and  intricate  :  we 
therefore,  at  firft,  fuppofe  furfaces  to  be  perfectly  fmooth,  cords 
to  be  perfeftly  flexible,  &c.  and  afterwards  blend  with  the  de- 
■  du£l:ions  from  the  theory  thofe  which  have  refulted  from  ex-' 
periment  with  regard  to  thefe  obftacles.  As  to  what  relates  to 
thedifpofition  of  powers  upon  machines  fo  that  when  in  motion 
their  efl^efts  fliall  be  greateft  or  leaft,  it  is  a  diftiniSi  branch  of 
the  theory,  and  falls  under  the  head  of  Dynamics. 

130.  Writers  on  the  fubje£l  of  mechanics  have  often  at- 
tempted to  demonftrate  the  properties  of  the  feveral  fimple  ma- 
chines, by  means  of  a  celebrated  theorem,  which  is  this  :  When 
two  heavy  bodies  counterpoife  each  other  by  means  of  any  macHnef 
and  are  then  made  to  move  together,  the  produfts  of  each  mafs  into 
its  velocity,  or,  as  it  is  technically  exprefled,  the  quantities  of  mo- 
tion -with  which  one  body  defcends  and  the  other  afcends  perpendi- 
.  eularly,  will  be  equal  *.  Since  an  equilibrium  always  accompanies 

*  This  theorem  is  due  to  Gatileo,' who  is  juftly  reckoned  the  father 
of  the  fcience  of  Dynamics.  It  is  nearly  analogous  to  the  celebrated 
principle  of  the  ■virtual  velecities,  from  which  M;  La  Grange  has^  de- 
duced many  ingenious  and  elegant  folutions  of  feme  difficult  problems 
in  his  Mecanique  Analyiique.  The  principle  is  thus  enunciated  :  "  Si  un 
,  fyfteme  que'konque  eji  folHcite  par  des  pmjfancei  en  equUibre,  et  qu'on  dohhe  a 
ce  fyfiime  un  petit  moikiement.  guelcpnque,  en  vertU  duquel  chaque  point 
parcoure  un  efpace  infiniment  petite  la  fomme  des ^puijfances  multipliees 
chacune  par  V efpace  que  le  point  oH  elle  eft  ap^liqu'ee^  parcourt  fuivant  la 
direaion  de  cette  meme  puiffance,  fefa  toujours  egale  a  zero:  en  regardant 
comme  pofitifs  les  petits  effaces  parconrus  dans  le  fens  des  puiJanceS)  et 
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this  equality  oF  motions ;  It  bears  fuch  a  refertiblance  to  the  cafe 
wherein  two  moving  bodies  ftbp  each  other  when  they  meet 
together  >vith  equal  quantities  of  motion,  that  many  have  thought 
that  the  caufe  of  an  equilibrium  in  the  feverail  machines  might 
be  immediately  affigned  by  faying,  that  becaufe  one  body  always 
lofes  as  much  motion  as  it  communicates  to  another,  two  heav^ 
bodies  countera£ting  each  other  muft  continue  at  reft  when 
they  are  fo  cifcumftanced  that  one  cannot  defcend  without  cauf- 
xng  the  other  to  afcend  at  the  fame  time,  and  with  velocities  in- 
verfely  proportional  tp  their  mafles ;  for  then,  fliould  one  of 
them  begin  to  defcend,  it  muft  inftantly  lofe  its  whole  motion 
by  communicating  it  to  the  other.  But  this  argument,  however 
plaufible  it  may  feem,  is  (as  Dr.  Hamilton  remarked)  by  no 
nieans  fatisfa£tory  ;  for  when  we  fay  that  one  body  communi- 
cates its  motion  to  another,  we  muft  necelfarily  fuppofe  the 
motion  to  exift  firft  in  the  one,  and  then  in  the  other ;  bult  in 
the  prefent  Cafe,  where  the  two  bodies  are  fo  connefted  that 
one  cannot  poflibly  begin  to  move  before  the  other,  the  de- 
fcending  body  cannot  be  faid  to  communicate  its'  motion  to  the 
other,  and  thereby  make  it  afcend  :  but  whatever  we  ftiould  fup- 
pofe caufes  one  body  to  defcend.,  muft  be  alfo  the  immediate 
caufe  of  the  other's  afcendirig,  fince,  from  the  connexion  of  the 
bodies,  it  muft  aft  upon  them  both  together,  as  if  they  were 
really  but  one.  And  therefore,  without  contradifting  the  laws 
of  motion,  we  might  fuppofe  the  fuperior  weight  of.  the  heavier' 
body,  which  is  in  itfeilf  more  than  able  to  fuftain  the  lighted, 
Would  overcome  the  lighter,  and  caufe, it  to  afcend  with  tte 
fame  quantity  of  motion  with  which  the  heavier  defcends; 
efpecially  as  both  their  motions,  taken  together,  may  be  kfs 
than  what  the  difference  of  the  -  weights,  which  is  here  fup- 
pofed  to  be  the  inoving  force,  would  be  able  to  produce  in"a 
body  falling  freely.  For  thefe  reafons,  and  various  others 
which  ihight  eafily  be  afligned,  we  are  of  opinion  that  all  proofs 
founded  upon  this  theoreni  as  a  bafis  are  neceffarily  unfatis* 
faftory :  we  have,  neverthelefSi  thought  it  right  to  notice  it ;  and, 
as  it  may  ferve  as  a  gbod  index  of  an  equlltbriitm  in  many  ma- 
chines, and  admits  in  fome  inftances  of  a  ufeful  application,  we 

comme'nSgatifs  les  efpiices  parcourus  dans  vnjens  of  pose.''  This  principle, 
Of  rather,  imiveifal  fact,  La  Orange  exprefles  by  a  very  fimple  formula, 
from  which  he  deduces  his  whole  fyftem  algebraically,  •(vithout  a  firigle 
diacram  :  a  mode  of  procedure  which,  though  it  difplays  aftopiftiing 
analytical  fkill,  is  certainly  far  from  the  beft  way  of  teaching  mechanicaf 
philofophy  ;  fince  the  whole  may  be  gone  overj  without  either  a  diftihdl 
or  even  indiftindt  idea  of  the  things  reprefented  by  the  fymbols.  M. 
Carnot  in  his  Geometrie  de  Pofttion,  pa.  339,  demonftrated  a. purely  geio- 
nietrical  theorem  which  is  very  flmilar  to  this  celebrated  mechanical 
principle. 
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may' again  refer  to  it  in  the  pradlical  part  of  this  Treatlfe.  Our 
prefent  inveftigations  will  be  made  to  depend  upon  the  princi- 
ples of  equilibrium  explained  in  the  Second  and  third  chaptejs. 

I.  Of  the  Leoer. 

131.  Def.  a  lever  is  an  inflexible  bar  or  rod,  which  may  be 
fubje£led  to  the  aftion  of  two  or  more  forces  or  powers,  at  dif- 
ferent points,  while  it  is  fupported  on  a  fulcrum  or  prop,  about 
which  it  may  move  freely. 

Of  levers  there  are  two  kinds  which  differ  effentially :  i.  e. 
thofe  in  which  tjie  forces  aft  on  contrary  fides  of  the  centre  of 
'motion,  or  fulcrum,  and  thofe  in  which  they  a£t  on  the  fame 
fide.  They  are,  however,  ufually  diftinguifhed  into  three  kinds, 
according  to  the  refpeftive  difpofitions  of  the  prop,  the  power, 
and  the  refiftance.  In  levers  of  the  Jirjl  kind,  the  fulcrum  is 
between  the  power  and  the  refiftance :  fuch  are,  the  balance, 
fteelyards,  fciflars,  pokers,  pincejs,  fnufFers,  &c.  In  levers  of 
the  fecond  kind  the  refiftance  is  between  the  fulcrum  and  the 
power  :  fuch  are,  cutting  knives  fixed  at  one  end,  the  oars  and 
rudders  of  boats,  whidh  may  be  confidered  as  having  their 
fulcra  in  the  water,  doors  whofe  hinges  ferve  as  a  fulcrum,  &c. 
In  levers  of  the  third  kind  the  power" afts  between  the  prop  and 
the  refiftance ;  as  in  tongs,  flieers  for  fheep,  a  ladder  while  raifing 
up,  &c.  This  too  is  the  kind  of  lever  which  is  found  moft 
to  obtain  in  the  animal  funftions  :  for  the  mufcles,  by  means 
of  which  the  bones  are  turned  upon  their  joints,  are  inferted 
much  nearer  to  the  centre  of  motion  than  the  point  in  which  is 
ihe  centre  of  gravity  of  the  weight  to  be  raifed.  The  mecha- 
nical contrivances  in  different  parts  of  animal  frames  furnifli 
a  very  curious  and  interefting  topic  :  but  as  we  cannot,  without 
widely  digreffing,  enlarge  upon  it  here,  we  would  beg  to  refer 
to  Chapters  7  and  8  of  Dr.  Paley's  Natural  Theology,  where  it 
is  difcuffed  very  admirably. 

132.  Prop.  Any  two  weights  ailing  perpendicularly  upon  an 
horizontal  lever  (confidered  as  void  of  gravity ),  ami  at  contrary 
fides  of  the  fulcrum,  will  balance  each  other  if  they  be  reciprocally 
prr^ortional  to  the  diflances  from  the  fulcrum  at  which  they  ail.  1 

■  -Conceive  any  cylinder  or  prifm,  as  AB  (fig.  12.  pi.  IIL),hung 
by  its  ends  to  the  inflexible  line  HI,  by  means  of  the  cords  AH, 
BI.  Now  if  the  whole  be  fufpended  by  the  cord  C  placed  in 
the  middle  of  HI,  it  'Will  remain  in  equilibrio,  from  the  nature 
of  the  centre  of  gravity.  And  if  we  fuppofe  the  prifm  divided 
into  two  unequal  parts  by  a  vertical  plane  pafling  through  D, 
then  if  a  cord  as  ED  keep, the  parts  AD,  DB,  in  the  fame  po- 
fitibn  with  refpeft  to  HI,  the  equilibrium  ■will  not  be  affcaed. 
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Ot,  if  inftead  of  the  three  cords  HA,  ED,  IB,  the  two  pieces 
were  attached  to  the  line  HI,  by  cords  GL,  FM,  fixed  to  their 
middle  points  L,  M,  the  equilibrium  will  ftill  obtain,  in  like 
planner  as  at  fiift.  So  that  we  may  confider  two  heavy  bodies 
AD,  and  DB,  fufpended  from  the  terms  G,  and  F  of  the  beam, 
to  be  in  equilibrio  upon  the  fulcrum  C.  Here,  fince  GE=4^EH, 
and  EF=4  EI,  we  fhall  have.GF=4  HI,  and  confequently =CI : 
whence,  taJiing  away  CF  which  is  comhion,  there  remains 
GC=FI=?FE.  Therefore,  adding  CE,  we  have~  GE=CF. 
Hencethen,  GE:EF::FC:CG::2GE:aEF  ::  AD  :DB; 
wherefore,  convertendo,  GC  :  CF  : :  the  weight  BD  :  the  weight 
AD.  And  if  thefe  two  prifms  AD,  DB,  were  reduced  to  cubes, 
or  fpheres,  or  any  other  figures,  the  equilibrium  would  ftill  re- 
gain, provided  the  points  of  fufpenfion  G  and  F  continued  the 
fame  :  whence  the  propofition  is  manifeft.  Had  the  prifm  AB 
been  fuppofed  laid  upon  HI,  the  fleps  of  the  demonftration 
■\vould  ftillhave  been  the  fame.  ' 

This  demonftration,  which,  in  our  opinion,  is  far  more  fimple 
and  obvious  than  that  of  Archimedes  for  the  ilraigbt  lever,  is 
given  by  Galileo  in  his  fecond  Dialogue  oil' the  Refiftance  of 
Solids.  It  appears  but  little  known  :  for  Dr.  Matthenv  Touhg, 
the  late  learned  biftiop  of  Clonfert,  has,  in  his  Analyfis  of  the 
Principles  of  Natural  Philofophy,  deduced  this  property  in  a 
manner  nearly  fimilar,  without  feeming  at  all  aware  that  the 
fame  thing  had  been  long  fince  efFedted  by  the  illuftrious  Pifa- 
nian  philofopher. 

133.  Prop.  When  three  forces  a£i  upbn  an  inflexible  lever,  void 
pf  gravity,  in  any  parallel  direSiions  in  the  fame  plane,  and  keep  it  in 
equilibrio,  any  two  of  them  will  be  'to  each  other  inverfely  as  their 
diftances  from  the  point  to  which  the  third  force  is  applied. 

This  propofition  has  been  already  demonftrated  in  Chap.  II. 
For  all  that  was  fliewn  there  (in  arts.  71. ..81.)  with  refpe£t  to 
parallel  forces  in  one  and  the  fame  plane,  will  evidently  apply 
to  the  cafe  of  the  lever.  So  that,  inftead  of  repeating  the  de- 
monftration, we  refer  to  thofe  articles;  and  fliall  here  deduce 
from  them  a  few  evident  corollaries  more  immediately  appli- 
cable to  what  is  before  us. 

CdR.  I .  'If  two  weights,  or  parallel  forces,  balance  each  oth?r 
lipon  any  ftraight  lever  in  any'pofition,  they  will  balance  each 
pthcr  in  any  other  pofition  of  the  lever  while  the  fame  fulcrum 
is  retained  i  for  in  this  cafe  the  fulcrum  correfponds  with  what 
is  named  the  centre  of  parallel  forces,  (art.  91.)    , 

Cor.  2.  In  the  ftraight  lever  of  the  firft  order  (fig.  i.-pl.  IV.) 
y^e  have  P  x  AF=W  X  BF,  and  the  prefliire  upon  the  fulcrum 
jn  the  equilibrated  ftate  equal  to  the  fum  of  the  two  weights, 
pr  pf  the  power  and  the  refiftance  P+W. 
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Cor.  3.  In  the  ftraight  lever  of  th?  fecond  kind  (fig.  2.)j  we 
have  likewife.P-AF=W-BF :  but  the  preflure  upon  the-fiilcrum 
is=W-P. 

Cor.  4.  In  the  ftVaight  lever  of  the  third  kind  (fig.  3.),  P-AF 
is  again  =  W'BF  :  but  the  prefl'ure  upon  the  fulcrum  is  =P  -  W. 

Cor.  5.  If  a  given  weight  U  be  moved  abng  either  arm  of  a 
ftraight  lever  (as  FA.  fig,  i.)  the  weight  W  which  it  will  ba- 
lance at  B  on  the  other  arm  is  proportional  to  FA,  the  diftance 
from  the  fulcrum  at  which  the  given  weight  afts.  For,  in  the' 
cafe  of  equilibrium,  W  •  BF=U  •  FA  ;  wherefore,  fince  FB  arid 
U  are  invariable,  W  oc  FA. 

Cor.  6.  If  a  weight  W  (fig.  5.)  be  placed  upon  a  lever  which 

is  fupported  by  two  props  A  and  B,  in  an  horizontal  pofition, 

the  preflure  on  A  :  preflure  on  B  :  :  BC  :  CA.     Or  prelTure 

.        w  •  BC        T>    n-          '        T>        w  ■  AC      ,    ,   „     . 
upon  A= — — — .     Preflure  upon  B  = — .  (art.  80.} 

Cor.  7.  In  the  common  balance  (fig.  4.)  where  the  arms  of 
the  lever  either  are  equal  or  ought  to  be  fo,  the  weights  in  the 
two  fcales  muft  be  equal  r.lfo. 

Cor.  8.  In  the  falfe  balance,  where  arms  of  unequal  lengths 
are  made  to  balance  each  other  when  the  fcales  are  empty,  the 
true  weight  is  a  geometrical  mean  proportional  between  the  apparent 
nveights.  , 

'  For  if  X  be  the  unknown  weight,  "W  the  weight  which 
puts  it  in  equilibrio,  x  and  w  being  the  correfponding  arms  of 
the  balance,  we  have  X.»=W  w.  If  we  put  the  weight  X  into 
the  bafon  at  the  end  of  the  arm  w-,  fome  new  weight  as  W  will 
reftore  the  equilibrium,  if  put  in  the  .contrary  bafon,  and  we 
Ihall  have  X  w  —Wx.  By  multiplying  thefe  two  equations  to- 
gether we  obtain  X.'  x w —V^^V&  x  tv,  whence  X=:v  ww  . 

luall  cafes  where  great  accuracy  is  required,  we,  may  apply 
this  rule  advantageoufly,  even  though  the  balance  be  thought 
eorredl :  if  the  difference  between  the  apparent  weights  when 
tried  in  the  oppofite  fcales  is  but  trifling,  the  arithraeticaimeaa 
may  fuffice. 

CoR.  9.  When  feveral  weights,  as  T,  U,  VjW,  (fig.  6.)  keep  a 
lever  in  equilibrio  upon  a  fulcrum  F,  the  prefllii'e  upon  that  ful- 
crum is  equal  to  T+U-|-V+W,  and  the  fums  of  the  momests 
of  the  weights  on  different  fides  of  the  fulcrum  are  equal,  /.  e. 
W-AF+U  •  CF=T  •  BF+V  •  DF.- 

CoR.  10.  If  a  ftraight  lever  be  kept  at  reft  by  any  number  of 
parallel  forces  afting  either  at  the  fame  or  different  points,  the 
fum  of  all  the  forces  afting  on  one  fide  will  be  equal  to  the  Turn 
■   of  aU  the  forces  on  the  other. 

SCHOLIUM. 
•     134.  The  obfefvation  in  the  firft  corollary  above,  is  equally 
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applicable  to  feveral  forces  as  to  two ;  that  is,  if  they  balance 
each  other  in  any  one  pofition  of  a  ftraight  lever,  they  will  like- 
wife  balance  in  any  other  pofition,  provided  the  fukrum  is  not 
changed.  But  it  -muft  be  remarked  that  in  any  other  pofition 
tl^an  that  in  which  all  the  forces  are  perpendicular. to  the  lever, 
and  confequently  their  refultant  perpendicular  to  it,  the  kv-er 
■will  have  a  tendency  to  Hide  along  and  change  its  fulcrum, 
unlefs  prevented.  For,  Cnce  it  is  evident  that  a  force  F  folicit- 
ing  a  material  point,  or  body,  in  a  direction  perpendicular  to 
any  plane  AB  may  be  entirely  deftroyed  by  the  refiftance  of 
the  plane,  and  that  a  force  afting  in  the  fame  direftion  as  the 
plane  muft  have  its-entire  effe€k  for  aught  that  depends  upon 
that  plane  ;  it  follows  that,  in  order  that-when  a  fingle  force  a6l& 
upon  a  body  It  fhould  remain  immoveable,  this  force  mufl:  be 
exerted  in  a  dire£tion  perpendicular  to  the  plane  on  which  the 
body  is  fupported.  If  any  other  force  as  F'afling  obliquely 
fhould  be  affirmed  to  keep  the  body  at  reft,  we  might  refolve  it 
into  two,  the  one  in  the  direftion  of  the  plane,  the  other  per- 
pendicular to  it ;  of  thefe  the  firft  producing  its  entire  efFe£t, 
the  body  mufl:  move  in  confequence  of  its  adtion,  which  is  con- 
trary to  the  hypothefis. 

1 35.  Prop.   To  eJlaUlJh  the  equilibrium  on  ajiraight  lever,  having 
regard  to  its  nveight. 

When  we  take  the  weight  of  the  lever  info  our  inveftigation, 
we  may  confider  it  as  afting  at  its  centre  of  gravity;  or  in  levers 
of  the  firft  kind  we  may  coiifider  the  weight  of  each  arm  of  the 
lever  as  a  hew  power  a£ting  at  its  centre  of  gravity;  and  in 
either  cafe  the  equilibrium  may  be  eftaUiflied  as  in  Cor.  9.  of 
the  foregoing  propofition.  Let  us  confider  each  of  the  levers 
as  prifms  or  cylinders  ;  then  will  their  centres  of  gravity  refide 
in  their  middle  points,  and  the  centres  of  gravity  of  the  arms  in 
/Aw  middle  points  eftimated  from  the  fulcrum.  Hence,  in  the 
lever  of  the  firft  kind  (fig.  i.  pi.  IV.)  we  have  in  the  cafe  of  an 
equilibrium,  P  x  AF  +  weight  AF  x  4-  AF=W  x  BF  +  weight 
■  BF  X  4AF.  In  the  fecond  kind  of  It  ver  (fig.  2.)  P  x  AF=W  x  BF 
+ weight  AF  X  4  AF.  And  in  the  third  kind  of  lever,  (figj  3.) 
P  X  AF="W  X  BF-h weight  BF  x  -J-BF.  Here  we  have  fuppoftd 
throughout,  that  the  forces  are  all  parallel  to  that  of  gravity. 
SCFIOLIUM. 

136.  As  it  is  often  requifite  to  pay  a  regard  to  tire  weights  of 
levers,  we  fhall  here  exhibit  a  few  algebraic  formulss  for  each 
kind  of  ftraight  lever,  which  may  be  found  of  utility  in  various 
calculations. 

In  all  the  figures  (i,  2,  3,  pi.  IV.)  let  FA  =^,  and  FB=w, 
and  let  the  weight  of  the  lever  divided  by  its  length  be  denoted 
by  mj  then  will ;»  reprefent  the  weight  of  a  utiitof  AB»  inth6 
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fame  terms  as  P  and  "W  are  exprefled  in.     And  we  (hall  havcj 

For  a  lever  ofthefirjl  kind :       Pp  -\-i  mp^='Ww  +i  m  w'. 
Ftom  which  we  get  (I.) .  .  p^J^jfH-f  """'-j^jf.^ 

(II.)  .  .  -\y  —  ^ ''-+^  mp'  —  jmui'^ 

(III.)  . .  m= ~ — , . 

(IV.)  .  .  W=^Y/m=/r'  +  2mPp+W"  — ^W. 
(V.)  .  . />  =  »v/'^»lc>4-2ffl  Wro  +  P'"™^- 

When  W=:o  .  .  (VI.) .  .^  =    /'»•+-  -^P- 

Or,  when  P  =  o  . .  (VII.)..  Ip  =    /^7.A.±y^  w. 

The  latter  formula  manifeftly  has  place,  when  the  longer  arm. 
cf  the  lever  balances  the  Qiorter  arm  together  with  the  weight 
attached  to  it :  fo  that  P  has  no  proper  minimum  here. 

For  a  lever  of  the  fecond  kind:  'Pp=SfJ  lu+i  mp\ 

Whence, (i.)  .  .  .  P  =  J^+  fi^. 

(ii.) . . .  .w  =IIiiiltZ.. 


2  P/> 2  W  to 

I     .     .     .     1/6 

(iv.).  .  .  .  w=  ■ 


(ui.)  .  .  .  ,  m 

Vp  —  imp 

'w 


(v.)  ....  *  = —  P  -4 '/p^—z  mWw 

When  W=o,  that  is,  when  the  power  jufl:  fuftains.the  lever, 

we  have       (vi.)  .  .  .  p= 

In  this  cafe  it  is  evident  the  equation  for  P  is  fufceptible  of  % 
minimum  :  for,  adopting  the  fluxionary  procefs,  fince 

= A ^—Wivxp        H — A,  we  have 

p      '     %  ^         '   i  ^' 

~p=Wivp      p ,  and  confequently  when  P  fs  a  minimum 

ise  have 

2  \V  ZV 


m 


(vii.)  ...  p  =/  ■ 
For  a  lever  of  the  third  kind:  Pp=W  w+^  m  w* 
Wherefore,  .  .  .  (i.)  . .  P=-Sl^:ii^. 

(i.)..W=-^-^. 
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(3-) 


:t»  2 


(4.)  .  .  iv  =^^vs>-|LaOTi>p  —iW. 
When  'W=o,  or  the  power  juft  fuRains  the  lever, 

we  have         (5.)  .  .  .  iv=f,\/~mPp  =    /  ^    ^  . 

(6.).../.= ^ . 

Or,  when  the  power  juft  fuftains  the  lever  alone 

{i-)--'p=—r- 

137.  Def.  The  Rom-anJIatera,  or  Jleelyard,  Is  a  lever  of  the 
firft  kind,  having  unequal  arms ;  and  is  fo  contrived  that  one 
weight  alone  may  ferve  to  counterpoife  a  great  variety  of  others, 
by  ffiding  it  to  different  diftances  from  the  point  of  fufpenfion 
upon  the  longer  arm  of  the  l&v^r. 

138.  ,Prop.  Upon  the Jleelyard  the  diflances  at  which  the  Conjiant 
•weight  miifl  he  hung  from  fame  certain  point  will  vary  as  the  weights 
fufpendedfrcm  thejhorter  arm.  ■  ,      ,,  ^ 

Let  W,  W,  W",  &c.  denote  the  weights  which  are  fufpend- 
ed  fucceffively  from  B  (fig.  7.  pi.  IV.),  w  the  invariable  diftance 
FB,  p,  p',  p".,  &ic.  the  variable  diftances  FD,  FD',  &c.  at  which 
the  couftant  weight  P  muft  be  hung'  from  the  fulcrum  to  keep 
the  equilibrium  :  let  alfo  N,  N',  denote  the  weights  of  the 
brachia  BF,  FA,  refpedlively,  n,  n,  the  diftances  of  their  centres 
of  gravity  from  F.  Then,  by  the  laft  propofition,  we  have  thefe 
equai'ons : 

W  ^y  +N  «  =P/.  I  N' «'.  W"  w  f  N  «  =P/'  +N' «'. 

W'w+N«=P/+N'«'.  W"''a>+N«=P/'+N'«'.&c. 
Now  ("ubtrafting  in  fucceflion  the  firft  equation  from  the  fecond, 
the  fecond  from  the  third,  &c.  we  thence  deduce, 

,  W'  — W  „         ,         W"_W'' 

p-p- — ^ — w     .     .     .    /-/>= -p w. 

jj"      V'         W"-W"  „ 

p    —p    = w.  dec. 

Here,,  if  the  weights  are  in  arithmetical  progreffioh,  we  have 
W'-W=W"- W'  =  W"-W",  &c.  confequently /-/.=/ - 
p'=p"'—p"  &C.  that  is, the  divifion«  on  the  graduated  arm  are  then 
equal  to  each  other,  or  the  diftances  from  a  certain  point  on  the 
fteelyard  will  vary  as  the  weights  W,  W',  &c. 

The  beam,  with  its  appendages  of  fcales  or  hooks,  is  either  fo 
contrived  as  to  be  in  equilibrium  upon'  the  point  F,  without  the 
weights  P,  W,  &c.  or  fo  that  the  arm  FA  when  both  are  un- 
loaded ftiall  preponderate  In  the  former  cafe  F  is  1:he  point 
from  which  the  equal  divifions  on  the  beam  are  to  be  eftimated: 
j  in  the  latter,  to  find  the  point  where  the  divifiops  are  to  com- 
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mence,  proceed  thus.  Tind  experimentally  the  point  C,  at 
which  if  a  Cngle  weight  equal  to  the  conftant  weight  P  be  fiif- 
pended,  it  will' keep  the  lever  at  reft ;  that  point  will  be  the  one 
from  which  the  graduations  muft  be  meafured.  For,  when 
W  and  P  are  fufpended  upon  the  beam  and  the  whole  is  in 
equilibrio,  W  fuftains  P  together  with  a  weight  which  would 
fupport  P  if  placed  at  C:  -hence  Wtw  =  P/i  +P  X  F^r,  or 
W.BF=P.DF+P.FC=:P.DC,  where,  becaufe  BF  and  P 
are  invariable,  W  muft  vary  as.  DC.  , 

139.  This  inftrument  is  yery  convenient,  becaufe  it  requires  ' 
but  one  weight,  is  eafily  carried,  and  the  preffure  on  the  ful- 
crum is  lefs  than  in  fcales,  when  the  fubftance  to  be  weighed  is 
heavier  thaii  the  conftant  weight.  But'  when  the  conftant  weight 
is  greater  than  that  of  the  fubftance  to  be  weighed,  the  prefrur,e 
on  the  fulcrum  is  greater  in  the  fteelyard  than  in  the  common 
balance ;  for  which  reafon,  together  with  the  following,  it  is  not 
fo  accurate  as  feales  indetermining  the  quantity  of  fmall  heights. 
ift.  Becaufe,  the  length  of  the  beam  being  given,  the  arms  in 
the  fteelyard  will  be  fhorter  than  in  the  balance,  whenever  the 
fubftance  to  be  weighed  is  equal  to,  or  lefs  than,  the  conftant 
"weight,  adly,  The  balance  admits  of  a  more  nice  adjuftment. 
3dly,  The  fubdivifion  of  weights  for  the  balance  can  be  efFefled 
with  greater  precifion  than  the  fubdivifion  of  the  arm  of  the 
ftieelyard. 

140.  Prop.  Any  two  forces  aEiing  upon  a  bent  lever  (conJtdereit\ 
as  without  weight  J  in  different  direBions  hut  in  the  fame  plane-)  are  \ 
in  equilibrio,  nuhen  they  are  to  each  other  inverfely  as  the  ^erpen-  | 
diculars  let  fall  from  the  fulcrum  upon  their  direBions.    " 

Let  the  two  powefs  W,  P,  (fig.  8.  pi.  IV.)  aft  upon  the  lever 
WFP,  whofe  centre  of  motion  is  F,  in  the  direftion?  WM,  PL, 
in  the  fame  plane ;  and  let  FM,  FL,  be  the  perpendiculars  upon 
the  direftions  of  the  powers  :  from  F  as  a  centre  with  radius  FL 
equal  to  the  longer  perpendicnlar,  defcribe  a  circular  arc  inter- 
'fefting  the"  direfition  of  the  force  W  in  D  :  and,  becaufe  the 
efficacy  of  forces  is  the  fame  (32.)  to  whatever  points  of  their 
'  direftions  they  may  be  applied,  we  may  conceive  the  two  forces 
applied  at  D  and  L.  Now,  the  forces  being  in  equilibrio  when 
afting  at  D  and  L,  may  be  conceived  the  fanie  in  efFe£l  as  forces 
a£Ung  at  the  periphery  of  a  wheel  DHL,  perpendicular  to  its 
radii  DF,  LF,  and  preventing  it  from  turnjngupon  the  centre 
F,  and  in  this  cafe  the  forces  acting  in  the  direftion  of  the  cic- 
ctimference  at  their  points  of  application  muft  manifeftly  be 
equal.  Hence,  if  DE  in  the  diredion  of  W  reprefent  the 
magnitude  of  that  force,  and  be  refolved  into  the  two,  DG  in 
the  direftion  of  radius  FD,  and  GE  perpendicular  to  it,  the 
Tine  GE  will  reprefent  the  part  of  W  which  tends  to  produce 
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the  motion  on  the  centre,  and  is  therefore  equal  to  P.  Con- 
fequently,  by  the  nature  of  equilibrated  forces  and  fimilar  tri- 
angles W  :  P  : :  DE  :  EG  :  :  DF  ( =rL)  :  FM.     Q^E.  D. 

This  demonftration  is  the  fame  in  principle  as  the  one  given 
by  Netaton  in  the  Principia :  we  have  adopted  it,  becaufe,  not- 
withftanding  the  various  objedlions  which  have  been  urged 
againft  it,  we  think  it  more  concife,  and  at  the  fame  time  more 
fadsfaftory,  than  any  other  ifolated  demonftration  extant.  The 
two  principles  aflumed  are,  i  ft.  That  any  force 'W  will  have 
the  fame  energy  in  the  direftion  EDM  whether  it  be  applied  at 
D,  W,  orM  ;  a  truth  which  cannot  well  be  denied  (art  32.). 
And,  2dl^,  That  equal  and  contrary  forces  afling  perpendi- 
cularly to  any  two  radii  of  a  wheel  at  equal  diftances,  will  pre- 
vent it  from  fuming  about  its  centre:  and  this  prefents  itfelf  to 
the  mind  as  remarkably  evident.  With  this  view  of, the  mat- 
ter, we. (hall  not  attempt  to  controvert  the  arguments  of  Dr. 
Hamilton  and  others  ;  who  do  not  feem  to  have  attended  very 
carefully  to  the  nature  of  Newton's  demonftration. 

Cor.  I.  IfTfW  and  PL,  the  direllions  of  the  forces  (figs.  9.  10. 
//.  IV.  ^,  be  produced  till  they  meet  at  ^^and from  the  fulcrum  F  the  line 
FI  he  drawn  parallel  to  the  dire ff  ion  of  one  free  till  it  meets  that  of 
the  other,  then  ivill  SI,  IF,  reprefent  the  tnuo  forces,  and  SF  the 
prejfur.e  iipon  the  fulcrum. 

For,  if  SF  be  radius,  FM  and  FL  (perpendiculars  to  SD  and 
SP  refpe£l:ively)  are  the  fines  of  the  angles  FSM,  FSL,  or  of  the 
angles  FSI,  IFS :  hence  SI  :  IF  :  :  fin.  SFI :  fin.  ISF :  :  FL  : 
FM ;  and  therefore  the  forces  W  and  P  are  by  the  propofition 
reprefented  in  magnitudeand  direftion  by  SI,  IF,  and  (art.  32.) 
may  be  fuppofed  to  be  applied  at  S.  But  the  third  force  by 
which  the  equilibrium  is  fuftained  is  reprefented  by  SF,  in  the 
triangle  SIF;  and  that  thitd  force  is  (by  hyp.)  no  other  than 
the  re-aftion  of  the  fulcrum,  which  is  equal  and  oppofite  to.  the 
preffure  upon  it ;  corifequently  that  preffure  is  denoted  by  SF. 

Cor.  2.  The  magnitudes  ef'W',  P,  and  the  preffure,  are  each  as 
ihefme  of  the  angle  formed  by  the  direElions  of  the  other  two  ;  or,  any 
two  of  them  are  inversely  as  the  perpendiculars  let  fall  upon  their  di- 
reEtion  from  any  point  in  the  direifion  of  the  third.  So  that  thefe  de- 
du£tions  coincide  with  what  has  already  been  demonftrated  in 
arts.  82,  83.   &c.  Ch.  II.  as  they  certainly  ought  to  do. 

Cor.  .3.  Since  the  energy  of  the  powers  is  the  fame  at  what- 
ever point  in  their  refpediive  directions  they  may  Be  applied,  a 
bend.ed  or  an  angular  lever  may  be  reduced  to  a  ftraight  one, 
making  an  invariable  angle  with  it,  and  the  powers  may  there- 
fore be  always  fuppofed  to  a£t  upon  different  points  of  one 
ftraight  line  paffing  through  the  centre  of  motion. 

Cor.  4.  If  the  directions  of  forces  adling  upon  a  ftraight 
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lever  are  parallel,  and  keep  it  in  equilibrio,  they  will  be  InverfeTy 
as  their  diftances  from  the  fulcrum,  either  both  meafured  along 
the  lever,  or  both  eftimated  perpendicular  to  the  dire£l:ions. 
This,  therefore,  agrees  with  what  has  previoufly  been  fliown 
with  refpeft  to  the  ftralght  leVer. 

Cor.  4.  If  more  than  two  forces  a£i:  upon  a  lever,  there  will 
be  an  equilibrium  when  the  fum  of  the  produfts  arifing  from 
multiplying  each,  into  the  neareft  diftance  of  its  diredtion  froiH 
the  fulcrum,  on  one  fide,  is  equal  to  the  fum  of  the  produiEls 
on  the  other. 

CoR.  5.  If  the  weight  of  the  lever  is  taken  into  the  account, 
that  of  each  arm  is  to  be  regarded  as  a  new  force  acting  at  its 
centre  of  gravity. 

Cor.  6.  If  any  body  AB  (fig.  1 1.  pT.  IV.)  is  moveable  about 
its  centre  of  gravity  C,  and  two  forces  P,  V,  aft  upon  it  at  thofe 
points  in  the  figure  in  the  dire£i:ions  PD,  P  I>',  in  the  fame 
plane  :  the.n  joining  CP,  CP',  the  body  may  be  confidered  as 
a  lever  PCP',  and  there  will  be  an  equilibrium  when  the  powers- 
are  inverfely  as  the  perpendiculars  upon  their  refpeftive  di- 
reftions ;  that  is,  when  P  :  P'  :  :  CM'  :  CM. 

Cor.  7.  If  two  weights  are  fufpended  froin  the  ends  of  an 
angular  lever,  whofe  fulcrum  is  at  its  angular  point,  the  whole 
will  be  at  reft  when  the  vertical  line  paffing  through  the  fulcrum 
divides  the  right  line  joining  the  extremities  of  the  lever  into 
two  parts,  which  are  inverfely  as  the  weights  fufpended  from 
the  contiguous  arms  of  the  lever. 

For,  let  the  lever  WFP  (fig.  1.  pi.  V.),  having  the  weights  W 
and  P  attached  to  its  extremities,  be  in  a  ftate  of  equilibriurn;  the 
direftions  WL,  PM  of  the  forces  being  in  this  cafe  parallel, 
the  perpendiculars FL,  FM,  form  one  ftraight  line,  and  {Cor.  3.) 
FL  :  FM  :■ :  P  :  W.  Bht  the  vertical  line  FG  is  parallel  to - 
WL  and  PM:  fo  that,  if  L' EM  be  drawn  through  F,  parallel, 
to  WP,  we  fhall-have  WG  ( =L'  F) :  GP  ( =FM') :  :  LF  :  FM 
::P:W.  ' 

CoR.  8.  If  the  arms  of  the  angular  lever  be  prifms  or  cylin- 
ders of  un'rfbrm  matter  and  thicknefs,  the  weight  of  the  arm 
WF  being  denoted  by  nv,  and  that  of  PF  by  p,  then  in  the  cafe 
of  the. equilibrium  WG  :  GP:  :  P-1-  4/.  :  W  +4  iv.  For  this 
is  only  to  fuppofe  4  of  the  weight  of  either  arm  to  zGt  at  double 
the  diftance  of  its  centre  of  gravity  from  the  fulcrum,  which  is 
hianifeftly  the  fame  in  efFeft  as  the  whole  weight  afting  at  the 
(ingle  diftance. 

141.  'P*0P.  In  any  combination  of  Jlralght  levers  AB,  A'B, 
A"B",  &c.  nvhofe  centres  of  motion  are  F,  F',  F",  &c.  the  whale 
lying  in  one  direi'lion,  the  ratio  of  P  to  W  afting  in  the  fame  plane 
at  their  extremities,  is  that  of  B'T"  .  B'F' .  BF  :  AF .  A  F* 
A"F".  -  ■      ■ 
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For,  let  the  forces  Qj,Q'j  &c  (fig.  X  pi.  V'O  aaing  at  ther 
points  B,  B',  &c.  in  direttions  parallel  to  thofe  of  P  and  W/be 
tliofe  which  would  keep  each  lever  in  equilibrio:  then  (art.  132.0 

P  :  Qj  :  BF  :  AF.    ■ 

Q:  Q  :  :  B'F  :  A'F'. 

Q^.W  ::B"F":  A"F',  &c. 
■whence,  by  compofition  of  ratios  P  :  W  : :  BF  :  B'  F' .  B"  F"  : 
AF.  A'F'.  A'F".     Q^E.  D. 

Cor.  I.  Thepreflure  upon  the  fulcrum  F=zP+Q  =  --^- — 

.1.  n-  X"      r»   I  n/         P.AF     ,   W.B"F'" 

the  preffure  upon  F  =QJ-Q1=  ~^^  -  +—^7r^-  • 

the  preffure  upon  Y'=Q^W=W+-^^rjjr+-Jjrp-- 

Cor.  2.  If  P  and  W  aft  in  different  direftions,  as  well  as 
■O,  Cy,  &c.  and  the_  whole  be  in  equilibrio,  we  muft  fubftitute 
perpendiculars  from  the  points  F,  F',  &c.  upon  the  feveral  di- 
reftions of  the  powers,  for'  AF,  FB,  &c.  in  the  original  pro-' 
portion. 
'  SCHOLIUM. 

142.  Before  we  clofe  our  difcufGons  refpefting  the  lever,  it 
may  not  be  amifs  jiifl:  to  remark,  that  in  every  attempt  to  de- 
termine the  advantage  gained  by  this  machine  peculiar  atten- 
tion mufl.  be  paid,  not  only  to  the  direftions  in  which  the  forces 
are  exerted,  but  to  the  points  on  the  lever  to  which  their  aftion 
is  to  be  referred.  Without  a  due  regard  to  thefe  particulars,  the 
mechanirt  will  often  be  involved  in  error,  even  in  fimple  cafes 
wher^  there  might  be  fuppofed  but  little  probability  of  nliftake. 
In  faft,  even  the  fimple  property  of  the  ftraight  lever  that  equal 
weights  afting  at  equal  diftances  from  the  fulcrum  on  oppofite 
fides  will  be  in  equilibrio,  while  at  unequal  difl:ances  the  one 
which  afts  moft  remotely  from  the  fulcrum  will  preponderate, 
has  more  than  once  been  a  foutce  of  error  in  unfkilful  hands ; 
and  in  particular,  it  has  lain  at  the  foundation  of  moft  of  thofe 
ill-fated  and  ufelefs  contrivances  which  have  been  ftruck  out  by 
fuch  as  were  in  purfu'it  of  the  perpetual  motion.  In  thefe  con- 
trivances the  objeft  of  the  projeftor  has  generally  been  to  apply. 
different  weights  to  a  rptatory  machine  in  fome  fuch  manner, 
that,  at  fucceffive  moments  of  time,  firft  one  and  then  another 
fli'ould  be  brought  to  greater  diftances  from  the  centre,  and  fo,' 
by  being  placed  at  the  extremity  of  a  longer  lever,  (hould  pro- 
I  duce  a  conftant  motion.  To  prevent,  therefore,  the  wafte  of 
1  time  and  ingenuity,  we  ftiall  here  defcribe  an  apparatus  in- 
vented by  Dr.  Defaguliers  (See  Phil.  Trans.  No.  419.  Or, 
Abridg.  vol.'  VI.  pa.  311.)  in  which  two  equal  weights  may  he 
,  placed  at  any  unequal  diftances  whatever  from  the  centre  of 
,  motion,  and  ftill  remain  in  equilibrio.     In  fig.  3 .  pi.  V.  AB  re- 
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prefents  a  balance  with  equal  arms,  and  EF  another  of  equal  di- 
thenfions :  they  turn  freely  upon  the  centres  C,  D,  and  th^ir 
extremities  are  conne£l:ed  by  equal  inflexible  bars  AE,  BF ;  the 
whole  being  permitted  to  move  freely  at  the  joints  A,  B,  C,  D, 
fo  as  to  aflume  the  forms  of  varying  parallelograms,  in  con- 
fequence  of  any  motion  upon  the  points  C  and  D.  Acrofs  the 
bars  AE,  BF,  are  fixed  others  as  WU,  PQ,  from  any  points  of 
which  equal  weights  P,  W^^  may  be  fufpended.  Now,  on  what- 
foever  part  of  the  bar  PQ  the  weight  P  is  fixed,  it  is  manifeft 
that  it  will,  on  account  of  that  bar  being  firmly  connefled  with 
the  vertical  rod  BF,  aB  as  thoilgh  it  were  placed  at  F  :  and,  in 
like  manner,  in  whatever  part  of  the  bar  WU  the  weight  W  be 
fufpended,  it  will  aB  as  though  it  were  placed  at  E:  fo  tiiat, 
however  great  may  be  the  difference  of  the  diftancc  of  the 
bodies  P  and  W  from  CD,  they  will  ftill,  if  equal  in  weight,  ba- 
lance each  other  in  any  pofition  of  the  fyflera.  Nor  is  this  in 
any  refpedt  incompatible  with  the  principle  of  the  equal  pro- 
du£ls-of  w^i^t  and  velocity,  which  we  have  mentioned  (130.) 
as  a  ufeful  indication  of  an  equilibrium  :  for,  fuppofe  this  com- 
pound balance  to  be  brought  by  motion  .on  its  centres  into  the 
■position  abed,  the  weights  being  then  at  w  and^,-  thofe  weight? 
will  have  moved  through  the  arcs  W  w,  P/>,  while  the  extre- 
mities of  the  levers  will  have  paffed  through  the  equal  and  re- 
fpeftively  parallel  arcs  A  a,  E  ^,  B  bj  Yf;  of  confequence  the 
velocities  of  the  two  weights  will  have  been  equal,  as  they  ought 
to  be,  in  conformity  with  that  priffliciple.  Thus,  then,  it  appear* 
from  thi^  fimple  contrivance,  that  weights  do  not  preponderate 
in  machines  merely  on  account  of  their  different  diftances  from 
the  centre  of  motion;  and  confcquently  a  mere  increafe  of 
diftance  does  not  univerfally  give  a  mechanical  advantage. 

II .     Of  the  JVheel  and  Axk. 

143.  Def.  The  Wheel  and  Axle,  or,  as  it  is  often  called,  the 
Axis  in  PeritrBchia,  is  a  machine  which  confifts  of  a  cylinder  and 
a  wheel  having  the  fame  axis,  at  the  two  extremities  of  which 
are  pivots  on  which  the  whole  may  turn.  The  power  is  applied 
at  the  circumference  of  the  wheel,  generally  in  the  dire£i:ion  of 
a  tangent,  dnd  a  cord  is  wrapped  about  the  cylinder,  in  order  to 
overcome  the  refiftance,  or  elevate  the  weight. 

This  machine  is  fometitnes,  without  any  ianpropriety,  named 
the  perpetual  lever  }  it  being,  in  reality,  a  lever  on  whofe  arms 
the  power  and  weight  may  alwjiys  a£k  perpendicularly  although 
the  lever  turns  round  its  fulcrum.  It  is  often  conftru<9:ed  of  the 
form  reprefcnted  fig,  4.  pi.  V.  where  CD  is  the  cylinder,  at  the 
ends  of  which  are  thfi  piV«ts  FE,  turning  in  the  folid  pieces  of 

VQi.  I.  G 
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timber  HF,  AE ;  the  weight  W  is  raifed  -by  means  of  a  rope 
coiled  about  the  cylinder  ;  the  power  being  applied  to  the  wheel 
SSB,  either  by  the  cord  II,  or  by  the  handles  S,  S,  S.  Some- 
times, inftead  of  the  wheel,  we  find  this  machine  made  up  of 
levers,  fixed  into  the  cylinder,  as  fpokes  into  the  nave  of  a  wheel; 
at  others,  a  fimple  handle  ferves  for  the  application  of  the  power, 
as  in  fig.  5  :  but  the  effeft  is  ftill  the  fame,  except  that  the  ro- 
tation is  lefs  uniform.  In  fome  cafes  the  cylinder  is  horizontal, 
as  in  the  figures,  and  in-  fome  kinds  of  cranes ;  in  others,  it  is 
vertical,  as  in  the  capftan,  &c.  But  whether  the  cylinder  be  ho- 
rizontal or  vertical,  this  machine  has  a  mani/eft  advantage  over 
the  fimple  lever  in  point  of  convenience  :  for,  by  the  continual 
rotation  of  the  wheel  the  weight  may  be  raifed  to- any  height,  or 
from  any  depth  ;  while  it  could  be  elevated  only  a  little  way  by 
any  lever. 

144'.  Prop.  -^«  i^^  ivheel  and  axle  if  the  power  ail  perpen^ 
dicularly  to  the  radius  of  the  former^  and  thc,nveight^perpendicularly 
to  that  of  the  latter ^  there  tuill  be  an  equilibrium  luhenthe  weight  and 
power  are  reciprocally  as  the  radii  of  the  circles  at  •which  thef  ail. 

Conceive  fig.  6.  pi.  V.  to  be  a  vertical  fe£tion  of  the  machine 
perpendicular  to  the  axis  :  and  fince  the  effort  of  the  weight  to 
turn  the  axle  round  is  the  fame  at  whatever  point  of  that  axle  it 
be  applied,  fuppofe  both  P  the  power,  and  W  the'  weight  or  re- 
fiftance,  to  be  applied  at  A  and  By  in  the  fame  plane,  perpen- 
dicular to  the  axis  of  rotation.  Then,  whether  the  power  P  a£k" 
at  A,  or  A',  fince  it  ads  perpendicularly  to, the  radius  CA,  CAf 
{by  hyp.)  while  the  weight  afts  perpendicularly  to  CB,  it  is 
Kianifeft  that  either  ACB,  jor  A'CB  may  be  confidered  as  a  lever, 
whofe  fulcrum  is  C;  and  confequently  (140.)  P;W::CB: 
CA.     Q^E.  D. 

CoR.  I.  If  the  power  aft  in  any  other  direftion  than  the 
tangential  one,  as  in  A'  P",  -for  example ;  then,  drawing  from 
C  the  line  CD  perpendicular  to  the  direftion  of  the  power,  we 
have  P  :,W  ^:CBi:  CD;  whence,  becaufe  CD  is  always  lefe 
than  CA,  it  is  obvious  that  the  tangential  is  the  moji  advantageous 
direitipn  in  which  the  power  can  be  applied. 

Cor.  2.  Since  we  have  always  P  :  W  : :  CB  :  CA,  or  CA  .  P=, 
CB  .  W,  it  follows,  that  when  the  power  is  variable,",if  the  dia- 
meter  of  the  wheel  increafe  in  the  fame  proportion  as--*he  power 
diminifhes,  and  vice  verfa,  the  force  with  which  the  wheel  will 
continue  to  be  turned,  will  always  be  of  the  fame  magnitude. — 
This  principle  is  ingenioufly  applied  in  the  a£tion  of  the  jnaia 
fpring  on  the  fuzee  of  watches,  and  of  the  main  fpring  on  the 
tumbler  of  gun-locks. 

Cor.  3.  When  the  moving  force  is  applied  by  means  of 
handles,  as  at  S,  ?,.  S,  (fig.  4.)  it  often  happens  that  many  force* 
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aft  fimultaneoufly,  one  at  each  handle  :  then,  if  they  all  aft  in 
direftions  perpendicularly  to  the  refpeftive  radii,  there  will  be 
an  equilibrium,  when  the, fum  of  all  the  powers  is  to  the  weight, 
as  the  radius  of  the  wheel,  to  the  mean  diftance  at  which  fie 
powers  aft;  or,  when  the  fum  of  the  moments  (31.)  of  the 
powers,  is  equal  to  the. moment  of  the  weight. 

Cor.  4.  When  the  power  and  weight  aft  by  means  of  a  ropei 
and  it  have  a  fenCble  thicknefs  compared  with  that  of  the  axle, 
there  will  be  an  equilibrium  when  the  power  is  to  the  weight,  ,as 
the  fum  of  the  radii  of  the  axle  and  rope,  to  the  fum  of  the 
radii  of ,  the  wheel  and  rope. 

For  the  aftion  of  both  forces  is  tranfmitted  By  the  axis  of  the 
rope,  and  confequently  its  iradius  oiightJto  be  added  both  to  that 
of  the  wheel,  and  that  of  the  axle. 

CoR.  5.  In  the  cafe  of  the  laft  corollary  the  ratio  of  the  power, 
to  the  weight  is  greater  than  when  the  thickneis  of  the  rojpe  is 
not  taken  into  the  account :  if,  therefore,  the  rope  is  fo  folded 
upon  the  axle  as  to  cover  the  furface,  and  the  weight  adls  by  a 
fecond  fpire  of  rope,  the  power  muft  be  augmented  to  maintain 
the  equilibrium  ;  and  fo  on  continually  for  every .  increafed 
,  courfe  of  rope  upon  the  axle.  ■ 

CoR.  5.  The  diftance  which  the  weight  hangs  froiii  the  axle 
will  make  no  difference  in  the  refult,  except  that  which  may  be 
occafioned  by  the  weight  of  rope,  or  that  which  mighl:  be  caufed 
by  a  varying  force  of  gravity  at  different  diftances  from  the 
earth's  centre. 

1 45 .  Prop.  To  determine  the  prejfure  upon  th^  pivots  of  the  wheel 
and  axle,  -when  hi  cquilibrio.  ,   4     , 

Here  we  Ihall  merely  confideir  the  moft  cdmmon  and  ufeful 
cafe,  in  which  the  power  and  the  weight  aft  in  parallel  direc- 
tionsj  and  on  oppofite  fides  of  the  horiizontal  axis  of  motion. 
The  preffures  upon  the  pivots  will  arile  from  the  aftion  of  the 
weight,  that  of  the  power,  the  weight  of  the  wheel,  and  that  of 
the  ax-le.  Call  the  weight  of  the  axle  A,  that  of  the  wheel  V, 
the  power  and  the  refiftance  to  be  overcome  being  denoted  by 
P  and  W.  Then  (fig.  8.  -pi.  V.)  the  weight  A  may  be  con- 
fidered  as  afting  at  the  middle  of  the  axle,  and  the  confequent 
preiTure  upon  each  pivot  will  be  \  A.  The  weight  V  will  aft 
at  C,  the  centre  of  the  wheel;  therefore  (133.  cor.  6.)  preffure 

upon  A  =  ^  •  "^,  and  prefTure  upon  B=-  'f^  .     The  forces  P 

and  W  may  be  conceived  to  aft  together  at  their  common 
centre }  that  is,  if  I  be  the  centre  of  a  feftion  of  the  axle  wher^ 
W  afts,  and  ID:  DC  :  :  P  :  W,  D  will  be  the  point  where 
P+W  will  aft  together:  hence,  the  third  prelTure  upon  A= 

G  % 
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(P+W)^5_,  correfponding  preflurfi  Upon  B=(P+W)-^, 
Confequently,  in  the  cafe  of  equilibrium,  the  aggregate  preffure 
iiponA=4A-l '■ — "^g  - — ,  and  the  whole  preffure 

TJ       I  A    ,     V.AC  +  (P+W).AD 

upon  B=4-A4 i-^^'- . 

The  preffUre  upon  the  pivots  when  the  machine  is  in  motion 
will  be  inveftigated  in  the  fecond  book.  (art.  .■?2i.) 

146.  Prop.  If  a  feriesof  nxiheeh  and  axles  be  fo  conneBed  bj 
cords  as  to  a£i  upon  one  another,  the  pqwer  being  applied  tan- 
gentially  to  the firji  wheels  and  the  fveight  in  like  manner  to  the  la/i 
axle,  there  will  be  an  equilibrium  luhen  the  poiuer  is  to  the  weight', 
as  the  continual. produff  of  the  radii  of  all  the  axles,  to  the  continual 
'produB  of  the  radii  of  all  the  -wheels. 

Let  fiich  a  fyftem  of  wheels  and  axles  be  reprefented  in  fig.  9, 
and  let  the  force  Q^in  direftion  O  F  balance  P  adling  at  G, 
and  the  force  Q^in  direftion  NE  balance  Qj  then,  by  art.  144. 
We  have 

P  :  Qj  :  OD  :  DG. 
Q:  Q:  :  :  CN  :  CF. 
q^:  W  :  :  AB  :  AE. 
Whence,  by  compofition  of  ratios,  P  :'W  :  :^D0  .  CN.  AB  : 
D,G  .  CF  .  AE.     Q^E.  D. 

CoR.  i.  If  the  wheels  and  axles  inftead  of  being  at  a  diftance 
from  each  other,  and  connefted  by  cords,  are  placed  as  in  fig.  7. 
arid  the  z.yX&  of  one  wheel  made  to  aft  upon  the  circumference 
pfthe  next  by  means  of  equal  teeth,  the  proportion  between  the 
j,ower  and  die  weight  will,  neverthelefs,  be  aS'  dated  in  the 
propofition  :  for  each  wheel  ajid  axle  will  a£t  ,as  a  lever  whofe 
fulcrum  is  at  the  centre  of  the  axle,  and  its  arms  refpeftively 
equal  to  the  radii  of  the  wheel  and  the  axle ;  and  the  joint  effe^ 
will  be  as  above.  (141.) 

This  is  generally  called  tooth  and  pinion  work,  the  axle  when 
its  furface  is  indented  being  called  a  pinion.  And  becaufe  the 
number  of  teeth  in  the  wheels  and  pinions  are  to  each  other  as 
their  peripheries,  or  as  their  radii,  it  follows  that  the  power  is 
to  the  weight,  as  the  continual  produfl:  of  the  teeth  in  the  pi- 
nions, to  the  continual  prpduft  of  the  teeth  in  the  wheels. 
Or,  if  P  a£ls  on  the  wheel  A  by  a  cord,  and  W  is  fufpendei 
"  from  the  axle  ?  by  another,  we  fliall  have  P  :  W  :  :  teeth  in  a  x 
teeth  in  ^  X  teeth  in  t  x  teeth  in  dx  rad.~^  :  rad.  A  x  teeth  in  B  X 
teeth  in  C  X  teeth  in  D  x  teeth  in  E.  If  the  wheels  and  pinionS| 
inftead  of  being  difpofed  as  in  fig.  7.  are  difpofed  in  awy  other 
manner,  as  in  fig.  10.  for  inftance,  the  ratio  of  the  power  and 
weight  will  ftill  be  determined  by  a  fimilar  procefs. 
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Cob,,  a.  If  the  wheels  be  equal  to  each  other,  and  the  axles 
equal  to  each  other,  or  if  each  wheel  be  to  the  axle  on  which  it 
is  fixed  in  a  conftant  ratio,  r  :  s;  then  n  being  the  number  of 
wheels,  we  fliall  have  in  the  cafe  of  equilibrium,  P  :  W  : :  j  «  : 
*• " .  Thus,  if  there  be  three  wheels  and  axles,  the  radii  of 
each  being  as  lo  :  i  -,  then  will  P  :  W  :  :  i  :  looo :  if  there  be 
four  fuch  wheels  and  axles  P  :  W  :  :  i  :  loboo,  and  Co  on. 

Cor.  3.  Since,  when  a  toothed  pinion  works  a  wheel  thg 
peripheries  of  both  move  with  the  fame  velocity ;  and  the  pinion 
of  the  fecond  wheel  moves  the  third  wheel  with  a  lefs  velocity 
than  the  fecond  moves,  being  at  a  lefs  diftance  from  the  centre 
of  motion;  and  the  fame  thing  obtains  throughout  the  fyftem  j 
hence,  in  a  combination  of  wheels  in  motion  the  number  of  re- 
Tolutions  of  the  wheel  where  the  power  adl's,  is  to  the  number 
of  fynchronal  revolutions  of  the  wheel  where  the  weight  a£ls,  aS 
the  product  of  the  radii  (or  teeth)  of  the  wheels,  to  the  produdt 
of  thofe  of  the  axles. 

SCHOLIUM. 

147.  In  forming  the  teeth  it  is  of  confiderable  importance 
to  determine  their  proper  curvature,  fo  that  the  motion  may  be 
communicated  equally,  and  with  as  little  friftion  as  poflible^ 
Two  methods  of  accomplifhing  this  end  have  been  recommend- 
ed :  of  thefe  the  firft  was  originally  propofed  by  M.  de  la  Hire, 
who  affirm'ed  that  the  pieflure  would  ]be  uniioxm  if  the  teeth  -were 
formed  into  epicycloids  ,■  and  M.  Camus,  in  his  Cours  tie  Mathema- 
tlques,  has  purfued  M.  de  la  Hire's  principle,  and  applied  it  to 
the  various  cafes  which  are  likely  to  arife  in  pra£tide.  The  i 
conftrufillon,  however,  is  fubje£k  to  a  limitation ;  on  which  ! 
account  a  fecond  method  has  been  propofed,  which  fecures  the  ' 
perfeft  uniformity  of  aflion  without  any  fuch  limitation.  This  j 
method  confifts  in  majting  both  teeth  portions  of  involutes  of  | 
circles.  Thus,  let  IHF,  KE  b,  (fig.  i.  pi.  VI.)  be  the  wheels  to 
which  the  teeth  are  to  be  accommodated :  the  adling  face  GCH 
of  the  tooth  a  muft  have  the  form  of  the  curve  traced  by  the  ex- 
tremity H  of  the  flexible  line  F  a  H,  as  it  is  unwrapped  from 
the  circumference  ;  sjnd,  in  like  manner,  the  adding  face  of  the 
tooth  ^  muft  be  formed  by  the  unwrapping  of  a  thread  from  the 
circumference'  of  the  circle  K  E  b.  The  line  FCE  drawn  to 
touch  both  circles  will  cut  the  furfaces  of  the  two  teeth  in  C, 
the  point  where  they  touch  each  other;  the  faces  of  both  teeth 
will  always  touch  each  other  at  a  point  in  the  common  tangent 
to  both  circles,  and  the  force  arifing  from  their  mutual  preffure 
will  always  z.£t  in  the  dire£tion  of  the  circumferences  of  the 
wheels  at  E  and  F.  This  form,  by  allowing  the  teeth  to  zd  on 
each  other  through  the  whole  extent  of  the  line  FCE,  will 
admit  of  feveral  teeth  to  be  afting  at  the  fame  time ;  and  thus. 
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by  dividing  the  preflure  amonjT  feveral  teeth,  will  diminifli  its 
quantity  upon  any  one  of  them,  and  therefore  diniinifli  the  caufe 
6f  the  indentations  they  unavoidably  make  upon  each  others 
Confequently,  a'confiderable  number  of  teeth  tha$  formed  a£t- 
irig  at  Once  caufe  the  communication  of  motion  to  be  extremely 
fmooth  and  regiilar.  But  this  by  the  bye  :  the  confideration  of 
te,eth  and  pinions,  &e.  will  be  farther  piirfued  in  the  fecond 
volume.  ' 

III.     OfthePullaj. 

148.  Def.  The  pulley  is  a  wheel  of  wood,  brafs,  or  iron, 
turning  on  an  axis,  and  enclofed  in  a  kind  of  frarne  or  cafe  called 
Its  block,  which  admjts  of  a  rope  to  pafs  freely  over  the  circum- 
ference of  the  pulley,  in  which  there  is  ufually  a  groove  to  prer 
vent  the  flippitfg  out  of  the  rope.  The  pulley  is  faid  to  he  fixed 
or  nwueahk  according  as  its  block  is  fixed  or  rifes  and  falls  with 
the  weight.  An  affemblage  of  feveral  pulleys  is  called  a  fyftem 
of  pulleys,  a  mujle,  ox  pol^paSion  :  of  wbich  fome  aye  in  a  fix;ed 
block,  and  others  in  a  moveable  one. 

The  nature  and  efFeds  of  the  pulley  have  by  fome  writer? 
been  explained  by  confidering  a  fixed' pulley  as  a  lever  of  the 
firft  order,  and  a  riioveable  pulley  as  one  of  the  fecond.  But, 
trofeflbr  Hamiltori  and  others  have  been  of  opinion  that  "  the 
"  pulley  cannot  properly  be  confidered  as  a  lever  of  any  kind; 
"  for  when  any  power  fuftains  a  weight  by  means, of  a  fyftem 
"  of  pullies  that  povver  will  fuftain  the  fanie  weight  if  the  pullie's 
"  be  removed,  and  the  ropes  be  brought  oyer  the  axles  on  which 
"  the  pullies  turned.  If  the  weight  were  to  be  raifed  up  there 
"  would  in  this  cafe,  be  a  very  great  refiftance  from  the  friftion 
"  of  the  ropes  on  the  axles;  and  it  is  merely  to  avoid  this  re- 
"  fiftance  that  pullies  are  ufed,  which  move  round  the  axles 
"  with  but  little  fricElion."  One  of  the  moft  fimple  and  natural 
methods  of  computing  the  power  and  explaining  the  efFefts  of 
the  pulley,  is  by  confidering  that  every  moveable  pulley  hangs 
by  two  parts  of  the  fame  rope  equally  ftretched,  which  muft 
fuftain  equal  parts  of  the  weight ;  and  therefore,  when  one  anil 
the  fame  rope  goes  round  feveral  fixed  and  moveable  pullies, 
^nce  all  its  parts  are  equally  ftretched,  the  whole  weight  muft 
be  divided  equally  among  all  the  ropes  by  which  the  moveable 
pullies  hang.  And  confequently,  if  the  power  which  a£l:s  on 
one  rope  be  equal  to  the  weight  divided  by  the  number  of  ropes, 
that  power  muft  fuftain  the  weight.  This  principle  may  be 
applied  to  many  of  the  cafes  which  occur,  with  great  facility  ; 
particularly  when  the  cords  run  in  direfltions  nearly  parallel,  as 
in  the  fyftems  exhibited,  fi'g.  2.  pi.  VI.  But  when  the  ropes  affe 
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_drawn  in  direftions  which  are  not  parallel,  this  method  may 
lead  to  error,  on  which  account  we  ftiall  give  a  general  propof 
fition,  depending  on  the  pure  principles  of  equilibrium,  from 
which  the  application  to  particular  cafes  may  be  eafily  deduced. 
149.  Prop.  Each  of  two  forces  in  equilibrio  about  a  pulley  is 
to  that  ivhich  retains  the  aids,  as  the  radius  of  the  pulley^  to  the  chord 
^  of  that  arc  nvith  ivhich  the  rope  is  in  contail. 

Let  D£C  (fig.  3.  pi.  VI.)  reprefent  a  pulley  which  is  kept  in 
equilibrium  by  three  forces  P,  W,  R  ;  of  which  the  two  fomaer 
a£l  ty  a  rope  PEGDW,  wjiich  touches  the  pulley  throughout 
the  arc  EGD,  the  latter  afting  by  a  rope  or  a  bar  RG  whofe 
dire£tion  pafles  tlarough  C,  the  axis  of  the  pulley.  Now,  fmce 
the  whole  is  in  equilibrium,  the  force  R  is  equal  and  oppofite  to 
the  refultant  of  P  and  W ;  and  fmce  the  moment  of  R  with 
refpecl  to  the  point  C  is  zero,  the  moments  of  P  and  W  muft 
be  equal  (60.  &i.)  :  wherefore,  fmce  DC— CE,  W  muft  be 
equal  to  P.  Produce,  therefore  WD,  PE,  till  they  meet  CR, 
and  fetting  off  from  the  point  of  concourfe  the  equal  diftances 
RA,  RB,  on  the  dire<3:ions  of  the  powers  to  reprefent  them, 
complete  the  rhombus  R  AIB  ;  then,  we  fhall  have  P  :  W  :  R  : : 
RB  :  BI :  JR.  But  the  triangles  RBI,  ECD,  having  their  fides 
-  refp?£tively  perpendicular  to  each  other,  are  fimilar ;  and  con- 
fequently  P  :  W :  R  : :  CE  :  CD  :  DE.     Q^E.  D. 

Cor.  I.  When  WD  and  PE  are  parallel,  CD  and  CE  would 
coincide  with  the  femi-chords  FD,  FE,  and  we  Ihould  have  P  = 
W,  or  tht  power  equal  to  the  weight,  as  in  the  fixed  pulley  with 
ropes  parallel.  Or,  luppofing  the  figure  inverted,  the  rope  fixed 
at  one  end  as  W,  and  the  power  a£i:ing  at  the  other  end  P,  R 
•Would  then  be  the  weigh^and  would  be  equal  to  2  P. 

GoR.  2.  If  the  angle  DRE  be  denoted  by  2  a,  then  will  R=z 

aPcos.^.,    For,  fince  P  :  il :  :  CE  :  DE,  wehaveR=P^^: 

and  fince  moreover  DE=:2  EF  =  2  CE.  cos.  CEF  =  2  CE.  cos.  a: 

confequently  R=P. -^ =2P  cos.  a. 

Cor.  3.  If  the  angle  DRE  be  equal  to  120°,  then  will  cos.  a 
=  ^,  andP=W=R.  '  ,  • 

150.  Prop.  In  afyjlem  of  moveable  puUies,  each  of- ivhich  ias 
afeparate  rope.,  the  poiver  is  to  the  weight,  as  radius  to  the  continual 
produEt  of  thercofines  of  the  half  angles  made  by  the  rope  fuftaining  each 
pulley,  into  that  power  of  i  whofe  exponent  is  the  number  of  pullies. 

Let  the  weight  W  (fig.  5.  pi.  VI.)  be  kept  in  equilibrio  by  the 
power  P  through  the  medium  of  the  pullies  A,,  A',  A",  the 
angles  «  AA',  n  A'  A'',  made  at  each  being  denoted  hj  2  a,  2  a, 
ii?'',  &c.  and  Itp  t,  /, ,/",  §£C.  be  the  tenfions  of  the  cords  by 
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which  the  puHies  A,  A',  A ",  are  ftipported.    Then  by  Cor.  a. 
laft  |)«op.  we  have 

■W=2i  COS. «, ' 

jf=:2/'  COS.  d . 
^ —  Z  t"  C05.  d' . 


f"-^  =  2t"C0S.a". 
Multiplying  together  the  two  firft,  three  firft,  &c.  of  thefe  we 
fhall  obtain  the  tenfions  of  the  feveral  cord?  in  fucceffion  ;  and  if 
we  multiply  together  the  whole,  we  have  for  the  relation  between 
P  and  W,  the  following  equation 

W=2  "P  (cos.  a.  cos.  a',  cos.  a".  . . ,  .  cos.  a".) 
Whence  the  proportion  ftated  in  the  propofition  is  manifefl. 

Cor.  I.  If  the  cords  are  parallel  (as  in  fig.  4.)  then  will  cos.  a 
=cos.  a'  =  cos.  a",  &c.  =  I,  and  the  preceding  equation  becomes 
W=2  "  P,  whence  P  :  W  : :  i  :  2  "  ;  that  is,  the  power  is  to  the 
•weight,  as  unity,  to  that  poiver  of  2  -which  is  denqted  by  the  number 
efptdiies. 

Cor.  2.  If  the. angles >at  A,  A',  A",  are  equal  to  each  other, 
then  will  P  :  W  : :  i  :  o."  cos.  "  a,  a  denoting  the  angle  at  each 
pulley^ 

SCHOLIUM.  -^ 

I  CI.  A  fyftem  of  pullies  being  tolerably  portable  and  not 
very  heavy,  can  be  readily  conveyed  from  place  to  place,  and 
thus  made  ufe  of  in  many  inftances  where  other  machines  can- 
not be  reforted  to.  In  a  judicious  combination  of  them  a  con- 
fidcrable  weight  may  be  moved  by  a  very  fmall  power,  though 
in  this  as  in  all  other  machines,  the  power  reuft  pafs  over  a 
proportionably  greater  fpace.  But  the  chief  difadvantages  to 
which  pullies  are  liable,  arifes  from  their  great  friftion,  and  the 
ftiffhefs  of  .the  ropes  which  paffes  over  and  under  them.  Some 
ingenious  contrivances  have  been  devifed  to  remove  in  a  great 
■degree  thefe  and  other  inconveniences  ;  which  will  be  defcrib- 
ed  under  the  article  Pulley  in  the  fecond  volume  of  thifi 
work, 

IV.     Of  Inclined  PlanesL 

1^2.  Def.  An  Inclined  Plane,  as  its  name  imports,  is  one 
which  forms  with  an  horizontal  plane  aiiy  anigle  whatever. 
It  is  reckoned  among  the  mechanical  powers  becaufe  when  any 
body  is  laid  upon  it  a  part  of  its  weight  is  fupported,  and  it  is 
therefore  moved  with  greater  eafe.  The  incjination  of  the  plane 
}$  pieafured  by  the  angle  formed  by  two  lines  drawn  upon  the 
fibpirig  plane  and  the  hotizoHtal  plane,,  perpendicular  to  their 
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common  interfeftbn,  and  meeting  at  a  point  in  that  irrter- 
fediing  line. 

153.  Before  we  demonftrate  tlie  general  properties  of  this 
fimpk  machine  we  fhall  premife  a  few  obfefvations  on  the  man- 
ner in  which  bodies  are  fnpported  upwi  any  planes  whatever. 

L  If  a  body  of  any  figure  touches  a  plane  in  a  .fingle  point, 
and  is  foliclted  by  one  force  only  j  two  conditions  are  requifite 
to  its  continiiance  at  reft  on  that  plane.  Fi'Jl,  that  the  diredtion 
of  the  fingle  force  be  perpendicular  to  that  plane.  Secondly, 
that  its  direftion  pafs  through  the  point  where  the  body  is  in 
contaft  with  the  plane.  The  neceflity  of  the  firft  of  thefe  con- 
ditions appears  from  art.  134.  As  to  the  fecond,  it  is  no  lefs 
neceflary,  firice  if  the  dirediion  of  the  power,  though  perpen- 
dicular to  the  plane,  pafs  not  through  the  point  of  contact  of 
the  plane  and  the  body,  the  refiftance  of  the  plane  which  is  ex- 
erted perpendicularly  to  the  point  of  contaft,  will  not  be  dire£^ij 
oppofed  to  the  force,  and  of  confequence  they  cannot  deftroy 
eash  other  although  they  fliould  be  equal. 

II.  If  the  body  inftead  of  touching  the  plane  in  one  point 
only,  touch  it  in  many  points,  or  throughout  plane  furfaces,  then 
it  is  not  indifpenfable  that  the  fingle  force  which  a£ts  oh  the 
body  flioulu  pafs  through  apy  of  the  points  of  contadl :  but  it 
mult  be  perpendicular  to  the  plane,  and  fo  fituated  that  it  may  be 
decompofed  folely  into  as  many  forces  perpendicular  to  the  plane 
as  there  are  points  refting  on  the  plane,  and  the  forces  refulting 
from  the  decompofition  muft  pafs  through  thofe  points. 

III.  Therefore,  if  a  body  which  touches  a  plane  in  many 
points  is,  folicited  by  various  forces  in  different  direftions,  it  is 
neceiTary,  Firfl,  that  thefe  forces  may  be  reduced  to  one  only 
which  is  perpendicular  to  the  plane :  and,  Secondly,  that  the 
latter  in  the  cafe  in  which  it  does  not  pafs  through  one  of  the 
points  of  contaft,  may  be  decompofed  into  as  many,  forces  pa- 
rallel to  it  as  there  are  points  of  contact,  each  of  thefe  new 
forces  paffing  throagh  a  point  of  contaft. 

IV.  If  the  fingle  force  which  ai!vbs  upon  a  body  be  that  of 
gravity,  it  follows  that  the  plane  muft  be  horizontal  \  and,  if 
the  vertical  line  drawn  through  the  centre  of  gravity  of  tte 
body,  does  not  pafs  through  one  of  the  points  of  contaft,  it  is 
farther  neceffary  that  all  the  points  of  cotitadl  fhould  not  fail 
on  one  and  the  fame  fade  of  the  faid  vertical  line. 

V.  If,  therefore,  the  body  is  folicited  by  two  forces  only, 
it  is  neceffary,  Firjl,  that  thefe  two  forces  are  in  the  fame  plane; 
Seiondly,  that  this  plane  be  perpendicular  to  that  on  which  the 
body  lies :  nirdly,  that  the  refultant,  which  ought  always  to  be 
perpendicular  to  the  latter  mentioned  plane,  leave  not  all  the 
points  jpf  contad  on  the  fai^e  fide  of  it*    And,  if  one  of  tlw 
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two  forces  be  that  of  gsavity,  it  is  neceffary  moreover  that  the 
plane  in  which  the  refultant  falls  be  vertical,  and-pafs  through 
the  centre  of  gravity  of  the  body. 

"VI.  With  regard  to  bodies  which,  reft  on  many  planes  at 
once,  whether  in  virtue  of  a  fingle  force,  or  of  many  forces, 
among  which  we  comprehend  that  of  gravity,  the  general  laws 
of  their  equilibrium  are,  Firji,  that  the  refultant  of  all  thefe 
forces  may  be  decompofed  into  as  many  forces  as  there  are  points 
on  which  the  body  refts  :  Secondly,  that  thefe  latter  are  perpen- 
dicular to  the  refpeftive  planes  at  the  ffiveral  points  of  contaft. 
Whence,  we  conclude  that,  in  order  that  a  body  folicited  only 
by  gravity  may  remain  in  equilibrio  between  two  inclined  planes, 
it  is  neceffary  that  there  be  in  the  vertical  which  paffes  through 
its  centre  of  gravity,  at  leafl;  one  point  from  which  we  may  let 
fall  a  perpendicular  on  each  of  thefe  planes ;  and  that  each  of 
thefe  perpendiculars'  have  the  conditions  ftated  above, 

154,  Prop.   When  tiuo  forces  aEling  on  a  body  keep  it  in  equilibrio 

-  vpon  a  plane,   if  nue  conceive  two  other  planes  to  nvhich  thefe  two 

forces  are  refpeBively  perpendicular  ;   the  two  forces  and  the  prejfure 

upon  the  plane,  are  each  reprefented  by  the  fine  of  the  angle  comprifed 

beliveen  the  planes  to  'which  the  tiuo  other  forces  are  perpendicular. 

This-  is  nothing  elfe  than  a  manifeft  inference  from  art.  48. 
It  may,  however,  be  demonftrated  in  a  manner  immediately  ap- 
plicable to  the  prefent  cafe,  thus :  Let  CP,  CG,  be  the  direftions 
of  the  two  forces,  which  fuftain  the  body  whofe  centre  of  gra- 
vity is  C  at  reft  upon  the  plane  ;  and  let  AD  (fig.  6.  pi.  VI. )  be 
the  interfeftion  of  the  plane  of  the  two  forces  with  that-on  which 
the  body  lies  :  draw  CF  perpendicular  to  AD,  and  on  this  line 
as  a  diagonal  defcribe  the  parallelogram  CEFG  two  of  whofe 
fides  fhall  fall  on  the  dire£lions  of  the  given  powers  -,  then,  it  rs 
evident  from  the  preceding  article,  that  if  the  leaftion  of  the 
plane  be  reprefented  by  FC,  the  two  other  forces  which  fuftaiij 
the  body  will  be  reprefented  by  EC  and  GC  refpeftively :  con- 
fequently  if  the  preffure  on  the  plane  which  is  equal  to  its  re- 
aftion,  be  called  R,  and  P  and  G  be  the  powers  afting  in  PC, 
GC,  then  will  P  :  G  :  R  : :  EC  :  GC  :  FC  : :  FG  :  EF  :  FC  : :  fin. 
GCF :  fin.  FCE  :  fin.  GCE.  Now  from  two  points  A  and  i 
taken  arbitraiily  upon  AD,  draw  i B,  and  AB  perpendicular  to 
the  direftions  of  P  and  G;  fo  {hall  the  triangle  AB  i  be  fimilar 
to  CGF  :  whence,  becaufe  P  :  G  :  R  : :  fin,  GCF  :  fin.  FCE  : 
fin.  GCE  or  fin.  GC/.,  we  fliall  have  P  :  G  :  R  : :  fin.  i-AB  : 
fin.  A i  B  :  fin.  AB  /.     Q^E.  D. 

CoR.  I.  Since  the  relations  juft  eftabliflied  have  place,  what- 
ever the  forces  may  be,  we  may  confider  one  of  them,  as  G  for 
jnftance,  to  be  the  force  of  gravity ;  then  will  AB  be  parallel  to 
the  horizon:  and  the  power,  weight,  and  prejfure  upon  the  pUni, 
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•will  be  reJpeBtvely^  as  the  fine  of  the  plane's  inclinatiffn,  the  iofme  of 
the  angle  •which  the  dire  ff  ion  of  the  power  makes  •with  the  plane,  and 
the  cqfme  of  the  angle  which  the  direEiion  of  the  poiuer  makes  -with 
the  horizon  :  for  Hn.  i  AB,  fin.  A  i  B,  and  fin.  AB  i,  are  the 
fame  as  fin.  i  AB,  cos.  CEi,  and  cos.  /BD. 

Cor.  2.  Hence,  whether  the  line  of  direftion  of  the  power 
be  elevated  above  or  deprefled  below,  if  the  angles  which  it  makes 
with  the  plane  are  equal,  equal  pozvers  will  fujiain  the  ^weight., 
Thus,  if  the  lines  PC^,  P  C/i',  be  equally  inclined  to  the  plane, 
equal  powers  a£ling  in  thofe  dire£tions  will  fuftain  the  weightj 
^hether  they  draw  in  the  direflions  from  C  to  P  or  P',  or  pufh 
from  p  or  />'  towards  C.  But  the  preflures  on  the  planes  vary 
with  thofe  direftions,  being  lefs  and  lefs  as  the  diredlion  is  more 
^levated. 

CoR.  3.  The  power  P"  or  p''  is  leajl  when  its  line  of  direBkn  h' 
parallel  to  the  plane :  for  fince  P  :  G  or  W  : :  fin.i  AB:  cos.CE^ 

„      .__    sin.  iAB  ,  .  •,    .  t  m  -    •  1      ' 

^e  have  P  =  W.  coa  CEi»  '^"■^^  '*  manifejtiy  a  minimum,  wheii 

fos.  CE  2  =  radius,  that  is,  when  CE  i  vaniflies. 

The  truth  of  this  will  alfo  appear  by  confidering  the  proi- 
portion,  P:W::B/:BA,  in  which  it  is  obvious  P»  will  be 
the  leaft  poffible  when  it  is  perpendicular  to  AD,  a  perpendicular 
being  the  {horteft  diftance  from  a  given  point  to  a  line ;  fo  that 
the  mojl  advantageous  direSiion  in  which  the  power  can  a^  is  that 
which  is  parallel  to  the  plane. 

CoR.  4.  In  this  latter  cafe,  becaufe  of  the  fimllar  triangles 
AB  /',  ADB,  we haveP  :  W  :  R  : ;  B  /"  :  BA  :  A  i" -.  -.  BD :  DA  : 
AB  : :  fin.  A  :  rad.  :  cos.  A.  That  is,  when  the  direction  of  the 
power  is  parallel  to  the  plane,  the  power,  weight,  and  prejfure  on  the 
plane,  are  rffpeBively  as  the  height,  length,  and  bafe  of  the  plane  ,- 
'or  as  the  fine  of  inclination,  radias,  and  coftne  of  inclination. 

Cor.  5.  If  two  weights  W,  W',  fuftain  each  other  upon  two 
inclined  planes  AC,  CB,  which  have  a  common  altitude  CD, 
by  means  of  a  cord  which  runs  freely  over  a  pulley  and  is  pa- 
rallel to  both  planes,  then  will  W  :  W  ^  :  AC  :  CB  (fig.  7. 
pi.  VI.).  For  let  the  power  P  afting  in  direftion  C'W,  be  that 
which  fuftains  the  weight  upon  the  plane  CA,  then  by  reafon  of 
the  uniform  tenfion  of  the  firing,  the  fame  power  fuftains  the 
weight  upon  W'  upon  the  plane  CB,  adling  in  a  diredion  pa- 
rallel to  it :  hence.  Cor,  4. 
*  ■  W:P;:  AC:CD, 

P:W::CD:CB, 
And,  compo.  W  :  W  : :  AC  :  CB. 

CoR.  6.  Hence  alfo,  when  one  of  the  planes  as  CB,  becomes 
vertical,  we  ftill  have  W :  W  : :  AC  :  CB.  (fig.  8.) 

CoR.  7.  If  th«  pulley  at  C  be  fo  elevated  that  th^  two  parts 
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CW,  CW,  of  the  rope  are  not  parallel  to  the  plane,  we  fhall 
have  an  equilibrium  when  W  :  W  : :  (in.  CBD  x  cos.  CWC  : 
fin,  CAD  X  COS.  CWC.     FoV,  in  this  cafe 

W  :  P  :  :  cos.  CWC  :  fin.  CAD, 
P  :  W  : :  fin.  CBD  :  COS.  CW C, 

Whence,  W  :  W' : :  fin.  CBD .  cos.  CWC :  fin.  CAD  .  cos, 
CW'C. 

CoR.  8.  If  the  direHion  of  the  poiver  he  parallel  to  the  horizon^ 
then  will  the  poiver,  the  •weightf  and  the  prejfure  on  the  plane,  be, 
refpeBively,  as  the  height,  the  hafe,  and  the  length  of  the  plane  ;  or, 
as  theftne  of  inclination,  its  enfme,  and  radius.  For,  if  CP  (fig.  6.) 
be  parallel  to  AB,  then  will  B  i  coincide  with  BD,  and  it  will 
beP:W:'R::BD:  AB  :  hXi  ::  fin.  A :  cos.  A  :rad. 

Cor:  9.  If  inftead  of  oppofing  a  fingle  power  to  the  action  of 
the  weight  we  oppofte  feveral,  then  all  which  we  have  ftated  in 
.this  propofition  and  the  corollaries  as  relating  to  the  power  P, 
mufl;  be  extended  to  the  refultant  or  equivalent  of  thofe  powers. 
For  example,  if  the  body  W  (fig.  10.  pi.  VI.)  is  fufl;ained  on  the 
inclined  plane  by  the  combined  aftion  of  a  power  P,  and  the 
refinance  of  a  fixed  point'D  to  which  is  attached  the  rope  DKP 
which  embraces  the  body  :  then,  imagine  a  line  HC  to  be  drawn 
from  the  point  of  concourfe  of  I)F  and  PK,  bifefting  the  angle 
made  by  thofe  direftions.  If  this  line  interfeft  the'  vertical 
drawn  through  the  centre  of  gravity  of  the  body  in  a  point  C, 
from  which  we  may  demit  on  the  plane  a  perpendicular  paffing 
through  the  point  of  contaft  F,  the  equilibrium  will  be  pofliblej 
and  the  relation  between  the  weight  W,  and  the  effort  accord- 
ing to  HC,  will  be  determined  by  what  has  preceded;  As  to 
the  ratio  of  the  force  in  direction  HC,  to  the  power  P,  it  will  be 
the  fame  as  in  the  movfeable  pulley.  Thus,  if  the  power  P  a£l:s 
parallel  to  the  plane,  the  weight  will  be  to  that  power,  as  the 
length  of  the  plane  to  half  its  height ;  viz.  the  pcwer  nvill  be  only 
half  that  luhich'  would  have  been  requifite  had  the  weight  beenjuf- 
tained  -without  the  aid  of  the  fixed  point  I) . 

i^£.  When  t\yo  bodies  whofe  weights  are  reprefented  by 
IV,  w,  are  attached  to  a  thread  w  C  w  (fig.  9.  pi-  VI.)  pafling 
over  a  pulley  at  C,  and  are  always  in  equilibrium  upon  two 
curves  FA,  EB,  whatever  are  their  refpeflive  pofitions,  it  will  be 
eafy  to  determine  the  neceffary  conditions  of  thofe  two  curves. 
In  order  to  this  draw  the  vertical  CM  through  the  point  C,  and 
fuppofe  that  the  equations  of  the  two  curves  with  refpeft  to 
that  line  as  a  common  axis  are y=fx,  u  =  Y  t,  /"and  F  being  any 
functions  of  the  axes  *■,  and  t,  and  C  their  common  origin.  The 
weight  ■«;  is  a  force  afting  in  the  vertical  direftion  wb  ;  and  if 
that  force  be  reprefented  by  w  b,  it  may  be  refolved  into  the  two 
■w</ a£ting  in- the  diredlion,  of  the  thread,  and  wc  a£l;ing  in 
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that  of  the  normal  w  M  ;  the  paTallelogram  of  forces  being  c  d. 
Here  the  fimilar  triangles  ivdb,  C  w  M,  give 

CM  -.Cnv  •.•.iv  b  :wd. 
Jjikewife,  putting  C  w=z,  we  have 

CM=i>f+fubnorm.  =   .  '.    ■  — -^ — ~~  =  - 

Therefore,  w  d=  -!if—    In  like  manner  putting  C  w'=ti',  and 

z 

-       to  t 

operating  for  the  weight  w,  we  haVe  ~ —  for  the  component  of 

that  weight  afting  in  the  direftion  C  iv'.  In  the  cafe  of  an 
equilibrium  thefe  two  components  muft  be  equal.  But  the 
length  of  the  thread  w  C  w'  being  conftant  and  known,  we  have 

a  +2'=  C,  whence  z  =  —  z',  and  confequently 

IV  K-\-w'  /  =  0, , or  vjx  -\- 10  f=^  A. 
From  this  equation  it  appears  that  whatever  pofition  we  give 
to  the  bodies  lu,  iv,  the  centre  of  gravity  of  their  fyftem  will , 
be  always  on  the  fame  horizontal  line  ;  becaufe  the  co-ordinate 
of  that  centre  with  refpefl  to  GH  is  conftant :  for,  from  the 
equation  (108. 1.)  that  co-ordinate  is 

;'—;-=- — i — r=  a  conftant  quantity. 

ai-f-a/  ai-J-a)  ^  ' 

The  curve  FA  being  given,  if  we  demand  what  the  curve  EB 
ought  to  be,  that  the  equilibrium  fliould  obtain  in  all  its  points. 
ift.  We  fubftitute  in  the  equation  for  the  firft  y'ptZ^  for  y, 
and  C  — z'.  for  z,  that  is  to  fay,  we  make  y=^x/  (c  — a')»— 7'. 

'  A  —  "v'  t  ' 

adly,  we  fubftitute "- —  for  ;#,  and  thence  have  the  equation 

of  the  curve  BE  in  funflions  of  t  and  z.  3dly,  we  put  \/Fj^ 
for  z',  and  thence  determine  the  conftant  quantity  A  from 
the  pofifion  of  the  arbitrary  point  E  where  the  curve  BE  muft 
interfedik  the  vertical  line  CM. 

If,  for  example,  the  line  AF  is  a  right  line  and  the  pulley  C 
is  placed  at  its  point  of  interfedlion  F  with  the  vertical,  that  line 

^  has  for  its  equation  y^^—  *"»  -s  and  c  being  the  fine  and  cofine 

he  angle  ACD  (fig.  7.  pi.  VI.)  :  and  fubftituting  (C-z')* 

— «*  for/,  we  have  (C-z)  '■——  .v^  +■  a;%    or  z'  ::;:  C  -  - 

Subftituting — ~-^  for  «,•  and  thence  will  arife 

,'     _      h-\-vft 
Si  se v»  —     :■_  ■   .  • 
toe 
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This  equation  is  manifeftly  that  of  a  right  line  :  if  we  wifli  it  to 
pafs  through  C  likcwife,  its  etjuation  muft  give  at  the  fame  timfe 

z'  =  o,  a«d  t=o;  whence  C =o.     Put  therefore. «^  + 1^ 

for  z!  \  and  there  will  arife 

«'•  +  t'  =:!i^,  and  «  =  f   /  i^  -TT 

The  laft  equation  leads  to  the  conclufion  already  announced 
(154.  cor.  5.).  For,  the  angle  DCB  being  fuppoTed  to  have  / 
and  c  for  its  fine  and  cofine,  the  equation  of  the  right  line  BC 

is  u=—  t ;  therefore,  that  the  equilibrium  may  obtain  we  mnft 

have  -^%= 7-, — >  from  which  refults  w  c  '=■  nv  c . 

155.  Prop.  When  a  heaijy  body  is  fupported  by  two  pldnSS  to 
determine  the  relation  between  the-iueight  of  the  body  and  the  prejfure 
•upon  each  plane. 

Here  we  apply  the  obfervatlons  laid  down  in  art.  153.  Vf. 
in  this  manner:  Let  G  be  the  centre  of  gravity  of  the  body 
fupported  by  the  planes  (fig.  11.  pi.  Vl.)  through  which  drawr 
the  vertical  GF  ;  then  if  from  any  point  F  in  that  vertical  per- 
pendiculars FC,  FE,  be  demitted  upon  the  two  planes,  thole 
perpendiculars  mufl  pafs  through  points  of  contaCt  of  the  body 
and  pFanes :  otherwife  a  new  force  will  be  required  to  fupport 
the  body,  contrary  to  the  hypothefis. .  Let  the  fpace  F  b  on  the  _ 
vertical  line  reprefent  the  weight  of  the  body,  on  which  as  a 
diagonal  complete  the  parallelogram  cY  be,  two  of  whofe  fides 
fall  upon  FC,  and  FE ;  then  fliall  F  c  or  e  b,  reprefent  the 
preflure  P  upon  the  plane  AB,  and .  F  ^  or  c  ^,  the  preflure  F' 
upon  the  plane  BD.  Hence  if  KL  be  drawn  parallel  to  HI, 
the  fides  of  the  triangle  BKL  will  be  refpeftively  perpendicular 
to  the  fides  of  the  triangle  '<-F^,'and  we  fliall  have 
,  W  ;  P  :  P' :  :  F  ^  :  F<r  :  /^  ^  : :  KL  :  BL  :  BK  :  :  fm.  ABD  :  fin. 
ABH  :  fin.  DBI.  That  is,  if  the  nsteighf  of  the  body  be  riprefentei 
by  theftne  of  the  angle  comprehended,  between  the  iwo  planes,  the 
prejfures  tipon  them  are  reciprocally  proportional  to  the  fines  of  the 
inclinations  ofthofe  planes  -with  the  horizon. 

Cor.  I.  If  the  aijgles  of  inclination  .of  the  planes  be  each  6a 
degrees,  the  fum  of  the  preffures  of  the  body  upon  both  planes 
will  be  equal  to  twice  its  weight. 

Cor.  2.  If  the  angle  ABD  be  a  right  angle,  the  fum  of  the 
preflures  upon  two  planes,  fliall  be  as  two  fides  of  the  right- 
angled  triangle  KBL'to  its  hypbthenufe. 

Cor.  3.  The  more  inclined  the  two  planes  arc,  the  greater 
will  be  the  preflure  upon  them  ;  ahd  vice  verfa. 

Cor.  4.  If  one  of  ther^  planes  is  horizontal  the  body  cannot 
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remain  in  equilibrio,  independent  of  friftion,  except,  in  the  cafe 
where  the  vertical  drawn  through  its  centre  of  gravity  pafles 
through  one  of  the  points  with  which  the  body  touches  the 
horizontal  plane. 

Cor.  5.  When  a  body  is  fuftained  by  three  planes,  we  muft 
in  a  fimilar  manner  demit  perpendiculars  from  fome  point  in  its 
line  of  dire&ion  (106.)  upon  thofe  planes,  and  upon  them  con- 
ftruft  a  parallelopipedon  whofe  vertical  diagonal  fliall  reprefent 
the  weight  of  the  body,  and  its  three  contiguous  edges  the 
prefliires  upon  tKe  planes  to  which  they  are  perpendicular. 

1 57.  Prop.  Given  the  weight,  magnitude,  and  pofttion  of  a  beam  or 
other  heavy  body,  to  find  the  relative  pofitiou  of  two  props  that  may 

fupport  it  in  equilibrio,  one  prop  and  the  lower  end  of  the  other 
having  fixed fttiiations. 

Let  the  body,  AD  (whether  fimple  or  compound,  as  a  beam, 
or  a  beam  with  «  load),  have  its  centre  of  gravity  at  G;  it  is 
required  to  find  the  relative  pofition  of  two  props  which  will 
fupport  it,  their  feet  Handing  at  C  and  I  (fig.  i-  pi.  VIL),  and 
the  pofition  of  one  of  them  as  CA  being  fixed.  Prodiice  CA 
until  it  meet  the  vertical  paffing  through  G  in  F;  join  IF,  and 
it  will  cut  AD  in  D,  the  place  where  the, top  of  the  prop  ID 
muft  be  applied.  For,  drawing  AB,'BD,  perpendicular  to  CA, 
DI,-  they  would  be  fe£tions  of  inclined  planes-  which  would 
fupport  the  body  in  equilibrio,  by  the  lad  propofition  :  and 
fince  the  -adtion  of  the  body  upon  thofe  planes  would  be  per- 
pendicular to  them,  that  adiion  would  be  completely  refifted  by 
the  props  CA,  ID,  their  feet  being  fuppofed  immoveable. 

Cor.  I.  The  weight  of  the  body,  thepreffure  upon  CA,  and  the 
freffureiipon  ID,  are  refpeclivcly,  as  fine  g?  C+I,  cofne  of  I,  and 
coftne  of  C.  For,  fine  of  C-|-I=fine  ABD,  cos.  I=fin.  DBI,  and 
COS.  C=fin.  ABC  :  confequendy  this  agrees  with  art.  156.  as 
it  ought  to  do.  '  ■ 

Cor.  2.  The  equilibrium  will  be  equally  preferved  whether 
the  body  be  fuftained  by  the  two  props  CA,  ID  ;  the  two  in- 
clined planes  BA,  BD  ;  or  by  two  ropes  FA,  FD,  fixed  to  a 
pin  or  hook  at  F.  For  in  either  cafe  the  "forces,  and  direi9:ions 
are  the,  fame.  ' 

The  fame  principles  are  afTumed  as  the  foundation  of  the 
more  complex  inveftigations  relative  to  the  equilibrium  of  vaults,, 
arches,  domes,  &c.  as  will  be  fhewn  in  their  proper  place. 
(Chap.  VI,) 

V.     OfthsScrexiu 

158.  Def.  The  Screw  is  a  mechanical  power  chiefly  ufed 
in  preffmg  or  fqueezing  bodies  clofe,  andifometimes  in  raifing 
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*eights.  It  is  a  very  ftrong  machine,  ttiougli  it  cannot  be  ac- 
counted a  fimple  one,  as  no  fcrewcan  be  made  ufe  of  without  » 
kver  or  winch  to  affift  in  turning  it.  The  fcrew  is  chie^y  dif- 
tinguiflied  by  its  fpiral  thread,  of  which  a  tolerable  conception 
may  be  obtained  by  cutting  a  piece  of  paper  into  the  form  of 
an  inclined  plane,  and  then  wrapping  it  round  a  cylinder,  as  ia 
,  fig.  2.  pi.  VII.       ~ 

159.  The  fcrew  may  be  confidered  as  compofed  of  the 
lever  and  the  inclined  plane ;  as  will  be  evident  froiA  a  ^more 
minute  account  of  the  manner  in  which  it  may  be  conceived  to 
be,  generated.  ,  If  an  ifofceles  triangle  BFG  turn  about  the  axe 
AZ  (fig.  5.  pi.  VII.)  there  will  be  generated  by  that  revolution 
two  conic  fruftums  united  by  their  greater  ends:  conceive  now, 
that  befides  the  motioh  of  rotation,  this  triangle  has  alfo  a  mo- 
tion of  tranflation  in  the  dire£tion  of  the  axe  AZ,  fo  regulated 
that  while  the  triangle  makes  a  complete  revolution,  the  point  B 
is  moved  to  G,  and  the  whole  triangle  is  found  in  the  poGtion 
GF'G'i  and  fo  on  :  the  folid  thus  generated  is  called  the  interior 
Jcrenv ;  and  the  height  GB  is  called  the  dijiance  of  the  threads.  The 
exterior  fcrew  is  fo  adapted  to  the  other,  as  if  it  were  its  mould  ; 
and  is  nothing  elfe  than  the  folid  generated  by  the  polygon 
HGFBC,  fuppofmg  it  to  partake  of  the  fame  motions  as  the 
triangle  BGF.  For  the  fake  of  diftin£tion  we  fliall  apply  the 
name  thefpindle  to  the  interior  ferew,  calling  the  exterior  one 
only,  thtfcreiii.  The  fpindle  then  is  a  cylinder  invefted  with  a 
fpiral  band  of  uniform  thicknefs,  and  of  which  the  inclination 
with  refpefl  to  the  axe  of  the  cylinder  is  conftant :  the  fcrew, 
on  the  contrary,  is  a  folid  having  a  cortefponding  fpiral  hollow. 
In  fome  cafes  the  fpindle  is  fixed  in  a  folid  block,  as  AB,  fig.  3. 
while  the  fcrew  E  is  moved  upoo  it  by  rneans  of  a  lever  DC. 
At  other  times  the  fcrew  is  fixed  and  the  fpindle  moveable :  but 
this  caufes  no  difference  in  the  theory. 

The  curve  which  any  one  of  the  points  of  the  generating  po- 
lygon, as  N  for  inftance,  dcfcribes  about  AZ,  is  obvioufly  traced 
on  the  furface  of  a  right  cylinder  whofe  axis  is  AZ,  and  radius 
of  its  base  EN  (fig.  5.)  If  we  developethis,  then  dc  (fig.  6.) 
beingihe  circumference  which  has  E  N  for  its  radin.s,  and  taking 
the  perpendicular  3<r  equal  the  diftance  between  two  contiguous 
threads,  the  hypothenufal  line  db  will  be  the  developement  of  an 
entire  revolution  of  the  point  N.  In  effeft,  the  helix  being 
throughout  of  conftant  inclination  with  refpeft  to  any  pofition 
whatever  of  the  generating  line  of  the  cylinder,  every  parallel  to 
AD  will  make  with  the  developement  of  that  curve  the  fame 
angle  :  thus,  the  developement  will  be  a  right  line,  as  //  ^  ;  and 
in  like  manner  the  right  line  /i/will  be  the  developement  of  a 
fecond  revolutian.   This  being  granted,  we  may  demonftrate  in 
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a  very  fatisfa£lory  mariner,  the  truth  of  "the  following  propo- 
fition. 

1 60.  Prop.  There  iviU  be  an  equilibrium  in  theferew  when  the 
power  is  to  the  -  reftflance,  as  the  diflance  between  two  contiguous 
threads  in  a  direBion  parallel  to  the  axis,  to  the  circumference  defcribed 
by  the  power. 

Let  us  fuppofe  the  fpindle  AB  to  be  fixed  (iig^  3O,  and  that 
the  fcrew  is  moveable  by  the  aid  of  a  power  P  applied  to  the 
extremity  C  of  a  lever  CE=R,  afting  horizontally  perpen- 
dicular to  the  lever.  Let  W  be  the  weight  of  the  fcrew,  or  that 
which  the  fcrew  fupports,  or  the  reCftance  oppofed  by  the  fcre.w 
to  the  power  P.  If  the  fcrew  preffed  only  on  one  of  thfe  points 
of  the  fpindle,  fupppfe  it  to  be  at  the  diftance  r  from  the  axis, 
and  that  its  pofition  on  the  developement  db  of  the  fpiral  be  at 
n ;  then  will  the  preffure  on  the  fpindle  be  exaftly  the  fame  as 
on  the  inclined  plane  db.  From  the  theory  (154.  cor.  8.)  the 
power  M  which  we  fuppofe  applied  horizontally  in  diredlion 
M  «,  muft  to  retain  the  equilibrium,  fatisfy  this  proportion  : 

M:W  -.-.cb-.cd',  whence  M=W.  -=W.  — 

cd  2  w  r 

yfh&xe  h=bc,  and  ■7!'=:3-i4i593,  as  heretofore.  The  force  M 
which  is  fuppofed  applied  in  «,  when  the  helix  is  not  developed 
is  perpendicular  to  the  edge  of  the  cylinder,  or  a£ts  in  a  tan- 
gential direftion  to  the  cylinder,  and  of  confequence  always  pa- 
rallel to  the  power  P. 

Now,  fubftituting  for  this  fubfidiary  power  M,  the  power  P, 
afhing  at  the  diflance  R,  we  have  from  the  principles  of  the  lever 
PR  =;  M  f,  the  lengths  of  the  arms  being  R  and  r.  For  M  in 
this  equation,  fubftitute  its'  value  in  the  former  one,  and  there 
arifes  awRP^W  Zi.  This  equation,  not  containing?-,  is  en- 
tirely independent  of  the  diftance  at  which  the  point  n  is  fup- 
pofed from  the  axis  ;  it  will  therefore  be  the  fame  if  we  fuppofe 
that  point  any  where  elfe  on  the  fpindle.  Hence  we  deduce  a 
general  refult :  for  this  equation  will  even  be  true,  if  the  fcreW 
inftead  of  touching  the  fpindle  in  a  fingle  point,  as  we  have 
hitherto  fuppofed,  touch  it  in  any  number  of-  points  whatever. 
In  this  latter  cafe  every  point  on  the  thread  of  the  fpindle  bears  a 
portion  of  the  weight  W  ;  thefe  portions  being  denoted  by  W, 
W",  W",  &c.give  W'-hW'+W",  &c.=W.  But,  on  the 
other  hand,  the  force  P  which  fupportg  the  weight  of  the  fprew, 
may  be  confidered  as  the  fum  of  as  many  forces  P',  P",  P'-',  &c. 
as  there  are  point?  of  conract,  each  of  which  is  employed  in  fup- 
porting  the  weights  W,  W",  W",  &c.  To  each  of  thefe  the 
laft  eqtl'ation  applies,  we  have,  therefore,  W  (5?  =  2  tf  R  P', 
W"  h  -  :i^7r.RP'V  W"  ^  =  2  tt  RP"',  &Cf  their  fum  manifeftly 

VOL.  l.  '  H 
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producing  the  equation  W  A  =  2  *  RP  ;  wh^ce  P  :  W  : :  /&  : 
2itR.     Q^E.  D. 

Cor.  I .  If  the  fcrew  had  a  fquare  or  reClangular  fillet  inflead 
of  a  triangular  one,  the  conclufion  would  be  the  fame,  for  it  is 
independent  of  the  form  of  the  generating  polygon. 

Cor.  2.  In  the  fame  fcrew  the  efFeft  is  always  the  greater,  as 
the  power  is  applied  farther  from  the  axis. 

CoR.  3.  In  two  different  fcrews,  a  force  a£Hng  with  the  fame 
diftance  of  lever,  produces  a  greater  eiFe£t  in  proportion  as  the 
threads  of  the  fcrew  are  nearer  together. 

Cor.  4.  In  the  endless  or  perpetual  fcrew  BC  (fig.  7.)  which 
drives  the  teath  of  the  wheel  FI>,  we  fhall,  in  the  cafe  of  an 
cquilil;)rium,  have  P  x  AB  x  Rad.  of  FD=W  x  dift.  of  threads- 
X  rad.  of  axle.  For  the  perpetual  fcrew  is  a  combination  of  the 
axis  in  peritrochio  and  the  fcrew. 

'  SCHOLIUM. 

161.  The  fcrew  is  of  very  extenfive  ufe  in  Mechanics,  its. 
great  power  rendering  It  more  eligible  for  compreffing  bodies  to- 
gether than  moft  other  machines,  and  the  great  difparity  betwixt 
the  velocity  of  the  handle  and  that  of  the  threads  of  the  fcrew 
■  ■  rendering  it  proper  for  dividing  fpace  into  an  almoft  infinite 
number  of  parts.  Hence,  in  the  conftruftion  of  many  mathe- 
matical inflrumentSi  fuch  as  telefcopes,  where  it  is  neceffary  to 
adjuft  the  focus  to  the  eyes  of  diiFerent  people,  the  fcrew  is  always 
made  ufe. of  in  order  to  move  the  eye-glafs  a  very  little  farther 
from  or  nearer  to  the  obje£l:  glafs.  In  the  Philofophical  Tranf- 
aftions,  vol.  71.  a  new  method  of  applying  the  fcrew,  fo  as  to 
make  it  a.Q.  with  the  greateft  accuracy,  is  defcribed  by  Mr.  Hun- 
ter. This  method  depends  upon  thefe  general  principlesj  ap- 
plicable tomofl;  machines.  , 

1 .  That  the  flrength  of  the  feveral  parts  of  the  engine  be  ad- 
jufted  in  fuch  a  manner  to  the  force  they  arc  intended  to  exert,^ 

*•  that  they  fhall  not  break  under  the  weight  they  ought  to  counter- 
aft,  nor  yet  encumber  the  motion  by  a  greater  quantity  of  matter 
than  is  neceffary  to  give  them  a  fuitable  degree  of  ftrength. 

2.  That  the  increafe  of  power  by  means  of  the  machine  be  fo- 
regulated,  that  while  the,  force  is  thereby  rendered  adequate  to- 
the  effe£l,  it  may  not  be  retarded  in  procuring  it  more  than  is 
abfolutely  neceffary. 

3.  That  the  machine  be  as  fimple  as  is^cOnfiftent  with  other 
conditions. 

4.  That  it  be  as  portable,  and  ag  little  troublefome  as  poffible 
in  its  application. 

J..  That  the  moving  power  be  applied  in  fuch  a  manner  as  to- 
aft  to.  tlie  greateft  advantage  ;  and  tliat  the  motion  ultimately 
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produced  may  have  that  direflion  and  velocity  which  is  moft 
adapted  to  the  execution  of  the  ultimate  defign  of  the  machine. 

o.  Of  two  machines,  equal  in  other  refpefts,  that  deferves  the 
preference  in  which  the  fridliori  lead  diminifhes  the  efFeft  pfo- 
pofed  by  the  whole;  / 

To  attain  all  thefe  advantages  in  any  one  frt^chine  is  perhaffs 
impoffible ;  but  Mr.  Hunter's  method  df  applying  the  fcrew  cer- 
tainly combines  a  great  portion  of  them.  Let  AB  (fig.  8.  pi.  VII.) 
be  a  plate  of  metal  in  which  the  fcrew  CD  plays,  having  ^  certain 
number  of  threads  in  ari  inch,  fuppofe  lo.  Within  the  fcfrew 
CD  there  is  an  exterior  fcrew  which  receives  the  fmalkr  fcrew 
DE  of  II  threads  in  an  inch.  This  fcrew  is  kept  from  moving 
about  with  the  former  by  means  of  the  apparatus  at  AFGB.  If  ' 
the  handle  CKL  be  turried  lo  times  round,  the  fcrew  CD  will 
advance  an  inch  upwards ;  and  if  we  fuppofe  the  fcrew  DE  to 
move  round  along  with  CD,  the  point  E  will  advance  an  inch. 
If  we  now  turn  the  fcrew  DE  ten  times  backward,  the  point  E 
will  move  downwards  xrths  of  an  inch,  and  the  refult  of  both 
motions  will  be  to  lift  the  point  E  an  eleventh  of  an  inch  up- 
wards. But,  if,  while  the  fcrew  CD  is  turned  lo  times  round, 
DE  be  kept  firom  moving,  the  efFe£t  will  be  the  fame  as  if  it  had 
moved  lo  times  round  with  CD,  and  been  turned  back  again 
10  times ;  that  is,  i^  will  advance  -^  bi  an  inch.  At  one  turn, 
therefore,  it  will  advance  -i^  of  -j-V  —  -ri^  of  an  inch.  If  now 
the  handle  be  fix  inches  long,  the  power  to  produce  an  equili* 
brium  muft  be  to  the  weight  as  i  to  i  lo x  6 x  2  *  =  ^\/^6'^iz. 
Thus,  the  force  of  Mr.  Hunter's  fcrew  is  greatly  fuperior  to  the 
common  one  ;  for  a  common  one  with  a  fix  inch  handle  mufl 
have  1 10  threads  in  an  inch  to.  produce  the  fame  efFeft,  and  this 
great  number  of  threads  would  render  it  too  Weak  to  refift  any 
confiderable  violence. 

With  regard  to  the  fecond  general  maxim,  both  kinds'  of 
fcrews  are.  equally  applicable  ;  only  that  the  more  complicated 
ftructure,  and  confequently  greater  expence  of  Mr.  Hunter's 
fcrew,  renders  it  convenient;  to  ufe  the  common  fcrew  where 
only  a  fmall  increafe  of  power  is  requifite,  and  the  improved 
one  where  a  great  power  is  wanted.  The  handle  being  fhort 
makes  this  machine  accord  with  the  fourth  maxim. 

To  anfwer  the  fifth  both  feem  equally  proper ;  but  for  the 
fixth  the  preference  muft  te  given,  to  fuch  as  heft  anfwer  the 
fpecific  purpofe  propofed.  Thus*  if  the  fcrew  DE  be  defign- 
ed  to  carry  an  index  which  tnuft  turn  round  at  the  fame  tinre 
that  it  rifes  upward,  the  common  fcrew  feems  preferable;  though 
Mr.  Hunter  propofes  a  method  by  which  his  may  anfwer  the 
fame  purpofe :  with  this  view  a  ftill  fmaller  fcrew  ought  to 
play  within  DE,  and  be  conne6ted  with  GD,  fo  as  to  move 
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round  along  with  it.  It  muft  have,  according  to  the  foregoing 
proportions,  1 1 1  threads  in  an  inch  :  and  they  muft  lie  in  a  con- 
trary direftibn  to  thofe  of  CD  ;  fo  that  when  they  are  both 
turned  together,  and  CD  moves  upwards,  this  other  may  move 
downwards.  At  one  turn  this  will  move  upwards  tttts''^  ^^l^ 
of  an  inch,  and  at  the  fame  time  will  move  in  a  circular  di- 
re£lion.  Similar  methods  may  be  applied  in  nfany  other  cafes  : 
indeed  they  have  lately  been  applied  very  frequently ;  though 
few  of  thofe  who  have  adopted  them  have  acknowledged  by 
whom  they  were  firft  propofed ;  on  which  account  we  have 
.  given  this  brief  decription  of  Mr.  Hunter's  contrivance,  and  of 
his  judicious  pra6lical  maxims. 

VI.     qftheJVedge, 

162.  De?.  a  Wedge  is  a  triangular  prifm,  or  a  folid  con- 
ceived to  be  generated  by  the  motion  of  a  plane  triangle  paral- 
lel to  itfelf  upon  a  ftraight  line  which  pafles  through  one  of  it* 
angular  points.  The  wedge  is  called  ifofceles,  rectangular,  ox  fcO' 
letie,  according  as  the  generating  triangle  is  ifofceles,  right- 
angled,  or  fcalene. 

It  is  very  frequently  ufed  in  cleaving  wood,  as  reprefented 
fig.  12.  pi-  VII.  and  often  in  raifing  great  weights.  The 
theory  of  knives,  fwords,  coulters,  nails,  &c.  is  generally  re- 
duced to  that  of  the  wedge.  The  doftrine  of  the  wedge  is 
very  imperfeft,  and  can  only  be  exhibited  at  all  by  making 
gratuitous  aflumptions  :  fuch  of  thofe  as  are  moft  likely  to  ob- 
tain in  pradiice  are  made  the  bafis  of  the  three  fucceeding  pro- 
pofitions. 

163.  Prop.  When  a  reftfting  body  is  fujiained  againjl  the  face  of 
a  ivedge,  by  a  force  aBing  at  right  angles  to  its  direiiion,  in  the  cdfe 
of  equilibrium  the  power  is  to  the  reft/iance,  as  the  fine  of  the  femi- 
a,ngle  of  the  •ivedge,  to  the  fine  of  the  angle 'which  the  direilion  of  the 
rejifiance  makes  -with  the  face  of  the  wedge  ;  and  the  fuflaining  force 
•nuill  be  as  the  coftne  of  the  latter  angle. 

■  Let  ABC  (fig.  9.  pi.  VII.)  be  a  re£langular  wedge,  whofe 
edge, is  C,  face  BC,  and  back  AB.  Let  this  weclge  ilide  freely 
along  the  plane  LN ;  let  a  body  E  be  drawn  or  urged  in  the 
direSion  KE  againft  the  face  of  the  wedge,  and  let  it  be  kept  in 
that  direftion  by  a  force  a£ling  in  the  direftion  DE,  at  right 
angles  to  KE.  There  are  now  three  forces  afling  on  the  body 
E,  viz.  the  refilling  force  KE,  the  fuftaining  force  DE,  and 
the.  re-a£tion  of  the  wedge  in  the  dire£lion  AE,  perpendicular 
to  the  furface  BC.  On  ED  demit  the  perpendicular  AG ;  and 
fince  the  three  forces  are  in  equilibrio,  they  will  be  to  each 
Other  as  the  fides  of  the  triangle  AEG  drawn  parallel  to  theis 
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direftions.  Draw  EF  perpendicular  to  AC,  and  the  force  AE 
will  be  refolved  into  two,  one  of  which  EFpreffes  the  wedge 
perpendicularly  againft  the  plane  LN,  and  is  balanced  by  the  re- 
action of  the  plane  ;  the  other  FA  endeavours  to  move  the  wedge 
upwards  along  the  plane  LN,  and  is  balanced  by  the  power  on 
the  back  of  the  wedge.  If,  therefore,  AG  reprefent  the  force 
KE,  EG  will.be  the  fuftaining  force,  and  AF  the  power  applied 
on  the  back  of  the  wedge,  when  thefe  forces  balance  each  other. 
Hence,  making  AE  radius,  AF  is  the  fine  of  the  angle  AEF  or 
ACB  ■;  and  AG  is  the  fine  of  the  angle  AEG  or  KEC,  thefe 
.two  angles  being  the  complements  of  AEK. 

If  the  wedge  be  ifofceles,  or  compofed  of  two  rediangular 
wedges,  the  force  EF,  which  in  the  former  cafe  was  countera£i:ed 
•by  the  plane,  will  now  be  counterafted  by  the  other  half  of  the 
wedge;  and  the  power,  refiftance,  and  fuftaining  force,  will  re- 
main in  the  fame  ratio  as  before.     Q^E.  D. 

Cor.  I.  When  EK  is  parallel  to  BA,  AG  becomes  equal  and 
.parallel -to  EF  ;  and  EG  equal  and  parallel  to  AF ;  and  the  power 
•is  to  the  refiftance  as  AF  to  EF,  or  AB  to  AC,  and  equal  to  the 
fuftaining  force.  • 

CoR.  2.  If  EK  be  perpendicular  to  B  A,  the  direftion  of  the  re- 
fifting"  force  will  be  parallel  to  AB  ;  therefore  the  refifting  and 
fuftaining  forces  changing  denominations,  this  will  be  a  cafp 
.correfponding  with  the  former,  ; 

CoR.  3.  When  KE  is  perpendicular  to  BC,  the  fine  of  the 
angle  KEC  is  radius;  and  its  cofme,  which  reprefents  the  fuf- 
taining force,  vaniflies .:  therefore,  the  power  is  to  the  refiftance, 
as  the  fine  of  the  fcmiangle  of  the  wedge,  to  radius. — See  Lud- 
Jam's  ad  Eflay. 

164.  Prop.  When  the  rejijlana  is  imde  againji  the  fwe  of  a 

■wedge  by  a  body  -which  is  not  fujiained,  but  ■will  adhere  to  the  place 

to  which  it  is  applied  without  Jliding,  thepoisjer  is  to  the  rejljiance, 

.  in  the  cafe  of  equilibrium,  as  the  cofme  of  the  difference  between  the 

femiangk -pf  the  wedge  and  the  angle  which  the  dire Sion  of  the  re- 

ftflanee  makes  with  the  face  of  the  wedge,  to  radius. 

From  any  point  K  (fig.  10.  pi.  Vll.)  draw  the  line  KE 
through  the  middle  point  of  the  back,  meeting  the  face  of  the 
-wedge  in  >E  ;  let  E  be  the  unfliding  body,  which  ads  in  the  dl- 
redion  EK,  and  let  the  magnitude  of  the  force  with  which  it  19 
urged  be  reprefented  by  AE:  from  E  let  fall  the  perpendicialar 
EF  upon  AC;  and  the  force  AE  will  be  refolved  into  two,  one 
of  which  EF  will  be  balanced  by  the  oppofite  half  of  the  wedge, 
and  the  other  AF  will  be  counterafled  by  the  power;  therefore 
the  power  is  to  the  refiftance  as  AF  to  AE,  that  13,  finaiking  AE 
radius,  as  the  cofine  of  the  angle  EAF  to  radius. 
^QR.  I.  When  KE  is  perpendicular  to  BQ,  the  power  is  to 
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the  refiftance  as  AF  to  AE,  that  is,  as  the  fine  of  the  femir 
angle  of  the  wedge  to  radius. 

Cor.  2.  When  KE  is  parallel  to  AB,  AF  vaniflies,  that  is, 
the  power  is  indefinitely  lefs  thap  the  weight. 

Cor.  3.  When  KE  is  perpehdieular  to  AB,  EF  vaniflies,  and 
AF  and  AE,  which  reprefent  the  power  and  reliftance,  become 
cqijal. 

'  165.  Prop.  When  the  reft/iitig  body,  is  neitjoer  ft^flalned  nor  ad- 
loeres  to  the  point  to  •which  it  is  applied,  but Jlides  freely  along  the  face 
cf  the  <wedge,  the  power  is  to  the  reftfiance,  as  tfie  produ3  of  the  fines 
of  thf  femtangh  of  the  •wedge  and  the  angle  ifi  -which  the  refflame 
is  inclined  to  its  face,  to  thefyuare  of  radius. 

Let  AE  (fig.  1 1,  pi.  VII.)  be  perpendicular  to  BC,  and  let  the 
body  E  be  urged  againft  the  face  of  the  wedge  in  the  dire£tioi> 
KE  )  and  let  jiE  reprefent  the  magnitude  as  well  as  the  di- 
jrediion  of  that  force.  On  AE  produced  let  fall  the  perpen- 
dicular JCO,  which  will  be  parallel  to  BC;  thus  will  the  force 
KE  be  refolved  into  two,  one  of  which  KO  will  carry  the 
body  down  along  the  face  of  the  wedge,  and  the  other  OE  will 
propel  it  perpendicularly  againft  it.  Now  m-  the  cafe  of  equi- 
librium, the  p05ver  is  to  OE,  that  part  of  the  refiftance  which 
afts  perpendicularly  againft  the  face  of  the  wedge,  as  the  fine 
of  the  angle  ACB  to  radius  5  apd  OE  is  to  the  whole  refiftance, 
as  OE  to  KE  :'that  is,  making  KE  radius,  as  the  fine  of  the 
angle  OKE,  or  its  alternate  KEB,  to  radius.  Therefore,  en 
fC/fuo  y  ^componendo,  thp  power  is  to  the  refiftance,  as_y?«e 
AC&xfine  KEB,  to  the  fquare  of  radius. 

CoR.  I.  When  KE  is  perpendicular  to  BC,  the  fine  of  the 
angle  in  jvhich  the  refiftance  is'  applied,  is  radius  {  therefore 
the  power  is  to  the  refiftance,  as  the  fine  of  the  femiangle  of 
the  wedge  to  radius.  ,      ' 

CoR.  2.  When  KE  is  parallel  to  AB,  the  angle  of  inclination 
js  the  complement  of  the  femiangle  of  the  wedge ;  and  there- 
fore, the  power  is  to  the  refiftance,  as  the  produft  of  the  fine 
pnd  cofine  pf  the  femiangle  of  the  wedge  to  the  fquare  of  radius, 

CoR.  3.     When  KE  is  perpendicular  to  AB,  the  angle  of  in^ 
cllnation  is  equal  to  the 'femiangle  of  the.  wedge,  and  the  power 
is  to  the  refiftance  in  a  duplicate  ratio  of  the  fine  of  the  femi« 
angle  of  the  wedge  to  radius.     See  Dr.  M.  Young's  Leftures. 
' SCHOLIUM.  - 

166.  The  theory  of  the  equilibrium  of  the  wedge  has  greatly 
engaged  the  attention  of  many  philofopherSi  as  Mr.  Ludlam,  &c, 
but  it  is  not  of  very  great  ufe  in  practical  mechanics,  becaufe  the 
wedge  is  fcarcely  ever  otherwife  urged  than  bypercuffion.  In 
cleaving  of  wood,  the  refiftance  oppofing  the  force  of  the  mal.. 
let  {fuppofing  the  fides  of  the  wedge  perfefitly  polifhed,  and  its 
edge  a  line  without  breadth),  is  the  cohefion  of  the  particles  oi 
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the  wood  which  are  about  to  be  feparated ;  and  this  being  a 
kind  of  preflive  force  afting  againft  the  fides  of  the  wedge,  it  is 
by  many  philofophers  thought  abfurd  to  attempt  to  compare  it 
with  the  percuffive  force  of  the  mallet.  For  the  greateft  finite 
preffive  force  mult,  in  their  opinion,  give  way  to  the  leaft  per- 
cuffive one,  and  there  cannot  be  an  equilibrium  between  two 
fuch  different  forces.  "  Any  percuffive  force  (fay  they)  afting 
on  a  moveable  body,  generates  a  finite  quantity  of  rnotion  in  an 
indefinitely  fmall  portion  of  time  ;  but  the  time  will  be  finite  in 
which  any  given  preliive  force  whatever,  a£ting  on  the  fame 
body  can  generate  or  deftroy  the  fame  quantity  of  motion. 
Therefore,  a  body  being  urged  in  a  certain  dire£lion  by  any 
preffive  force  whatever,  and  in  the  contrary  direftion  by  any 
percuffive  one,  the  preffive  force  will  be  fome  finite  time  in 
deftroying  the  quantity  of  motion  which  the  percuffive  one  ge- 
nerated in  an  inftant.  Confequently,  how  great  foever  the 
preffive  force  may  be,  and  how  fmall  foever  the  percuffive  One, 
the  body  will  be  moved  (at  leaft  for  fome  ffiort  time)  by  this 
laft  force."  Indeed^  after  the  ftroke  is  given,  the  preffive  force 
may  quickly  prevail  and  force  back  the  body,  which  the  im- 
pulfe  of  the  other  force  had  driven  forward.  And  fo  it  would 
frequently  be  in  the  operation  of  cleaving  wood,  if  the  fides  of 
the  wedge  wure  perfectly  fmooth.  For,  after  the'  ftroke  of  the 
mallet,  the  wedge,  unlefs  its  weight  were  equivalent  to  the  at- 
traftion  of  the  parts  of  the  wood  aboutto  be  feparated,  would 
prefently  be  forced  back  from  the  place  to  which  it  had  been 
driven  by  the  mallet.  And  it  is  chiefly  the  roughnefs  of  the 
(ides  of  the  wedge,  and  of  the  parts  of  the  wood  in  -  Genta£t 
with  it,  which,  in  that  operation,  keeps  the  wedge  from  re- 
ceding. It  is  that  roughnefs  too,  and  the  bluntnefs  of  the  edge, 
which  fometimes  prevent  the  wedge  from,  being  moved  by  the 
ftroke  of  the  mallet.  For  were  it  not  obftrufted  by  fuch  rough- 
nefs and  bluntnefs,  it  would,,  according  to  what  we  juft  now 
obferved,  be  always  driven  forward,  even  by  the  leaft  percuffive 
force. 

Several  of  thefe  remarks,  it  will  be  feen,  reft  upon  the  com- 
monly received  doftrine  of  percuffion  :  a  dodirine,  howaver, 
which,  in  our  humble  opinion,  has  no  very  durable  bafis.  It  is 
manifeft  that  a  blow  may  perform  many  things  (particularly  in 
effecting  fradlures  or  breaches)  which  a  confiderable  preflure 
cannot  accomplifli :  but  this  is  probably  owing  to  the  circum- 
ftance  that  the  rapidity  with  which  the  excited  preflyre  increafes 
to  its  maximum  does  not  leave  fufficient'time  for  the  forces 
which  conrieft  the  particles  of  the  body  ftruck  to  be  excited 
throughout  to  its  more  remote  parts. — We  hope  to  place  this 
matter  in  a  rather  better  light  when  the  fubjedts  of  ColHfion  and 
jPercUffion  come  ijnder  confideratioij.    See  Book  II.  Chap.  5. 
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CHAPTER  V. 


On  the  Strength  and  Stress  of  Materials, 

167.  Ihk  Rejtfiance  of  folids,  or  that  force  with  whicli  the 
quiefcent  parts  of  folid  bodies  oppofe  the  motion  of  others  con- 
tiguous to  them,  is  generally  confidered  as  of  two  kinds,  in  one 
of -which  the  refifting  and  refifted  parts^  though  contiguous, 
conftitute  feparate  mafles;  this  yill  be  confidered  in  an- 
other place,  under  the  title  of  FriHion:  in  the  other. kind  the 
yefifting  and  refifted  parts  are  not  only  contiguous  but  cohere, 
being  parts  of  the  fame  body  or  mafs  ;  and  it  is  this  which  we 
jiow  propofe  to  confider. 

This  kind  of  ReGftance  has  exercifed  the  fagacity  of  fome  of 
the  moft  eminent  philofophers  from  the  time  of  Galileo  down 
to  the  prefent  period  ^and  different  theories  have  been  propofed 
ty  Mariotte,  Leibnitz,  Varignon,  Euler,  Lagrange,  and  Girard 
(perhaps  others  which  have  not  come  to  our  knowledge),  but 
none  of  them  are  fo  free  froni  obje£lion  and  frolm  erfbr  as  might 
■  be  wiflied.  Indeed,  the  figure  and  conflitution  of  boidies  are  fo 
variable  and  irregular,  that  we  cannot  with  the  defireable  pre- 
!ci|ion  determine  thofe  elements  which  fhould  precede  and  re- 
gulate this  difcuiTion.  Of  the  theories  above  adverted  to  fome 
are  certainly  very  ingenious  -,  but  at  the  fame  time  they  are 
very  cojmplex  and  intricate,  and  cannot  by  any  m.eans  be  relied 
uppn  independent  of  experiment :  we  therefore  prefer  the  com- 
para|:iyely  fimple  theory  of  Galileo,  originally  laid  down  in  his 
'-  dialogue  "  Qti  -ibe  Caufe  of  the  Coheretice  of  Solids,''^  with  which 
the  other,  hypothefes  agree  in  the  moft  effential,  particulars,  and 
which,  when  aided  by  proper  experiments,  may  ferve  as  a  fafe 
approximation  to  the  ftrength  and  ftrefs  of  the  different  parts  of 
intichines. 

"  That  the  refiflance  of  folids  might  be  fubjedled  to  calcu- 
lation, Galileo  fuppofed  firft-that  bodies  were  compofed  of  folid 
pbres,  parallel  to  one  another  ;  he  then  enquired  what  was  the 
force  with  which  they  refift  the  a£tion  of  a  power  ftretching  them 
in  a  direction  parallel  to  their  length,  and  found  that  it  was 
propertipnaj  to  the  number  of  integral  fibres  :  next,  confidering 
ihe  f^jareg  as  fubjefled  to  an  effort  perpendicular  to  their  length, 
fip  found  fliat  the  refiftance  of  the  integral  fibres  was  propor-l 
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tional  to  their  fum  multiplied  by  an  arm  of  a  lever,  which  is  al- 
ways at  a  certain  part  of  the  vertical  dimenfions  of  a  folid  in 
the  plane  of  its  rupture."  The  length  of  this  arm  of  lever  was 
regulated,  according  to  Galileo,  by  the  pofition  of  the  centre  of 
gravity  of  the  plane  of  rupture,  according  to  others,  by  the 
centre  of  percuflibn,  &c.  But  "the  diftin£i:ive  charafler  of 
Galileo's  hypothefis  confifts  in  thisj  that  the  refiftance  of  each 
of  the  fibres  is  independent  of  their  quantity  of  extenfion  at  the 
inftant  of  their  rupture."  Galileo's  reafoning  on  this  interefting 
topic  is  comprifed  in'iy  propofitions  :  his  modeoi  difcuffion  will 
not  be  entirely  adopted  ;  but  that  the  reader  may  know  how 
far  this  philofopher  advanced  the  fubjedl,  we  {hall  diftinguifh 
by  a  [G]  fuch  of  the  following  propofitions  and  corollaries  as 
are  found' in  his  Treatife. 

i68.  Def.  Strength,  and  Strcfs  or  Strain,  arc  terms',  the 
former  of  which  is  ufed  to  denote  the  force  or  power  with 
which  any  mafs  or  body  refifls  a  breach  or  change  in  its  ftate, 
which  a  preffure  or  flroke  upon  it  has  a  tendency  to  produce  ; 
and  the  latter  are  ufed  indifcriminately  to  exprefs  the  force  which 
is  excited  in  any  fuch  mafs  and  tending  to  break  it.  Thus, 
every  part  of  a  pillar  is  eqii'My  Jlrahied  by  the  load  which  it 
fupports.  Hence,  it  is  evident  that  we  cannot  make  any  ftruc- 
ture  fit  for  its  purpofe,  unlefs  xhejlrengfh  in  every  part  be  at 
"Jeaft  equal  to'thejirefs  laid  on,  or  thcjlrain  excited  in  that  part: 
and  hence  the  neceffity  of  an  acquairltance  with  the  nature  of 
the  refiftance  of  bodies,  fo  that  there  ftiall  be  neither  a  furplus 
nor  a  deficiency  of  materials  in  any  machine. 

1 69.  Prop.  The  Jlrength  of  a  beam  or  har  to  refjl  afraSlure 
by  a  force  ading  later  ally  ^  is  as  the  folid,  made  by  afeElion  of  the  bedSi 
in  the  place  tvhere  the  force  is  applied,  into  the  diflance  of  its  centre 
of  gravity  from  the  point  or  line  where  the  breach  ivill  end. '  [G.] 

Suppofe  AB  (fig.  13.  pi.  yil.)  to  be  the  beam  (of  uniform 
matter  throughout)  fixed  firmly  at  its  tv/o  ends  A,  B,  at  the 
middle  of  which  is  laid  the  weight  W.  In  the  cafe  of  a  rupture 
we  conceive  the  beam  will  be  feparated  firft  in  the  line  c  d  op- 
pofite  to  W  and  fartheft  from  it,  and  the  feparation  be  gra- 
dually continued  till  it  arrives 'at  ab,  which  may,  therefore,  be 
confulered  as  a  fixed 'line  till  the  terniination  of  the  fracture. 
Now  the  area  abed  reprefents  the  fum  of  all  the  fibres  to  be 
broken  or  torn ;  and  as  they  are  equal  to  each  other  both  in 
magnitude  and  ftrength  (by  hypothefis),  this  area  will  likewife 
exprefs  the  aggregate  of  the  ftrength  of  the  fibres  in  thelongitu- 
dihal  diredlion.  But  with  refpeft  to  lateral  ftrength,  we  muft 
confider  each  fibre  as  afting  at  the  extremity  of  a  leVer  whofe 
centre  of  motion  is  on  the  Ymtab:  thus,  each  fibre  in  the  line 
tdywWl  refift  the  breach  by  a  force  proportional  to  the  produa 
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of  its  individual  ftrength  into  its  diftance  db  from  the  centre  of 
motion ;  and  confequently  the  refiftance  of  all  the  fibres  mcd  will 
be  reprefented  hy  c  d X  l>  d.  In  like  manner,  the  aggregate  rc' 
IJlljince  of  another  courfe  of  fibres  parallel  to  at,  as  oo,  will  be 
reprefented  by  ooxbo:  and  of  a  third,  as  //,  by  the  re<9:angle 
iixbi,  and  fo  , throughout.  Therefore  the  fum  of  all  thefe 
products  will  exprefs  the  total  ftrength  or  reCftance  of  the  beam 
in  that  part.  But  (io8,)  the  lum  of  all  thefe  produ£ts  is  equal 
to  the  produft  of  the  area  abed,  into  the  diftance  of  its  centre 
of  gravity  from  ab  :  whence  the  propofition  is  manifefl:. 

Cor.  I.  dn/quare  beams  the  lateral  Jlrengths  are  as  ihe  cubes  of 
the  breadths  or  depths.  [G.]  , 

CoR.  2.  In  cylindru  beams  the  lateral  Jirengths  are  as  ihe  cubes 
of  the  diameters.    [G-] 

Cor.  3.  The  Literal  Jirengths  9/ any  beams  luhofefe^ions  are  Jimi- 
lar  figures^are  as  the  cubes  of  correjponding  dimenfwns  of  the  -JeEiions . 

Cor.  4.  In  reElangular  beams  the  lateral  Jirengths  are  conjointly 
as  the  breadths  and fquares  of  the  depths.  ,[G.] 

For  the  areas  are  cc  breadth  x  depth,  and  the  diftances  of 
the  centre  of  gravity  are  oc  depth  :  confequently,  ftrength  c6 
breadth  x  depth.^ 

Cos.  5.  The  lateral Jirength  of  a  beam  with  its  narrower  face, 
uptuards)  is  to  its  flrength  with  the  broader  face  upivards,  as  the 
breadth  of  the  broader  face,  to  ihe  breadth  of  ihe  narrower.  [G.} 
Tor  bd^:db'-::d:b. 

Cqr.  6.  If  a  beam  were  fixed  firmly  at  one  end  Into  a  wall 
and  the  fra£ture  were  caufed  by  a  weight  fufpended  at  the  other 
end,  the  procefs  of  nature  would  be -fimilar,  only  that  the  breach 
•would  terminate  at  the  lower  part  of  the  beam  ;  and  the  pro- 
pofition and  five  firft  corollaries  would  ftill  obtain. 

170.  Prop.  The  lateral  flrengths  of  prif?natic  beams  of  the  fame 
^materials  are  as  ihe  areas  of  the  feBions  and  the  diflances  of  their 
centres  of  gravity,  directly,  and  as  thVir  lengths  and  weights,  in- 
verfely. 

Let  EC,  GH  (fig.  14.  pi.  VII.),  be  two  beams  of  likd  ma- 
terials fixed  in  horizontal  pofitions  to  the  upright  wall  AB,  by 
their  ends  B,  G.  Let  A  be  the  area  of  the  end  G  of  the  beam 
GH,  G  the  diftance  of  the  centre  of  gravity  of  that  end  hoxtv 
its  loweft-point,  L  its  length,  W  its  weight,  and  S  its  ftrength: 
and  let  a,g,  I,  w,  and  s,  be  correfponding  particulars  in  the 

beamCB.    Then  S  :j-::  ^^  :  -~^  A  .  G  . /.  w :«  .  p- .  L  .  W. 

L .  W       i  .  w  ° 

For,  the  direct  ftrength,  or  effort  tending  to  preferve  the  adhe- 
fion  of  the  fibres,  varies  as  the  produft  of  A  .  G,  a  .  g,  by  the 
laft  prop,  while  the  efforts  tending  to  deftroy  their  adhefion,  and, 
which  are  therefore  in  the  inyerfe  ratio  ef  the  ftyengthg,  vaxy 
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both  in  ^proportion  to  the  weights  of  the  beams,  and  the  di- 
llances  at  which  thofe  weight?  a<S  :  but  the  weights  of  the  beam 
may  evidently  be  confidered  as  ajfiing  at  their  centres  of  gra- 
vity, the  diftances  of  which  from  the  end  fupported  vary  as  the 
length  of  the  beams  ;  and  confequently  the  efforts  tending  to 
deftroy  the  adhefion  of  the  beams  are  as  L .  W,  l.iv.  Whence, 
by  incorporating  the  dire£t  and  inverfe  ratios,  we  obtain  that 
ftated  in  the  propofition. 

Cor.  I.  Had  the  beams  been  confidered  as  fixed  at  both  ends, 
the  fame  thing  woulcl  follow,  ivith  th^s  difference  only,  that  a  learn 
fwhenfixedat  hath  ends  is  asjifong  as  ofie  of  ^qiial  breadth  and  depth, 
and  but  half  the  length,  which  is  fixed  only^  at  one  end.  For,  if  the 
longer  beam  were  bifedled,  each  of  its  halves  would  be  fituated 
ivilh  refpeft  to  its  fixed  end,  in  the  fame  manner  as  the  fliorter 
beam  with  refpeft  to  its  fixed  end. 

Cor.  2.  When  the  flrerigth  of  a  beam  is  very  conGderable  in 
relation  to  its  weight,  we  may,  inftead  of  the  propofition,  take 

3A. G       a  .s    ^ 

Cor.  3.  Cylinders  andfquare  prifms  have  their  lateral  fir engths 
proportional  to  the  cubes  of  the  diameters,  or  depths,  dinEily,  and 
their  lengths  and  lueights,  inverfeJy.     [G.] 

Cor.  4.  Similar  prifms  and  cylinders  have  their  flrengths  in- 
verftly  proportioniil  to  their  like  linear  dimenftons.  [G.]  For  the 
cubes  of  the  diameters  or  depths,  vary  as  the  cubes  of  the 
lengths,  and  the  weights  and  lengths  are  as  the  cubes  of  the 
lengths  and  the  lengths  conjointly,  or  in  the  quadruplicate  ratio 
of  the  lengths  :  therefore,  the  flrengths  are  as  L^  to  A  direilly, 
■and  U^  to  l^  inverfely,  or  inverfely  as  the  lengths  L,  and  /. 
SCHOLIUM. 

171.  From  the  preceding  dedudiions  it  follows  that  greater 
beams  and  bars  muft  be  in  greater  danger  of  breaking  than  the 
lefs  fimilar  ones  ;  and  that,  though  a  lefs  beam  may  be  firm  and 
fecure,  yet  z,  greater  fimilar  one  may  be  made  fo  long,  as  necef- 
farily  to  break  by  its  own  weight.  Hence  Galileo  juftly  con- 
cludes that  what  appears  very  firm,  and  fucceeds  well  in  mo- 
dels, may  be  very  weak  and  uhftahle,  or  even  fall  to  pieces  by 
'4ts  weight,  when  it  comes  to  be  executed  in  large  dimenfions, 
according  to  the  mt^el.  From  the  fame  principles  he  argues 
that  there  are  neceflarily  limits  in  the  works  of  nature  and  art, 
lyhich  they  cannot  futpafs  in  magnitude :  that  immenfely  great 
{^ips,  pal3ces,  temples,  &c.  cannot  be  erefted,  their  yards, 
beams,  bolts,  &c.  falling  afunder  by  reafon  of  their  nfreight. 
Were  trees  of  a  very  enormous  magnitude,  their  branches  would, 
in  like  manner,  fall  off.  Large  animals  have  not  ftrength  in 
proportion  to  their  fize ;  and  if  there  were  any  land  animals 
much  larger  than  thofe  we  know,  they  cbuld  hardly  move,  and 
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would  be  perpetually  fubjefted  to  moft  dangerous  accidents.  As 
to  the  animals  of  the  fea,  indeed,  the  cafe  is  different,  as  the  gra- 
vity of  the  water  fuftains  thofe  animals  in  great  meafure,  and 
in  fa£b  thefe  are  known  to  be  fometimes  vaflly  larger  than  the 
greateft  land  animals.  It  is,  fays  Galileo,  impoffible  for  Nature 
to  give  bones  for  men,  horfes,  or  other  animals,  fo  formed  as  to 
fubfift,  and  proportionally  to  perform  their  offices,  when  fuch 
animals  fliould  be  enlarged  to  immenfe  heights,  unlefs  Ihe  ufes 
matter  much  firmer  and  more  refifliing  than  fhe  commonly  does  5 
or  fhould  make  bones  of  a  thickness  out  of  all  proportion ; 
•whence  the  figure  and  appearance  of  the  animal  muft  be  mon- 
ftrous.  This  he  fuppofes  the  Italian  poet  hinted  at,  when  he 
faid, 

Nonjt  piio  comparUr  qnantojla  lu'ngOf 

Si  fmifuratamente  "e  ttitto  grijfo, 

fVhfttever  height  lue  to  the  giant  givey 
He  cannot  imthout  equal  thicknefs  live. 

And  this  fentiment  being  fuggefted  to  us  by  perpetual  ex- 
perience, we  naturally  join  the  idea  of  greater  ftrength  and  force 
■with  thegroffer  proportions,  and  that  of  agility  with  the  more 
delicate  ones.  The  fam~e  admirable  philofopher  likewife  remarks, 
in  connexion  with  this  fubje£l:,  that  a  greater  column  is  in  much 
Hiore  danger  of  being  broke  by  a  fall  tlian  a  fimilar  fmall  one : 
that  a  man  is  in  greater  danger  from  accidents  than  a  child: 
that  an  infe£t  can  fuftain  a  weight  many  times  greater  thanit- 
felf ;  whereas  a  much  larger  animal,  as  a  horfe,  could  fcarcely 
carry  another  horfe  of  his  own  fize.  The  ingenious  ftudent 
may  eafily  extend  thefe  pra<Sical  remarks,  to  any  cafes  -which 
may  come  before  him. 

172.  Prop.  "The  Literal Jlrengths  of  two  cylinders  (of  the  fame 
matter)  cf  equal  iveight  and  letrgth,  one  of  luhich  is  ho/low  and  the 
ether  folid,  are  to  each  other  as  the  diameters  of  their  ends.     [Q,] 

Let  ABE,  HIK  (figs,  i  and  2.  pi.  VIII.),  be  the  ends  of  two 
cylinders  of  equal  length,  and  containing  equal  quantities  of 
matter,  the  former  being  the  fedlion  of  a  tube  conflituted  of 
cylinders  having  a  common  axis  ;  then  is  the  ftrength  of  the 
tube  to  that  of  the  folid  cylinder  as  AB  to  HI.  For  the  lateral 
ftrengths  (169.)  are  conjointly  as  the  areas  and  the  diftances  of 
the  centres  of  gravity  of  the  feftioiis  from  A  or  from  B,  ac- 
cording as  the  fra£iures  terminate  at  the  one  or  the  other  point; 
but  the  areas  of  the  annulus  in  the  firfl:  fig.  and  of  the  circle 
■in  fhe  fecond,  are  here  equal,  and  the  centres  of  gravity  of 
both  are  at  their  centres  of  magnitude  ;  wherefore,  fince  the 
radii  vary  as  tfa-e  diameters,  the  ftrengths  in  this  cafe  y,ary  in  the 
fame  ratio. 
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Cor.  I.  Since,  when  the  area  of  a  cireular  fe£tion  is  given, 
its  diameter  is  greater  when  the  feftion  is  an  annulus,  than 
when  it  is  a  circle  without  any  "cavity  ;  and  fince  the  power 
with  which  the  parts  of  the  cylinder  refift  extraneous  force  i^ 
greater  in  the  fame  proportion,  it  follows  according  to  the 
theory  thus  ftated,  that  the  ftrength  may  be  increafed  inde- 
finitely without  augmenting  the  quantity  of  matter. 

This  conclufion  is,  however,  manifeftly  erroneous :  becaufe 
after  the  diameter  of  the  cube  exceeds  a  certain  magnitude 
(which  can  only  be  afcertained  experimentally)  it  will  become 
flaccid,  and  bend  under  the  fmalleft  additional  weight.  The 
iaSt  is,  the  reafoning  in  the  propofition  is  founded  upon  the 
prefumption  that  the  figure  of  the  fe£tion  will  be  corjlantly  cir- 
cular;  and  will,  ■  therefore,  only  hold  true  under  thofe  limits  in 
which  the  preflure  or  ftroke  upon  the  tube  will  ngt  caufe  its 
fedtion  to  degenerate  from  the  circle  to  an  ellipfis  or  any  other 
form. 

Cor.  2.  When  Ehe  two  diameters  of  the  end  of  a  tube  are 
given,  the.  diameter  of  a  folid  cylinder  of  equal  weight  may  be. 
eafily  found  (the  lengths  being  fuppofed  the  fame),  by  taking 
the  fquare  root  of  the  difference  of  the  fquares  of  the  diameters 
of  the  tube;  or  the  fquare  root  of  the  produft  of  their  fura 
and  difference. 

Or,  the  fame  may  be  efFedled  geometrically  by  this  fimple 
procefs  :  from  one  end  of  the  exterior  diameter  AB  fet  off  AE 
equal  to  the  interior  diameter  CD,  and  join  EB,  which  will  be 
the  diameter  of  the  fe£l:ion  fought.  For  EB^  muft  be  equal  to 
AE^  — CD'-,  which  it  is  by  this  conltru6tion  and  Euc.  I.  47. 
and  III.  31. 

Or,  if  BE  be  drawn  a  tangent  to  the  inner  circle  till  it  cuts 
the  exterior  one  in  two  points  E  and  B,  it  will  be  the  diameter 
fought.  For  the  triangles  BE  A,  BFG,  are  then  fimilar,  the 
angles  at  E  and  F  being  right  angles  ;  confequently  EA  =  2FG 
=CD  ;  as  in  the  preceding  conftruflion. 

Cor.  3.  The  lateral  ftrengths  of  tubes  and  folid  cylinders  of 
equal  length  and  fimilar  materials,  are  as  the  areas  of  their  ends 
and  their  diameters  conjointly. 

SCHOLIUM. 

173.  From  this  propofition  Galileo  juflly  concludes,  that  Na- 
ture in  a  thoufand  operations  greatly  augments  the  ftrength  of 
fubftances  without  increafing  their  weight :  as  is  manifefted  in 
the  bones  of  animals  and  the  feathers  of  birds,  as  well  as  in 
moft  tubes,  or  hollow  trunks,  which  though  light,  greatly  refift 
any  effort  to  bend  or  break  them.  "  Thus  (fays  he)  if  a  wheat 
*•  ftraw  which  fupports  an  ear  that  is  heavier  than  the  whole 
"  ftalk  were  made  of  the  fame  quantity  of  matter  but  folid,  it 
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*'  wduld  bend  or  break  with  far  greater  eafe  than  it  now  does. 
"  And  with  the  fame  reafon  Art  has  obferved  and  Experience 
"  confirmed  that  a  hollow  cane,  or  tube  of  wood  or  metal,  is 
"  much  ftronger  and  more  firm  than  if,  while  it  continued  of 
"  the  fame  weight  and  length,  it  were  folid,  as  it  would  therf, 
"  of  confequence,  be  not  fo  thick  :  and  therefore  Art  has  con- 
"  trived  a  method  to  make  lances  hollow  within,  when  they  are 
"  required  to  be  both  light  and  ftrong,"  in  this  inftanc^  as  in 
many  others,  imitating  the  wifdom  of  Nature. 

In  all  fuch  hiftances,  however,  there  is  an  obvious  dillin£Hon 
between  the  works  of  Nature  and  thofe  of  Art ;  "  in  the  former 
(as  M.  Girard  remarks,  when  treating  the  fame  fubjedl),  the 
caufe  and  the  efFe£l  efTentially  agree  j  the  one  cannot  undergo 
any  modificatiofi  without  the  other  experiencing  a  correfpond- 
cnt  change  ;  or,  to  fpeak  more  precifely,  a  new  effeiS  always 
refiiks  from  a  new  caufe  -.—  in  the  produttioiis  of  human  iti- 
duilry,  on  the  contrary,  there  is  no  neceflary  proportion  be- 
tween the  effe£h  and  caufe:  if,  for  example,  a  determinate 
weight  is  to  be  raifed,  it  is  indifferent  whether  we  ufe  the' 
thread  which  has  precifely  the  adequate  force,  or  the  cable' 
which  has  a  fuperabundant  one ;  while,  if  the  fanie  weight  had 
refled  naturally  fufpcnded,  it  would  have  done  fo  by  means  of 
fibres  peculiarly  appropriated  in  their  organization  to  the  ob- 
jedt,  and  whofe  difpofition  v/ould  have  prefented  the  mofl;  ad- 
vantageous form,  Perfeftion  refides'in  a  fingle  point,  at  which 
Nature  arrives  without  effort  •,  while  man  is  obliged,  by  repeat- 
ed trials,  to  pafs  over  an  immenfe  fpace  which  feparates  hiip; 
from  it." 

1 74.  Prop.  Of  all  hollow  cylinders  ivhcfe  lengths,  and  the  din- 
meters  of  the  exterior  and  interior  circles,  continue  the  fame^  thofe 
have  the  greateft  lateral Jlrength,  in  ivhich  the  interior  touches  the 
exterior  circle,  in  the  higheji  part,  provided  the  cylinders  arefiited  at 
loth  ends  and  in  a.  horizontal  pofttion  ;  or  -when  they  touch  in  the 
*lo%ucfi  part,  if  the  cylinders  are  fixed  only  at  one  end  :  the  cylindert 
in  both  cafes  being  conceived  to  exert  their  frength  againjl  -weights 
aSirig  vertically. 

Here,  fmce  the  diameters  of  the  exterior  and  interior  circles- 
are  fuppofed  invariable,  the  area  of  the  fpace  they  include  will 
be  likevvife  invariable,  fo  that  the  ftrengths  of  the  cylinders  will 
be  proportional  to  the  diftances  of  the  centres  of  gravity  of 
their  fe^lions  from  the  point  v.'hcre  the  ffadlure  would  end  ort 
the  fuppofition  the  cylinders  were  broken.  Now,  when  a  beam 
is.  fixed  at  both  ends,  and  broken  by  a  weight  lard  between 
thofe  ends,  the  breach  would  manlfeftly  commence  at  the  lower 
part  and  terminate  at  the  upper  ;  and,  when  it  is  fixed  at  one 
end  only»  and  the  weight  atls  at  the  other^  the  breach  would 
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commence  on  the  upper  Ude,  and  terminate  at  the  lower  :  con- 
fequently,  in  the  firft  inftance,  the  centre  of  gravity  of  the  fec- 
tion  muft  be  at  the  greateftdiftance  from  its  higheft  point,  and 
in  the  fecond  inftance  at  the  greateft  diftance  from  the  lowefl 
point,  to  enfure  a  maximum  of  ftrength.  Let  figs.  3  and  4. 
reprefent  the  feftions  of  the  tubes,  BC  and  AD  being  the  dia- 
meters of  the  liollow  part  of  both :  let  the  area  of  the '  circle 
whofe  diameter  is  AB  be  M,  the  diftance  of  its  centre  of  gra- 
vity from  A  being  called  G,  the  area  of  the  fmaller  circle  »», 
the  diftance  of  its  centre  of  gravity  from  A,  g,  the  area  of  the 
fpace  between  the  two  circles  {—M.  —  m)  y.,  the  diftance  of  its 
centre  of  gravity  from  A,  y  j  then,  by  the  nature  of  the  centre 
of  gravity,  will  MG=m^+^^7.  In  this  equation  M,  G,  pi, 
and  ft,  are  invariable;  therefore  y  muft  vary  inverfely  as  g: 
and  confequently,  when  y  is  a  maximum  g  is  a  minimum,  and 
vice  verfa.  But  g  \s  2i  minimum  when  the  inner  circle  touches 
the  outer  one  in  A,  as  in  fig.  4. ;  and  it  is  a  maximum  when 
the  interior  and  exterior  circles  touch  in  B,  as  in  fig.  .3.  There- 
fore the  maximum  and  the  minimum  values  of  y  obtain  when 
the  circles  touch  in  A  and  B  refpeftively  ;  -and  the  comparative 
ftreagths  of  the  tubes  are  as  expreffed  in  the  propofition. 

175.  In  cafes  actually  ariCngin  praftice,  this  propofition,  as 
well  as  that  laid  down  in  art.  172.  will  require  fome  modifica- 
tion, and  for  the  fame  reafon  as  is  there  ftated.  The  ftrengths 
of -the  tubes,  however,  will  iucreafe  as  the  circles  approach 
nearer  to  each  other,  until  they  reacli  a  cettain  limit,  which  can 
only  be  determined  by  experiment  for  each  difi^rent  kind  of  re- 
fifting  body,  and  iot  various  proportions  of  the  exterior  and  in- 
terior circles. 

176.  Prop.  Thejirongeji  reBangutar  heam  •which  can  he  cut  out 
of  a  given  cylinder,  is  that  of  nuhich  thefquares  of  the  breadth,  and 
depth,  and  the  fquare  of  the  cylinder's  diameter,  are  refpeBively  as 
the  numbers  1,  2  and  "J,- 

In  fig.  6.  pi.  VIII.  let  BC  the  breadth  of  the  beam  be  de- 
noted by  b,  AC  the  depth  by  d,  the  diameter  AB  being  denoted  " 
by  D  ;  then,  when  BC  is  horizontal,  the  lateral  ftrength  will  be 
,  reprefented  by  bd'-  (art.  169.  cor.  4.),  which  is  to  be  a  maxi- 
mum. But  AC=  =  AB^  -  BCS  or  J'-  =  D'  -  6  ^ -,  therefore 
(D*-^')x*=*  D^-^'=a  max.  In  fluxions  D^^  =  3^'i: 
whence  D"  =  3*'--,  and  d^='D'- -P  =  t,  b"- -b'-  =  2b\  Confe- 
quently, b^  :  d-.'D'' :  :  I  :  1  :  2,.     Q;  E.  D. 

CoR.  I.  Hence  arifes  this  eafy  praftical  conftruflion  :  divide 
the  diameter  AB  into  three  equal  parts  in  E,  F  -,  ere<3:  the  per- 
pendiculars ED,  FC  ;  and  join  the  points  C,  D,  to  the  extrcr 
mities  of  the  diameter :  fo  (hall  ACBD,  be  the  redangular 
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end  of  the  beam  required.  For,  becaufe  AE,  AD,  AB,  are  in 
continued  proportion,  we  have  AE  :  AB  : :  AD^  :  AB?  :  and, 
in  like  manner  AF  :  AB  : :  AC" :  AB^  Hence  AE  :  AF  :  AB 
:  :  AD" :  AC^ :  AB= : :  1:2:3. 

Cor.  2.  The  ratio  of  b  to  J  is  nearly  that  of  5  to  7,  or  more 
nearly  that  of  12  to  17.  For  5"  :  7=^  :  :  25  :  49  :  :  i  :  2  nearly ; 
and  12"  :  17"  :  :  144  :  289  :  :  i  :  2  more  nearly. 

CoR.  3-  A  fquare  beam  from  the  fame  cylinder,  would  hav^ 
its  Cde=D./i=4Di/2.  Its  folidity  would  be  to  that  of  the 
ftrongeft  beam,  as4  D^  to  4  D"^.2,  or  as  4  to  ■|-\/2,  or  as  5  to 
•4714;  while  its  ftrength  would  be  to  that  of  the  ftrongeft 
beam,  as  (D^'i)  ^  to  Dv/^  x  f  D'-,  or  asiv^2  to|.v'3,  or  as 
3560  to  3849- 

Cor.  4.  Either  of  thefe  beams  will  exert  the  greateft  lateral 
ftrqngth,  when  the  diagonal  of  its  end  is  placed  vertically.  For 
the  area  being  the  fame  in  both  pofitions,  the  ftrength  will  vary 
as  the  diftance  of  the  centre  of  gravity  from  the  bafe  of  frac- 
ture :  but  when  one  of  the  fides  is  vertical,  as  in  fig.  7.  the, 
diftance  of  the  centre  of  gravity  of  the  end  will  be  =  AI,  or  ID, 
equal  to  half  the  fide ;  whereas,  when  the  diagonal  is  vertical 
as  in  fig.  5.  that  diftance  will  be  CE  or  ED,  half  the  diagonal, 
CoR.  5-  The' ftrength  of  the  whole  cylinder  will  be  to  that 
of  the  fquare  beam  when  placed  with  its  diagonal  vertically,  as- 
tlie  area  of  the  circle, to  that  of  its  infcribed  fquare.-  For  CE 
or  ED  (fig.  5.)  is  the  diftance  of  the  centre  of  gravity  in  both 
cafes  ;  therefore  the  ftrengths  vary  as  the  areas. 
-  177.  Frop.  IJ'hen  a  triangulcir  beam  is  fupported  at  both  endsy 
its  Jlrength  when  the  edge. of  the  beam  is  upper mojl  is  to  thejlrength 
•when  the  oppojttejtde  is  uppermofl,  as  1  to  i . 

For  in  this  cafe  the  fradlure  would  terminate  at  the  top  of  the 
beam ;  and  as  the  area  of  the  end  continues  the  fame  whether 
fide  or  edge  be  uppernioft,  the  ftrength  will  vary  as  the  di- 
ftance of  the  centre  of  gravity  from  the  uppeimoft  point.  Now, 
in  the  triangle  ABC,  the  diftance  CG  of  the  centre  of  gravity 
from  the  v,ertex,  is  double  the  diftance  GD  from  the  bafe 
(fig.  8.  pi.  VIII.)  :  therefore  when  the  triangle  is  inverted  aS' 
a  be,  the  diftance  of  the  centre  of  gravity  from  d  the  higheft 
point,  is  only  half  its  diftance  from  the  iii;^h(-ft  point  C  of  the 
triarigle  before  it  is  inverted.  V/hence  the  propofition  is 
manifeft. 

CoR.  If  tl;e  beam  be  fupported  at  one  end  only,  it  would  If 
broken  h;ive  the  breach  commence  at  tlie  upper  part  and  ter- 
minate -.it  the  lower  :  r.nd  In  that  cafe  the  beam  will  be'ftrongeft, 
when  the  edge  is  downward,  and  only  half  that  ftrength  when^ 
its  oppoijte  f.;ce  is  downward  and  horizontal.. 
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178.  Prop,  j^  a  tveight  be  placed  upon  any  part  of  a  ^ori^ontal 
beam  fixed  at  both  ends,  the  firefs  of  the  beam  at  that  part  will  be 
as  the  reSlangle  of  its  dijlancesfrom  the  fupported  ends.     [G.] 

Let  the  weight  W  prefs  upon  the  beam  at  C  (fig.  5.  pi.  IV.), 
then  is  the  weight  equal  to  the  preffures,  upon  A  and  B,  and 

jT  .       W.BC        ,.,  -.  Ti      W.AC      ,„ 

preflure  upon  A=-'-^^,  while  preflure  upon  B  =———.   (Sea 

Cor.  6.  art.  133.)  But  the  readiion  of  either  point  of  fupportis 
equal  to. the  preflure  upon  it  (ax.  3.);  and  this  may  be  con- 
fidered  as  a  force  a£ting  at  the  -point  C  as  upon  the  arm  of  a 
lever :.  fo  that  the  ftrefs  at  C  is  as  the  preflure  at  either  point  of 
fupport  into  its  diftance  from  C.     That  is,  the  prefllire  is  as 

— j^g—  X  AC,  oras      '      .  BC,  which  are  manifeflly  equaj,  the 

one  to  the  other.  But  W  and  AB  are  given ;  therefore  the 
ftrefs  varies  as  the  reftangle  AC  .  CB. 

CoR.  I.  The  fame  thing  will  obtain  if  the  weight  be  equally 
difl\ifed  through  the  whole  of  the  beam.  Tor,  in  this  cafe  as  in 
the  forrrer  the  fum  of  the  preflures  upon  A  and  B  will  be  equal 
to  the  whole  weight :  and  if  w  be  the  weight  of  the  part  BC, 

its  prefliire  upon  A,  will  be ^^ — ;  and  this  referred  back 

to  the  point  C  will  give  — ^t| —  x  AC,  for  the  ftrefs ;    which 

varies  as  the  re£tangle  AC  .  BC,  as  before. 

CoR.  2.  The  greateft  ftrefs  of  a  beam  is  in  the  middle  be- 
tween its  fupports,  whether  the  weight  be  applied  there  or 
equally  difilifed  over  its  whole  length.    [G.] 

For  the  rediaagle  of  the  two  parts  of  a  line  is  a  maximum, 
■when  thofe  parts  are  equal  to  each  other. 

Cor.  y.  Hence  in  all  ftruftures  we  fhould  as  far  as  pofiible 
avoid  placing  weights  in,  the  midde  of  beams:  thus,  in  roofing,  • 
it  is  better  to  ufe  prick-pofts  than  king-pofts,  unlefs  where  there 
is  a  pillar  or  a  partition  wall  to  fupport  the  beam  in  the  middle. 

Cor.  4.  If  nv  be  the  greateft  weight  a  beam  will  fuftain  at  its 
middle  point,  and  it  be  required  to  fupport  by  that  beam  a 
greater  weight  W  ;  the  point  C  may  be  fpund  by  making  W : 
w::.jABx4-AB:AC.CB. 

To  perform  this  geometrically  Galileo  proceeds  thus;  let  W 
and  -w  be  reprefented  by  lines,  their  mean  proportional  being  a 
line  M:  find  a  fourth  proportional  S  to  W,  M  and  AD  (fig. 
9.  pi.  viii).  Let  AD  be  the  diameter  of  the  femicircle  AHD,  ill 
which  draw  the  line  AH=S ;  join  H,  D,  and  make  DC=DH, 
then  is  C  the  point  fought.  For,  on  BA  defcribe  the  femicirclQ 
ANB,  raife  the  perpendicular  NG  and  join  N,  D :  then,  becaufe 

TOL,  I.  I 
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NC^+CD^=ND^=AD'-=AH^+HD\  and  HD^=De,  we 
have  Ne  =  AC  .  CB  =  AH%  that  is=S\  But  S^  :  AD=  :  :  w ; 
W;  whence  the  tru-th  of  the  conftruftion  is  obvious. 

Cor.  5.  Since  the  rectangle  AC  .  CB  diminifhes  as  C  ap- 
pnroaches  to  A  or  B,  and  the  ftrefs  varies  as  that  rectangle,  it 
foUows  that  much  may  be  taken  from  the  thicknefs  of  beams 
towards  each  end  without  rendering  them  too  weak  for  the 
load.  [G.] 

CoR.  6.  The  ftrains  at  any  two  points  C,  and  D,  in  a  beanv, 
are  as  the  redlangles  AC .  CB,  AD  .  DB ;  and,  therefore  when 
weights  are  laid  on  at  C,  and  D,  in  the  proportion  of  thofe 
teftangles  the  beam  will  be  no  more  liable  to  break  at  one  poinU 
than  at  the  othdr.  [G.] 

Cor.  7.  The  ftrain  at  any  point  D  caufed  by  a  weight  at  C, 
is  equal  to  the  ftrain  at  C  occafioned  by  the  fame  weight  at  D. 

For,  when  the  weight  W  is  at  C,  the  ftrefs  there  is  as  AC  .  CB, 

and  the  ftrefs  at  D  =  ^  x  ftrain  atC  =  |^xAC.CB  = 

BD  .  AC.     And,  when  the  weight  is  at  D,  the  ftrain  there  isas 

AD .  DB ;  while  the  ftrain  at  C  is  as  i^  x  ftrefs  at  D=  -^  x 

AD  .  DB  =  AC  .  BD,  the  fame  as  before. 

,  179.  Prop.  If  a  beam  inform  of  an  ifofpeles  wedge  be  fixed  by 
ks  bafe  to  a  iJertical  nvall,  its  faces  being  in  a  vertical  poftion,  and  a 
•weight  be  attached  to  its  vertex,  fuch  a  beam  will  be  equally  flroHg 
throughout. 
~  .  Let  the  wedge  BA  (fig.  10.  PI.  VIII.)  be  fixed  tathe  ver- 
tical wall  BE,  and  a  weight  W  be  placed  at  A.  The  eiFort  of 
the  weight  W  upon  any  pointD  of  the  beam  will,  by  the  nature 
of  the  lever,  be  as  the  reftangle  W  x  AD,  or  as  AD,  hecaufe 
W  is  conftant.  And  the  ftrength  at  any  point  D,  will  be  as 
the  breadth  into  the  fiquase  of  the  depth  at  that  place  (all  the 
vertical  feftions  being  redtangles),  or  as  the  breadth  CD,  tha 
depth  being  conftant.  Therefore,  fince  when  the  beam  is 
equally  ftrong  throughout  the  ftrength  and  ftrefa  are  in  an  in- 
variable ratio,  we  Ihall  have  CD  conftantly  as  AC ;  antl,  of 
confequence,  ACD  muft  be  a  reiSlilinear  triangle,  and  the  bean^ 
'a  wedge. 

•■■  180.  Prop.  If  a  beam  is  placed  horizontally  with  one  end  fixed  to 
q  wall,  and  a  weight  hung  at  the  other,  then  if  its  breadth  be  the 
Jamefrom  one  end  to  the  other,  it  will  be  equally  firong  throughout 
i^hen  the  vertical  fides  are  in  form  of  a  parabola.  [G.] 

For  the  ftrefs  is  as  AD  (fig.  11.)  as  in  the  laft  prop,  and  the 
ftrength  is  as  the  breadth  into  the  fquare  of  the  depth,  or,  be- 
c»ufe  the  breadth  is  conftant,  the  ftrength  is  as  CD\    But  the 
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ftrefs  and  ftrength  muft  remain  in  a  conftant  ratio ;  therefore 
AD  muflr  vary  as  CD'  throughout  the  figure  ;  Avhich  is  the  well- 
known  property  of  a  parabola  whofe  vertex  is  A. 

-Cor.  r.  Since  the  parabola  is  -I  of  its  circumfcribing  parallel-' 
tigram,  parabolic  beams  require  -j  lefs  matter  than  prifmatic 
ones;  a  circumftance  which  may  be  beneficially  attended  to, 
particularly  when  iron  is  ufed^ 

Cor.  2.  In  the  beams  of  balances  for  very  great  weights,  each 
arm  may  be  conftru£ted  of  a  parabolic  fhape  as  in  fig.  13.  P 
being  the  centre  of  motion :  which  will  caufe  a  faring  of  materials 
without  any  diminution  of  ufeful  ftrength. 

1 8 1.  Prop.  If  a  beam  has  one  end  fixed  to  a  wall,  arid  gradually 
dimintfhes  toivards  the  other  end  where  a  iveight  is  placed,  fo  that  alt 
its  vertical  feiiions  are  fquares,  then,  in  order  that  it  may  be  equally 

Jlrofig  throughout,  the  bounding  curve  mujl  be  in  the  form  of  a  cubic 
parabola. 

In  fig.  1 2.  PI.  VIII.  the  ftrefs  or  effort  of  the  weight  upon 
any  point  F  will  be  as  AF  :  and,  becaufe  the  feftions  are  all 
Cmilar  the  ftrengths  will  vary  as  the  cubes^  of  the  depths. 
Hence,  in  this  cafe  AF  oc  DC^,  which  is  a  well-known  pro- 
perty of  a  cubic  parabola. 

182.  Prop.  When  a  beam  whofe  vertical  fides  are  parallel  planes 
is  fixed  at  both  ends,  it  will  be  equally  firong  throughout,  if  either 
the  tops  of  thofe  fides  or  the  bottoms,  or  both,  be  terminated  by 
ellipfes. 

For,  the  fides  being  parallel  planes,  the  beam  will  be'  of  equal 
thicknefs  throughout,  and  confequently  the  ftrength  at  any 
point  DC,  will  be  as  CD',  or  as  C  r,  according  as  ADB,  or 
AcB,  is  the  bottom  of  the  beam  (fig.  13.  PL  VIII.).  Now, 
the  ftrefs  at  the  point  D,  is.  as  the  rectangle  AD  .  DB  (art.  178)  j 
therefore  CD^,  or  C  c-  muft  vary  as  AD  .  DB,  to  enfure  equal 
ftrength  throughout.  And  this  is  the  fundamental  property  of 
the  ellipfe -whofe  vertices  are  A  and  B. 

183.  Prop.  Given  the  length  and  •weight  of  a  cylinder  or prifm, 
Hvhich  is  placed  horizontally  ivith  one  end  fixed  firmly,  and  will  ju/l 

fupport  a  given  weight  at  the  other  end  without  breaking,  to  find 
the  length  of  ^  fimilar  prifm  or  cylinder,  which  ilbhen  fupp'orted  in  - 
like  manner  at  one  end',fhalljufi  bear  •without  breaking  afecond gi-uen 
weight  at  the  unfupported  end. 

Eet  /  denote  the  length  of  the  given  cylinder  or  prifm,  «/  the 
diameter  or  depth  of  its  end,  w  its  weight,  and  tt  the  weight 
hanging  at  the  unfupported  end :  the  capitals  L,  D,  W,  and 
U,  repr'efenting  corresponding  particulars  with  refpeft  to  the 
other  prifm.  Then  the  weights  of  fimilar  folids  of  the  fame 
matter  being  as  the  cubes  of  riieir  lengths,  we  Ihall  have  /^  5 
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U  i :  w  :  ^  iv,  the  weight  of  the  prifm  whofe  length  is  L.  We 

may  either  fuppofe  the  whole  weight  of  each  beam  to  acil  at  its 
centre  of  gravity,  or  half  its  weight  at  the  unfupported  end  % 
for,  on  both  thefe  fuppofitions  the  ftrefs  upon  the  Supported  or 
fixed  end  arifing  from  the  weight  of  the  beam  will  be  the  fame : 
hence  then,  the  ftrefs  upon  the  fixed  end  of  the  beam  whofe 
length  is  /,  arifing  both  from  its  own  weight  and  the  weight  tt 
•attached  to  it,  will  be  (4w+«)x/;  and  the  ftrefs  upon  the 

other  beam  will  be  (^wi^^  +  U]  xL,-or  (i^  w+U)  xL.  But 

the  lateral  ftrength  of  the  firft  beam  is  to  that  of  the  fecond,  as 
d^  to  D'  (art.  169.  cor.  2.)  or  as  /^  to  L'.  Wherefore  fince 
the  ftrengths  and  ftrefles  of  the  two  beams  in  their  refpe£tive 
circumftances  muft  be  in  the  "fame  ratio,  to  anfwer  the  con- 
ditions of  the  propofition,  we  have  (^w+k)  /:  f— -^w+U  ) 
L  :  :  /^  :  L^  This  analogy  converted  into  an  equation,  gives, 
after  a  little  reduftion,  U  -  !^-  /  L^  +  -  U  /^  =  o :    a  cubic 

equation  from  which  the  numeral  value  of  L  may  ht  determined, 
when  thdfe  of  the  other  quantities  are  fpecified. 

CoR.  I.    When    U  vaniflies  the  equation  becomes  L'  = 

^"  /L*  V  whence  L  =™"^^"  /,  or  w; :  w  +  z  k  : :  / :  L.    From 

which  the  length  of  the  beam  which  will  juft  break  by  its  own 
weight,  may  be  readily  found. 

-  Cor.  2.  Hence  of  all  beams  of  fimilar  fliape  and  materials, 
there  is  one,  and  only  one,  that  will  merely  fuftain  itfelf  when 
fixed  at  one  end,  being  juft  on  the  point  of  breaking.     [G.] 

Cor.  3.  If  a  beam  break  by  its  own  weight,  when  fixed  at 
one  end,  a  beam  of  twice  its  length  fixed  in  a  fimilar  manner 
at  both  ends  will  alfo  break. by  its  own  weight :  or  if  one  fuftain 
itfelf  the  other  will. 

For  the  ftrain  or  ftrefs  is  the  fame  in  both  of  them ;  each 
being  equal  to  the  ftrefs  of  a  beam  of  the  double  length,  and 
fupported  at  its  middle  point. 

184.  Prop.  Given  the  length  and  iveight  of  a  cylinder  or  prifiVf 
•which  is  fixed  horizontally  as  in  the  foregoing  propofititn,  and  a 
iveight  nxihich  ivhen  hung  at  a  given  point  breaks  the  prifm,  to 
find  how -much  longer  a  prifm  of  equal  diameter  or  of  equal  breadth 
and  depth,  may  be  extended  before  it  break  either  by  its  own  -weight, 
er  by  the  addition  of  any  other  adventitious  weight. 

Here  let  /  denote  the  length  of  the  given  prifm,  w  its  weight, 
u  a  weight  attached  to  it  at  the  diftance  d  from  the  fiSced  end ; 
L  the  length  of  the  required  prifm,  aiid  U  the  weight  attached 
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to  It  at  the  diftance  D.     Then  /  :  L  : :  w  :  -y-,  the  weight  of 

the  prifm  whofe  length  is  L :  therefore  the  ftrain  it  will  occafion 

upon  the  fixed  end  will  be  — —  x  i  h-=^^—j- ;  and  the  ftrain  arif- 

ing  from  the  weight  U  a£ting  at  the  diftance  D  will  be  DU  ;  fo 
that  the  whole  ftrain  occafioned  by  the  longer  beam  and  its 

weight  will  be  ^^+DU.     The  ftrain  occafioned,  in  like  man- 

ner,  by  the  weight  of  the  original  beam  will^  be  iw  I,  and  by 
its  weight  «  at  the  diftance  d,  will  be  d  u,  their  fum  being 
i-wl+du..  Now  the  ftrength  of  the  beam  which  is  juft  fuf- 
ficient  to   refift   thefe   ftrains  is  the  fame  in  both  inftances ; 

confequeritly  '^-—  +DU  =  iiul  +  du;   and  by  reduction 

L^/^xii-wl+du-DV). 

Cor.  I.  If  the  lengthened  beam  juft  breaks  with  its  own 
weight,  then  U  vaniflies,  and  we  have  L  =     /  /--j-i.,  "..= 


J 


/x(/+i^'). 


Cor.  2.  If  wh6n  U  vaniflies  d  becomes  equal  to  /,  we  have 
L  =    /  /  X  '"'+^1^=/  I  ^lxl^±M.  This  may  be  ex- 

prefled  in  words^thus  :  make  a  line  S  in  the  fame  proportion  to 
?,  as  the  compound  of  the  weight  of  /  and  double  the  weight 
attached  to  its  end,  is  to  the  weight  w  oi  I ;  then  fliall  the  geo- 
iiietrical  mean  proportional  between  S  and  /  be  the  length  L  re- 
quired.    This  is  the  rule  given  by  Galileo. 

185.  Prop.  T6ejlrengtb  of  a  rectangular  beam  in  an  inclined pa- 
Jition  is  to  the  Jlrength  .of  the^fame  beam  in  an  horizontal  pofitiohy  to 
refijl  a  vertical  prejfure,  as  the  fquare  of  the  radius  to  the  fqaare 
of  the  coftne  of  elevation. 

For  a  traiifverfe  vertical  fe<3:ioi>  of  the  beam  will  be  redl- 
angular,  whether  the  beam  be  in  a  horizontal  or  oblique  pofition: 
and  -confequently,  on  the  principles  we  have  aflumed,,  the 
ilrengths  in  both  cafes  will  be  as  the  fquares  of  the  depths. 
Now  AB  (fig.  14.  PI.  yill.)  being  a  longitudinal  vertical  feftion 
of  the  beam,  the  depth  of  the  beam  when  inclined  will  be  CD, 
arid  C  d  when  it  is  horizontal.  Hence  the  ftrength  in  the  one , 
cafe  to  that  in  the  other  is  as  CD'  to  Ci%or  becaufe  of  the  fimilar 
triangles  CD^,  ADO,  as  AD'  to  AO%  that  is,  making  AD  ra;- 
dius,  as  radius  '  to  cos.  ^  DAO.     Q:_E.  D. 

Cor.  I .  The  ftrength  of  any  beam  refitting  a  vertical  prefliire 
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is  gr^a'teft  when  it  is  in  a  vertical  .pof)tIonj  for  then  the  pofine 
of  inclination  vanifties. 

Cor.  2.  The  fame  prop,  and  corol.  will  hold,  with  refpedl 
to  a  preffure  in  any  other  djreftion,  provided  AH,  inftead  of 
being  horizoptal,  be  perpendicular  to  the  prefllire. 

1 86.  Prot.  When  tivo  beams Jianding  obliquely  bear  two  •weights 
^pon  them,  either  at^  the  middle  points  or  in  anyjimilarjituations,  or 
equally  diffufed  over  their  -whole  lengths  ;  the  Jirains  upon  them  'will 
he  direBly  as  the  weights-,  the  lengths,  and  the  cofines  of  elevation^ 
conjointly. 

For  (art.  154.  cor,  4.)  the  weight  is  to  the  prefTure  upon  th§ 
plane,  as  radius  to  the  cofine  of  elevation;  therefore  the;  pref- 
fure is  as  the  reiSlangle  of  the  weight  and  cofine  of  elevation ; 
and  this  is  the  force  a£i:ing  againft  the  beam  perpendicularly. 
Whence  the  ftrefs  will  univerfally  be  as.  the  length  of  the  beam 
and  this  force,  that  is,  as  the  length  x  weight  x  cofine  of  ele^ 
yation. 

.  CoR.  I.  If  the  lengths  of  the  beam?,  and  their  weights,  be  th? 
fame,  the  flrefs  will  be  as  the  cofine  of  elevation ;  and  confe- 
iquently  it  will  be  greateil  when  the  beam  is  horizontal. 

CoR.  2.  If  the  beams  are  horizontal,  or  at  any  equal  inclina- 
tions, and  the  weights  vary  as  the  lengths,  or  the  beams  are  tini^ 
form,  then  will  the  flrefs  vary  as  the  fquares  of  the  lengths. 

CoR.  3.  If  the  weights  are  equal  on  the  horizontal  beam 
AC,  and  the  inclined  one  AB  (fig.  15,)  and  BC  be  vertical,  the 
ftrefs  upon  both  beams  will  be  equal.' 
'    For  the  length  into  the  cofine" of  elevation  is  the  fame  in  both. 

Cor.  4.  But  if  the  weights  on  the  beams  vary  as  their  lengths, 
the  flrength  will  alfo  vary  in  the  fame  ratio. 

Cor.  5.  And  univerfally  the  ftrefs  upon  any  point  of  an  ob- 
lique beam,  is  as  the  ireftangle  of  the  fegments  of  the  beam,  the 
weight,  and  Cos.  inclination  diredlly,  and  the  length  of  the  beam 
reciprocally.      > 

137-  PitoP.  Let  .AC  (fig  I.  PL  YK..J  rep^efent  a  beam  moveable 
about  a  centre  Q-yfo  as  to  make,  any  angle  ACB  with  the  plane  of  the 
horizon  CB  /  to  determine  the  pofttion  of  a  prop  or  fupporter  OS  of 
a  given  length,^  nuhch  Jhqll fiiflairi  it  iSith  the  greatejl  eafe  in'afly 
:g.iven  pofition  ;  alfo  to  afcertain  the  inclination  of  AC  to  the  horizon 
nuhen  the  leaft  force  that  can  Juflain  it  is  greater  than  the  leafl  force 
in  any  other  pofition. 

Let  G  be  the  centre  of  gravity  of  the  beam  AC,  and  draw: 
GfijGm,  and  CD,  perpendicular  to  AC,  CB,  and  OS  rc- 
fpeftively.  Put  SO=/i,  CG=r,  C'm=.x,  and  the  weight  of 
the  beaip  —  111.  Then,  by  the  nature  of  the  parallelogram  of 
forces,   we   Ihall  have   G  ?«  :  G «,    or  fim,  triangles,  as  CQ 


CHiP.  ■  v.]         Strength  and  Stre/s  of  Materials.  115 

{=r)  :  C  m  {  =  x)  :  :  w  :  — ,  the  force  which  aft'ing  at  G  in  the 
direflion  G  «,  is  fufficient  to  fuftain  the  beam :  and,  by  the 
nature  of  the  lever,  CO  :  CG  ( =r)  :  :  —  (the  requifite  force  at 

G)  :  ^j^,  the  force  capable  of  fupporting  it  at  O  in  a  direftioa 

perp.  to  AC  or  parallel  to  G  «  :  and,  again,  as  CD  :  CO  :  :^ 

(the  force  afting  at  O  in  dlreftion  _L  to  GO) :  -^^,  the  force  or 

weight  a£l:ually  fuftained  by  the  given  prop  SO  in  a  direSion  _L 
to  CD.  This  latter  force  will  manifeftly  be  the  lead  poffible 
when  the  perpendicular  CD  upon  OS  is  the  greateft  poflible^ 
let  the  angle  ACB  be  what  it  may.  But  of  all  triangles,  having 
the  fame  bafe  OS  and  vertical  angle  SCO  that  which  is  ifofceles 
is  known  to  have  the  greateft  perpendicular  [being  an  obvious 
corol.  from  Simpfou's  6th  Theor.  on  the  Max.  and  Min.  of 
Geometrical  quantities]  :  therefore  the  triangle  OSC  will  be 
ifofceles,  and  the  angle  S=angle  o,  when  the  weight  fuftained 
by  the  prop  OS  is  ■&  minimum. 

Secondly,  in  order  to  give  a  folution  to  the  latter  part  of  the 

problem,  we  have  to  find  when  ^  is  a  maximum,  the  angles 

S  and  O  being  always  =  each  other,  while  they  vary  in  magni- 
tude in  confequence  of  the  change  of  the  inclination  ACB. 
Let  CD  produced  meet  G  w  in  I ;  then,  becaufe  of  the  fimilar 
triangles  CDS,  Cml,  we  fliall  have  CD  :  Cm  {=zx)  : :  SD 

( =ip)  '■  ^  I>  whence  ^  =  -^ ;  and  confequently  -^  x  li;  = 

T 

- — X  w.  But  fince  CI  bifeds  the  angle  »«CG,  we  alfo  have 
CG-l-C«(=r  +  A'):C;«  {  =  x)  :  -.Gm  (  =  ^F=:^);Iw  = 

X  It  —  X  ml 

^IjI^V'r" '-  x'=x    /  ^rp^ :  confequently  the  force  "i—  x  w,aa- 

ing  upon  the  prop,  is  likewife  truly  exprefled  by  -^  /"~x~' 

The  fluxion  of  this  expreflion  being  taken  and  put  equal  to  zero, 

we  obtain  x  =  —  ^~'" ;  therefore  CG  :  C «  :  :  i  :  4  VS  ~i  '• ' 

radius  :  cofine  of  GCB=:5i°  50',  the  inclination  required.. 

188.  Prop.  Suppofe  the  beam  AC  injiead  of  being  moveable  about 
the  centre  C,  to  befupporled  in  a  given  pqfttion^  by  means  of  the  given 
prop  OS  ;  it  is  required  to  determine  the  pofition  of  that  prapfi  that 
the  prifmatic  beam  CB  on  which  itjlands  may  be  the  leaft  liable  tk 
ir easing,  this  latter  beam  being  onlyfupported  at  its  ends  C  and  B. 


12d  STATICS.  [Book  I. 

Let  CB=*,  OS=/.,  CG=r,  weight  of  CA=w,  CO=2, 
fine  .and  cofine  of  angle  C=j-  and  c  refpeftively,  fine  /.0=x, 

fine  /  S  =y.  Then,  by  trig,  z  :  y  ::p  :  s,  or  —  =— ,  and  CS  = 

— :  alfo  the  force  of  the  beam  at  G  in  difeflion  Gn=cw. 

Let  F  denote  the  force  fuftaining  the  beam  at  O  in  the  direc- 
tion SO;  then,  becaufe  a£lion  and  readlion  are  equal  and  oppofite, 
the  fame  force  will  be  exerted  at  S  in  the  dlreftion  OS  :  there- 
fore CG  X  cw=Y  X,  and  F  =  -^.     Again,  the  vertical  ftrefs  at 

S,will  xlBxrm.SxCS.SB=Fy.CS'.SB  =  Zlllx{&-'^) 

X— =(fubltitutmg  —for  its  equal  — ) x  —  x —=rciv 

bs — px       rcuip       lbs         \  .      ,       ,  /-i      i- 

X  - — --^=:—j-x  [j-")  =a  mm.  by  the  prop.  Confequently 

~—x=2i.  min.  or  a:  a  max.  :  that  is,  «=i,  and  the  angle  COS 

a  right  angle.  Hence  the  point  O  is  readily  found  by  this  pro- 
portion, fin.  C  :  cos.  C  :  :  OS  :  OC. 

GENERAL  SCHOLIA. 

1 89.  We  have  already  adverted  to  a  general  mafxim,  which, 
on  account  of  its  great  importance,  we  beg  to  ftate  again  :  it  is 
this  '.-^When  feveral pieces  of  timber,  iron,' or  any  ether  materials 
are  introduced  into  a  machine  or  JiruBure  of  any  kind,  the  parts  not 
only  of  the  fame  piece,  but  of  the  different  pieces  in-  the  fabric,  ought 
to  be  fo  adjufed  with  refpeB  to  magnitude  that  the  flrength  may  he 
in  every  part  as  near  as  poffible  in  a  confiant,  proportion  to  the  flrain 
to  which  they  ivill  befubjeSled.  Thus,  in  the  conftruftion  of  any 
engine,  the  weight  and  preflure  upon  every  part  fliould  be  inveftj- 
gated,  and  the  ftrength  (hould  be  apportioned  accordingly.  All 
levers,  for  inftance,  fhould  be  made  ftrongeft  where  they  are 
moft  ftrained :  as  levers  of  the  firfl  kind,  at  the  fulcrum ;  levers 
of  the  fecond  kind,  where  the  weight  a£ts  •,  and  thofe  of  the 
third  kind,  where  the  power  is  applied.  The  axles  of  wheels 
and  pullies,  the  teeth  of  wheels,  ropes,  &c.  muft  be  made 
flronger  or  weaker,  as  they  will  be  more  or-lefs  a£ted  upon. 
Let  the  Jlrcngth  allowed  be  more  than  fully  competent  to  the 
ftrefs  to  which  the  parts  can  ever  beJiable;  but  let  not  the  furplus 
be  extravagant :  for  fuch  an  excefs  of  ftrength  in  any  part,  in- 
ftead  of  being  ferviceable,  is  injurious  by  increafing  the  refift- 
ance  the  macnine  has  to  overcome,  and  thus  encumbering,  im- 
peding, and  often  deftroying  the  requifite  motion :  while,  on  the 
other  hand,  3  defe£t  of  ftrength  in  any  one  part  will  caufe  a 
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failure  there,  and  either  render  the  whole  ufelefs,  or  call  for 
frequent  repairs. 

190.  The  propofitions  we  have  given  on  the  ftrength  and 
ftrefs  of  materials,  however  true,  according  to  the  principles 
afTumed,  are  of  no  ufe  in  practice  till  the  comparative  ftrength  of 
different  fubftances  is  afcertained.  And  even  then 'they  will 
apply  more  accurately  to  fome  fubftances  than  others,.  Hitherto 
they  have  been  almoft  exclufively  applied  to  the  Tefifting  force 
of  beams  of  timber ;  though  it  is  probable  no  materials  whatever 
accord  lefs  with  the  theory  than  timber  of  all  kinds.  The  re- 
fifting  body  is  fuppofed  in  the  theory  to  be  pcrfeftly  homogeneous, 
or  compofed  of  parallel  fibres,  equally  diftributed  around  the 
axis,  and  prefenting  uniform  refiftance  to  rupture.  But  this  is 
not  the  cafe  in  a  beam  of  timber :  for,  by  tracing  the  procefs  of 
vegetation,  it  has  been  found  that  the  ligneous  coats  of  a  tree, 
formed  by  its  annual  growth,  are  almoft  concentric ;  and  that 
they  are  like  fo  majiy  hollow  cylinders  thruft  into  each  other,  and 
united  by  a  kind  of  medullary  fubftance  which  offers  but  little 
refiftance :  thefe  hollow  cylinders,  therefore,  furnifti  the  chief 
refiftance  to  the  force  which  tends  to  break  them.  Now,  when 
the  trunk  of  a  tree  is  fquared'  in  order  that  it  may  be  converted 
into  a  beam  it  is  evident  that  all  the  ligneous  cylinders  greater 
than  the  circle  infcribed  in  the  fquare  or  reftangle,  which  is  the 
feftion  of  the  beam,  are  cut  off  at  the  fides  ;  and  therefore,  as 
Montucla  remarks,  almoft  the  whole  refiftance  arifes  from  the 
cylindric  trunk  infcribed  in  the  folid  part  of  the  beam.  The 
portions'  of  the  cylindric  coats  which  are  towards  the  angles  add 
a  little,  it  is  true,  to  the  ftrength  of  that  cylinder,  as  they  cannot 
fail  to  oppofeySwe  refiftance  to  the  ftraining  force  ;  but  it  is  far 
lefs  than  though  the  ligneous  cylinder  were  entire.  Hence  we 
cannot  by  legitimate  comparifon  accurately  deduce  the  ftrength 
of  a  joift  cut  from  a  fmall  tree,  by  experiments  on  another  which 
has  been  fawn  from  a  much  larger  tree  or  block  :  the  latter  is 
generally  weak,  and  very  liable  to  break.  As  to  the  concentric 
cylinders  we  have  been  fpeaking  of,  they  are  evidently  not  all  of 
equal  ftrength.  Thofe  neareft  the  centre  being  the  oldeft,  are 
likewife  the  hardeft:  which  again,  is  Contrary  to  the  theory,  ia 
which  they  are  fuppofed  uniform  throughout.  After  all,  how- 
ever, it  is  ftill  found  that  in  fome  of  the  moft  important  pro- 
blems the  refults  of  the  theory  and  well -conduced  experiments 
coincide,  even  with  regard  to  timber :  thus,  for  example,  the 
experiments  of  Duhamel  on  refkangular  beams  afford  refults 
deviating  but  in  a  flight  degree  from  the  theorem  of  Galileo, 
that  the  ftrength  is  proportional  to  the  produfl  ooi  the  breadth 
into  the  fquare  of  the  depth. 

190  *.  Experiments  on  the  ftrength  of  different  kinds  of  wood. 
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are  by  no  mean?  fo  numerous  as  might  be  wiflied.  The  moft 
iifefnl  feem  to  be  thofe  made  by  Emerfon,  Parent,  Banks,  and 
Girard-.but  it  will_be  at  all  times  highly  advantageous  to  make  new 
experiments  on  the  fame  fubje£t ;  "a  labour  efpecially  referved 
for  engineers  who  poflefs  (kill  and  zeal  for  the  advancement 
of  their  profeffion.  It  has  been  found  by  experiments  that  the  fame 
kind  of  wood,  and  of  the  fame  fhape  and  xlimenfions,  will  break 
with  very  diiferent  weights :  that  one  piece  is  much  ftronge* 
than  another  not  only  cut  out  of  the  fame  tree,- but  out  of  the 
fame  rod:  and,  that  if  a  piece  of  any  length  planed  equally 
thick  throughout,  be  feparated  into  three  or  four  pieces  of  an 
•  equal  length,  it  will  be  found  that  thefe  pieces  require  different 
weights  to  break  tliem.  Emerfon  obferves  that  wood  from  the 
boughs  and  branches  of  trees  is  far  weaker  than  that  of  the  body: 
the  wood  of  the  great  limbs  ftronger  than  that  of  the  fmall  ones : 
and  the  wood  in  the  heart  of  a  found  tree  ftrongeft  of  all.,  He 
alfo  obferves  that  a  piece  of  timber  which  has  borne  d  great 
weight  for  a  fmall  time,  has  broke  with  a  far  lefs  weight,  when 
left  upon  it  for  a  much  longer  time.  Wood  is  likewife  weaker 
■when  it  is  green,  and  ftrongeft  when  thoroughly  dried ;  and 
fhould  be  two  or  three  years' old,  at  leaft.  Knots  in  wood  often 
weaken  it  very  much.  And  when  wood  is  crofs  grained,  as 
often  happens  in  fawing,  this  will  weaken  it  in  a  greater  or  lefs 
degree,  according  as  the  cut  runs  more  or  lefs  acrofs  the  grain. 
From  all  which  it  follows  that  a  confiderable  allowance  ought  to 
be  made  for  the  fticngth  of  wood,  when  applied  to  any  ufe  where 
ftrength  and  durability  are  required. 

Iron  is  generally  much  more  unifqrm  in  its  ftrength  than 
wood  :  yet  experiments  fhew  that  there  is  fome  difference  oc- 
cafiened  by  different  kinds  of  orer  the  difference  is  not  only 
found  in  iron  from  different  furnaces  ;  but  from  the  fame  fur- 
pace,  and  the  fame  melting ;  this  may  arife  in  great  meafure 
from  the  different  degrees  of  heat  which  it  has  when  it  is  poured 
jntotjie  mould. 

Every  beam  or  bar,  wlrethcr  of  wood,  ftone,  or  iron,  is  more 
eafily  broken  by  any  tranfverfe  ftrain,  when  it  is  fuftaining  any 
■very  great  coniprefiion  endways.  Several  experiments  have 
been  made  on  this  kind  of  ftrain  :  a  piece  of  white  marble  i  inch 
fquare  and  three  inches  between  the  props,  bore  381bs  :  when 
comprefled  endways  wiih-3oolbs.  it  broke  with  144. lbs.  Thg 
eiJVdl  is  much  piore  remsrkable  jn  timber,  and  more  eJaftic 
bodies  ;  but  is  cpnfiderable  in  all.  This,  therefore,  is  a  point 
which. mi^ft  be  attended  to  in  all  experiments:  as  mnft  likewife 
the  following,  namely,  thet  a  beam  fupportedat  both  ends,  will 
carry  iwice  as  much  when  the  ends  beyond  the  props  are  kept 
fxoixi.  rifmg,  as  when  the  beam  refts  Ipofcly  on  the  props.    Jhe 


Chap.  V,J  ■      Strength  and  Sfrefs  of  Wood  anMron.  12S 

demonftration  of  this  is  given  by  Gtrard;  and  many  experiments 
furnifli  nearly  thefame  refult. 

Some  writers,  however,  feem  to  doubt  its  truth :  and  as  every 
one  has  not  opportunities  of  trying  the  matter  experimentallyj 
Profejfor  Robifon,  in  order  to  remove  any  doubts,  gives  this  iztal^ 
liar  reprefentation  of  the  cafe.     Let  LM  (fig,  2.  pi.  IX.)  be  a 
long  beam  divided  into  fix  equal  parts,  in  the  points,  D,  B,  A,  C, 
E  }  and  firmly  fupported  at  L,  B,  C,  M.    Let  it  be  cut  through 
at  A,  and  have  compafs-jolnts  at  B  and  C:  FB  and  GC  are  two 
equal  uprights,  retting  on  B  and  C,  but  without  any  connexion; 
^H  is  a  fimilar  andequal  piece  occafionally  applied  at  the  feam 
A.     Now  let  a  thread  or  wire  AGE  be  extended  over  the  piece 
GC,  and  made  faft  at  A,  G,  and  E  :  and  let  the  fame  thing  be 
done  on  the  other  fide  of  A,  as  at  A,  F,  D.  ,  If  a  weight  be  now 
laid  on  at  A,  the  wires  AFD,  AGE,  may  be  ftrained  till  they  are 
broken.     In  the  inftant  of  frafture  we  may  fuppofe  their  ftrains 
to  be  reprefented  by  Ay  and  A^.    Complete  the  parallelogram, 
and  A  a  yeprefents  the  magnitude  of  the  weight.     Nothing,  it 
is  plain,  is  concerned  here,  but  the  cohefion  of  the  wires  ;  for 
the  beam  is  fawed  through  at  A,  and  its  parts  move  with  pcrfeft 
freedom  round  B  and  C.     Inftead  of  this  procefs  apply  the 
piece  AH  below.  A,  and  keep  it  there  by  ftraining  the  fame 
wire  over  it  in  the  pofition  BHC.     If  a  weight  be  now  laid  on, 
it  muft  prefs  down  the  ends  of  BA  and  CA,  and  caufe  the  piecff 
AH  to  ftrain  the  wire  BHC.-  In  the  inftant  of  fraflure  of  the 
fame  wire,  fimilarly  pofited,  its  refiflance  H  b,  H  c,  muft  be 
■pquaf  to  A/,  A^,  and  the  weight  hH  which  breaks  them 
jnuft  be  equal  to  A  a.     Laftly,  employ  all  the  three  pieces  FB, 
AH,  GC,  with  the  fame  wire  attached  as  in  the  two  cafes  com- 
bined :  there  can  be  no  doubt  that  the  weight  which  breaks  all 
the  wires  muft  be  =  Afl+^H,  or  twice  A  a.     And  it  is  ex- 
ceedingly manifeft  that  the  wires  perform  the  very  fame  office 
with  the  fibres  of  an  entire  beam  LM  held  faft  in  the  four  hole* 
D,  B,  C,  E,  offome  upright  pofts. 

The  fame  thing  is  fhewn  rather  differently  at  pa.  464,  Emer» 
fon's  Algebra. 

The  relative  ftrengths  of  feveral  forts  of  wood,  and  of  other 
|)odies,  as  determined  by  Mr.  Emerfon,  are  as  follow ; 

•     Box,  yew,  plumtree,  oak 11 

Elm,  afh 8f 

Walnut,  thorn ' 7^ 

Red  fir,  hollin,  elder,  plane  crabtree,  apple-tree      7 
Beech,  cherry-tree,  hazle     ........       6^ 

Alder,  afp,  birch,  white  fir,  willow  or  faugh     .       6 

Iron .^  107 

Brafs 50 

Bone •     •     •     23 
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Lead ^     .,.»..    ~  6^ 

Fine  free-ftone i 

A  cylindric  rod  of  good  cl^an  fir,  of  an  inch  circumference, 
drawn  in  length,  will  bear  at  exfr^mity  400  lbs.,  and  a  fpear  of 
fir  2  inches  diameter,  will  bear  about  7  tons. 

A  rod  of  good  iron  of  an  inch  circumference  will  bear  nearly 
3  tons  weight. 

A  good  hempen  rope  of  an  inch  circumference  will  bear 
1000  lbs',  at  its  extremity. 

Hence  this  author  concludes  that  if  a  rod  of  fir,  or  a  rope,  or 
a  rod  of  iron,  of  d  inches  diameter  were  to  lift  ^  the  extreme 
weight,  then 

The  fir  would  bear  S^  dd  hundred  weights. 
The  rope      .     .     22    dd        ditto. 
The  iron      .     .       6\  dd  tons. 

19X.  Mrj  Banks,  an  ingenious  lefturer  on  Natural  Philofophy, 
has  at  various  times  made  many  experiments  on  the  real  and 
comparative  ftrengths  of  oak,  deal,  and  iron.  He  found  that 
the  worft  or  weakeft;  piece  of  dry  heart  of  oak,  i  inch  fquare, 
and  I  foot  long,  bore  660  lbs.  though  it  was  much  bent  \,  and 
2  pounds  more  broke  it.  The  flrongeft  piece-  he  tried  of  the 
fame  dimenfions,  broke  with  974  lbs.  The  worft  piece  of  deal" 
bore  460  lbs.  but  broke  with  4  more.  The  bell  piece  bore 
690  lbs.  J  but  broke  with  a  little  more.  And  with  refpeft  to 
eafl  iron,  he  concludes  that  a  bar  of  the  weakeft  kind,  an  inch 
fquare  and  a  foot  long,  would  break  with  about  2  ipo  lbs.  The 
following  are  fome  of  the  experiments  he  mentions^  [Banks  on 
Power  of  Machines,  pa.  89.] 

"  Experiments  on  the  Jlrength  of  cajl  iron,  tried  at  Ketley, 
"  March  1795.  . 

(Cj"  "  The  different  bars  were  all  caft  at  one  time  out  of  the 
fame  air  furnace,  and  the  iron  was  very  foft,  fo  as  to  cut  or  file 
eafily. 

"  Exp.  I.  Two  bars  of  iron,  one  inch  fquare,  and  exa£Hy 
three  feet  long,  were  placed  upon  an  horizontal  bar  fo  as  to 
meet'in  a  cap  at  the  top,  from  which  was  fufpended  a  fcale^ 
thefe  bars  made  each  an  angle  of  45°  with  the  bafe  plate,  and, 
of  confequence  formed  an  angle  of  90°  at  the  top :  from  this 
cap  was  fufpended  a  weight  cf  feven  tons,  which  was  left  for 
16  hours,  when  the  bars  were  a  little  bent,  and  but  very 
Jittle. 

"  Exp.  11.  Two  more  bars  of  the  fame  length  and  thicknefs, 
were  placed  in  a  fimilar  manner  making  an  angle  of  22|-°  with 
the-bafe  plate;  thefe  bore  four  tons  upon  the  fcale :  a  little 
more  weight  broke  one  of  them,  which  was  obferved  to  be  % 
little  crooked  when  firft  put  up.  In  this  cafe  the  preflure  would 
be  as  the  fiiiesof  the  angles  of  elevation,  viz.  as  -3826  to  7071 } 
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and  as  3826  :  4.  tons  : :  7071  :  7  .  6  tons;  that  is,  if  the  fecond 
bars  broke  with  four  tons,  the  firft  ought  to  have  taken  7 . 6 
tons  to  break  them;  and  it,  is  Hkely  that  would 'if  tried  have 
been  the  cafe. 

"  Exp.  III.  Another  bar  was  placed  horizontally  upon  two 
fupporters,  exaSly  three  feet  diftant ;  it  bore  6  cwt.  3  qrs.  but 
broke  when  a  little  more  was  added. 

"  Exp.  IV.  The  fame  experiment  repeated  with  the  fame 
refult.  ' 

"  Exp.  V.  The  bearuigs  were  2  feet  6  inches  apart,  the  bar 
bore  9  cwt.  and  broke."  **  Three  more  experiments  were  tried 
the  next  day  with  the  prifms  3  feet  diAant ;  the  average  refult 
was  6  cwt.  2  qrs.  7-3-  lbs." 

"  Experiments  tried  at  Colebrook-dale,  on  curved  bars  or  ribs 
"  of  caji  iron,  April  1 795. 

"  Rib  29'feet  6  inches  fpan,  and  1 1  inches  high  in'the  centre; 
it  fuppprted  99  cwt.  i  qr.  14  lbs. :  it  funk  in  the  middle  3^,  and 
rofe  again  \  ,when  the  weight  was  removed.  The  fame  rib  was 
afterwards"  tried  without  abutments,  and  broke  with  55  cwt. 
oqrs.  14  lbs.         , 

"  Rib,  29  feet  3  inches  In  fpan,  a  fegment  of  a  circle,  3  feet 
high  in  the  centre;  it  fupported  100  cwt.  i  qr.  14 lbs.  and  funk 
I  ^  in  the  middle.  The  fame  rib  was  afterwards  tried  without 
abutments,  and  broke  with  64  cwt.  i  qr.  i4lbs." 

The  thicknefs  of  thefe  ribs,  unluckily,  is  not  fpecified;  but 
the  experiments  prove  that  each  rib  exerted  little  more  than  half 
the  ftrength  when  the  abutments  were  removed.  This  cor- 
refponds  with  what  we  have  ftated  in  the  laft  article  relatively  to 
beams  being  fixed  at  the  ends,  as  nearly  as  can  be  expefted,  con- 
fidering  the  neceflary  difference  between  prifms  and  thefe  arch 
ribs. 

Mr.  Banks  made  fome  experiments  on  the  ftrength  of  caft 
iron,  at  Meffrs.  Aydon  and  Elwell's  foufidry,  Wakefield.  "  The 
iron^came  from  their  furnace  at  Shelf,  near  Bradford,  ^nd  was 
caft  from  the  air  furnace ;  the  bars  one  inch  fquare,  and  the 
props  exaftly  a  yard  diftant.  One  yard  in  length  weighs  esa<Eily 
plbs.  or  one  was  about  half  an  ounce  lefs,  and  another  a  very 
little  more  :  they  all  bent  about  an  inch  before  they  broke. 
"  I .  The  firft  bar  broke  with  .     .     .     .     963  lbs. 

"  1.  Bar  broke  with 958. lbs. 

"  3.  Bar  broke  with '994  lbs. 

"  4.  Bar  made  from  the  cupola,  broke  with  864  lbs. 
**  Bar  equally  thick  in  the,  middle,  but  theO 

ends  formed  into  a  parabola,  and  weigh-  >-  874lbs." 
ed  6  lbs.  3  oz.  broke  with       ...     J 

Irijis  gentleman  made  many  other  experiments.    He  con- 
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eludes  froni  the  whole  that  caft  iron  is  from  3'J-  to  4^^  time* 
ftronger  than  loak  o£  the  fame  dimenfions,  and  from  5  to^y 
times  ftronger  than  deal. 

With  refpefl  to  the  twift  to  which  bars  or  fhafts  placed  in  art 
upright  pofition  are  liable,  between  the  wheel  which  drives  theni 
and  the  refiftance  they  have  to  overcome,  he  obferves  that  a  caft 
iron  bar  an  inch  fquare  and  fixed  at  one  end,  and  63 1  pounds 
fufpended  by  a  wheel  of  2  feet  diameter  fixed  on  the  other  end, 
will  break  by  the  twift :  though  fome  have  required  more  thaii 
loco  lbs.  in  fimilar  fituations  to  break  by  the  twift.  Tlie  ftrength  ■ 
to  r^fift  the  twifting  ftrain  is  as  the  cube  of  like  lateral  dimettCiaM. 

191.  *  Profefibr  Robifon  found  by  many  trials  that  a  prifm 
of  white  -marble  an  -inch  fquare  and  a  foot  long,  bears  about 
500  lbs.  And  he  has  colledted  from  various  authors  Aat  the 
cohefive  force  of  a  fquare  iiich  of  gold  when  caft  is  about 
20000  lbs.  of  filver  40000,  caft  iron  40000  to  60000,  wrought 
iron  60000  to  90000,  foft  fteel  12000,  razor  fteel  15000  ;  oak 
and  beech  in  the  dire<3:ion  of  their  fibres  8000  to  1700a,  wil- 
low 12000,  cedar  5000,  fir  8000;  ivory  16000,  bone  5000; 
rope  20000  :  and  a  cylinder  of  an  inch  in  diameter  loaded  tO 
one-fourth  will  carry,  if  of  iron  135  hundredweight,  of  rope 
22,  oak  14,  fir  9.  The  ftrength  of  fome  metals  is  doubled  or 
tripled  by  the  operation 'of  forging  and  wire-drawing;  and  the 
cohefive  as  well  as  the  repulfive  force  of  wood  is  often  increafed 
by  rrioderate  compreffion.  Oak  will  fufpend  rfluch  more  than 
fir,  but  fir  w'lWfupport  twice  as  mbch  as  oak ;  the  curvature  of 
the  fi'bres  of  oak  appears  to  be  the  reafon  of  the  difference  ;  yet 
oak  has  been  known  to  fupport,  with  fafety,  more  than  2  tons 
for  Qvery  fquare  inch.  Stone  will  fupport  from  250  to  850' 
thoufand  pounds  on  a  foot  fquare,  brick  300;  and  fometimes 
they  are  practically  made  to  fupport  one-fixth  as  much.  Stone 
is  faid  to  be  capable  of  bearing  a  much  greater  weight  in  that 
pofition  with  refpeft  to  the  horizon  in  which  it  is  found  in  the 
quarry,  than  in  any  other  pofition. 

192.  Having  now  given,  in  addition  to  the  theoretic  pro. 
pofitions,  the  refults  of  experiments  made  at  different  times  by 
•various  perfons,  it  remains  to  exhibit  a  few  examples  of  th& 
praftical  application  of  the  whole. 

I.  Let  it  be  required  to  find  what  weight  fufpended  from  the 
middle  of  an  oak  beam  (fupported  at  each  end)  will  break  it, 
the  length  of  the  beam  being  8  feet,  its  end  a  fquare,  and  each 
fide  fix  inches.^ 

According  to  Mr.  Banks's  experiments  a  bar  of  oak  an  inch 
fquare  and  a  foot  long  lying  on  a  prop  at  each  end,  will  break 
with  660  lbs.  on  its  middle,  taking  the  loweft  number.  And  in 
all  cafes  where  we   make  fach*  compaiifon  of  ftrength,  the 
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hreadth  multiplied  into  the  fquare  of  the'  depth  and  divided  by  the 
produSi  of  the  length  and  -weight  mujl  be  a  conftant  quantity  :  that 
is,  taking  3,  d,  I,  and  iv,  for  the  breadth,  depth,  length,  aad 
weight,  ufed  in  the  experiment,  and  B,  D,  L,  W,  thofe  pro- 

poled  in  the  example,  we  have  7^  =  ^^.     Hence  W  =  ~id^i 

which  in  theprefent  inftance  gives  W=^^^-^4^  = 

17820  lbs. 
n.  Let  the  length  of  the  beani  be  as  above,  the  breadtl» 

3  inches,  and  the  weight  17820,  what  muft  be  the  depth  of  the 
beam  ? 

.  Here  b,  d,  /,  and  lu,  alfo  L,  and  W,  are  as  in  the  preceding 

example.     From  the  general  equation  we  obtain  D  =     /k_£J^ 

y  I  X  1  X  8  X  17810       o  -I  , 
' --T} =  8  '45  inches,  nearly. 
3  X  I X  660              T-*            '  •' 

CoR.  The  latter  beam  though  as  ftrong  as  the  former.  Is  but 
little  more  than  f  of  it  in  fize. 

III.  Required  the  breadth  of  a  bar  of  iron  8  feet  long,  and 

4  inches  in  depth,  to  fuftain  the  fame  weight  at  its  middle 
point  ? 

Here '3,  d,  I,  L,  W,  as  before,  w  =  2i90,  D=4;  and  from 

r,       ^1  T,  hd'LW  I  X  I  X  8  X  17820  .      , 

the  theorem  B  =  ^.^  =  _______  =  4  .  07   mches, 

nearly. 

IV.  Required  the  length  of  a  piece  of  oak  an  inch  fquare  fo 
that  when  propped  at  both  ends  it  may  jufl  break  with  its  owa 
weight  ? 

Here  we  adopt  the  notation  in  art.  184.  cor.  2.  and  have 

/=!,  a;=|ofalb.  «  =  66olbs.     Then  L=    /  i  ^'JLlltH'l 

—57-45  feet,  nearly. 

V.  Find  the  length  of  an  iron  bar  an  inch  fquare,  that  it  may 
break  with  its  own  weight,  when  it  is  fupported  at  both  ends. 

'      Here/asbefoVe,«-2i90,iy=3.  Hence  L  =    // x  ' ^  ^""^''"t 

=  38  •  223  feet,  nearly. 

Cor.  It  might  have  been  fuppofed  this  refult  fhould  exceed 
the  preceding  one  :  but  it  muft  be  confidered  that  while  iron  is 
only  4I  times  ftrpnger  than  oak,  it  is  about  7?-  times  heavier. 

VI.  When  a  weight  W  is  fufpended  from  E  on  the  arm  of  a 
crane  ABCDE  (fig.  3.  PI.  IX.),  it  is  required  to  find  the  pref- 
fure  at  the  end  D  of  the  fpur,  and  that  at  B  againft  the  upright 
poa  AC 
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Here,  by  the  nature  of  the  lever  — g^j—  =the  preffure  at  D  in 

the  vertical  direftion  DG :  but  the  prelTure  at  D  in  the  direc-- 
tion  DB  will  be  to  the  vertical  preffure  as  DB  to  DG;  hence 

DG  :  DB  :  :  ^^  :  ^^^.  And  the  horizontal  preffure^ 

againft  the  upright  poft  CA  at  B,  will  be  to  that  in  diredlion 
DB,   as   GB  to   DB ;    therefore   DB  :  GB,  or  DB  :  CD  : : 

BB  X  EC  X  W    .  EC  X  W  _EC  X  W 
DGxCD         ■        DG      ~      BC      ' 

Mr.  Banks  gives  the  following  among  other  inftances  of  the 
nfeofthis:  «  Given  EC- 12  feet,  BC  =  6,  DC=6.7,  DB= 
9,  W=4.     Required  the  prefliire  on- the  fpiir,  and  the  hori- 

-.1         /r  ■    ti  ^u  ■   i\  DB  X  EC  X  W 

zontal  prelTure  againit  the  upright,  i.  -  -- - —  =r  10.74, 
the  preffure  againft  the  end  of  the  fpur  in  direflion  DB.  The 
preffure  againft  the  poft  is  —^7; — —' — 2 — '  —  8.  In  this  ex- 
ample, let  AC  and  CE  be  oak  beams,  each  10  inches  fquare, 
and  the  fpur  DB  6  inches  fquare.     The  ftrength  of  EC  is 

— -,  or  94|;  which  multiplied  by  660  gives  3 1 132 pounds,  which 

fufpended  at  E  would  break  the  beam  CE  at  D.  The  length  of 
the  upright  AC  is  1 2  feet,  and  has  its  ftrength  expreffed  by  , 

;  which  multiplied  by  660,  produces  55000  pounds,  the 

weight  which  would  break  it  at  B.     But •> =  62264, 

the  preffure  at  B,  being  7264  pounds  more  than  the  beam  AC 

can  fupport.     The  ftrength  of  the  fpur  BD  is '■ =  24, 

which  multiplied  by  2  gives  48  tons  for  the  (Irength,  or  107520 

,  Ti.DGXECxW      9XI2X  3"31  a    >c    o  J» 

pounds.     But-r^^--^—=^- -^__=  83638  pounds, 

which  is  23882  pounds  lefs  than  the  force  requifite  to  break  the 
fpur.  From  the  above  it  appears  that  the  upright  AC  is  the 
weakeft  part ;  but  from  the  principles  already  explained,  the  in- 
genious mechanic  will  eafily  proportion  the  parts  fo  as  to  be 
eqU'ally  ftrong." 

Vll.  "  Let  it  be  required  to  make  a  crane  of  caft  iron  to  bear 
4  cwt.  but  that  it  may  be  perfe£Hy  fafe  let  it  be  calculated  for 
ao  cwt.  and  let  AC  =  CE=:3  feet,  alfo  BC=CD=i4.  foot. 

"  Let  the  thicknefs  of  the  iron  be  half  an  inch,  apd  put  z  = 

depth  of  CE.  Then  as  i  :  2190  :  : ': — -2,;  j  120,  from  which  we 
finda'  =  3'o6S5,andz=r75  inches.  The  preffure  upon  the  fpur 
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at  D,  in  the  direftion  DG=ii20  pounds;  the  length  of  the 
ipur  is  2'i2  feet,  and  as  DG  (15^ ":  DB  (2"i2)  :  :  1120  :  1583 
for  the  preflure  in  the  direflion  DB.  As  a  har  i  inch  fquare^ 
and  I  foot  long,  will  bear  15  tonsi  or  33600  pounds  (at  the  end), 

we  fay  as  i  :  33600  : :  -^  :  15183,  from  which  we  find  z  the  fide 

of  the  prop  or  fpur  =  '46385  of  an  inch.     Next,  for  the  uprightj 

we  have  —^ — =     .   '=1120  pounds,  the  preffure  againft  B, 

then  as  I  :  2190  :  :  -^ —   (the  fquare   of  the   breadth)  :   11 20 

pounds,  the  fame  as  GE,  as  they  are  of  the  fame  length,  and  the 
breadth  will  be  the  fame,  that  is  1*75  inches." 

Many  other  examples,  particularly  of  the  ftrength  of  beams 
to  work  cylinders,  and  of  cafl:  iron  (hafts  or  axles  for  milts,  may 
be  feen  in  Mr.  Banks's  little  Treatife  on  the  Power  of  Ma* 
ehines,  &c.  . 
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CHAPTER  VL 


On  Cords^  Arches,  and  Domes. 

193.  We  have  already  fpoken.of  the  ufe  of  cords  in  their 
connexion  with  the  lever,  the  pnilley,  and  the  axis  in  peri- 
trochio  :  but  they  are  fometimes  ufed  in  a  manner  more  com- 
plicated than  what  we  have  yet  confidered,  and  are  by  feme' 

•  authors  regarded  as  a  diftinft  machine  under  the  narne  of  Funi- 
cular machine. '  We  fhall,  therefore,  treat  of  them  a  little  more 
particularly,  and  confider  them  as  perfefHy  flexible,  without 
gravity  and  reduced  to  their  axes,  unlefs  the  contrary  is  ftated. 
The  ten/ion  of  a  cord  is  the  force  which  a£ts  at  one  end  of  a  cord 
when  the  other  is  fixed,  or  it  is  equivalent  to  it :  thus  in  the 
cafe  of  the  equilibrium  of  powers  applied  to  a  .phyfical  point, 
if  we  regard  that  point  as  fixed,  the  tenfion  of  each  cord  is  pre- 
cifely  the  force  applied  at  each  cord  to  move  the  point :  but  if 
the  equilibrium  does  not  obtain,  as  when,  for  example,  a  cord 
has  two  unequal  powers  aflting  at  its  extremities,  'the  ten- 
fion is  the  leaft  of  the  two  forces,  fox  the  tenfion  will  obvioufly 
be-the  fame  as  if  the  one  of  the  extremities  were  fixed,  and  the 
leaft  of  the  two  forces  a£led  folely  at  the  other  end. 

194.  When  three,  four,  or  more  powers,  aft  at  the  extremi- 
ties of  different  cords,  all  united  at  one  node,  the  conditions  of 
equilibrium!  will  be  the  fame  as  we  have  exhibited  in  Chap.  II. 
between  arts.  45.  and  70.  whether  the  cords  are  all  fituated 
in  one  plane,  or  feveral.  But  if  two  forces  C,  C  (fig.  3. 
PI.  I.),  afting  at  the  extremities  of  a  cord  CPC  pafllng  throiagh 
a  ring  at  P  faftened  to  a  cord  OP,  and  retained  by  a  power  O, 
the  conditions  of  equilibrium  are  thefe  : 

1.  The  line  OP  when  produced  muft  bifeft  the  angle  CPC. 

2.  The  forces  C,  C  muft  be  equal  to  each  other.  For,  if  the 
angles  CPD,  C  PD,  are  unequal,  the  cord  will  Aide  along  the 
ring ;  and  this  condition  combined  with  that  of  the  parallelo- 
gram of  forces  requires  the  equaJity  of  C,  and  C.  This  being 
premifed,  we  proceed  to  a  few  ufeful  problems. 

195.  Prop.  Given  the  length  I  of  a  cord  IL  AH,  and  the  pofition 
of  the  points  E,  H,  to  which  its  ends  are  fixed.,  and  fuppofe  a  given 
•weight  P  hangs  by  a  cord  AP,  the  latter  cord  running  freely  along 
the  farmer  by  a  r'}ng,  at  the  end  A  (fig.  4.  Pi.  IX.jj  to  determine  the 
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'pofttion  of  the  whole  •vnhen  in  eqtiilibrio,  dnd  the  ten/ton  of  the  cord 
EAH  at  its  extremities. 

Draw  through  E  the  horizontal  line  EG,and  throughH  the  ver- 
tical FK.  Since  AL  divides  the  angle  EAH  into  two  equal  parts, 
if  EA  produced  me"et  FK  in  K,  we  {hall,  becaufe  of  the  parallels 
LAjFK,  have  K=EAL  =  LAH=:AHN;  therefore  the  triangle 
HAK  is  ifofceles,  and  KA  =  AH  ;  alfo  EKb=EA+AK=F:A-|- 
AH=/.  If,  therefore,  with  A  "as  a  centre  and  radius  =/,  we  cut 
the  vertical  FK  in  K,  and  on  the  middle  point  N  of  HK  ere£t 
the  perpendicular  NA',  it  will  interfeft  tht  lin^  EK  in  A,  the 
point  where  the  ring  will  reft  in  equilibrio. 

The  analytical  folution  of  the  remaining  part  of  -the  problem 
is  by  no  means  difficult.  Thus,'  put  EF=/6,  the  angle  EAH  = 
2  a,  and  let  the  terifions  of  the  cord  at  the  points  of  fufpenfiori 
E,  H,  be  P',  P".  Then,  fince  P'  muft  be  equal  P",  and  EAL  = 
LAH,  we  have  (art.  41.  cor.)  P^aP'cos.  a.      In  the  right- 

angled  triangle  EFK,  we  have  fin.  EKF=fin.  0=—^  =  -.  Em- 
ploying this  value  in  the  equation  P=;:2P'cos.  a,  there  arifes 
P=2  P'y  -^,  whence  P  =  ^v!:=^= W^^='  ^"  ^1"^" 

tioii  which  gives  the  tenfion  of  the  cord  at  E  or  H. 

Cor.  I.  The  diftances  HA  and  EA  may  be  eafily  found  when 
required :  for,  fince  the  relative  pofitions  of  E  and  H  are  given, 
FH  is  known  as  well  as  EF  ;  and  becaufe  FK=KE .  cos.  a,  it 

is  known  alfo  :  hence  NK  is  known,  being ,  and  we 

have,  by  fim.  tri.  KF  :  KE  :  ;  KN  :  KA  (  =  AH)  :  :  NF  :  AE._ 

CoH.  2.  The  locus  of  all  the  points  A  is  an  ellipfe  whofe  foci 
are  E,  ll,  and  tranfverfe  axis  =/.  . 

Cor.  3,  When  H  falls  in  the  hori2:ontal  line  EG,  it  will  be 
EA  =  AH. 

I  g6.  Prop.  Given  the  weight  R  attached  to  the  point  A  of  a  cord 
ivhich  pajfes  over  tivo  fixed  pulleys  in  given  pofitions  B  and  C,  the 
given  weights  P,  Q,  hanging  at  the  extremities  of  the  cord,  to  deter- 
mine the  pofttion  of  AC  aiid  AB  when  the  whole  is  in  equilibrio. 
(fig.  5.  PI.  IX.) 

At  a  convenient  diftance  from  B  and  C,  draw  the  vertical 
e/ fl  to  reprefent  the  weight  R  (fig.  6.),  and  form  the  triangle 
dae  fuch  that  the  fides  a  e  and  d  e,  fliall  be  to  d  a,  as  the  weigRts 
iP,  and  Qj^refpeaively  to  R.  By  the  point  B  draw  BA  parallel 
toe  a,  and  by  the  point  C  draw  CA  parallel  to  de,  then  vnll 
CAB  be  the  pofition  in  v^hich  the  cord  will  reft,  in  equilibrio. 
For,  if  we  tfke  any  diftance  AD  in  the  vertical  AG  to  reprefent 
R,  and  complete  the  parallelogram  AEDF,  we  fee,  by  the  fimi- 

K   2      > 
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litude  of  the  triangles  ADE,  a  de,  that  DE  and  DF  ought  to  re- 
prefent  the  tenfions  of  AC  and.  AB,  and  that  in  this  pofition 
they  are  in  equihbrio  with  the  weight  R. 

By  means  of  the  known  fides  of  the  tr-iangle,  a  </^,  we  may 
calculate  the  three  angles  :■  then,  drawing  the  horizontal  line 
BG,  the  angle  G  B  C  will  be  given,  fihce  the  points  B  and  C 
are  -,  the  angle  GBA  is  known  alfo,  being  the  complement  of 
GAB  or  dae;  and  the  angle  CBA  =  GBA-GBC,  will  be 
therefore  known  :  thus,  in  the  triangle  CAB  we  know  the  fide 
CB,  and  the  angles  CAB,  CBA  (and  confequently  the  third 
angle),  from  which  we  may  compute,  with  eafe,  the  fides  CA 
^andAB. 

CoR.  I.  When  P  =  Q,  the  triangle  a  de  becomes  ifofceles,  by 
which  means  the  computation  is  much  fimplified.- 

Cor.  2.  When  belides  having  P=(^we  hare  B  and  C  in 
the  horizontal  line,  the  procefs  is  ftill  farther  fimplified.  In 
this  cafe  AC  and  AB  will  be  equal  to  each  other ;  the  triangle 
a  de  will  be  ifofceles,  and  e  i  a,  fimilar  to  BGA.  We  fhall  alf6 
have  ei^=\/ ae'-—ai"x  ^/pj  —  iR^ :  fo  that  if  BG  be  put=-J(/ 
and  GA=A?,  we  fhall  exprefs  a  i  :  ie  :  :  AG  :  GB  thus, 

^d'R  dR 

■JR:  */pi  — iR^:  :  ;v  :  ifl,  whence  «=— 7===^= — ;== 
^-        v^      *  2   J  ^/P'_4R"     2V4I''— R' 

197.  Prop.  To  determine  the  conditions  of  equilibrium  in  the 
funicular  polygon  when  many  forces  are  aEling  at  different  faints  of 
the  cord,  but  in  the  fame  plane. 

Let  PNN'N"  &c.  (fig.  7.  pi.  IX.)  be  the  polygon  pro- 
pofed,  being  kept  in  equilibrio  by  the  powers  P',  P",  . .  .  P", 
ading  in  the  direfllons  PN,  P'N,  P"N",  &c.  And  call  t,  t\  t'\ 
&c.  the  refpedjive  tenfions  of  the  parts  of  the  cord  PN>  NN^ 
2*J'N"  &c.  Now,  fince  the  equilibrium  obtains  in  the  fyftem, 
it  muft  necefl'arily  have  place  in  each  portion  of  the  polygoH 
feparately.  Hence  P,  P',  and  /,  mufl;  be,  in  equilibrio  about 
the  node  N ;  and  t"  muft  be  the  refultant  of  the  component 
forces  P,  P' :  the  force  which  afts  on  the  point  N'  in  direftion 
N'N,  is  th-erefore  equivalent  to  the  two  forces  P,  P',  adiing 
Emultaneoufly  at  N  ;  and  the  node  N'  is  a£led  upon  as  though 
it  were  folicited  by  the  four  forces  P,  P',  P",  t"',  in  direftions 
refpeaively  parallel  to  PN,  PN',  P'N",  N'N".  In  like  manner 
it  may  be  fhewn>that  the  node  N''  is  kept  in  equilibrio  in  the 
fame  way  as  it  would  be,  if  fubje£ted  to  the  fimultaneous  aSion 
of  the  powers  P,  P',  P",  P'",  t'",  in  direaions  parallel  to  PN, 
P'N,  P"N'j  &c.  And  fo  on  throughout.-  Hence  it  follows, 
that  when  a  funicular  polygon  is  fujlained  in  equilibrio  by  any  num-i 
ber  of  forces  whatever,  if  we  tranfjjort  thefe  powers  parallel  to  thiif 
refpe£live  dire£fions,fo  as  all  to  exert  their  energies  upon  onepoint^  it 
•will  be  kept  in  equilibria  by  their  combined  a^iont 
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Cor.  I.  The  refult  juft  obtained  correfponds  with  that  which 
was  deduced  in  Chap.  II,  (art.  85.)  with  regard  to  forces  afting 
at  different  points  t)f  folid  bodies :  confequently  the  other  theo- 
rems given  there  may,  when  required,  be  applied  to  the  cafe 
before  us. 

Cor.  2.  If  w;e  neglefl:  the  two  extreme  forces  P,  P",  and 
reafon  upon  the  others  as  in  the  propofition,  it  is  clear  we  may 
■conceive  all  of  them  applied  at  the  fame  point  (provided  they 
make  refpeftively  the  fame  dire£lions  with  any  aflumed  axp 
AX),  without  at  all  altering  the  magnitude  of  their  refultant : 
and  hence  as  that  refultant  is  deftroyed  by  the  two  powers  Pj 
P",  it  muft  neceflarily  pafs  through  the  point  of  concourfe  O 
of  the  direftions  PN,  P°  >j"'. 

Cor.  3.  If,  therefore,  a  cord  AEB  (fig.  10.  pi.  IX.),  fixed 
at  two  points  A  and  B,  has  all  its  points  folicited  by  any  forces 
whatever  in  the  fame  plane,  it  will  affume  a  plane  curvature  : 
and  the  point  of  Interfeftion  O  of  two  tangents  will  fall  upoa 
the  dirediion  of  the  refultant  of  all  the  forces  applied  to  the 
various  points  of  the  cord.  And  if  we  transfer  thefe  forces  pa- 
fallel  to  their  directions,  fo  as  to  apply  them  all  at  the  point  O, 
their  refultant  being  refolved  into  two  others  adllng  according 
to  the  dir«6lions  AO  and  OB,  we  fliall  thence  obtain  the  effort 
exerted  upon  each  of  the  fixed  points. 

CoR.  4.  The  cafe  of  the  lafl;  corol.  applies  obviouHy  to  gra- 
vity :  for,  on  the  one  hand,  this  force  exercifes  its  a£tion  on  ail 
the  points  of  the  cord,  and  on  the  other,  thefe  efforts  may  be 
affimilated  to  the  weight  diftributed  throughout  the  length  of 
the  heavy  cord.  Hence,  the  curve  thus  formed,  and  known  by 
the  names  oi^  funicular  curve,  chainette,  or  catenary,  is  a  plane 
curve.      ♦, 

CoR.  5;  In  the  catenary  the  total  effort  exerted  on  the  ^xed 
points  A  and  B,  is  the  whole  weight  of  the  cord :  if  therefore, 
at  the  point  of  concourfe  O  of  the  two  tangents  to  the  curve  at 
A  and  B,  a  weight  equal  to  that  of  the  cord  were  fuftained  by 
two  threads  AO,  BO,  void  of  gravity,  the  points  A  and  B  would 
be  adted  upon  in  the  fame  manner  as  they  are  by  the  a£i:ion  of 
gravity  upon  the  cord  AEB  ;  viz.  the  powers-  P,  P',  neceffary 
to  retain  either  the  heavy  cord  AEB,  or  the  equal  weight  at  O, 
would  be  the  fame,  in  both  cafes.  As  the  refultant  is  the  weight 
of  the  cord,  if  we  ereft  upon  O  an  indefinite  perpendicular  OJ^, 
it  will  pafs  through  the  centre  of  gravity  (art.  106.  IV.),  arfd  the 
forces  exerted  upon  A  and  B  will  be  proportional  to  the  fines 
of  the  angles  BOE  and  AOE  (art.  48.)  :  thus,  if  W  be  .the  en- 
tire'weight  of  the  cord,  we  have 

W  :  P  :  F : :  fin.  AOB  :  fin.  EOB  :  fin.  AOE. 
Cor.  6.  The  fanie  will  obtain,  wherever  the  ppints.A  a»d  B 
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are  found  iti  the  curve,  fince  the  ftate  of  equilibrium  allows  us 
to  confider  as  fixed  any  two  points  in  the  cutve.  If,  therefore, 
we  confider  the  point  F  as  fixed  inftead  of  the  point  B,  the 
portion  AEF  of  the  Curve  will  not  change  its  form :  nor  will 
there  be  any  change  in  the  tenfion  P-exerted  at  A. 

CoR.  f'.  if  feveral  weights  W,  W,  W",  &c.  (fig.  8.)  hang 
upon  a  cord  PC'CP',  the  weight^of  which  is.  incofafidprable  with 
refpeft  to  either  of  thofe  weights,  the  preffure  upon  any  angle 

C  of  the  funicular  polygon,  will  be  oc  -^ — tt-T" — rr,  the  line  Cc 

being  a  continuation  of  the  vertical  W"C.  For,  if  a  feries  of 
'parallelograms  of  forces  be  defcribed  at  the  angles  of  the  poly- 
gon, where  the  forces  C"  o",  «  C,  .  C  o,  e  C',  &c.  being  equal 
and  cppofite,  .deftroy  each  other,  we  fliall  have,  fotce  e"  C"  : 
G"  <?",  or  ^  C  :  :  fin.  /  r"  C"  or  fin.  c"  C"  /  :  fin.  P'  C"  r"  :  : 

ihTpW  =  s-nrzcr7-   ^g^'"'  '^•^'  '°r  '^''■'-  ^^"- "  ^ "  ""^ 

iin.  e'  Cc'  ffin.  cCe::  ^-^^  :  — :/c7'  ""^  ^^0'^''^^°°^^ 
Whence  it-appears  in  general  that  any  force  eC  is  as -^j;^^-^-^. 

fr%         r  1  r    ^  s\n.  c  e,C  X  C  e  _      sin.  r  e  C 

Therefore,  becaufe  Cc= — ^;^frj;—,  we  have  C  ^  =  -^  c"^  X 

1  sin.  d  C  e 


sifi.  c  C  e       sin.  cCeX  sm.  c  C  o 

CoR.'S.  If  the  number  of  weights  hanging  from  the  cord, 
be  increafed,  and  the  diftances  on  the  cord  of  the  points  from 
vvhich  the  weights  hang  be  increafed  indefinitely,  or  if  inftead 
of  the  weights  we  conceive  pieces  of  heavy  cord,  or  of  chains, 
to  be  hung  from  different  points  of  the  cord  PCF,  as  in  fig.  9. 
our  funicular  polygon  -wiW  then  become  a  curve,  being  indeed  a 
fpecies  of  catenary.  The  angle  eCd  will  then  become  the 
-angle  of  conta£t  formed  by  the  tangent  and  curve,  whofe  fine 
is  equal  to  the  meafure  of  the  angle ;  and  the  angles  cCe,  cCo, 
become  equal  to  the  angles  cCd,  cCd',  which  are  fupplements 
to  each  other.  Hence,  becaufe  the  angle  of  conta£l  is  as  the 
curvature  of  the  arch,  or  reciprocally  as  the  radius  of  curvature, 
the  weight  hanging  at  any  point  C,  will  be  reciprocally  as  the 
raidius  of  curvature  at  that  point,  and  the  fquare  of  the  fine  of 
the  angle  made  by  the  curve  (or  its  tangent)  and  the  vertical. 

CoR.  9.  Laflly,  a  heavy  cord'cannot  by  any  force  be  ftrctched 
into  a  tight  line,  except  it  be  in  a  vertical  pofiiion  :  for,  the 
weight  of  the  cord  may  be  confidered  as  a  force  applied  at  its 
centre  of  gravity  ;  and  then,  the  cord  AEB  (fig.  lO.)  being  re- 
tained by  the  two  forces  P,  P',  if  W  be  its  weight,  we  have 
(cor.  5.)  P  :  W  : :  fin.  EOB  :  fin.  AOB ; 
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where,  It  is  obvious,  the  more  the  cord  is  ftretched,  the  greater 
the  angle  AOB  becomes,  and  the  more  nearly  the  angle  EOB 
approaches  to  a  right  angle:  fo.that  the  cord  can  only  be 
ftretched  ftraight  horizontally,  when  this~ analogy  obtains,  P:' 
W  :  :  I  :  o,  that  is,  when  P  is  infinite.  Thus,  however  fmall 
the  weight  is,  it  will  caufe  the  cord  to  be  curved,  unlefs  it  be 
placed  vertically  :  .which  is,  indeed,  a  circumftance  experienced 
daily. 

198.  Prop.  To  invefligate  the  mefl  ufeful  equations  of  thefimple 
catenarian  curve. 

Let  AMC  (fig., 1 1 .  pi.  IX,)  be  a  cord  uniformly  thick  through- 
out, inextenfible,  and  perfectly  flexible,  fixed  at  the  two  given 
points  A,  C,  and  folicited  by  gravity  in  every  point.  Taking  the 
origin  of  the  rediangular  co-ordinates  in  A,  and  eftimating  the 
X,  PC,  8cc.  horizontally,  arid  y,  y,  &c.  vertically,  we  (hall  have  for 
any  point  M  in  the  curve  AP=«,  PM=j(,  AM  =  z.  The  ten- 
fions  exerted  at  A  and  M  according  to  the  tangents  AD,  MD, 
give,  weight  of  AM  :  tcnfion  at  A  :  :  fin.  ADM,  or  fin.  ADF : 
fin.  IDM  (cor.  5.  art.  197.)  ;  where,  fince  the  tenfion  at  A  is 
conftant,  and  the  ^ieight  of  the  arc  AM  is  proportional  to  its 
length,  the  firft  ratio  in  the  analogy,  is=z  :  a,  a  being  a  con- 
ftant quantity,  yet  undetermined.    Moreover,  fin.  IDF  =4-, cos. 

IDF  =  L,  and  denoting  the  angle  IAD  by  s,  we  have  fin.  ADF 

z 

=fin.  (IDF  -  ID  A)  =  -^  ^'"- '-  y ''°'- '  ;  therefore  k:a-.  :l^£m.s- 

,    s 

j>  cos.  J-   :  X,  whence  we  deduce  the  fluxional  equation, 
(i.)    z  x=a  X  ^va.  s  — ay  COS.  s. 
In  order  to  eliminate  one  of  thefe  variables,  we  take  x  as  con- 
ftant,  and    thence  obtain  —  z  x=b  y,   in  which  b  =  a  cos.  s. 

■  ^y  y    . 

Hence,  fubftitutinrg  V  ^'+y  ^  for  ^^  we.  gtt- '^^  y  =  ^y^^^' 

here  x  being  confidant,  the  fluent  of  the  fecond  member  is  evi- 
dently ^  v  i'+j;';  that  of  the  firft  member  is —j(  *■,  or  its  corr 
re£t  fluent  c x  —  yx;  we  have  therefore  [c  —y)  x  =b\/lf^^ 

But  -;-  being  the  tangent  of  the  angle  formed  by  the  axe  AX 
and  the  tangent  to  the  curve  at  every  point,  if  we  make  j)=o,  we 
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thence  have  •-  —  tang.  j=  — -j  :  this i condition  gives  c—Oy  anjd 


therefore 


(2.)    ....  '^yS^izDl-zl 

i:  b 
s 

Now,  fince  -r  exprefles  the  angle  formed  by  AX  and  the  cur\'e 

or  its  tangent  at  any  point,  in  order  to  find  the  point  where  the 
curve  is  parallel  to  AX,  or  the  loweft  point  of  the  curve  where 

the  tangent  is  horizontal,  we  muft  make  -i-  =  o,  and   this   will 

•      .    a 

give;i=a  — ^=HB,  and  from  the  equa.  (i.)  gives  z—«  fin. /. 
To  determine  the  relations  of  the  curve  to  BH  as  an  axis,  call 
BL,  X,  and  LN,  Y  ;  then,  comparing  thefe  new  co-ordinates 
'with  the  former,  we  have  y=a  — ^  — X,  and,  X=:AH  — "5^. 
.  Subftituting  thefe  valugs^  in  equa.  (2 . )  there  arifes 

'^=        ±,S        :  confequently  Y=-..^ =:^=:^  = 

±6X 


Taking  the  fluents  of  this  equation,  we  have 


Y  =  ±  ^  Hyp.  log.  (^+Xv^x'+.6X+Hyp.  log.  d). 
Npw  fuppofing  Y=o,  it  will  give  X  =  o,   and  Hyp.  log.  d= 
-^b  Hyp.  log.  b.  whence  we  obtain  the  following  correct  fluent ; 

(3.)  ..Y  =  ±b  Hyp.  log.(^+X4-Vxq:rFx)  =±b.  Hyp, 

log. ^fX~- 

This  equation  fhews  that  the  vertical  axe  paflSng  through  th? 
point  where  the  tangent  is  horizontal  is  a  diameter,  fince'  ^o 
each  value  of  X  there  are  two  equal  and  oppofite  values  of  Y. 

Other  algebraic  though  not  finite  expreflions  for  the  ordina,te 

Y  migjit  be  eafily  obtained,  but  there  will  no  particular  ad- 

•  vantage  arife  from  purfuing  that  part  of  the  inveftigation,  we 

therefore  merely  exhibit  one  more  equation  which  flows  natu- 

....  z+x 

tally  from  the  one  jufl  given ;  it  is  this,  Y  =  ±  ^  Hyp.  log.  JUx' 

The  fluxional  equation  Y  =  — —  ,  gives  ^  X"+Y^  — 

■7^==~=>  the  fluent  of  which  is  BN=  \/'a|X+xx=Z ; 
y  zb x-f-X"  .    '  '  '. 
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from  this  equation  we  obtain 

(4.)  ....  X=-3+vFfz^. 
When  we  would  conftruft  the  catenary  we  mud  confider  ag 
known  the  points  of  fufpenfion  A  and  C,  and  the  length  AMC 
of  the  cord  ;  it,  will  be  neceflary  to  determine  the  pofition  and 
length  of  BH,  that  is,  to  find  AH,  and  BHiDr  KH  and  BH,  AK  and 
CK  being  given,  and  to  know  the  value  of  the  conftant  quantity  b. 
In  order  to  this  we  apply  the  equation  {3.)  to  the  point  A,  fub-» 
ftituting  for  X,  BH-^,  and  for  Y,  AK  — AH  — a-,  and  then  ia- 
troduce  this  value  of  X  into  equation  Z  =  v^zAx-|-x^  Again, 
^  in  the  equation  of  the  curve  we  put  firft  x-=o,  3^=0,  then 
^=AK,  andji  =  CK;  and  in  the  equation  Z  =  ^  iTx+X»,  we 
put  Xi=AK,  and  Z  =  AMC  :  by  thefe  means  w^  obtain  thre§, 
equations  comprifing  only  known  quantities  and  the  three  un- 
known ones  bf  AH,  BHj  whence  each  of  the  unknown  quan- 
tities may  be  determined. 

If  the;^oints  A,  C,  are  in  the  horizontal  line  AX,  we  have 
AH=He,  and  arc  AB=arc  BC'=iABC'.  In  this  cafe  we 
retain  the  origin  at  the  point  B,  and  making  Z  =  ^  ABC,  in  the 
equation  X=  — ^±V44-z»,  the  value  of  X  thence  refulting 
being  fubftituted  in  the  equation  of  the  curve,  in^which  alfo  i 
will=^  AC,  the  equation  itfelf  will  then  contain  only  one  un- 
known quantity  b,  the  determination  of  which  will  become  a 
matter  of  comparative  facility:  though  it  muft  ftill  be  by  a 
piethod  of  approximation,  becaufe  the  curve  is  tranfcendental. 

CoR.  I..  Inftead  of  gravity,  if  any  other  force  exerts  its 
energy  in  like  manner,  afling"  equally  upori  every  point  of  the 
flexible  line,  the  fame  curve  will  be  produced :  thus,  for  ex- 
ample, if  the  wind  be  fuppofed  equable,  and  blow  according  to 
right  lines  parallel  to  a  given  line  j  the  cord  thus  inflated  by  the 
wind  would  afliime  the  fhape  of  the  catenary :  for,  fince  all 
things  obtain  with  refpeft  to  this  other  force,  as  we  have  fup- 
pofed in  relation  to  gravity,  the  refults  muft  obvioufly  be  fimilar. 
Cob..  2.  If  the  forces  afting  upon  every  point  of  the  curve, 
inftead  of  being  exerted  in  parallel  lines,  were  always  exercifed 
in  directions  perpendicular  to  the  curve,  the  forces  exercifed 
at  every  point  would  be  inverfely  as  the  radii  of  curvature,  at 
.  thofe  points :  if,  therefore,  the  forces  were  ?qual  to  each  other 
throughout,  the  radius  of  curvature  would  then  be  conftant,  and 
the  curve  would  be  a  circular  arc 

N.  B.  In  the  Phil.  Trans.  No.  231,  or  New  Abridgment, 
Vol.  IV.  there  is  a  curious  paper  on  the  catenary  by  Dr.  David 
Gregory,  in  which  is  given  an  elegant  conftru£tion  of  the  curve 
by  means  of  the  parabola  and  equiliteral  hyperbola,  befides  the 
Quadrature  andcubature  of  various  parts  of  the  catenarian  fpace^j 
|n(^  its  folids  of  rotation. 
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II.     On  Arches  and  Piers. 

T99.  The  oonftru£i;ion  of  arches  is  one  of  the  moft  important 
snd  difficult  branches  of  Architetture^  particularly  when  con- 
fidered  in  velation  to  )the  ere£tion  of  bridges  over  broad  and 
rapid  rivers  :  it  commonly  impofes  the  double  talk  of  blending 
the  handfome  forms  and  the  decorations  .of  the  ordinary  archi- 
tefture,  with  the  firm.nefs  and  durability  which  ought  always  to 
be  found  in  works  deftined  not  merely  for  the  accommodation 
of  the  public  but  in  many  cafes  for  its  fafety.  Ti)e"  theory  of 
?irches  when  purfued  to  the  extent  its  importance  and  utility 
idemands,  would  of  itfelf  fill  a  volume ;  but  all  that  we  fhall 
attempt  here  will  be  a  concife  view  of  the  leading  particulars. 

Dees.  By  an  arch  we  obvioufly  mean  an  artful  difpofition  of 
feveral  ftones,  or  bricks,  or  other  fuitable  materials,  the  under 
part  of  which  is  in  a  bow-like  form,  their  weFght  producing  a 
mutual  preffure,  fo  that  they  not  only  fupport  each  other  but 
may  be  made  to  carry  the  moft  enormous  weights.  Other  par., 
ticulars  relating  to  an  arch,  the  defining  of  which  is  neceflary 
tere,  may  be  foon  learnt  by  turning  to  fig.  i .  pK  X.  Thus, 
AS'ESB  is  the  ponderating  arch  ;  A  or  B,  the  fprihg  of  the  arch  ; 
I)  its  croixm  ;  AB  its /pan  ;  CD  its  height  or  verfed  fine,  or  rife ; 
ADB  the  intrados,  or  the  lower  furface  of  the  arch  (often  called 
the  arch);  S'ES,  the  exlradps,  being  in  bridges  the  fuperior 
furface,  or  the  roadway,  F',  F,  th^  Jianhs  or  hances  ;  the  fpaces' 
above  thefe  are  called  the  fpandrels ;  the  portions  of  wedges 
which  lie  in  a  courfe  contiguous  to  the  intrados  are  called  vouf- 
Joirs,  or  arch- ftones  ;  that  which  is  at  D  is  called  the  keijlone ; 
the  walls  or  maffes  PQST,  P'C^S'T',  built  to  fupport  the 
arches,  and  from  which  they  fpriiig  as  their  bafes,  are  either 
called  piers  or  abutments  ;  piers  when  they  ftand  between  two 
neighbouring  arches,  abutments  when  they  fupport  the  archea 
v/hich  are  contiguous  to  the  fhore :  the  part  of  the  pier  from 
which  an  arch  fprings  is  called  the  impojl ;  the  curve  formed  by 
the  upper  fides  of  the  vouflbirs  the  archival t ;  and  the  lines  FS, 
F'S',  about  the  flanks,  in  which  a  break  is  moft  likely  to  take 
place,  are  cdMe.A  joints  offraElure.  The  other  terms  we  ftiall  ufe 
will  need  no  explanation. 

When  weirefledl  upon  the  immenfe  quantity  of  heavy  mar 
terials  fufpended  in  the  air  in  a  large  arch,  and  compare  it  with 
the  fmall  cohefion  which  the  firmeft  cement  can  give  to  fuch 
an  edifice:,  we  fhall  be  convinced  that  its  parts  are  not  kept  to- 
gether by  the  force  of  the  cement ;  the  ftability  of  the  whole  is 
the  refult  of  thejuft  balance  and  equilibration  of  all  its  parts.  The 
piineiples  of  this  equilibration  we  (hall  now  exhibit :  premjfing-, 
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that  they  are  founded  upon  the  hypothefis  of  the  ponderating  ^ 
matter  preffing  upon  the  vouflbirs  in  the  vertical  direftion,  and 
that  we  here  pay  no  regard  to  any  fmall  preffure  in  other  di- 
jedtions  which  may  be  occafioned  by  filling  up  the  fpandrels 
with  rubblesj  &c. 

200.  If  we  conceive  a  vault  or  arch  in  €quilibrio  to  be  com- 
pofed  of  a  feries  of  very  fmall  hard  fpheres,  of  polifhed  fur- 
faces,  touching  one  another,  and  the  centres  joined  by  right 
lines,  being  in  fa£t  an  inverted  fimple  catenary ;  and  that  the 
fpheres  are  fo  connefted  that  they  cannot  yield  to  any  other 
impulfion  than  that  of  gravity,  it  is  plain  the  equilibrium  will 
not  be  difturbed  by,fuch  inverfion  of  the  curve  ;  no  part  of  ^he 
curve  will  be  thruft  outward  or  inward  by  other  parts,  but  the 
whole  will  be  fupported  if  the  feet  are  firmly  fixed :  for,  fince 
the  fituation  of  the  points  of  the  catenary  is  the  fame,  and  their 
refpe£tive  inclinations  to  the  horizon,  whether  in  the  original  or 
inverted  pofition,  the  curve  being  in  both  inftances  in  a  vertical 
plane,  and  the  a<ftion  of  gravity  the  fame,  the  relative  conditions  ' 
are  the  fame,  and  therefore  the  arch  will  keep  its  figure  un- 
changed as  well  in  one  fituation  as  the  other. 

Thus  alfo  when  arches  of  other  figures  are  fupported,  it  is,  as 
Pr.  Gregory  juftly  obferved,  "  becaufe  in  their  thicknefs fome  ca- 
tmarid  is  included:"  as,  for- example,  if  a  quantity  of  heavy 
but  flexible  materials  fixed  only  at  the  points  P,  P'  (fig.  12- 
pl.  IX.),  when  left  to  the  fole  adlion  of  gravity,  ftiould  arrange 
-itfelf  into  the  ftiape  of  the  dotted  lines  PADBP' in  a  vertical 
plane ;  then,  if  the  whole  were  completely  inverted,  the  points 
P,  P',  being  ftill  fixedj  the  equilibrium  would  be  retained  not- 
withftanding  the  inverfion ;  the  arch  with  the  matter  above  it 
would  ftand  as  iii  the  upper  part  of  the  fame  figure ;  and  the 
correfponding  parts  of  the' hanging  and  of  the  {landing  arch 
would  be  fimilarly  fituated  with  regard  to  the  forces  froip 
which  the  equilibrium  is  derived.  Here,  too,  there  would  be 
no  point  of  contrary  flexure  in  the  intrados ,-  and  this  we  fuppofe" 
throughout. 

20 1.  Hence  what  was  deduced  at  Cor.  8.  art.  197.  may  be 
transferred  to  the  prefent  cafe ;  that  is,  the  -weight  prejftng  upon 
any  point  C  will  be  reciprocally  as  the  radius  of  curvature  at  that 
point,  and  thefquare  ofthejine  of  the  angle  made  by  the  curve,  or  its 
tangent,  and  the  vertical. 

If  therefore  a  weight,  as  a  wall  or  mafs  of  ma{bnry,/be  in- 
cumbent on  the  intradps  PVCP'  (fig.  12.)  in  a  vertical  plane, 
and  all  the  parts  be  kept  in  equilibrio,  then  the  height  CI  on  any 
point  C,  is  reciprocally  as  the  radius  of  curvature,  and  cube  of  the 
^ne  of  the  angle  jn  ivhich  the  vertical  cuts  the  curve  in  that  point,  or 
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reetprocally  as  the  radius  of  curvature,  and  direfily  as  the  cube  of  the 
fecant  of  the  curve's  inclination  to  the  horizon. 

For  the  weight  on  the  indefinitely  fmall  portion  of  the  curve 
C  e  being  inverfely  as  R  X  fin.  ^  d  CI,  or  R  x  fin.^  d!Ql  (R  being, 
the  radius  of  curvature  at  C),  and  the  weight  of  the  column 
Q,ei\y  as  ICxwr=ICxC^xfin.  iCI^ICxfin.  i'CI  ;   be- 

caufe  C  ^  is  given :  therefore  IC  x  fin.  i  CI  o?  „  ,,  /  ,  ,„,,  and  IC 

"  RX  sin. 'a  CI 

I  sec.  3  /(  C  (I 

CC QC 

RXsin.3rfei  R 

202.  This  method  of  deducing  the  fundamental  theorem  of 
equilibrated   arches   from   inverted  catenaries  either  fimple'or 
complex,   fuggefts   an   eafy  popular  mode  of  afcertaiiiing  the 
ftiape  of  a  duly  balanced  arch,  when  the  fpan,  height,  and  ihape 
of  the  roadway  are  given  ;  a  method  which,  we  believe,  was  firfl 
praftifed  by  M.  de  la  Hire.     Let  it  be  propofed,  for  example, 
to  determine  the  form  of  an  arch  which  Ihall  have  the  fpan  PP', 
and  the  height  EV  (fig.  I2.)  and  which  fhall  have  a  roadway  in 
the  pofition  ADB  above  it.    Let  the  figure  PADBP'  be  inverted 
as  reprefented  by  the  dotted  lines :  then  let  a  chain  of  fuitablc 
length  and  uniform  thicknefs  be  hung  at  the  points  P,  P ,  fp 
that  when  it  affumes  the  fhape  of  the  fimple  catenary   it  Ihall 
Iiang  a  little  below  the  loweft  point  V.    Divide  PP'  into  20,  30, 
cr  more  equal  points,  as  in  the  points  i,  2,  3,  &c.  and  let  ver- 
tical lines  through  the  points   i,  2,  3,  &c.  interfeft  the  curve 
PVP'  in  the  correfponding  points  i,  2,  3,  &c.    Then  take  pieces 
©f  another  uniform  chain  whofe  links  are  tolerably  numerous, 
and  hang  on  at  the  points  i,  2,  3,  &c.  of  the  chain  fufpended 
from  P,  P'.     Cut  or  trim  thefe  pieces  of  chain  till  their  lower 
ends  all  coincide  with  the  inverted  roadway  ADB :  the  greater 
lengths  which  are  hung  on  in  the  vicinity  of  P,  P',  will  draw  down 
that  part  of  the  chain,  and  fo  caufe  the  part  which  hung  btlow 
V,  to  rife  to  its  affigned  pofition.     This  procefs  will  give  ijs  an 
arch  of  equilibration,  but,  as  Dr.  Robifon  remarks,  fome  farther 
imodifications  may  be  neceffary  to  make  it  exaftly  fuit  the  fpe^ 
cified  purpofe.     It  is  a  balanced  arch  for  a  bridge^  which  is  fo 
loaded  that  the  weight  of  the  arch  {tones  is  to  the  weight  of  the 
matter  with  which  the  haunches  and  crown  are  loaded,  as  the 
wieight  of  the  chain  PVP',  to  the  fum  of  the  weights  of  all  the 
Kttle  bits  of  chain,   very  nearly.     But  this  proportion  is  not 
inown  beforehand  ;  we  muft,  therefore,  proceed  tJius  :  Adapt 
to  the  curve  produced  in  this  way  a  >thicknefs  of  the  vouflbirs 
as  great  as  may  be  thought  (uiEcient  to  enfure  flability  ;  then 
compute  the  weight  of  the  vouflbirs  and  the  weight  of  the 
gravel, .fton€ftv  &c.  which  fill  up  the  haunches,  &c.  to  the  foadi, 
^ay.    If  the  ratio  of  thefe  two  weights  be  the  fame  with  that 
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of  the  correfponding  weights  of  chain,  we  niay  reft  fatlsfiel 
with  the  curve  now  found  :  but  if  different  it  may  eafily  be 
calculated  how  much  muft  be  added  to,  or  taken  from,  eacil 
piece  of  chain,  in  order  to  make  thefe  ratios  equal ;  and  thus 
fhall  W6  at  length  afCertain  with  fufBci?nt  accuracy  the  fhape  of 
the  cutve  required,  which  may  be  readily  transferred  from  the! 
Vertical  wall,  or  framing,  near  which  the  chains  were  fufpended^ 
to  any  father  fituation. 

We  might  now  goon  to  deduce  a  few  ufeful  propofitions  in 
this  theory,  from  the  fundamental  formula  juft  exhibited  :  but 
as  it-  may  be  more  fatisfaciory  to'  fome  perfons  to  have  this 
theorem  deduced  independently  of  the  catenary,  we  Ihall  de- 
monftrate  the  fame  thing,  from  the  confideration  that  the  roufJ 
foirs  are  fo'  many  fruftrums  of  wedges  whofe  fides  are  perpen- 
dicular to  the  intrados,  each  of  which  being,  urged  by  its  in- 
cumbent weight,  endeavours  by  this  force  to  fplit  the  ardi. 

203.  Prop.  The  force  of  a  voujfoir  depending  on  the  magnitude  ^ 
the  angle  formed  by  its  /ides,  the  impelling  force,  and  the  reftjlance  tti 
he  overcome,  is  on  thefirfl  account  direBly  as  the  radius  of  curvature 
of  the  arch  at  that  point,  on  the  fecund  as  the  fquare  oftheftnc  of  the 
cmgle  included  between  the  tangent  f  the  curve  at  the  given  pdtrt  and 
the  vertical  pafftng  through  that  point,  and  on  the  third,  as  the  fine  ^ 
the  fame  angle. 

I.  Let  EABF,  e  a  bf,  be  two  fimilar  concentric  curves  (fig.  1. 
pi.  X.),  and  AB,  ab,  two  vouffoirs  firailarly  fituated,  whofe 
fides  perpendicular  to  the  curve  converge  to  the  centre  C  Th« 
forces  of  thefe  vouffoirs  confidered  as  portions  of  wedges,  are 
inverfely  as  the  fines  of  the  half  vertical  angles  (164.  i<55.cor.  i.), 
or,  becaufe  each  wedge  occupies  an  equal  portion  of  its  re- 
fpeft.ive  arch,  direftly  as  the  radii  of  curvature. 

2dly,  Let  H  A  be  the  invariable  breadth  of  the  vouffoirs  oh 
the  arch  edbf,  Q  gYih  the  incumbent  weight,  which,  fince 
GH  is  fuppofed  given,  is  as  the  breadth  hh,  or  as  the  fine  of  the 
angle  hlkk:  by  the  refolution  of  the  force  g  H  into  two  h  H, 
■  HK,  the  latter  is  the  force  impelling  the  vouffoir  to  fplit  the 
arch,  which,  fince  ^H  is  given,  varies  as  the  fine  of  Hj-K,  or 
h\^k:  wherefore,  the  force  impelling  the  vouffoir  is  as  tlie 
fquare  of  the  fine  of  h  I~I  %.  *' 

3dly,  The  wedge  impelled  in  a  direction  perpendicular  to  the 
curve  endeavours  to  fplit  the  arch,  and  therefore  move  one  feg- 
tnent  about  the  fulcrum  e,  the  other  about  the  fulcrum/.  Hence 
the  force  of  the  vouffoir  adling  on  the  levers  H/,  H  e,  being  as 
either  of  the  perpetidiculars/P,  <?Q,  is  as  the  fine  of  the  angle 
/CPor^H^. 

We  have  fuppofed  the  centre  of  curvature  of  the  arches  at  the 
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J)oints  A,  a,  h  H,  to  be  at  C :  but  this  is  merely  to  prevent  the 
figure  from  being  too  complex,  and  makes  no'  alteration  in  the 
nature  of  the  demonftration. 

Cob..  Hence,  if  the  height  of  the  wall  incumbent  on  any 
poitit  H  of  the  intrados  is  inverfely  as  the  cube  of  the  fine  of 
hlAk  into  radius  of  curvature  at  that  point,  or  4ire£t4y  as  cube 
of  the  fecant  of  the  angle  formed  by  ^  H  and  the  horizon,  and 
inverfely  as  the  radius  of  curvature,  all  the  vouflbirs  Will-en- 
'  deavour  to  fplit  the  arch  with  equal  forces,  and  will  be  in  peti_ 
feft  equilibrium  with  each  other. 

204.  Prop.  Given  the  intrados,  to  find  the  correfpondingextrados* 

In  fig.  12.  pi.  IX.  where  PVP'  is  the  intrados  and  ADB  the 

required  extrados,  V  and  D  being  the-refpe£tive  vertices,  put 

A=DV,  Ac={^  V  the  abfcifla,  ji=/^  C  the  ordinate  to  any.  poih£ 

C,  «=CI  the  requifite  altitude  at  that  point,  and  z=the  arc 

VC  :  then,  by  thelaft  prop,  and  cor.  a  ot  — -^ —  >   while,   by 

fimilar  triangles,  we  have  j>  :  2  :  :  i  (radius)  :  ^  =  fee.  d'  Q.k\ 

y 
and  therefore  a  oc  z^-^'Ry^.     But  in  every  curve  whofe  ordi- 

23 


nate  is  referred  to  an  axis  the  radius  of  curvature  is  R 
(Simpfon's  Fluxions,  vol.  I.  p.  74.);  whence  «  osiLiZLfJ,  of 

a=Cx  LlJ^Lll,  where  C  is  a  conftant  qttantity,  the  value  of 

which  may  be  determined  by  taking  the  expreflSon  for  the  givejl 
line  A  at  the  vertex  of  the  curve. 

Example.  To  find  the  extrados  of  a  circular  arch.  Let  O  be! 
the  centre  of  the  circle,  and  the  feveral  lines  in  fig.  3.  pi.  X.  being 
reprefented  as  above,  while  PO=OV=r;  then,  if  we  make 

y  invariable,  we  have  >c—r~  ^?r~Ij»,  x  =— ^ ■  and x  =s 

.j-2y2  ...  ... 

(7»  —  ji=  r    Hence  CI,  or  a,  or  C  x  JLiTI^Llj  becomes  C  x  -^ 

y}      -  v' 

='(r2— „')j  =  and  this  when  ^=0,  or  at  the  vertex  where  A^tf, 

c 
gives  A=-;r,  or  C=A  r:  and  confequently  the  general  Value  of 

CI,  or  g=,      ■''.3,  becomes  a  =Ax  r-7-4— -=DV  x  tttt  =» 
A  X  cube  fee.  x>f  elevation. 
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Hence  this  fimple  calculus :  to  the  logarithm  of  A  add  thrice 
the  log.  fee.  of  elevation,  the  fum  rejefting  '  is  the  log.  of  a. 

Hence  alfo  flows  a  neat  conftruflion  :  draw  the  vertical  CS  iri- 
terfefting  the  horizontal  dianieter  in  S :  join  C  and  the  centre 
O,  and  on  OC  let  fall  from  S  the  perpendicular  ST :  draw  TS 
parallel  to  PO,  and  join  ZO  :  make  Ck=DV,  and  parallel  to 
ZOdrawKX,-  then  is  C;v=CI.  For,  by  the  fimilar  triangles 
we  have 

CO:CS::CS:CT=-^ 

CS:CT-.:CT:CZ=^^3=gl 

and DV  :  Cl::Cu:Cx  :.QZ:CO::-^,:CO  :  :  CS^  :  CO' : : 

O  h' :  OV3. 

The  curve  DTA  runs  up  to  an  infinite  height  above  the  fpring 
of  the  arch,  if  it  be  feraicircular  ;  and  this  muft  evidently  be 
the  cafe  with  every  curve  that  fprings  at  right  angles  to  the  ho- 
rizontal line.  But  for  a  moderate  diftance  on  each  fide  the 
vertex  the  extrados  will  affume  a  fhape  that  may  anfwer  tolerably 
well  for  a  roadway. 

SCHOLIUM. 

20J.  When  the  intrados  is  elliptic  the  extrado's  is  of  the  fame 
kind  as  for  the  circle:  but  when  the  longer  axe  is  horizontal  the 
ellipfis  may  take  a  ftraight  line  at  top  mofe  fafely  than  the  circle, 
becaufe  the  extrados  runs  out  farther  from  the  vertex,  before  it 
t^kes  its  rapid  rife.  In  the  cycloidal  arch  of  equilibration,  the. 
extrados  refembles  that  of  the  circle  and  flat  'ellipfe ;  approach- 
ing, however,  rriore  nearly  tO  a  right  line  about  the  vertex,  and 
extending  farther  from  it  before  it  bends  upwards.  If  the  in- 
trados is  parabolic  the  extrados  is  an  equal  and  fimilar  curve,  at 
any  given. diftance  from  the  intrados  :  but  in  the  hyperbola  the 
extrados  approaches  continually  nearer  to  the  intrados.  Hence, 
in  fome  cafes  it  may  be  quite  convenient  to  have  arches  feg- 
ments  near  the  vertex  of  very  large  parabolas.  The  reader 
may  find  the  iflveftigations  of  thefe  particulars  in  Dr.  Hutton's 
Principles  of  Bridges  :  we  merely  glance  at  them  here. 
'  206.  Prop.  If  AEDIB  (fig.  4.  pi.  X.)  be  the  extrados  end. 
PVP'  the  intrados  of  an  equilibrated  arch,  dnd  if  any  number  (f  ver- 
tical litiei  EF,  DV,  IC,  i^c.  be  drawn  from  the  one  curve  to.  tbt 
other,  and  thefe  lines  be  divided  in  a  given  ratio  in  the  points  a,  e,  d, 
i,  b,  then  the  curve  drawn  thr-ough  thefe  points  of  divifton  tiiill  alfo  bt 
a  proper  extrados,  the  mafs  contained  between  it  and  the  intrados 
beihg  duly  balanced,  as  •tuell  as  that  comprijed  between  AEDIB  ani 
PVCP'. 
For,  fince  the  whole  is  kept  in  equilibrio  by  the  vertical  pref- 
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fures  of  the  fuperincumbent  mafs  on  the  intrados,  the  points 
F,  V,  C,  &c.  are  fuftained  in  equihbrio  by  the  preflures,of  thd 
parts  EF,  DY,  IC,  &c.  prefling  upon  them  :  if,  therefore,  thefe 
lines  be  divided  in  e,  d,  i,  &c.  fo  that  EF  :  ^  F  : :  DV :  rf  V  : :  IC :  - 
i  C,  &c.  all  in  the  fame  conftant  ratio,  then  aedib  being  con- 
fidered  as  the  extrados  the  arch  will  ftill  be  in  equilibrium  ;  be- 
ealife  the  load  on  the  intrados  being  every  vsrhere  leffened  in  i 
confV.ant  ratio,  its  tendency  to  break  the  arch  will  be  every 
where  in  a  conftant  ratio  to  its  preceding  tendency  to  caufe  i. 
tupture,  and  the  equilibrium  can  he  no  liiore  deftroyed  in  the 
'one  cafe  than  in  the  other.  And  the  fame  kind  of  reafoning 
would  apply,  \i  aedi  b  Vere  above  AEDIB,  or  if  the  weight 
and  denfity  of  the  materials  between  the  extrados  and  intrados 
ftiould  be  changed  throughout  in  any  conflant  ratio. 

CoR.  Hence  we  may  in  many  cafes  give  the  extrados  a 
pretty  regular  and  prafticable  form,  by  diminifhing,  the  thick- 
nefs  over  the  crown  :  and  hence  appears  one  great  advantage  of 
iron  as  a  material  for  bridges,  fiiice  its  requifite  thicknefs  at  the 
crown  is  vaftly  lefs  than  that  of  flone. 

407.  Prop.  Having  given  the  extrados  of  an  equilibrated  archj 
iofind  the  intrados. 

Let  ADB  (fig.  5.  pi.  X.)  be  the  extrados  propofed  to  which 
the  intrados  PVP'  is  to  be  adapted  ;  OV  being  the  common 
axis  of  both  curves  :  from  c  and  C,  correfponding  points  equi^ 
diftant  from  the  axis,  draw  the  ordinates  c  h,  CH.  Put  DV  (the 
thicknefs  of  the  arch  at  the  crown)  =a,  D  h—%,  VH=«;,  th^ 
equal  ordinates  <r/j,  =  CH=j;,  and  the  arch VC=z.  Thenjb_ythd 

general  form  (204.)  C^  <x^^~£l  ^lUl^I-^  C,  where  C  is  a 

conftant  quantity  found  by  taking  the  aflual  value  of  C  c  in  V, 
the  vertex  of  the-eurve.     But  it  is  manifeft  that  C  f =DV+VH 

C 

-D/&— fl  +  pc-X:  confequently  «+x-X=Cx-^^^-^=-^ 

33  * 

X  flux,  of  4-  If.  theft,  we  fubftitute  the  true  value  of  X  in  terms 

oi  y  (which  is  given  becaufe  the  form  of  the  extrados  is  known), 
the  equations  thence  rdfulting  will  contain  only  x  and  y  with 
their  firft  and  fecond  fluxions,  and  known  quantities  -,  and  froq 
this  the  real  relation  of  w  and  j»  muft  be  ftruck  out  by  fueh  meanS 
asfeem  moft  naturally  to  apply  to  any  propofed  inftance. 

This,  however,  in  many  cafes  will  be  a  matter  of  confiderable 
difficulty :  we  ftiall  here,  therefore,  folely  trace  the  procefs  in 
the  moft  ufeful  inftance,  which,  happily,  admits  of  a  compa- 
ratively fimple  inveftigation.    We  stdverf  to  the  cafe  in  ^hich 
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theextrados  is  a  Jlraight  iorizonta/  line,. which  ws  shall  now 
confider.  ' 

Retamihg  the  fame  notation,  we  haVfe  D  /5='X=o,  and 


con- 


c 


fequently  a+x=-^x  flux,  of  4-      Aflume j;"  =  ^,  whence 


•  K  =  -^,  and  ^  X  flux.,  of  -4  =-^'  that  is,  a  +  x=  SJil  i 

and  of  courfe  ax+xx—Cuu  :  taking  the  fluents  of  this  we 
have  x^  +  2ax  =  C  u*,  and  U=  '/^-^'      But  becaufe 

V  =  JL.it  is  alfo  =  X  ■-    /  £±I±I_  =  ;     /—^ 

u  j^  c  j^    x'-{-  za  xi 

The  fluent'of  this  expreffion  is  jf  ==,,\/  C  x  hyp.  log.  (2  x'^+ 
2  aw  +  a  -v/  a^-f-TTi).  Now  at  th?  vertex  where  x  =  a 
Wehaveji=  a/ C  x  hyp.  log.  2  a,  fo  that  the  corrected  fluent 

isy  =  ^  C  X  hyp.  log.  '^  +  "  +  \/  ?+'777; 

« 

We  have  yet  to  afcertain  the  conftant  quantity  G,  in  order 
to  which  we  may  proceed  thus :  when  H  3rriv£s  at  O  we  have, 
it  —  v  0  =  h,-  aiid  y  =  OP  =  s;  fubflituting  thefe  in  the  lafl: 

equation,  it  becomes  h  =  n/  Cx  hyp.  log.  J+a+  \^ ss-\-%as ^ 

and  confequently  ^  C  =  h -^  hyp!  log.  j  +  a  +  W^H^TTs. 
Hencei  then,  we  at  length,  obtain  this  general  value  of  vj 

that  is,y=hx  hyp.  log.  « + -r  +  V*  T^EEZ'  H-    hyp.  .  %  , 

a 

Comparing  thefe  equations  with  equa.  (3.)  art.  198,  it  will  h6 
(ben  that  when  ^  C  =  a,  the  intrados  FVP'  is  the  catenary,  , 
although  the  extrados  is  a  hoirizontal  right  line:  but  this  will 
Require  an  immenfe  thicknefs  at  the  crown  ;  for  if  ar  =  40,  and 
y  =  50,  we  fliould  have  a  =  s6'88,  which  is.  more  than  J-  thd> 
fpan  of  the  arch,  and  more  than  -^  of  its  height. 

As  an  example  of  the  ufe  of  the  preceding  formulsfe,'  we  fub- 
join  a  table  calculated  by  Dr.  HuttOHjfor  an  arch  whofe  fpan 
is  100,  height  40,  and'  thicknefs  at  the  crown  6 :  which  will 
anfwer  for  any  other  arch  vphofe  fpan,  height,  and  thicknefs, 
are  rfeMted  to  each  other  in  like  manner,  by  changing  all  th*  ' 
talues  of  D  H  and  C  H  in  a  conftant  ratio. 
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47 
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i3 
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33 
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48 

41-293 

19 
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34 

19-617 

49 

43-581 

20 

9-934, 

35 

20-665      50 

46-000 

ao8.  Prop.  To  determine  the  magnitude  of  the  piers,  or  abut- 
ments, that  they  may  fttftain  tht  arch  in  equilibrium,  independently 
of  other  arches. 

In  order  to  give  a  folution  to"^  this  problem  -we  muft  affumo' 
-fome  particulars  as  having  been  determined  by  adequate  ex- 
periments and  admeafurement :  for  we  do  not  confider  the 
piers  as  prifms  {landing  upon  their  bafes  and  refilling  the  pref- 
fure  of  the  arches,  though  iipon  fuch  an  hypothefis  it  would 
be  eafy  to  lay  down  rules  for  the  determination  of  the  centre* 
of  gravity  both  of  the  arch  and  the  piers  -,  but,  fince  the  ftones, 
&c.  of  the  wall  above  the  vouflbirs  are  bonded  in  with  thofe  of 
the  pier,  the  pier  will  by  thefe  means  beccfme  augmented,-  and 
the  weight  of  the  arch  dinjinilhed.  We,  therefore,  regard  the 
piers  as  extjending  to  the  joints  of  fraSlure  (art.  i99.)'>  ^'^■^  ^'^'^ 
portion  of  the  arch  which  is  comprifed  between  thofe  joints 
as  a  ponderating  body  re(Ung\in  a  ftate  of  equilibrium,  upon 
thofe  joints  as  upon  two  inclined  planes.  Let,  then,  FS,  F'S' 
(fig.  I.  pi.  X.),  be  the  joints  of  frafturet  G  the  centre  of  gra- 
vity of  the  pier  Q^T  S  F  B  P,  ^  that  of  the 'half  arch  D  E  FS, 
and  let  ^  0  the  perpendicular  from  g  upon  F  S  be  produced 
till  it  meets  the  horizontal  line  Q^Qjnl:  draw  GH  perpen- 
dicular to  Q.(^and  QJi  perpendicular  toj-I;  and  let  the  maf$ 
of  the  feral-arch  D  E  s  F  be  reprefented  by  A,  that  of  the  pier 
by  P,  and  the  force  of  gravity  by  g  :  the  weight  of  tke  former 
\n\&  then  be  ^  A,  and  of  the  latter  gY.  T\he  magnitude  of 
the  pier  is  generally  computed  on  the  fuppofition  that  ihc  pref- 
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fure  of  the  arch  has  a  tendency  to  make  the  pier  turn  upon  Q^ 
as  a  centre  or  fulcrum ;  and  this  hypothefis  is  often  confiftent 
with  fa£t:  but  when  the  height  CD  is  fmall  compared  with 
the  fpan,  the  weight  of  the  arch  has  a  ftrong  tendency  to  miake 
the^pier  Aide  along  the  horizontal  line  PI  5  we  (hall,  therefore, 
ftate  ^e  c6nditions  of  equilibrium  on  this  fuppofition  alfo. 
Firft,  fuppofing  the  pier  folely  capable  of  turnmg  upon  Qas 
a  centre  of  rotation  :<  then"  will  the  cafe  be  the  fame  as  if  me 
body  D  E  S  F  whofe  weight  is  g  A,  by  preffing  upon  the  face 
£S,  tended  to  move  the  mafs  FSTQP  upqn  the  fulcrum 
Qj  But  (art.  156.)  the  weight  j:  A  is  to  its  preflure  upon 
F  S,  as  fine  of  angle  included  between  E  D  and  F  S,  to  fine  of 

angle  E  R  Qj  that  is,  fin.  I :  rad. :  :^  A  :  4-^    ^  preflure   of 

'  sin.l. 

half  arch  upon  the  joint  of  frafture.  Now  g  being  the  centre 
of  gravity  of  the  half  arch,  the  prepiire  it  occafions  is  exerted  in 
the  direftion  g  I :  and  G  being  the  centre  of  gravity  of  the  pier, 
the  force  refulting  from  its  weight  a£ts  in  the  vertical  direftion 
G  H ;  therefore  in  the  cafe  of  equilibrium,  we  mull,  by  the  na- 
ture of  the  lever,  have,  preflure  on  S  F  x  QJj  =  weight  of  pier 

X  QH,  that  is,  JlA    x  Oh  =  fP  x  QH,  whence  we  rea- 
sin.  I  -»  •■  ^^ 

dily  obtain 

(I.)    .    .    .    .    :?_  =  ^iL   X  fin.  I. 

.  P  _    SA 

This  equation  comprifes  the  conditions  of  the  equilibrium  of 
rotation  (art.  19.)  about  the  point  Q>.;  and  we  may  find  by  its 
means  any  one  of  the  five  quantities  it  contains,  when  the 
other  four  are  given. 

In  the  fecond  cafe,  in  which  we  fuppofe  the  pier  may  Aide 
along  in  the  horizontal  dire£tion,  letybe  a  force  which  is 
exerted  horizontally  in  oppofition  to  the  motion  of  tranflation . 

thenyP  a£ting  in  the  dirpdlion  I  k  muft  counterbalance -i — . 

afting  along  h  I.     Here  h  I  being  to  I  i  as  radius  to  cof.  I,  we 

(hair  have,  rad. :  cof.  I  : :  J-i* :/  P ;  whence  gAx  ^±1-  = 

SIO.  I       •'  ^  COS,  1. 

yP,  and  for  an  equation  including  the  conditions  of  the  equi- 
librium of  tranflation  we  have 

(II.)     .     .     .     ._±_=  _A_x  !i^  =  -£xtan.I. 

*  _  P  g  COS.  I.  g 

As  to  the,  pofition  of  the  joints  of  rupture,  and  of  the  centres 
of  gravity  of  the  femi-arch  and  pier,  they  may  in  moft  cafes  be 
determined  with  tolerable  accuracy,  thus :  having  drawn  on 
pafteboard  the  arch  and  propofed  pier,  upon  a  pretty  large 
fcaki  ftud  dejcribed  the  vouiibirs  of  the  arch,  of  the  intended 

I*  *  * 
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tliicknefs,  draw  from  the  middle  of  the  Icey  vouflbir  i 
tangent  to  the  intrados,  and  produce  it  till  it  again  meets  the' 
middle  of  a  vouflbir,  as  at  F,  from  which  point  draw  FS  per- 
pe'ndicular  to  the  intrados ;  it  will  be  nearly  the  ppfition  of  a 
j'oiiifc  of  frafture.  Nejrt,  cut  the  pafteboard  thtoiigh  at  the 
feVeral  outlines,  and  find  by  fome  of  the  methods  deicribed  ifl 
art.  1 06,  the  centres  of  gravity  of  the  two  parts  D  E  S  F, 
S  T  QJ"  F.  With  regard  to  the  ratio  of  A'  to  P,  it  may  al- 
'  Virays  be  found  pretty  nearly,  either  by  weighing  or  iSeafuring 
the'pi^ces  of  paftebo&rd  which  reprefent  them;  and  the  di- 
ftances  QJH,  QJ^,  and  angle  I,  will  be  afcertained  by  the  con- 
ftruftion.  If,  when  thefe  vahies  of  A,  P,  &c.  are  introduced 
into  the  equations,  the  firft  membei'S  are  lefs  than  the  fecond,- 
the  piers  will  be  large  enough  to  enfure  the  equilibrium :  i£ 
otherwife,  foiiie  of  thefe  particulars  muft  be  changed  until  that 
takes  place. 

This  mode  of  confidering  the  fubjeft  fuggefts,  that  t«i 
diminifti  the  thruft  of  the  arch,  or  increafe  the-ftability  of  the 
pier,  the  commencement  of  the  flanks  ought  to  be  loaded";  arid 
that  the  thickriefs  of  the  vouflbirs  near  the  key  ought  to  be 
lefferied  confiderably  rin  ftiort,  to  make  the  atch,  inftead  of 
having  a  uniform  thicknefs  throughout  its  whole  extent,  to  be 
very  thick  at  its  origin,  and  at  the  key  to  be  no  thicker  thaii  i$ 
neceflary  to  refift  the  prelTure  of  the  flanks  :  for  by  fuch  a  pro- 
cedure a  part  of  the  force  which  tends  to  move  the  pier,  i's 
thrown  upon  that  which  refills  being  overtilrned,  and  the  latter 
will  gain  a  great  advantage  in  point  of  ftability. 

III.     Of  Domes. 

^09,.  Def.  A  dame  or  cupo/a  is  a  roof  of  a  fpherical,  fphe- 
toidal,  or  cotioidal  form,  refemblihg  a  bell,  or  an  inverted  cflp'. 
It  is  a-  fpecieS  of  arch,  or  vaulting,  the  eredtion  of  whieh,  like 
the  former,  is  a  fcientific  art  depending  upon  the  principles  of 
equilibrium:. 

The  moil  ample  accojint  of  the  theory  of  domes  we  have  yet 
met  with  is  given  by  Dr.  Robifon,  in  the  Supplement  to  the 
Encyclopsedia  Britannica ;  an  abftradl  of  which  will  be  here- 
given,  chiefly  in  the  doftor's  own  words. 

Prop.  To  determine  the  thichnefs  of  a  dome  vtfulting  when  the 
curve  is  given,  or  the  curve  luhen  ihje  thicknefs  is  given. 

"'  Let  B  i  A  (fig.  7.  pi.  X.)  be  the  curve  wjiich  produces 

the  dome  by  revolving  round  the  vertical  axis  A  D.     We  fhall 

,  fuppofe  this  curve  to  be  drawn  through  the  middle  of  all  th6 

arch-ftones,  and  that  the  courfing  or  horizontal  joiiits  are  eX^erjr 

where  perpendicular  to  the  ctirve.  -  We  Ihall  fiippofer  (as  is ' 
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always  the  c^fe)  that  the  thjicknefs  K  L,  H  I,  ^cc.  of  the  arch- 
iftones  is  very  (mail,  in  comparifon  with  the  djmenfipns  of  the 
arch.  If  we  confider  any  portjoji  H  A  A  of  the  dome,  it. is 
.plain  that  it  prefles  on  the  courfe,  .of  which  jH  L  is  an  arch- 
ftone,  in  a  direQion  ^C  perpendicular  to  the  joint  ill,  or  in 
:the  direftion  of  the  next  fpperior  elenient  (3  b  oi  the,  curve. 
As  we  proceed  downwards,  courfe  after  courfe,  we  fee  plainly 
that  this  direftion  rnuft  change,  b^caufe  the  weight  of  each 
courfe  is  fuperadded  to  that  of  the  portion  above  it,  to  complet:e 
•the  preflure  on  the  courfe  below.  .Through  B  draw  the  verti- 
cal lineBCG,  meeting /3^,  produced  in  C.  We  may  take 
b  c  to  e;cprefs  the  preflure  of  all  that  is  above  it,  propagated  in 

.this  dire£lion  to  the  joint  KL.  We  may  alfo  fuppofe  the 
-weight  pf  the  cpurfe  HL  united  in  by  and  ading  on  the  ver- 
tical. Let  it  be  reprefented  by  b  F.  If  we  forrri  the  parallelo- 
gram ^  F  G  C,  the  diagonal  b  G  will  reprefent  the  diredlion 
and  i'ntenfity  of  the  .whole  preflure  on  the  joint  KL.  Thus  it 
.appears  that  this  preflTure  is  continually  changing  its  direftion, 
and  that  the  line,  which  will  always  coincide  with  it,  mufl  be 
a  curve  concave  downyirard.  If  this  be  precifely  the  curve  of 
the  domje,  it  will  bean  equilibrated,  vaulting ;  but  fo  far  from 
.being  the  ftrqngeft  form,  it  is  the  weakeft,  and  it  is  the  limit 

,toan  infinity  of  others,  which  are  all  flronger  than  it.  This 
will  appear  evident,  if  we  fuppofe  that  bG  does  not  coincide 
with  the  curve  A^B,  but  pafles  withoyt  it.  As  we  fuppofe 
■the  arch-ftones  to  be  exceedingly  thin  from  infide  to  outfide, 
it  is  plain  that  this  dome  cannot  ftand,  and  that  the  weight  of 
the  upper  part  will  prefs  it  down,  and  fpring  the  vauhing  out- 

•  wards  at  the  joint  K  L.     But  let  us  fuppofe,  on  the  other  hand, 

'that  ^  G  falls  vwithirt  the  curvilineal  element  ^B.  This  evi- 
dently tends  to  pufli  the  arch- ftone -inward,  toward  the  axis, 
and  would  caufe  it  to  Aide  in,  fince .  the  joints  are  fuppofed 
jpfiffeftly  fjtnooth  and  flipping.  But  fince  this  takes  ^lace 
equally  in  every -ftone  of  this  courfe,  they  muft  all  abut  on 

■..each  other  in  the  vertical  joints,  fqueezing  them  firmly  to- 
gether. Therefore,  refolviilg  the  thruft  b  G  into  two,  one  of 
which  is  perpendicular  to  the  joint  K  L,  and  the  other  parallel 
to  it,  we  fee  that  this  laft  thrufl  is  withllood  by  the  vertical 

.joints  all  around,  and  there  remains  only  the  thruft 'in  the 
direftion  of  the  curve.  Such  a  dome  mull  therefore  be  firmer 
than  an  equilibrated  dome,  and  cannot  be  fo  eafily  broken  by 

.  overloading  the  upper  part.  When  the  curve  is  concave  up- 
wards, as  in  the  Ipwer  part  of  the  figure,'  the  line  b  C  always 

-falls  below  b  B,  and  the  point  C  below  B.     When  the  curve  is 

.concave  downwards,  as  in  the  upper  part  of  the  figure,  '^G' 

.paffes  above,    or  without  ^B.      The  curvature  may  be    fo 
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abrupt,  that  even  V  G'  fliall  pafs  wJtTiout  'h  B',  and  the  point  G' 
is  above  B'.  It  is  alfo  evident  that  the  force  which  thus  binds 
the  ftones  of  a  horizontal  courfe  together,  by  pufhing  them 
towards  the  axis,  will  be  greater  in  flat  domes  than  in  thofe 
that  are  more  convex ;  that  it  will  be  ftill  greater  in  a  cone ; 
and  greater  ftill  in  a  curve  whofe  convexity  is  turned  inwards  : 
for  in  this  laft  cafe  the  line  h  G  will  deviate  moft  remarkably 
from  the  curve.'  Such  a  dome  will  ftahd  (having  polifhed 
joints)  if  the  curve  fpririgs  from  the  bafe  with  any  elevation, 
however  fmall';  nay,  fince  the  friftion  of  two  pieces  of  ftone 
is  lyt  lefs  than  half  of  their  mutual  preffurcj  fuch  a  dome  will 
ftand,  although  the  tangent  to  the  curve  at  the  bottom  fliould 
be  horizontal,  provided  that  the  horizontal  thruft  be  double  the 
weight  of  the  dome,  which  may  eafily  be  the  cafe  if  it  do  not 
rife  high. 

"  Thus  we  fee  that  the  ftability  of  a  dome  depends  on  very 
different  principles  from  that  of  a  common  arch,  and  is  in 
general  much  greater.  It  differs  alfo  in  another  very  import- 
ant circumftance,  viz.  that  it  may  be  open  in  the  middle:  for  the 
uppermoft  courfe,  by  tending  equally  in  every  part  to  Aide  in 
toward  the  axis,  preffes  all  together,  in  the  vertical  joints,  and 
a£ts  on  the  next  courfe  like  the  key-ftone  of  a  common  arch. 
Therefore  an  arch  of  equilibration,  which  is  the  weakeft  of  all, 
may  be  open  in  the  middle,  and  carry  at  top  another  building, 
fuch  as  a  lantern,  if  its  weight  do  not  exceed  that  of  the  circu- 
lar fegment  of  the  dome  that  is  omitted.  A  greater  load  than 
this  w'ould  indeed  break  the  dome,  by  caufing  it  to  fpring  up 
in  fome  of  th^  lower  courfes ;  but  this  load  may  be  increafed 
if  the  curve  is~  flatter  than  the  curve  of  equilibration  :  and  any 
load  whatever,  which  will  not  crufti  the  ftones  to  powder,  may 
be  fet  on  a  truncate  cone,  or  on  a  dome  formed  by  a  curve 
that  is  convex  toward  the  axis ;  provided  always  that  the 
foundation  be  effectually  prevented  from  flying  but,  either  by 
a  hoop,  or  by  a  fufBcient  mafs  of  folid  pier  on  which  it  is  fet," 

"  We  have  feen  that  if  b  G,  the  thruft  compounded  of  the 
thruft  h  C,'  exerted  by' all  the  courfes  above  H  I  LK,  and  if  the 
force  b  F,  or  the  weight  of  that  courfe,  be  every  where  coin- 
cident with  b  B,  the  element  of  the  curve,  we  fhall  have  an 
equilibrated  dome  ;  if  it  falls  within  it,  we  havca  dome  which 
will  bear  a  greater  load ;  and  if  it  falls  without  it,  the  dome 
will  break  at  the  joint.  We  muft  endeavour  to  get  analytical 
expreffions  of  thefe  conditions.  Therefore  draw  the  ordinates 
b  §  b",,  B  D  B",  C  d  C".  Let  the  tangents  at  b  and  b"  meet  .the 
axi?  in  M, . and  make  MO,  MP,  each  equal  to  b c,  and  com- 
plete the  parallelogram  M  O  N  P,  and  draw  O  Q^perpendi- 
cular  to  the  axis,  and  produce  -  b  F,  cutting  the  ordinates  in  |i 
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and  e.  It  is  plain  that  M  N  is  to  M  O  as  the  weight  of  the 
arch  H  A  i  to  the  thruft  b  c  which  it  exerts  on  the  joint  K  t 
(this  thruft  being  propagated  through  the  courfe  of  H  I  L  K)  ; 
and  that  M  Q^  or  its  equal  h  Cy  or  S^,  may  reprefetat  the 
weight  of  the  half  A  H. 

"  Let  A  D  be  called  ;v,  and  D  B  be  called  y.  Then  he=fx, 
and  eC  =z  y  (becaufe  Ic  is  in  the  dire£tion  of  the  element  /3  b),  , 
It  is  alfa  plain,  that  if  we  make  y  conftant,  B  C  is  the  feconti 
fluxion  of  »,  or  BC  =  /v,  and  he  and  BE  may  be  confidered 
as  equal,  and  taken  indifcriminately  for  x,  "We  have  alio 
^  C  =  V  i«  +  J2.  Let  d  be  the  depth  or  thicknefs  H I  of  the 
arch-ftones.  Then  d  \/ j»  +  j»  will  reprefent  the  trapezium 
H  L ;  and  fince  the  circumference  of  each  courfe  increafes  in 


the  proportion  of  the  radius  y,  </  >>  \^  j'  +  y»  will  txprefs  the 
whole  courfe.  \ijht,  taken  to  reprefent  the  fum  or  aggregate 
of  the  quantities  annexed  to  if,  the  formula  will  be  -analogous 
to  the  fluent  of  a  fluxion,  znijdy  ^  k'  -j-y'  will  reprefent 
the  whole  mafs,  and  alfo  the  weight  of  the  vaulting,  down  to 
the  joint  H  I.  Therefore  we  have  this  proportion /"ij)  v^^,  ,  -^ 
'.dy^/\^  +y'  =  be:b¥,  =  be:CG,=ld:CG,=x:CG. 

Therefore  C  G  =  7-7 ==■==■ 

J  dy  V  X'  +9" 

"  If  the  curvature  of  ^the  dome  be  precifely  fuch  as  puts  it  in 
equilibrium,  but  Xyithout  any  mutual  prefliire  in  the  vertical 
joints,  this  value  of  O  G  muft  be  equal  to  C  B,  or  to  x, 
ihe  paint  G  coinciding  with  B.     This  condition  will  be  ex- 

dyx  V    i'-\-  y' 
prefl'ed  by  the  equation  /^"T/^t^^  ~  '*>   "'"»  "^°^^  *^°"" 

veniently,  by  p-^^±^-  'L.    But  this  form  gives  oiily 
J  d y  V  i?- -\.'y>-       M  '  • 

a  tottering  equilibrium,  independent  of  the  frij9:ion  of  the 
joints  and  the  cohefion  of  the  cement.  An  equilibrium,  ac- 
companied by  fome  'firm  ftability,  produced  by  the  mutual 
prefliire  of  the  vertical  joints,  may  be  exprefledby  the  formula 

d-S  •^"g+g"  7^,  or  by-^^^l±£.=  -i-  -i-L,  whar« 
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t  is  fome  variable  ppfitise  quantity,  which  increafes  when  x  in-? 
creafes.  This  laft, equation  will,  alfo  exprefs  the  equilibrated 
^ome,    if  it  be    a    conftant   quantity,    becaufc  in  thi§  cafe 

t    . 

> IS  =  <?. 

t 


"  Since  a  firm  {lability  requires  that     -^  ^       ^- — ^  fhall  be 

greater  than  ;v,  and  C  G  muft  be  greater  than  C  B :  Hence  we 

learn,  that  figures  of  too  great  curvature,  -whofe  fides  defcend 

,  too  rapidly,  are  irnproper.     Alfo,  fmce  ftability  requires  that 

we  have      ^  "^  - — ~       ^    greater  than  J  d y'^  ft'^  +  y^,    we 

X 

.  Jearn  that  the  upper  part  of  the  dome  muft  not  be  made  very 
heavy.  This,  by  diminilhing  the  proportion  of  ^F  to  ^C, 
diminifties  the  angle  c  b  G,  and  may  fet  the  .point  G  above  B, 
which  will  infallibly  fpring  the  dome  in  that  place.  We  fee 
here  alfo,  that  the  algebraic  analyfis  exprefles  that  peculiarity 
of  dome-vaulting,  that  the  ■yv^ei^ht  of  the  upper  part  may  even 

.  -|)e  fiipprefled.    '_  » 

f  The  fluent  of  the  equation  Jj —  +  -^^  =  -fL  +  l 

is  moft  eafily  found;    It  is   "Ljdy  *^  >i^  -\-  f  =  L  ;v  -f-  L  /, 
Svhere  L  is  the  hyperbolic  logarithm  of  the  quantity  annexed-tp 

it.    If  we  Confider-;)  as  conftant,  and  correft  the  fluent  fo  as 
to  make  it  nothing  at  the  vertex,  it  may  be  expreflied  fhus, 

hj'dy  v'  x^  -\-  y''  —  I'd  =1,^  —  liy  -\-ljt.     This  gives  us 
h:fdy^'¥Tf_^  L  A-t,  and  therefore /li.JL!^E±5= 
^  1 

y 

f«  This  laft  equation  will  eafily  give  us  the  depth  of  vault- 
ing,  or  thicknefs  d  of  the  arch,   when  the  curve  is  given. 

For   Its  'fluxion  is  ^  ;>  V  a;^  +  /  __  t  X  -f-  /   *• ,  and  d  =. 
\  Mt   'ix  -\-a  t   X 


y 


l}\/  ^^  +  y 


-J  which  is  all  exprefled  inlinown  quantities ; 
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for  we  may  put  in  place  of  t  any  power  or  fundion  of  x  or  of 
y,  and  thus  convert  the  expreffion  into  another,  which  will  ftill 
be  applicable  to  all  forts  of  curves. 

*'  Inftead  of  the  fecond  member  -^H-  —  we  might  employ 

px 

~~^,  where  p  is  fome  number  greater  than  unity.      This  will  , 
evidently  give  a  dome  haying   liability ;  becaufe  the  original 

formula  —z—~7===.  will  then  be  greater  than  *• .     This 

Jdyyx^  +  y' 

pax  "~"      X 


will  give  d  =  -y .    Each  of  thefe  forms  has  its 

advantages  when  applied  to  particular  cafes.     Each  of  them 


alfo  gives  d  =    ": — /: r-'when  the  curvature  is  fuch  as  is 

yy  V   x'-{-y' 

•in  precife 'equilibrium.  And,  laftly,  if  d  ,he  conftant,  that  is, 
-if  the  vaulting  be  of  uniform  thioknefs,  we  obtain  the  form  of 
the  curve,  becaufe  then  the  relation  of  ,«  to  «■  and  to  y  is  given. 

••  The  chief  ufe  of  this  analyfis  is  to  difcov«r  what  curves 
are  improper  for  domes,  or  what  portions  of  given  curves  may 
be  employed  with.faffety.  Domes  are  generally  built  for  orna- 
ment ;  and  we  fee  that  -there  is  great  room  for  indulging  our 
fancy  in  the  choice.  All  curves  which  are  concave  outwards 
will  give  donfes  of  great  firmnefs :  they  are  alfo  beautiful.  The 
Gothic  dome,  whofe  outline  is  an  undulated  curve,  m^y  be 
made  abundantly  firm,  efpecially  if  the  upper  part  be  convex 
and  the  lower  concave  outwards. 

"  The  chief  difficulty  in  the  cafe  of  this  analyfis  arifes  from 
the  neceffity  of  expreffing  the  weight  of  the  incumbent  part,  or 
fd ^ v'x'  -|- y'.  This  requires  the  meafurement  of  the  conoidal 
furface,  which,  in  moft  cafes,  can  be  had  only  by  approxima- 
.  Ition  by  means  of  infinite  feriefes.  We  cannot  expe(9:  that  the 
generality  of  pra£l:ical  builders  are  familiar  with  this  branch  of 
mathematics,  and  therefore  will  not  engage  in  it  here;  but 
jcontent-ourfelves  with  giving  fuch  inftances  as  can  be  under- 
ftood  by  fuch  as  have  that  moderate  mathematical  knowledge 
which  every  man  fliould  poflefs  who  takes  the  name  of  engi- 
fieer. 

"  The  furface  of  any  circular  portion,  of  a  fphere  is  very 
^afily  had,  being  equal  to  the  circle  defcribed  with  a  radius 
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equal  to  the  chord  of  half  the  arch.     This  radius  is  evidently  = 

"  In  order  to  difcover  what  portion  of  a  hemifphere  may  be 
employed  (for  it  is  evident  we  cannot  employ  the  whole)  when 
the  thicknefs  of  the  vaulting  is  uniform,  we  may  recur  to  the 

■  */~*        ~ 
equation  or  formula r. =rdy^  i^  _l  ^j.     Let  a 

be  the  radius  of  the  hemifphere.    We  have  x  =  -j^^==-,  and 

»  a*  ^  *         , 

X  =  -==r-^.     Suhftituting  thefe  values  in  the  formula,  we 

a*  —  y''-   i 

obtain  the  equation  f  s/  a^  —  f  —  f—  ^~.     We  eafily  obtain 

J  V    a' — y' 

the  fluent  of  the  fecond  member  =  a^  —  a^  \/  a'—y'  ,  and  y  == 

aV  —  i  +  V^     Therefore  if  the  radius  of  the  fphere  be 

I,  the  half  breadth  of  the  dome  muft  not  exceed  v^  —  -i  x  v'  |^» 
or  o'786,  and  the  height  will  be  "618.  The  arch  from  the 
vertex  is  about  51°  49'.  Much  more  of  the  hemifphere  cannot 
ftand,  even  though  aided  by  the  cement,  ai'id  by  the  friflion 
of  the  courfing  joints.  This  laft  circumftance,  by  giving  con- 
nexion to  the  upper  parts,  caufes  the  whole  to  prefs  more  ver- 
tically on  the  courfe  below,  and  thus  diminifhes  the  outward 
thruft  ;  but  it  at  the  fame  time  diminifhes  the  mutual  abutment 
of  the  vertical  joints,  which  is  a  great  eaufe  of  firmnefs  in  the 
vaulting.-  A  Gothic  dome,  of  which  the  upper  part  is  a  por- 
tion of  a  fphere  not  exceeding  45°  from  the  vertex,  and  the 
lower  part  is  concave  outwards,  wiU  be  very  ftrong,  and  ngt 
tjngraceful. 

"  Perfuaded  that  what  has  been  faid  on  the  fubje<Jt 
convinces  the  reader  that  a  vaulting  perfeftly  eqplibrated 
throughout  is  by  no  means  the  beft  form,  provided  that  the 
bafe  is  fccured  from  feparating,  we  think  it  unneceffary  to  give 
the  inveftigation  of  that  form,  which  has  a  confiderable  intri- 
^cacy,  and  fhall  merely  give  its  dimenfions.  The  thicknefs  is 
fuppofed  uniform.  The  numbers  in  the  firft  column  of  the 
table  exprefs  the  portion  of  the  axis  counted  from  the  vertex, 
znA  thofe  of  the  fecond  column  are  the  length  of  the,  ordi» 
dates. 
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"  The  curve  formecj  according  to  thefe  dimenfions  wllj  not 
appear  very  graceful,  becaufe  there  is  an  abrupt  change  in  its 
curvature  at  a  fmall  dift^nce  from  its  vertex  ;  if,  however,  the 
middle  b'e  occupied  by  a  lantern  of  equal  or  of  fmaller  weight 
than  the  part  whofe  place  it  fupplies,  the  whole  will  be  elegant, 
and  free  from  this  defeft." 

Profeflbr  Robifon  concludes  with  obferving,  that  "  The 
connexion  of  the  parts  arifing  from  cement  and  from  friftion 
has  a  great  efFe£l  on  dome  vaulting.  In  the  fame  way  as  in 
common  arches  and  cylindrical  vaulting,  it  enables  an  overload 
on  one  place  to  break  the  dome  in  a  diftant  place.  But  the 
refiftanCe  to  this  efFe£t  is  much  greater  in  dome  vaulting,  be- 
caufe it  operates  all  round  the  overloaded  part.  Hence  it 
happens  that  domes  are  much  lefs  fliattered  by  partial  violence, 
fuch  as  the  falling  of  a  bomb,  or  the  liice.  Large  holes  may 
be  broken  in  them  without  much  affedling  the  reft ;  but,  on 
the  other  hand,  it  greatly  diminiflie's  the  ftrength  which  fliould 
be  derived  from  the  mutual  preffure  in  the  vertical  joints. 
Friftion  prevents  the  Aiding  in  of  the  arch-ftones  which  pro- 
duces this  mutual  preffure  in  the  vertical  joints,  except  in  the 
very  higheft  courfes,  and  even  there  it  greatly  diminiflies  it. 
,Tbefe  caufes  make  a  great  change  in  the  form,  Which  give's  the 
^reateft  ftrength  ;  and  as  their  laws  of  aflion  are  but  very  im- 
perfeftly  underftood  as  yet,it  is  perhaps  impoffible,  in  the  prefent 
ftate  of  our  knowledge,  to  determine  this  form  with  tolerable 
precifion.  We  fee  plainly,  however,  that  it  allows  a  greater 
deviation  from  the  beft  form  than  the  other  kind  of  vaulting ; 
and  domes  may  be  made  to  rife  perpendicular  to  the  horizon 
at  the  bafe,  although  of  no  great  thicknefs;  a  thing  which 
muft  not  be  attempted  in  a  plane  arch.  The  immenfe  addition 
of  ftrength  which  may  be  derived  from  hooping  largely  com- 
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penfates  for  all  defe£ls ;  and  there  is  hardly  any  bounds  to  the 
extent  to  which  a  very  thin  dome-vaulting  may  be  carried, 
when  it  i&  hoo.ped  or  framed  in  the  direction  of  the  horizontal 
eourfes.  The  roof  of  th^  Halle  du  Bled  at  Paris  is  but  a  foot 
thick,  and  its  diameter  is  more  than  200,  yet  it  appears  to 
have  abundant  ftrength." 


END  or  BOOK  THE  FIE  ST. 


DYNAMICS. 

BOOK  IL 

IntroduBiory  Definitions  and  Remarks. 

210.  Dynamics  is  that  branch  of  Mechanics  which  has  for 
its  obje£l  the  a£lion  of  forces  on  folid  bodies,  when  the  refult 
of  that  a<3ion  is  motion ;  and  in  which,  fince  all  motion  oc- 
cupies fome  portion  of  time,  we  introduce  time  into  our  in- 
veftigations.  This  department  of  fcience  prefefits  a  wide  and 
varied  field  of  difcufliori,  and  when  viewed  in  its  full  extent  it 
exhibits  many  queftions  of  confiderable  difficulty  :  we  fliall  not 
attempt  to  give  the  whole  of  thefe,  as  fuch  a  procedure  would 
draw  us  far  beyond  the  limits  which  muft  be  affigned  to  this 
part  of  the  work ;  but  fhall  felefl:  thofe  chiefly  which  appear 
neceflary  as  a  preparation  to  the  knowledge  of  the  powers  and 
efl^efts  of  machinery. 

211.  The  fum  of  the  material  particles  of  which  a  body  is 
compofed,  is  what  we  denote  by  the  word  Majs.  This  mafs 
depends  on  the  volume  bf  the  body  and  that  which  we  call 
Detijity.  "We  have  already  obferved  (art.  lo.)  that  denfity  is  di- 
re£lly'  as  the  quantity  of  matter,  and  inverfely  as  the  magnitude 
of  the. body:  but  it  will  not  be  improper  to  deduce  concifely 
the  general  theorem  which  comprifes  this  relation.  To  this  end 
it  muft  be  confidered  that  as  all  bodies  are  penetrated  with  a 
great  number  of  void  fpaces  or  pores,  their  quantity  of  matter  is 
not  proportional  to  their  volume  ;  but  under  the  fame  volume 
there  will  be  more  or  lefs  matter  as  the  particles  are  nearer  or 
further  afunder  j  and  we  fay  that  a  body  has  a  greater  or  lefs 
Denfity,  according  as  there  fubfifts  a  greater  or  lefs  proximity 
between  its  moleculae.  Thus  we  fay  a  body  is  more  denfe  than 
another  when  in- an  equal  volume  the  former  contains  more 
matter  than  the  latter  :  we  fay,  on  the  contrary,  that  it  is  lefs 
denfe  or  more  rare  (for  denfity  and  rarity  are  reciprocal  qualities) 
when  in  an  equal  volume  it  comprifes  lefs  matter.  The  denfity 
fervtes,  therefore,  to  judge  of  the  number  of  material  particles 
■when  the  volume  is  known  :  thus,  we  may  regard  the  denfity 
a«  refirefenting  xh&  number  of  equal  moleeul%  in  a  determinate 
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volume;  as  when,  for  example,  we  fay  that  gold  is  19  times 
denfer  than  water,  we  wifli  .to  be  underftood  that  gold  contains 
19  times  the  number  of  particles  that  water  does  in  the  fame 
fpace. 

Since  we  reprefent  the  denfity  as  expreffing  the  number  of  • 
moleculse  in  a  determinate  volume  which  we  affume  as  the  unit 
cf  magnitude  ;  it  is  obvious  that  to  obtain  the  mafs,  or  the  total 
number  of  moleculje,  of  any  body  of  which  the  magnitude  is 
known,  we  muft  take  theteftangle  of  the  denfity  and  magnitude. 
Thus,  if  wc  reprefent  generkjly  the  body  or  mass  by  B,  its 
vplu'me  or  magnitude  by  M,  and  its  denfity  by  D,  we  fhall  have 
B=MD :  whence, it  will  be  eafy  to  compare  the  mafles,  the 
magnitudes,  and  the  denfities  of  bodies. 

In  fimiiar  bodies  the  maffes  are  as  the  denfities  and  cubes  of 
the  diameters,  or  depths,  or  lengths,  or  of  any  like  linear  di- 
inenfions.  Hence,  if  L  denote  the  lineal ,  dimenfion,  we  readily , 
deduce  thefe  general  proportions : 

B  K  MD  ocDL'. 
M  cc  ^  oc  L'. 

^  «   M    "^     U- 

L  «  v'l-  oc^M. 

212.  Force  according  to  our  definition  (art.  17.)  is  thai 
which  caufes  a  change  in  the  flate  of  a  body ;  or,  it  is  that 
■which  either  moves  or  tends  to  move  a  body  :  forced,  as  we 
there  obferved,  are  no  further  known  to  us  than  by  their  efFe£ts; 
it  is  only  therefore  by  the  efFeft  any  force  produces  that  we  can 
meafure  it.  Now  the  effeft  of  a  force  is  to  give  to  every  ma- 
terial particle  of  a  body  a  certain  velocity  :  if,  therefore,  all  the 
parts  of  a  body  receive  the  fame  velocity  as  we  fuppofe  here, 
the  effe£l;  of  the  moving  caufe  has  for  its  meafure  the  product 
of  the  velocity  into  the  number  of  moleculse  moved,  or  the 
produft  of  the  velocity  and  mafs:  A  force  therefore  is  prof  or- 
tional  to  the  velocity  which  it  can  imprefs  on  a  known  mafs,  and  that 
mafs  conjointly. 

Def.  Momentum,  or  Quantity  of  Motion,  li  the  redtangle  of 
the  mafs  of  a  body  and  its  velocity. 

Confequently,_^rcw  are  meafured  by  the  quantities  of  motion  they 
are  capable  of  producing. 

Thus,  if  F  denote  the  motive  or  moving  force,  B  the  body 
moved,  and  V  the  velocity  imparted-to  it,  we  have  F  oc  BV. 

F  T* 

From  this  we  deduce  V  «  -g,  and  B  oc  y :  therefore,  i.  I'ke- 
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velocity  of  a  body  in  motion,  is  as  the  moving  firce  direBly,  and  tie 
mafs  iaverfely.  adly,  The  body  or  mafs  is  as  tie  moving  force  di^' 
reSJy,  and  the  velocity  inverfe/y. 

If  now,  two  bodies,  be  reprefented  by  B,,and  3,  the  forces  by 
which  they  are  moved  by  F,  and/,  and  the  velocities  imparted 
to  them  by  V  and  v,  we  have  F  k  BV,  and/  xiv.  Let  B 
be  fuppofed  equal  to  b,  then  will  F  oc  V,  and  f  k  v :  hence, 
when  the  maffes  are  equal  the  moving  forces  are  as  the  velocities. 
Again,  fuppofing  V  =  v,  we  have  F  ce  B  and/"  ot  b :  there- 
fore, -when  the  velocities  are  equal  th^  moving  forces  are  as  the 
majjes.  Laftly,  making  F  ==/i  we  have  v^  oc  B,  and  J  oc  i  .• 
confeq'uently,  nvhen  the  moving  forces  are  equal,- the  velocities  are 
in  the  inverfe  ratio  of  the  maffes. 

213.  The  feveral  dcduQions  in  the  preceding  article  de- 
pend, manifeftly,  upon  our  .having  affumed  a  juft  meafure  of 
moving  force  f  we  fay,  that  forces  are  meafured  by  the  quan- 
tities of  motion  they  are  capable  of  producing,  and  that  thefe 
quantities-  of  piotion  are  proportional  to  the  produfts  of  the 
jnafles  and  their  velocities.  It  follows,  therefore,  that  when 
thefe  produifls  are  equal  the  quantities  of  motion,  or-  the  equi- 
valent forcfes,  are  equal :  but  equal  forces  afting  in  oppofite  di- 
redlions  produce  an  equilibrium  (art.  35.)  ;  fo  that  if  bodies 
which  move  with  equal  quantities  of  motion  (according  to  our 
definition)  in  oppofite  direftions,  are  in  equilibrio  after  they 
meet,  fuch  a  fadi  being  proved  will  at  the  fame  time  evince 
the  truth  of  the  foregoing  dedufiions.  In  order  then  to  fhew 
the  truth  of  this  principle,  we  extraii  a  paragraph  from  M, 
Laplace's  Expojition  du  Syfeme  du  Monde.     L.  III.  Ch.  3. 

"  The  moft  fimple  cafe  of  the  equilibrium  ■  of  many  bodies, 
is  that  of  two  phyfical  points  which  rencounter  with  velocities 
equal  and  direftly  contrary.  Their  mutual  impenetrability, 
that  property  of  matter  in  virtue  of  which  two  bodies  cannot 
occupy  the  fame  place  at  the  fame  inftant,  evidently  annihilates 
their  velocities,  and  reduces  them  to  the  ftate  of  reft.  But,  if 
two  bodies  of  different  majfei  Jirike  each  other  with  oppofite  velocities^ 
what -is  the  relation  of  the  velocities  to  the-  maffes  in  tlpe  cafe  of  equi- 
iibrium  ?  To  refolve  this  problem,  imagine  a  fyfteni  of  con- 
tiguous phyfical  points,  ranged  on  the  fame  right  line,  and  ani- 
mated with  a  cornmon  velocity  in  the  diredlion  of  that  line  ; 
conceive,  in  like  manner,  a  fecbnd  fyftem  of  contiguous  material 
points,  difpofed  on  the  fame  right  line,  and  animated  with  a 
common  velocity  and  contrary  to  the  preceding,  in  fuch  a  man- 
ner that  the  two  fyftems  ftriking  mutually  {hall  be  in  equilibrio. 
Jt  is  obvious  that  if  thefirft  fyftem  were  comppfed  of  only  one 
material  point,  each  point  of  the  fecond  fyftem  would  extin- 
guilh  in  the  point  ftruck  a  part  of  its  velocity  equal  to  the  vc- 
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locity  of  the  fyftem ;  the  velocity  of  thff  point  ftruck  ought 
-  therefore  in  the  cafe  of  equiJibrium  to  be  equal  to  the  produ£t. 
of  the  velocity  of  the  fecond  fyflem  by  the  number  of  its  points»i 
and  we  may  fubftitute  for  the  firft  fyftem  one  point  fingly  in- 
,  cited  to  a  velocity  equal  to  this  produft.    We  may  likewife  fub^ 
ftitute  for  the  fecond  fyftem  a  material  point  animated  with  a' 
velocity  equal  to  the  produdl  of  the  firft  fyftem  by  the  number 
of  its  points.     Thus,  inftead  of  thefe  two  fyftems  we  have  two* 
points  which  bring  themfelves  to   an  equilibrium  by  ftriking 
with  contrary  velocities,  of  which'the  one  will  be  the  produ£t 
of  the  velocity  of  the  firft  fyftem  by  the  number  of  its  poiiits, 
and  the  other  will  be  the  produfl:  of  the  velocity  of  the  points^ 
of  the  fecond  fyftem,  by  their  number  :  thefe  produfts,  there- 
fore, muft  be  equal  in  the  cafe  of  equilibrium."-:—"  This  pro- 
du£b  of  the  niafs  by  the  velocity  we  name  quantity  of  motions 
it  is  this  alfo  which  we  mean  by  the  force  of  bodies :  for  the 
eauilibrium  of  two  bodies  or  of  two  fyftems  of  material  points^ 
which  ftrike  each  other  in  contrary  direflions,  the  quantities 
ef  motion,  or  the  forpes  oppofed,  rauft  be  equal,  and  of  con- 
fequence  the  velocities  muft  be  reciprocals  to  the  mafles." 

214.  We  muft  not  omit  obferving,  that  about  a  century  agcf 
there  was  a  warm  difpute  among  the  mathematicians,  in  ordef 
to  determine  whether  we  ought  to  confider  the  force  of  bodies 
in  motion  proportional  to  the  velocity  or  to  the  fquare  of  the  ve- 
locity :  it  is  eafy,  from  what  has  preceded,  to  reduce  this  queftiOH 
to  a  fimple  enunciation  which  will  remove  all  difficulty.  The 
vord  force  denoting  any  caufe  of  which  the  nature  is  unknown, 
and  of  which  the  efi^efts  are  the  only  things  we  can  meafure,  it 
is  evident  that  by  the  term  meafure  of  force,  we  can  only  mean 
that  of  its  efFefts  :  now  the  effe£ts  may  be  confidered  undeii 
different  afpe£l:s,  each  comporting  with  a  fpecies  of  meafure 
particular  and  conformable  to  its  nature.  If  we  confider  tha 
efFeiSt  of  the  force  as  confifting  in  the  deftruftion  of  a  certain 
fum  of  obftacles  or  of  quantities  of  motion,  this  fum  muft,  asr 
above  ftiewn,  be  expreffed  by  BV  +  bv  ■}-  &c.  that  is,  it  is 
proportional  to  the  velocity  fimply.  But  if  we  confidei;  the 
efFeft  of  the  force,  not  with  relation  to"  the  fum  of  the  obftaclesj 
but  to  their  number,  this-number,  as  will  appear  further  on< 
will  be  reprefented  by  i  B  v"',  and  will  be  proportional  to  the 
fquare  of  the  velocity  when  all  the  obftacles  are  equal.  Hence 
this  famous  queftion  is  only  a  difpute  about  words !  and  as 
fucli  we  need  dwell  no  longer  upon  it. 
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On  Motion,  uniform  and  variahldi 

2 15.  The  motion  of  a  phyfical  point,  of  of  a  body,  is  uhifirtri 
(art.  15.)  when  it  moves  always  in  the  fame  manner,  or  wheri 
it  pafles  over  equal  fpaces  in  any  equal  intervals  of  time  what-^ 
ever.  TJhis  motion,  the  mod  fimple  of.  all,  and  the  moft  eafy 
to  conceive,  probably  exifts  in  no  part  of  nature,  b^it  is  only  a 
pure  abftrafilion  of  the  mind:  it  is,  notwithftanding,  import- 
ant to  confider  it,  becaufe  were  it  not  for  obftru£tions  motions 
in  general  would  be  uniform  (art.  2i.),  and  becaufe  it  conduces 
greatly  to  the  analyfis  of  all  other  motions. 

That  affeftion  of  motion  which  we  call  velocity  being  mea«s 
fured  by  the  fpace  uniformly  defcribed  in  a  given  time  (art.  15.); 
is  in  fa£b  a  meafurc  of  motion  itfelf,  and  is  that  w'hich  cha- 
ra^lerifes  each  fpecies  of  uniform  motion :  it  is  cuftomary  in 
mathematical  difcuffions  to  fix  upon  a  fmall  period  of  time,  2 
fecond,  for  example,  as  a  unit,  and  to  call  the  velocity  of  a  tnov^ 
ing  body.at  any  inftant  the  fpace  which  the  body  would  defcribe  uni- 
firmly  during  a  unit  of  time. 

Hence  it  follows,  that  in  the  uniform  motion  of  a  body  tht 
fpaces  run  over  are  proportional  to  the  times  employed.  For  if  it  de- 
fcribe V  feet  in  one  fecond;  it  will  defcribe  2  V  feet  in  two  feconds, 
3V  feet  in  three  feconds,  and  TV  feet  in  T  feconds,  T  being 
any  number  whole  or  fra£l:i&nal.  This  being  granted,  we  may 
now  ftate  a  propofition  from  which  the  whole  doftrine  of  uni- 
form motions  will  readily  flow. 

216.  Prop.  fVhen  bodies  have  different  uniform  motions,  the  fpaces 
defcribdd  are  proportional  to  the  times  and  velocities  jointly. 

Let  V  and  v  be  the  velocities,  of  the  two  bodies  B  and  ^, 
T  and  t  the  times  of  their  motions,  S  and  s  the  fpaces  de- 
fcribed} likewife  let  /  be  the  fpace  defcribed  by  b  in  the  time  T : 
Then  S  :  f ' : :  V  :  « 
s'  '.s::T  -.t 
And,  comp.  S  :  /  :  :  TV  :  ^  v.     That  is  S  cc  TV. 

CoR.  I.  The  velocity  is  as  the  fpace  divided  by  the  time :  for 

s  - 

the  preceding  expreffion  gives  V  oc  7^.    Or,  fince  the  fame  will 

bold  in  any  correfponding  indefinitely  minute  portions  of  the 

g 
fpaee  and  timej  wc  fhall  have  V=— . 

T 
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Cor.  2.  The  velocities  oft-ujo  bodies  moving  uniformly  are  direSily 
as  the  /paces  and  inverfely  as  the  times :  for  we  have  V  :  -y  :  : 

T  ■  T" 

Cor.  3.  In  equal  times  the  velocities  are  proportional  to  thefpaceS 
run  over  :  for  T=<,  gives  V  :  -y  :  :  S  :  j. 

Cor.  4.  If  the  velocities  are  equal,  the  fpaces  paffed  over  are  pro- 
portional to  the  times:  for  V='y,  gives  S ^=j-T,  or  S  :  J  : : 
T  :t.  ,  ■  ■ 

Cor.  5.  If  the  fpaces  paffed  over  are  equal,  the  velocities  are  red' 
procally  as  tie  times :  for  when  S  =  x,  we  have  V  :  i"  :  :  t  '•  t  :  : 
^:T.  - 

Cor.  6.  Since  the  areas  of  reftangles  are  in  the  ratio  com- 
pounded of  the,  ratios  of  their  fides,  if  the  bafes  reprefent  the 
velocities  of  two  motions,  and  ahitudes  the  timeS)  the  areas 
will  reprefent  the  fpaces  defcribed. 

Cor.  7.  Since  it  has  been  fliewn  that  the  forces  which  give 
motion  to  bodies  are  proportional  to  their  quantities  of  motion, 
and  thefe  to  the  reftangles  of  the  mafles  and  velocities  (art. 
212.),  that  is,  Foc(^BV;  we  may,  by  combining  this  with  the 
prefent  propofition,  have  the  following  formulee  of  relation  of 
tlie  fix  quantities,  force  F,  momentum  or  quantity  of  motion 
Q,  mafles  or  quantity  of  matter  B,  time  T,  fpace  S,  and  ve- 
locity V ;  the  forces  being  fuppofed  inftantaneouS  or  impul- 
five,  and  tha  motions  uniform  :  / 

Fk^kHVcc  ~. 
O^FocBVoc-^. 

•D        F        3        FT        3T 
rp       S  BS         BS 

Tk-oc-^oc— . 

SocTVoc^cc^. 

Vcc-oc-cc-. 

SCHOLIUM. 

217.  We  "have  before  faid  that  we"  know  nothing  more  o£ 
fbrces  than  by  their  effedts  in  moving  bodies :  we  call  thofe 
equal  forces,  however  difiFerent  they  may  be  in  their  nature, 
which  give  to  bodies  equal  momenta,  or  which  when  the  bodies 
are  equal  give  to  them  equ^l  velocities;  jtnd^we  fay  that  forces 
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<  are  greater  or  lefs  when  they  give  to  bodies  greater  or  lefs  mo- 
menta, or  when  they  imprefs  upon  equal  bodies  greater  or  lefs 
velocities.  Therefore  when  different  forces  a£b  upon  equal 
bodies,  the  forces  are,  cseteris  paribus,  proportional  to  the  velocities 
imparted:  the  velocity  then  being  proportional  to  the  force, 
thefe  two  quantities  may  be  reprefented  the  one  by  the  other, 
and  all  v/hich  we  have  eftablifhed  in  Chap.  I.  of  the  firft  Book 
on  the  compofition  and  refolution  of  forces  may  be  applied  to 
the  compofition  and  refolution  of  velocities.  Hence  it  might 
feem  unneceflary  to  give  here  the  demonflration  of  the  mod  ex- 
tenfive  propofition,  as  it  relates  to  velocities  and  directions ; 
but,  fince  it  may  be  proved  fatisfaftorily  in  fmall  compafs,  and 
admits  of  two  or  three  ufeful  deduftions^  we  are  unwilling  to 
omit  it. 

Prop.  The ftmultaneous  aSion  of  two  impuljlv'e forces  P,  P',  on 
a  body  A,  which  -would  imprefs  upon  itfeparately  the  velocities  V,  V, 
in  the  directions  AC,  AC,  will  caufe  that  hody  to  move  uniformly 
over  the  diagonal  of  the  parallelogram  ivhofe  fdfs  are  in  the  direc- 
tions of  thofe  forces. 

Imagine  that  the  body  A  (fig.  6.  pi.  X.)  is  placed  on  a  plane 
ACC  which  moves  uniformly  in'  the  direftion  AC  with  fuch  a 
velocity  as  in  each  unit  of  time  will  carry  it  over  a  fpace  equal 
to  the  line  AC  :  it  is  certain  that  this  body  confidered  with  re- 
lation to  the-  plane  on  which  it  is  placed  has  no  motion  ;  yet  if 
a  fpe£lator  fixed  imm'oyeably  out  of  that  plane  obferves  the 
body  A,  he  will  attribute  to  it  a  motion  equal  and  parallel  to 
•  that  of  the  plane.  Now,  if  we  conceive  that  any  impulfive  force 
whatever,  P,  adts  upon  the  body  A  in  the  direction  PAC,  and 
imprefles  upon  it  fuch  a  velocity  that  in  a  unit  of  time  it  would 
pafs  over  a  fpace  equal  to  AC,  there  can  be  no  doubt  that  if 
the  body  were  a£l:ed  upon  by  this  force  only  it  would  be  found 
at  the  point  C  at  the  terhiination  of  the  unit  of  time.  But 
Cnce,  in  confequence  of  the  motion  of  the  plane,  the  line  AC 
advances  tayvards  C'B  by  a  motion  uniform  and  parallel,  fo  that 
it  would  really  coincide  with  C'B  at  the  end  of  a  unit  of  time, 
it  is  obvious  that  the  point  C  will  then  coincide  with  the  point 
B,  and  that,  of  confequence,  the  body  A  which  partakes  of  the 
motion  of  the  plane  ought  to  be  found  in  B  at  the  end  of  the 
firft  unit  of  time.  Wer  may  prove,  in  like  manner,  that  at  the 
end  of  any  part  or  multiple  whatever,  T,  of  this  unit,  the  body 
A,  animated  with  the  fame  velocity  AC,  ought  to  run  over  a 
proportional  fpace  A  c=T  x  AC,  while  the  common  motion  con- 
ftrains  the  line  h.c  to  pafs  parallel  to  itfelf  over  a  diflance  A  t' 
=T  X  AC.  This  line  coincides,  therefore,  with  c  b,  and  con- 
fequently  b  is  the  place  of  the  body  A  at  the  end  of  the  time  T. 
And  it  is  manifeft  that  all  the  points  b,  b,  that  may  be  de- 
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terftiined  by  the  fame  reafoning,  are  found  on  the  fame  diagona! 
AB,  fmce  A  c  :  c^  J :  AC  :  CB.  The  body  A,  therefore,  ac- 
tually defcribes  the  diagonal  AB.  But  befides  this,  its  motion 
dong  this  line  muft  be  uniform:  for  Ab  :  AB  :  :  Ac :  AC  :  : 
Tx  AC  :  AC  :  :  T  :  1 5  that  is  to  fay,  Ab  is  to  AB  as  the 
time  employed  in  paffing  through  A  b  to  that  occupied  in  pafling 
over  AB.  Confequently  the  motion  of  the  body  A  along  the 
diagonal  AB  is  uniform.  Since  a  body  at  reft  on  a  moveablte 
plane  has  the  fame  motion  as  the  plane,  it  is  clear  that  if  the 
plane  were  at  reft,  but  that  the  body  moved  uniformly  accord- 
ing to  the  right  line  P  AC,  with  the  velocity  AC  equal  to  that 
which  would  be  imprefled  upon  it  by  the  force  P',  and  received 
at  the  point  A  from  the  force  P  a  velocity  AC  in  the  direftion 
PAC,  it  would  defcribe  uniformly  the  diagonal  AB  of  a  paral- 
lelogram formed  upon  the  fides  AC,  AC,  which  reprefent  the 
velocities  of  the  body  in  thofe  refpeftive  dire£tions,  while  the 
diagonal  AB  reprefents  its  new  velocity.     Qj__E,  D. 

218.  We  may  likewife  fhew  that,  if  a  body  be  aBed  on  by  tw* 
fitnilar  variable  forces  (for  the  fame  time )iuhofedireElions  and  magni' 
tudesare  exprejedby  the  adjacent  fides  of  a  parallelogram  concurring 
in  the  body,  it  will  defcribe  the  diagoncil  of  the  parallelogram. 

Let  the  forces  a£t  by  impulfes,  at  the  beginning  of  equa'l  par- 
ticles of  time,  and  let  A c,  c  C,  C c't  and  Ac,  c C,  Q,  c,  be 
the  relative  magnitudes  of  correfponding  impulfes.  Then,  by 
the  a£lion  of  the  two  firft  impulfes  the  body  will,  by  the  pre- 
ceding article,  defcribe  the  diagonal  A  b  ;  and  by  the  next  two 
the  diagonal  i^B,  of  the  parallelogram  dd  whofe  fides  bd!,  b  dy 
are  equal  and  parallel  to  the  reprefentatives  of  thofe  new  im- 
pulfes :  but  the  forces  are  fimilar,  therefore  the  parallelogram! 
EC  dd,  are  fimilar;.  and,  having  parallel  fides  and  a  common 
point  b,  they  exift  about  the  fame  diagonal  AB.  The  fame  may 
be  {h?wn  for  a  third  pair  of  impulfes :  and  fo  on,  ad  libitum* 
Let  now  the  particles  of  time  be  evanefcent  and  the  forces  in- 
ceflTant,  and  the  fame  demonftration  will  obtain. 

Cor.  If  the  forces  by  which  the  body  is  urged  in  the  direc- 
tions AC,  AC,  be  not  fimilar,  it  will'  move  in  fome  curve  line, 
whofe  nature  will  depend  on  the  rdatlon  of  the  forces.  Of  tfiis 
many  inftances  will  occur  as  we  proceed. 

219.  There  remains  another  general  theorem,  which  it  will 
not  be  amifs  to  exhibit  in  this  place  ;  viz.  If  a  number  of  bodies 
is  moving  in  any  manner  ivhatever,  and  an  equal  force  aEls  on, each 
particle  of  matter,  in  the  fame  or  parallel  direEtionS,  their  relative 
motions  nuill  not  be  affeBed. 

The  motion  of  any  body  A  (fig.  8.  pi.  X.)  withrelpefl:  to  am* 
other  moving  body  B,  is  compounded  of  tfie  real  motion  of  A 
and  the  oppofite  to  the  real  motion  of  B :  for,  let  A  move  uni- 
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formly  from  A  to  C,  while  B  moves  uniformly  from  B  to  D  ; 
draw  AE  equal  and  parallel  to  BD,  join  AB,  EC,  DC,  and  ED. 
The  motion  of  A  with  regard  to  B  confifts  in  its  change  of  po- 
fition  and  diftance.  If  while  A  had  defcribed  AE,  B  defcribed 
BD,  there  would  be  no  change  of  relative  place  or  diftance  :  but 
A  is  now  at  C,  and  DC  is  its  new  direction  and  diftance :  there- 
fore, the  relative  (art.  12.)  or  apparent  motion  of  A  is  EC.  Let 
the  parallelogram  ACFE  be  completed  :  then  it  is  evident  that 
the  motion  EC  is  compounded  of  EF,  which  is  equal  and  pa- 
rallel to  Ac,  the  real  motion  of  A  ;  and  of  EA,  the  equal  and 
oppofite  to  BD,  the  real  motion  of  B. 

Now  let  the  motions  of  A  and  B  ftiftain  the  fame  change  ;  let 
the  equal  and  parallel  motions  AG,  BH,  be  compounded  with 
the  motions  AC  and  BD  ;  or,  fuppofe  forces  to  a£t  at  once  on 
A  and  B,  in  the  parallel  direftions  AG,  BH,  and  with  equal  in- 
tenfities  :  on  either  fuppofition  the  refulting  motions  will  be  AC, 
BD',  the  diagonals  of  the  parallelograms  AGC'C,  and  BHD'D. 
Then  conftrudling  the  figure  as  before,  we  fee  that  the  relative 
motion  is  E'C,  and  that  it  is  equivalent  to  EC  both  with  refpeft 
to  magnitude  and  direction. 

Here  we  may  again  remark  the  conftant  analogy  between  the 
compofition  of  motions  and  that  of  forces.  In  the  former  the 
relative  motions  of  things  are  not  changed,  whatever  common 
motion  be  compounded  with  them  all :  and  in  the  latter  the 
relative  motions  and  adlions  are  not  changed  by  any  external 
force,  however  confiderable,  when  equally  exerted  on  all  the 
moleculse  in  parallel  direiftions. 

By  means  of  this  it  is  that  we  account  for  the  circumftance 
of  the  evolutions  of  a  fleet  in  a  uniform  current  being  the  fame, 
with  relation  ;to  the  feveral  ftiips,  and  produced  by  the  fame 
means,  as  in  ftill  water :  alfo,  that  the  motions  and  operations 
in  a  fliip,  failing  fmoothly  and  regularly  along,  aye  perfbrme4 
in  the  fame  manner  as  though  the  veflel  were  at  reft :  and 
again,  univerfally,  of  all  bodies  included  in  a  given  fpace  (for 
inftance,  thofe  on  the  furface  of  the  earth,)  their  motions 
amongft  themfelves  will  be  the  fame,  their  congrefs  the  fame, 
the  force  of  their  percuffion  the  fame,  and  all  their  mutual  ope- 
rations, whether  the  fpace  they  occupy  is  at  reft,  or  whether  it 
moves  in  a  -trajeQory  compounded  of  the  diurnal  and  annual 
motions  about  the  centre  of  the  folar  fyftem  ;  or  laftly,  whether 
thefe  are  combined  with  a  motion  about  fome  far  more  d'iftant 
centre  of  force  *. 

*  Thofe  who  arc  defirous  of  purfuing  further  the  theory  of  apparent 
(ind  relative  motions,  particularly  as  it  regards  the  phenomena  of  the 
motions  of  the  planets,  are  referred  to  Chap.  IX.  of  my  Treatife  an 
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220.  Prop.  Given  the  velocities  V,  V",  •with  •which  inuo  bodies 
move  in  the  fame  line  and  fo-wards  the  fame  point,  and  the  diftance  s 
cj  one  from  the  'Other  at  the  commencement  of  their  motion,  to  find 
the  time  and  place  of  their  rencounter. 

If  any  point  A  be  affiimed  as  a  fixed  point  in  a  line, 
from  which  we  would  eftimate  any  diftances  upon  that  line 
through  whith  a  body  pafles  ;  then,  if  /  be  the  diftance  from 
this  fixed  point  to  the  point  where  a  body  commences  its  mo- 
tion, or,  as  we  iliay  call  it,  the  initial  fpace,  the  general  equa- 
tion for  uniform  motions  will  become  S'=j''+T'V'  ;  let  this  be 
the  equation  for  the  body  which  commences  its  motion  at  the 
diftance  /  before  the  other  body;  let  alfo  S=/+TV,  be  the 
equation  for  that  other  body,  in  which  we  have  j-  =  o,  and  con- 
fequently  S=TV.  Here  the  fpaces  being  both  eftimate^  from 
the  fame  point  A,  and  the  times  of  moving  being  equal,  we 
have  S=S',  and  T=T':  we  have  therefore 

(I.)  .  .  .  T=T'=-£^,  andS=S'=y~^,. 

Thefe  equations  manifeflly  folve  the  problem. 

221.  Prop.  Let  it  be  propofed  to  find  at  ijahat  time  the  tista 
moving  bodies  •will  be  at  any  given  diftance  Yi  from  each  other. 

In  this  cafe  it  will  be  neceffary  to  have  S  — S'  =  ±D,  where 
we  put  the  -double  fign  ±,  beeaufe  the  bodies  rhay  be  at  the 
diftance  D  from  each  other  either  before  or  after  their  ren- 
counter :  that  is,  we  may  either  have  S  >  S',  or-S  <'S'.  Now 
from  this  equation  of  condition  conjointly  with  the  preceding 
ones  we  obtain  the  following  : 

/±D  /±D  ,     V.s'±V'D 

(II.)  .  .  T=;^— ,  . . .  s=v . y::7^,>  •  •  ■  s'=  Y_Y/  •■ 

222.  Prop.  Having  t-wo  bodies  moving  uniformly  in  the perimetef 
of  any  complete  curve,  to  find  their  points  of  rencounter. 

Suppofing  the  curve  to  be  reftified,  it  is  obvious  that  the 
folution  to  this  problem  will  be  comprifed  in  the  equations  I. 
art.  220.  But  befides  the  point  of  meeting  which  may  be 
found  thus,  the  bodies  may  have  feveral  others,  fince  they  may 
contitoue  to  run  along  the  curve  and  pafs  again  and  again'  over 
the  fame  points,  and  in  the  courfe  of  this  motion  have  many  dif- 
ferent points  of  meeting  :  now,  in  this  ftate,  the  firft  point  of  ren- 
counter is  taken  as  a  new  point  of  depar-ture,  and  we  may  con- 
fid«r  the  two  bodies  gs  diftant  from  each  other  the  whole  pe- 
rimeter p  of  the  curve.  Here^  will  obvloufly '  correfpond  with 
/  in  equa.  I.  above,  and  the  inftant  of  the  fecond  rencounter 

will  be  diftant  from  that  of  the  firft  an  interval  T'=  y^Zv^- 
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we  have,  therefore,  eftimating  the^time  from  the  origin  of  the 

-  s'  ft 

motion  to  that  of  the  fecond  rencounter,  T=  _  +  y_  = 
4—V''  ^^^^o"i"g  ill  tli2  fame  manner,  for  the  third  rencounter 
we  (hall  have  T  =      _y,  ;  and  in  general  the  wth  rencounter 

will  happen  at  the  end  of  a  time  T  —     SS~i^i     • 

In  like  manner  we  obtain  an  equation  for  the  time  employed 
by  the  fecond  body  in  reaching  the  «th  point  of  rencounter : 
and,  comparing  the  two  equations,  we  find 

{in.)  .  .  .  b  —  V  .  — y-~v^ — '  •  •  •  &  = — ■  V— v ' 

If  feveral  bodies  fhove  uniformly  ol^er  the  fame  curve,  we 
have  fimilar  equations  for  each  of  them,  which  muft  be  com- 
pared two  by  two ;  and  the  «th  rencounter  of  the  firft  and  third 
■  body  will  be  given  by  the  equation 

••■  —       V V"     ' 

Thus  to  find  the  point  where  three  bodies  will  meet,  it  is 
peceflary  to  make,  this  value  of  T  equal  to  the-  former,  whjch 
furnifhes  this  equation 

js':  +  «'-j       ■Xs'  +  n-i  i^'  +  »'-i        V-V" 

c —^ ^-         or 


■  V'       '  i-s'  +  n—i  V  — V 

The  problem  in  this  cafe  obvLoufly  becomes  indeterminate : 
but  as  the  values  of  «  and  n'  muft  be  whole  numbers,  the 
number  of  folutions  is  lefs  confiderable  than  might  at'  firft  be 
fuppofed.  The  matter,  however,  need,  not  be  purfued  in  this 
place, 

223.  To  give  an  example  of  the  ufe  of  fome  of  thefe  equa- 
tions :  Suppife  that  we  have  a  clock  Jbeivitig  the  hiurs,  minutes, 
andfeconds :  we  may  conceive  the  extremities  of  the  three  hands 
as  three  moveable  points  moving  over  the  fame  circumference ; 
the  determination  of  the  rencounter  two  and  two,  or  all  three 
of  the  hands,  will,  not  be  attended  with  any  difficulty.  For, 
putting  V,  V,  V",  the  rpfpecStive  velocities  of  the  fecond,  mi- 
nute, and  hour  hands-;  taking  alfo  the  minute  for  the  unit  of 
time,  and  the  perimeter  for  the  unit  of  fpace,  we  thence  have 
p  =  i,  V  =  i,  V'=-^,  V"=74<r>  and  the  preceding.  for»iul»' 
|;ive 
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For  the  ren-  I  fecond  and  minute  hands     T= — . 

counter  2  and  <                                                     '^ ^o  ,^„,^>  _ ,) 
3;  of  the   ,.    /hour  and  fecond  hands         2'= — — ^* 

Jiands  .  .  .    t         59  1^9 

_  If  therefore  we  put  for  /  and  s"  their  values,  which  are  the 
diftances  of  the  hands  at  the  commencement  of  the  time,  we 
fhall  refolve  the  problem  completely,  if  we  fatisfy  thefe  equar 
tipns  by  mpans  of  any  whole  numbers  «,  n,  whatever. 

II.  On  Motions  uniformly  varied. 

3^24,  A  body  which  has  received  only  a  fingle  impulfion 
will,  according  to  the  firft-  law  of  motion,  perfevere  in  its  mo- 
tion with  the  fame  velocity  and  in  the  fame  direftion  it  had  at  • 
the  firft.  infl;ant :  but  if  it  receives  a  new  impulfion,  either  in  the 
fame  direfilion  or  in  a  direftioii  contrary  to  the  firft,  it  will  then 
move  with  a  velocity  equal  to  either  the  fum  or  the  difference 
of  the  two'  velocities  which  it  received  fucceffively.  If,  there- 
fore, we  conceive  that  at  fucceflive  intervals  of  time  the  body 
receives  new  impreffions,  either  in  the  fame  or  contrary  di- 
r.eftioris,  it  wijl  be  transferred  to  different  parts  of  fpace  with 
a  varied  or  unequable  motion  ;  its  velocity  will  be  different  at 
the  commencement  of  each  interval  of  time.  In  variable  mo- 
tions the  velocity  undergoing  repeated  changes,  it  is  ufual  to 
efl:lmate  it  at  any  time  whatever  by  the  fpace  it  is  capable  of 
paffing  over  during  a  unit  of  time,  if  its  motion  for  t^at  interval 
continued  the  fame  as  at  the  inftant  where  we  would  confider 
^he  velocity.  Or  in  variable  motions,  the  velocity  pf  a  body  at 
any  determinate  inftant  is  the  fpace  which  it  would  run  over  in 
every  unit  of  time,  if  at  that  infl:ant  the  aftion  pf  the  poweif 
ceafed,  and  the  motion  became  uniform. 

Defs.  We  call  in  general  any  force  which  afts  on  a  body  fo 
as  to  makes  it  vary  its  motion  an  accelerating  force :  when,  in 
pqual  intervals  of  time,  it  adts  equably^  or  the  velocity  under- 
goes equal  mutations,  we  call  it  a  coitflant  or  uniform  accelerating 
force,  or  a  conjiant  retarding  force,  according  as  it  tends  to  aug-? 
ment  or  diminifh  the  adual  velocity  of  the  moving  body. 

When  a  fingle  body  is  afted  upon  by  a  conftant  force  there 
are  fourqjjantities  which  become  the  objeas  of  mechanical  coq- 
fideration,  viz.  the  fpace  defcribed,  the  time  of  defcriptioni 
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the  velocity  acquired,  and  the  force  which  produces  it ;  any 
diree  of  which  being  given,  the  other  may  be  afcertained.  But 
when  different  forces  a£t  upon  bodies  of  diSerent  mafes,  thefe 
are  two  additional  quantities  for  confideration,  malcing  in  the 
whole  fix  kinds  of  magnitudes  which  affeft  the  difcuflion. 

225.  Prop.  The  velocities  generated  in  equal  bodies  by  the  aHisn 
ef  corfiant  forces  are  in  the  compouni  ratio  of  the  forces  and  times 
ef  aBing. 

For,  when  the  times  are  the  fame  the  velocities  generated 
-each  inftant  are  as  the  forces  of  acceleration,  and  confequently 
the  velocities  generated  at  the  end  of  equal  times  are  as  thofe 
forces  ;  and  if  the  forces  are  the  fame  the  velocities  generated 
are  as  the  times  wherein  the  forces  adl ;  beeaufe,  when  the 
-force  is  given  equal  velocities  are  generated  in  equal  times,  and 
jconfequently  the  whole  velocities  acquired  are  as  the  times 
wherein  the  given  force  a£ts  :  wherefore,  both  times  and  ac- 
celerating forces  being  different,  the  velocities  generated  will  be 
3S  the  forces  and  times  of  aftlon,  jointly. 

CoR.  I .  The  momenta  generated  in  unequal  bodies  are  alfo  con- 
jointly as  the  forces  and  their  time;  ofaiiion.  This  is  evident,  be- 
caufe  momenta  in  unequal  bodies  may  be  fubflituted  for  pro- 
portional velocities  in  equal  bodies,  throughout  the  whole  rea- 
foning. 

Cor.  2.  The  momenta  loji  or  defiroyed  in  any  times  are  likeivife 
conjointly  as  the  retarding  forces  and  their  times '  of  aSlion.  For," 
svhatever  momenta  any  force  generates  in  a  given  time  would 
an  equal  force  deftroy  in  an  equal  time,  by  z&mg  in  a  contrary 
dirediion. 

And  the  fame  is  true  of  the  increafe  or  decreafe  of  motion, 
by  forces  that  either  confpire  with,  or  oppofe,  the  motions  of 
bodies. 

Cor.  3.  The  velocities  generated  or  deftroyed  in  -any  times  are 
direSily  as  the  forces  and  times,  and  reciprocally  as  the  bodies  or 
majfes.  For,  fince  the  compound  ratios  of  the  bodies  and  their 
velocities  are  as  thofe  of  the  forces  and  times,  the  velocities  are 
as  the  forces  and  times  divided  by  the  bodies. 

226.  Prop.  In  motions  uniformly  accelerated,  when  the  force  and 
body  are  given,  the  fpace  defcribed  during  a  certain  time  is  the  half 
efthat  which  the  body,  moving  uniformly  with  the  loft  acquired  ve~ 
locityt  would  defcribe  in  an  equal  time. 

Since  the  velocities  are  as  the  times  of  defcription,  when  the 
body  and  force  are  given,  the  velocities  which  a  given  body  is 
found  to  have  fuccefEvely  for  the  duration  of  each  confecutive 
interval  form  an  arithmetical  progreflion,  ^,  1  g,  3^,  &c.  of 
which  the  laft  term  '\%  gt  ox  v,  the  number  of-jterms  being  t, 
that  is  to  fay,  being  marked  by  the  number  of  folicitations  of 
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the  accelerating  force.  And  fmce  each  of  the  velocities  is 
fiothing  elfe  than  the  fpace  which  the  body  would  defcribe 
uniformly  during  the  correfponding  interval,  the  total  fpace  de- 
fcrtbed  during  the  time  t  will  therefore  be  the  fum  of  the 
terms  of  this  arithmetical  progreflion  ;  which,  becaufe  g  and  -a 
are  the  extremes  and  /  the  number  of  terms,  will  be  expreffed 
by  4'  (g-\-i^)-  Or  if  1  be  the  total  fpace  defcribed  by  the  body, 
then  will  s^i[t[g-\-v).  Conceive  now  that  the  accelerating 
force  a£ls  (as  by  hyp.). without  intermiflion,  or,  whichcomes  to 
the  fame,  imagine  that  the  time  t  is  divided  into  an  indefinite 
number  of  infinitely  fmall  parts,  or  inftants,  and  that  at  the 
beginning  of  each  inftant  the  accelerating  force  gives  an  im- 
pwlGon  to  the  body.  Then  g  being  infinitely  minute  in  rela- 
tion to  V,  which  is  the  velocity  acquired  during  the  indefinite 
Humber  of  inftants  denoted  by  t,  muft  be  omitted  in  the 
equation  s=^\  t  {g-\-v),  which  will  become  fimply  s=^tv,  the 
fpace  actually  defcribed. 

This  granted,  imagine,  that  at  the  end  of  the  time  t  the  ac- 
celerating force  ceafes  to  aft ;  then,  by  the  firft  axiom,  the  body 
■will  perfevere  in  its  motion  with  the  velocity  -u  it  has  acquired : 
but  in  uniform  motions,  the  fpaces  defcribed  are  as  the  times 
and  velocities  jointly  (art.  2i6.),  therefore  the  body  moving  with 
the  velocity  v,  during  the  time  t,  will  defcribe  a  fpace  s'^tvy. 
•which  is  evidently  double  the  fpace  ^t  u  defcribed  by  the  body 
in  an  equal  time,  by  the  conftant  adtion  of  the  accelerating 
force.     Q^E.  D, 

227.  Prop.  The  fpaces  defcribed  by  a  body' uniformly  accelerated 
tire  at  the^fquares  of  the  times. 

Since  the  velocities  acquired  increafe,  as  the  time  expired,  if 
^  be  the  velocity  at  the  end  of  one  fecond,  then  the  velocity  ac- 
quired after  a  number  t  of  feconds  will  be  ^  ^ ;  thus  we  have 
V  =ipt.  The  equation  s  =\vt,  found  in  the  precedjng  article, 
becomes  therefore  s  =  j:(pt-.  If,  in  like  mariner,  we  repre- 
fent  another  fpace  by  S,  which  is  defcribed  by  uniform  accele- 
ration during  the  time  T,  we  fhall  have  S  =  4  <p  T-.  Hence 
we  fee  that  s:S  :  :i(pt^  :  iCpT^  :  :  f  -.TK     Q^E.  D. 

"Cor.  I.  Becaufe  the  velocities  acquired  are  as  the  times, 
we  have  alfo  the  fpaces  defcribed  as  thefquares  of  the  velocities. 

Cor.  2.  Therefore  either  the  velocities  or  the  times  are  as  the 
fquare  roots  of  {he  fpaces  defcribed  from  the  commencement  of  the 
motion. 

Cor.  3.  All  that  has  been  fhewn  here  applies  equally  to 
motions  uniformly  retarded;  provided  that  by  the  times  we 
mean  thofe  which  are  to  elapfe  before  the  extinftipn  of  the 
velocity,  and  by  the  fpaces  thofe  which  remain  to  be  defcribed 
until  the  body  is  brought  to  reft.    Similar  propofitions  have, 
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thereforcj  been  applied  to  the  motions  of  balls  refilled  by  tanks 
of  earthSi  blocks  of  wood,  &c.  See  Dr.  Hutton's  Seleii  E»~ 
ercifes,  and  Atnvood  on  Motion. 

CoR.  4.  The  velocity  (p  -which  nvill  be  acquired  at  the  end  of  a 
fecand  is  that  which  the  accelerating  force  can  generate  in  afecond 
chofen  as  a. unit  of  time  ;  it  is  therefore  a  meafure  of  the,  accelerat- 
ing force,  and  may  of  courfe  be  fafely  fuhjlituted  for  that  force  in  any 
of  our  fuhfeqtient  invefligations. 

SCHOLIUM. 

228.  "We  may  now  exhibit  general  theorems  for  refolv- 
ing  all  problems  relating  to  motions  uniformly  accelerated 
or  retarded.  In  order  to  this,  put  B  =  any  body,  or  mafs, 
F  =  the  force  aftitig  conftantly  upon  it,  T  =  the  time  of  it$ 
a£lion,  V  =  the  vdocity  generated  (or  loft)  in  the  time  T, 
S  =  the  whole  fpace  defcribed,  Q^=  the  momentum  or  quan- 
tity of  motion,  at  the  end  (or  beginning)  of.  the  time :  then 
the  fundamental  relations  are  S  cc  TV,  Qjc  BV,  Q__oc  FT, 
from  which  and  the  propofitions  and  corollaries  juft  laid  down, 
■we  have — 

_         a  FT        2T        FT'        FT^         2'  9'  FS 

3  °^  ^  «-y- °^— 0^— °^-2S- '^  ^- ^fW '='-^- 

Q«  BV  K  FT  oc  ^  oc^  oc^P^  cx  ^  BFS  oc  .^^  BFTV. 

_      2       BV      av      as         2'       BV^     bs 
Foe oc oc oc oc oc oc 

T  T  S  T'V  BTV  S  Ti 

T7-„     S     _   FT         a     ^    as         FS         2"  /  FS  /f^ST 

Sc.TVoc^oc^oc2^oc-^cc^<.l!XoclIl 

B  B  2  F  BF         F'T  F 


2S 

OC- 


„  S  a      _  BV        BS  /  BS  /  3 

Tcc—oc— oc—cc  —  cy  —  ocy-^.,^^^ 

When  any  quantities  are  given,  or  their  relations  to  fome 
fixed  quantities  of  the  fame  kind  known,  they  are  to  be  left 
out  in  the  general  theorems  :  thus,  if  the  body  be  proportional 

to  the  force,  we  fiiall  have  S  ccTV  ocF'T"  oc  -X-,  where  F'  = 

F 

B  ' 
229.  As  it  is  fometimes  neceflary  to  confider  the  efFefl:  of 
accelerating  forces  upon  bodies  already  in  motion,  it  will  be 
worth  while  to  deduce  a  general  forihula  for  that  purpofe. 
To  this  end  let  g  reprefent,  as  in  art.  226.,  the  velocity  due  to 
the  acceleration  during  each  unit  of  time,  g  t  will  then  be  the 
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total  velocity  acquired  at  the  end  of  the  time  t :  then,  if  we 
denote  by  '-u  the  velocity  which  the  body  has  at  the  com- 
mencement of  the  time,  and  by  V  the  velocity  at  the  erjd  of 


the  time  ^,  we  have  V^s-u +^/.  ButV=:^— ,  both  in  uni- 
form and  variable  motions,  the  force  or  correfponding  velocity 
being  fuppofed  conftant  for  the  indefinitely  fmall  time  t.  There^ 

fore — ^—=  v-^-gt,  and  taking  the  corre£t  fluents,  we  have 
t 

(IV.)     ^=s^vt^i,gt-. 

Here  the  conftant  quantity  s  evidently  reprefents  the  initial 
fpace,  viz.  the  diftance  between  the  point  of  departure  and 
that  in  relation  to  which  we  confider  the  feveral  pofitions  of 
the  moving  body :  for  ^  =  o,  gives  S  =  J.  - 

23s.  yThe  general  equation  given  in  the  lafh  article  may  be 
readily  conftruded :  for  it  is  plain,  from  the  theory  of  conic 
feftions,  that  its  locus  is  a  common  parabola.  For,  changing 
S  into  *•  +  «,  and  t  into  y-{-b,  we  have 

Then  ~  determining  the  conftant  quantities  a  and  h,  by  the 
equations 

V  ■\-hg  =  0,  andij!  =  J-  -f  i;3  +4^^^ 

We  thence  find  h  —  —  - — ,  a=s— and  the  equation  (IV.) 

in  the  laft  article  will  become  ji'  =  x,  which  is  an  equation 

to  a  parabola  whofe  parameter  is  ■ — . 

Now  the  nature  of  the  motion  being  fuppofed  given,  and 
the  conftant  quantities  s,  v,  g,  being  known,  if  AE  (fig.  ii 
pi.  XI.)  is  the  line  paffed  over  by  the  moveable  body,  and  we 
take  AB  =  J,  the  initial  fpace  B  will  be  the  point  of  depar- 
ture.    Here  it  refults  from  the  preceding  values  of  a  and  by 

that  if  we  make  CA  = ,  CD  =  s ,   and  then 

conftruiSt  on  DF  as  an  axis  a  parabola  DM  mm',  whofe  vertex 

is  D,  and  parameter — ,  it  will  be  the  curve  required ;  or 

that  in  which  the  ordinates  AP,  Ap,  &c.  will  reprefent  th& 
times,  and  the  correfponding  abfcifTas  PM,  pm,  &c.  the  fpaces. 
If  we  draw  a  tangent  BR  to  the  point  B  of  the  parabola,  it 
will  form  with  AT  an  angle  RBN,  of  which  the  tangent  will 
be  =  V.    Moreover,  if  we  fet  off  from  any  point  P  in  AT,  the 
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axis  of  the  times,  two  conftcutive  feconds,  or  units  of  timej 
P/),  pp',  and  draw  to  the  correfpoilding  points  M,  m,  of  the 
locus,  the  tangents  M  r,  m  r,  we  ihall  have  nr  =  v  -^gt, 
n  r  =  f  +  5"  (f  +  I  )>  3nd  confequently  n  r  —  n  r  =  g.  Or, 
we  may  find  the  length  of  g  by  another  method :  for,  fincc 
VM  =  s  -\-vt  -\-\gf^2.Mp7n  =  s  +v{t-\-i)+\g[t-\-  If, 
therefore  m  n  =v  +  gi +ig;  but  n  r  —  v  +  g t,  -whence 
mr  =  ^g,  and  2tnr  =g. 

Cor.  When  5=0,  A  coincides  with  B:  and  when«=ffi 
B  coincides  with  D,  and  R  N  vaniflies. 

IIL  Variable  Motions  in  general. 

23T.  When  a  moving  body  is  fubjefted  to  the  energy  of  a 
force  which  afts  on  it  without  interruption,  but  in  a  different 
manner  at  each  inftant,  the  motion  is  called  in  general,  variable 
motion.  We  have  inftances  of  variable  motions  in  the  unbend- 
ing of  fprings :  although  the  velocity  continues  to  be  augmented, 
yet  the  degrees  by  which  the  augmentation  proceeds  are  di- 
minifhing,  It  is  the  fame  with  regard  to  the  degrees  by  which 
the  motion  of  a  ftiip  arrives  at  uniformity  :  the  a£l:ion  of  the 
wind  on  the  fails  diminifties  in  proportion  as  the  veffel  acquires 
greater  velocity,  becaufe  the  a£tion  of  the  wind  varies  as  the  dif- 
ference between  its  velocity  and  that  of  the  fail  on  which  it  a£l:s. 

The  different  natures  of  conftant  and  variable  accelerating 
forces,  and  their  correfponding  motions,  has  been  illuflrated  by 
Dr.  Hutton  in  the  following"  manner.  "  Let  two  weights,  W, 
iVf  be  connefted  by  a  thread  paffing  over  a  pulley  at  A,  B,  or 
C  (figs.  2,  3,  4,  pi.  XI.) ;  and  let  the  weight  W  defcend  per- 
pendicularly down,  while  it  draws  the  fmaller  weight  w  up  the 
line  AD,  or  BE,  or  CF,  the  firft  being  a  flraight , inclined  plane, 
and  the  other  two  curves,  the  one  convex,  and  the  other  con» 
cave  to  the  perpendicular.  Then  the  fmall  weight,  w  will 
always  makefome  certain  refiftance  to  the  free  deJcent  of  the 
large  weight  W,  and  that  refiftance  will  be  conftantly  the  fame 
in  every  part  of  the  plane  AD,  the  difficulty  to  draw  it  up 
being  the  fame  in  every  point  of  it,  becaufe' every  part  of  it  has 
the  fame  inclination  to  the  horizon,  or  to  the  perpendicular ; 
and  confequently  the  acceffions  to  the  velocity  of  the  defcending 
weight  W  will  be  always  equal  in  equal  times ;  that  is,  in  this 
cafe  W  defcends  by  a  uniformljr  accelerating  force.  But  in  the 
two  curves  BE,  CF,  the  refiftance  or  oppofition  of  the  fmall 
weight  iu  will  be  conftantly  altering  as  it  is  drawn  up  the 
curves,  becaufe  every  part  of  them  has.  a  different  inclination 
to  the  horizon,  or  to  the  perpendicular :  in  the  former  curve 
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the  diredilon  becomes  more  and  more  upright,  or  nearer  per- 
pendicular, as  the  fmall  weight  iv  afcends,  and  the  oppofition 
it  makes  to  the  defcent  of  W  becomes  more  and  more,  and 
confequently  the  acceffions  to  the  velocity  of  W  will  be  always 
lefs  and  lefs  in  equal  times ;  that  is,  W  defcends  by  a  de- 
creafing  accelerating  force  5  but  in  the  latter  curve  CE,  as  na 
afcends,  the  direStion  of  the  curve  becomes  lefs  and  lefs  upright, 
and  the  oppofition  it  makes  to  the  defcent  of  W  becomes 
always  lefs  and  lefs  ;  and  confequently  the  accefhons  to  the 
velocity  of  W  will  be  always  more  and  more  in  equal  times  \ 
that  is,  W  defcends  by  an  increafmg  accelerating  force.  So 
that  although  -the  velocity  continually  increafes  in  all  thefe 
cafes,  yet  vi'hillt  it  increafes  in  a  conftant  ratio  to  the  times  of 
motion,  in  the  plane  AD  ;  the  velocity  increafes  in  -a  lefs  ratio 
than  the  time  it  'afcended  u^  BE,  and  in  a  greater  ratio  than  the 
time  increafes  in  the  other  curve  C  F."  Hutton^s  Math.  Dill. 
art.  Acceleration. 

The  principles  neceflary  for  the  determination  of  the  circum- 
ftances  of  variable  motions  are  eafily  deducible  from  what  has 
been  done  witli  refpeft  to  uniform  motions,  and  thofe  which 
are  uniformly  accelerated  or  retarded,  as  will  be  feen  in  the 
next  propofition. 

232.  Prop.  To  find  the  fundamental  equations  nxihkh  apply  to 
variable  motions. 

In  whatever  manner  any  motion  is  varied,  if  we  confider  it 
■with  relation  to  evanefcent  inftants,  we  may  conceive  its  ve- 
locity to  be  invariable  during  any  fuch  indefinitely  minute 
interval.  But  when  the  motion  is  uniform  the  velocity  is 
exprefled  by  the  quotient  of  the  fpace  j-,  defcribed  during  the 
interval  of  time  t,  divided  by  that  time   (216.);    Therefore, 

when  the  velocity  is  only  uniform  for  the  evanefcent  inftant  f, 

the  velocity  muft  be  exprefled  by  the  indefinitely  fmall  fpace  j-, 
defcribed  during  this  inltant,  divided  by  the  inftant  itfelf.  We 
have,  therefore, 

(I.)  .  .  .  ^l  =  — i-  or  s  =  vt. 
i 
The  equation  v—ipi  (art.  227.)  which  exprefles  the  relation 
of  the  velocities  to  the  times,  in  motions  uniformly  accelerated, 

gives  p  =  JL ;  that  is  to  fay,  when  the  accelerating  force, 

or,  rather  the  quantity  <p  by  which  it  is  meafured  (227.  cor.  4.), 
is  conftant,  it  has  for  its  expreflion  the  quotient  of  the  velocity 
V,  which  it  generates  during  a  certain  time  t,  divided  by  that 
time :  tJierefore,  if  the  accelerating  force  ^  aiSs  differently  at 
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«ach  inftant,  we  imagine  it  to  be  conftant  only  for  the  evane- 

fcent  inftant  if,  in  which  it  would  generate  the  velocity  v,  and 
CQnfequently, 

(II.)  ..  .<p  =  -^y  or  v=ft. 

In  the  equation  v  =  pf  we  underftand  <^  to  denote  the 
velocity  that  the  accelerating  force  generates  in  the  moving 
body  during  a  determinate  unit  of  time,  as  a  fecond,  by  an 

a6tion  continued  and  always  equal.  In  the  equation  v  =  ft 
we  ought  to  underftand  the  fame  thing.  But  it  is  neceflary  to 
obferve,  that  the  accelerating  force  being  fuppofed  variable,  the 
quantity  <p  which  reprefents  the  velocity  which  it  would  be 
capable  of  generating  if  it  a£led  as  a  conftant  accelerating 
force  during  a  fecond  is  different  for  every  inftant  of  its  mo- 
tion. Thus  we  eafily  conceive  that  when  the  accelerating  force 
becomes  finaller,  the  velocity  which  it  will  be  capable  of  gene- 
tating  in  a  fecond,  by  its  a£l:ion  repeated  uniformly  during 
each  inftant  of  this  fecond,  muft  be  fmaller,  and  vice  vtrfa. 

The  two  preceding  equations  readily  furnifli  a  third,  which 
may  often  be  advantageoufly  adopted :   for,  from  the  equa. 

i  —  vtt  we  deduce  t  =  -4—  :  fubftituting  this  value  of 't  in  the 

» 

equation  v  =■  <^t,  we  readily  find 

(III.)  .  .  i^'s  —vv,  ox  <p  =  — ^  - 

Again,  employing  the  fame  equations,   fince  v  =  (pt,  and 

vt  =  s,    we   have  by  multiplication  vtv  =  <pt  s;    whence, 

ftriking  out  t,   there  remains  vv=<ps.    But  v -y  =  ^ (■» v)-, 
eonfequently,. 

(IV.)   <p's=iivvy. 

In  the  reafoning  by  which  we  found  the  equations  v  =  (pt, 
yre  have  confidered  the  velocity  as  increafmg.  If,  therefore, 
cafes  arife  in  which  the  velocity  diminiflies,  its  fluxion  will  be- 
come negative,  and  the  equations  v  =  <pi,  and  <ps  —  vv,  in 
order  to  accommodate  them  to  all  cafes  which  may  arife,  muft 

be  written  with  the  double  fign :  viz.  ±v  =<pi,  and  (p's  = 

±vv,  the  fuperior .fign  obtaining  when  the  motion  is  apceje- 
tated,  and  the  lower  one  when  it  is  retarded. 
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The    equation    s  =  vt,  or  v  =  — ^,    being  fluxed  gives 

V  =  (-4-)  ■•  if  this  value  be  fubftituted  for  v  in  the  equation 

f  /  :=  ±  v^  it  will  become 

(V.)  .  ..<^'i=±[^). 

And  this,  equation  ftiuft  be  employed  when  /  is  fuppofed 
variable :  but  if  we  imagine,  as  it  is  often  right  to  db,  that  t 
is  conftant,  we  have  'pf=±.  -4-  }  wherefore 

(VI.)  ...fh=±  V,  or  9  =-4-. 

SCHOLIUM. 

233.  According  to  whatever  law  the  motions  of  bodies  may 
be  varied,  we  iway  conftruft  curves  as  loci  of  the  equations 
which  comprife  the  relations  of  the  times  and  fpaces:  but 
fince  there  will  be  as  many  kinds  of  curves  as  there  may  arife 
equations  comprifing  th6  law  of  the  variations,  it  will  be  im- 
pofhble  to  attend  to  them  minutely  here.  All,  therefore,  that 
will  be  remarked  in  this  place  is,  that  when  the  motion  is 
accelerated,  the  correfponding  curve  will  prefent  its  convexity 
to  the  axis  of  the  time ;  while,  if  the  motion  is  retarded,  tH« 
concavity  of  the  curve  will  be  prefented  to  that  axis :  and  if 
in  any  inftant  whatever  the  riiotion  becomes  uniform,  the 
curve  will  then  degenerate  into  a  right  line,  which  will  be  a- 
tangent  to  that  point  of  the  curve  which  correfponds  with  the 
inftant  of  time  in  which  the  unifarmity  of  the  motion  com-? 
raencesi 

234.  As  the  formula  ^  =  -t~  is  of  the  utmoft  importance  in 

the  theory  of  varied  motions,  and  as  the  manner  in  which  we 
have  deduced  it  above  has  been  fometimes  objefted  to ;  we 
ftiail  here  prefent  a  more  rigorous  demonftration  of  the  fame;^ 
which  was  firft  given  by  the  celebrated  D'Alembert,  and  is 
deduced  from  the  known  theory  of  curves. 

Let  AP,  AP',  &c.  reprefent  the  times,  and  PM,  P'M',  &C. 
the  fpaces  defcribed  (fig.  6.  pi.  XI.) :  call  AP,  t,  P  M,  s;  and 
imagine  the  three  ordinates  PM,  P'M',  P"  M",  to  be  infi- 
nitely near  to  each  other;  make  t  conftant,  or  PP'  =  P'P"» 
and  P'  M'=  s.    This  done,  it  is  evident  that  KM'=  s  will  be 
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paffed  over  in  the  time  P P'=  /,  and  that  QM"=  S,  will  be 

tun  over  in  the  time  P'P"=  /:  now  there  are  two  hypdthefes 

refpefting  the  acceleration  which  has  place  in  the  fpaces  j-,  S, 
which  we  ought  to  diilinguifli  with  great  care.  i.  The  aug- 
mentation of  the  velocity  which  obtains  in  thefe  fpaces  rnay  be 

gradually  acquired  during  the  inftant  t,  viz.  fhe  motion  may 
be  continually  accelerated  from  P  to  P',  and  from  P'  to  P' . 
adly,  The  augmentation  of  the  velocity  which  takes  place  in 
the  fpace  K  M'  may  be  given  it  all  at  once  iii  M',  in  fuch  a 
manner  that  K  M  will  be  defcribed  by  a  uniform  motion;  in 
like  manner,  the  augmentation  which  obtains  in  Q^"  may  be 
reckoned  to  be  acquired  all  at  once  in  M ',  fo  that  Q^''  be 
defcribed  by  a  uniform  motion,  &c.  In  this  fecond  hypo- 
thelis,  die  motion  is-  made  as  it  were  by  fmall  leaps,  which 

take  place  at  the  end  of  each  inftant  t,  the  motion  retaining  its 
uniformity  during  that  inftant. 

The  effeft  produced  at  the  termination  of  r  is  the  fame  on 
either  hypothefis:  the  efFe£l   confifting  in  running  over  the 

fpaces  s,  S,  &c.  But  it  is  not  the  fame  with  regard '  to  what 
takes  place  during  the  exiftence  of  each  inftant :  for,  according 
to  the  one  or  the  other  hypothefis  the  elements  M  M',  M'  M", 
&c.  are  different.  In  the  firft,  where  the  acceleration  of  the 
motion  is  conceived  to  be  always  taking  place  throughout  the 

inftant  /,  the  correfponding  element  of  the  curve  is  a  real 
curve  M^M',  M'«M",  &c.  diiFerent  from  the  cords  MM', 
M'  M",  &c.     In  the  fecond,  the   motion  being  confidered  as 

uniform  daring  the  inftant  f,  the  elements  M  ^  M',  M'«M", 
&c.  become  reftilinear,  and  differ  not  from  the  cords  M  M', 
M'  M",  &c.  Let  us  firft  ftiew  what  refults  from  the  former  cafe. 
Draw  to  the  point  M'  of  the  curve  the  rigorous  tangent 
M'  R,  then  will  uie  Ipace  QJl  be  that  which  the  body  would 

run  over  during  the  inftant  t,  if  the  velocity  acquired  at  the 
point  M'  were  continued  uniformly ;  the  fpace  R  M"  will  be 
that  run  over  in  virtue  of  the  acceleration  which  obtains  be- 
tween P'  and  P",  and  the  fpace  n  r  will  be  that  paffed  over,  in 
confequence,  during  the  time  V  d;  we  \ifill  examine  the  re- 
lation which  exifts  betweeil  « *•  and  M''  R  with  regard  to  the 
times  PV,  P'F'.  The  arc  M'  M",  being  infinitely  fmall,  may 
be  confidered  as  appertaining,  to  any  curve  whatever,  and  of 
confequence  to  a  parabola ;  'where,  .by  the  property  of  this 
curve,  MR  being  a  tangent,  we  have  the  proportion  «r: 
M"  R  :  :  P'  d' :  P'  P"^ }    for,  by  Button's    Conies,     Prop.,  ix. 

TOt.  1,  N 
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Parab.  nr:M"'R::M'r'':  M'  R%  and  it  is  obvious  that  M'  r'  t 
M'  R" : :  P'  d"^ :  P'  F"\  Therefore  the  fpaces  «  r,  M"  R,  are 
as  the  fquares  of  the  times  PV,  P'P",  employed  in  defcribing 

them;    therefore  during  the  ihftant  P'P"=  ^,  the  motion  is 

uniformly  accelerated.  .Whence  we  have  M."R='Vf;  Y  be- 
ing a  conftaut  quantity  during  the  inftantP'P";  but  it  is  dif- 
ferent in  the  fuGceeding  inftants. 

If  we  prolong, the  cord  M M'  to  X,  we  have  QX=:  K  M'=/, 

and  XM"=Qjil"-QJ<:=S -/=}":  but,  by  a  well-known  ge- 
neral property  of  curves,  XM"=  2M"  R  (fee  Emerfon  on  Curve 

Lines,  book  ii.  pr.  2.),    therefore  M"R  =  —^5  and,  fub- 

ftitutlng  this  in  the  equation  M"R  =  T^%  wehaveY=— ^. 

This  expre  (Eon  denotes  that  the  fpace  which  will  be  defcribed 
in  a  unit  of  time,  in  virtue  of  the  uniform  acceleration  which 

has  place  during  the  inftant  t  is  equal  to  7—7-  •     Thus  we  fee, 

on  the  firft  hypothefis,  the  means  of  meafaring  the  acceleration 
at  each  inftant.  ' 

,  In  the  fecpnd  hypothefis  the  motion  being  uniform  during 
the  inftant  PF,  and  the  element  of  the  curve  M^  M' coincid- 
ing with  the  fide  M  M'  of  the  infcribed  polygon,  if  the  body 
continues  to  be  moved  with  the  velocity  acquired  in  M',  the 

,  fpace  which  it  will  defcribe  during  the  following  inftant  will  be 
Q_X,  fince,  in  this  cafe,  the  tangent  ought  to  oe  the  prolorig- 
ation  of  the  infinitely  little  fide  M  M'.  Hence  it  follows,  that 
the  fpace  pafled  oyer  during  the  inftant  P'P"  in  virtue  of 
the  apceleration  which  has  place  at  the  point  M',  is  X  M", 

which,  as  ,we  have  feen,  is  =  2  M"R  =  s  =  2Y  f'.  If  we 
ma^e  2'f  =  <p,  we  have,  for  the  meafure  of  the  acceleration, 

the  equation  ?  =  -4—,  <p  exprefling  here  the  double  of  the 

fpace  which  would  be  run  over  in  a  unit  of  time,  in  virtue  of 
the  acceleration  of  the  firft  hypothefis.'  Now  the  double  of 
that  fpace  is  precifely  the  velocity  acquired  by  a  like  accelera- 
■tion  (art.  226) ;  tfiferefore  ^  exprefl'es  the  velocity  that  the 
moving  body  would  acquire  iii^  a  unit  of  time,  if  the  motion 
'Continued  to  be  uniformly  accelerated  by  the"  quantity  with 
which  it  was  augmented  during  the  inftant  P'  P"  in  the  hypo- 
thefis of  the  rigorous  curve;  therefore,  the  forraulse  obtained 
by  the  two  methods  are  identical; 
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We  fee,  theirefore,  that  whether,  fuppofmg  the  curve  rigor- 
ous, the  acceleration  is  meafured  by  -A-,  or,  fuppofing  it  poiy- 

gonal,  it  is  meafured  by  -4^;    either  of.thefe  meafures  is 

indifferent,  provided  that  we  always  eftimate-  by  the  fame  the 
different  effedls  which  we  would  compare.  The  (pace  defcribed 
by  the  moving  body  is  the  fame  on  either  hypothefis,  tjjat  is 
tofay,  q[M"  during  the  inftant  P'P";  only  in  the  firft  Qjl , 
is  run  over  in  virtue  of' the  motion  previoufly  acquired,  and 
R  M"  in  virtue  of  the  acceleration ;  while  in  the  fecond  thefe 
are  Q_X  and  X  M".  It  is,  otherwife,  eafy  to  affign  a  dire£t 
reafon  why  the  elementary -Ipace  run  over,  in  the  hypothefis 
of  the  polygonal  curve,  is  the  double  of  that  defcribed  on  the 
fupppfition  that  the  curve  is  rigorous :  namely  this ; — in  the 
firft  cafe  the  body  acqiiires  all  at  once  the  increment  of  its 
Telocity,  while  it  is  obtained  in  the  fecond  by  a  uniform  ac- 
celeration ;  it  ought,  therefore,  during  the  fame  time  t,  ta 
defcribe  a  double  fpace. 

235.  Having  now  deduced  the  chief  formulse  in  variable 
motions,  it  remains  for  us  to  prefent  an  example  or  two  of 
their  ufe  and  application. 

I.  Suppofe  that  a  material  poifit,  or  very  fmall  globe,  placed 
at  A  (fig.  7.  pi.  XI.)  is  folicited  by  two  forces;  the  one  tend- 
ing to  make  it  move  from'  A  towards  B,  -with  a  motion  uni- 
formly varied ;  the  other  tending,  on  the  contrary,  to  pufh  it 
back  from  A  towards  D  :  the  circumftances  of  the  motion  of 
the  globule  are  required,  on  the  fuppofition  that  the  repulfive 
power  impreffes  upon  it  an  accelerating  force  varying  inverfely 
as  the  diftance  from  the  point  B.  Let  AB  =  a,  AN=j  = 
the  fpace  pafled  over  at  the  end  of  the  time  t ;  the  accelerating 
force  vdiich  arifes  from  the  repulfion  from  A  towards  D  will 

be  =  — j^ ,  m  being  a  conftant  quantity  depending  upon  the 

law  according  to  which  the  repulfive.  force  a£ls.  Laftly,  let 
g  =  the  conftant  accelerating '  force  which  arifes  from  the  im- 
pulfion  of  the  moving  point  from  A  towards  D.  The  force 
accelerating  the  motion  which  v/e  confider  as  being  the  differ- 
ence of  thefe' two  forces,  we  have  by  the  equati'on  (232.  VL)' 
which  gives 


N  4 
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To  find  the  fluent  of  this  equation,  we  muft  multiply  by/, 

whence  will  arife  4- v  (4-)  =v'v=  ■'".'.  —Rs;  and  confe- 

iquently,  by  a  well-known  fojm,  4^^  =  '»H"L'{fl+f)  —  j-j+C. 
Where,  fince  at  the  point  A  we  have  v=o,  and  j=o,  we 
conclude  that  C  =  —  »» HL*  a.    Therefore 

This  equation  determines  the  velocity  that  the  moving  body- 
has  when  it  has  run  over  the  fpace  s :  here  if  we  put  for  -u  its 

talue-^(art.   232.1.)  and  find  the  correfponding  fluent,  we 

fliall  obtain  the  time  t  in  terms  of  the  fpace :  but  this  is  fome- 

times  attended  with  confiderable  difficulty. 

The  problem  juft  refolved   finds  its  application  in  a  cafe 

which  we  {hall  now  ftate :  if  a  heavy  body,  as  a   pifton,  is 

forced  into  a  cylinder  or  vertical  tube  BD,  open  only  at  the 
extremity  D,  which  the  pifton  clofely  fits,  and  if  the  part  AB 

. is  full  of  a  comprefled  elaftic  fluid,  or  of  an  expanfive  vapour; 
then,  not  confidering  the  fridlion  of  the  pifton  againft  the  fides 
of  the  tube,  it  is  obvious  that  this  pifl:oil  will  be  fubjefted  to 
the  aftion  of  gravity  which  tends  to  make  it  defcend  and  im- 
prefles  a  conftant  accelerating  force  g,  and  at  the  fame  time  to 
the  rep ul  five  force  of  the  elaftic  fluid :  but  this  fluid  having  lefs 
fpring  as  it  is  lefs  comprefled,  viz.  as  the  pifton  i»-  further  di- 
ftant  from  the  extremity  B,  the  accelerating  force  thence  arif- 
ing  varies  itiverfely  as  the  diftance  of  the  moveable  pifton  from 
the  bottom  of  the  tube. 

We  have  an  example  of  this  fpecies  of  motion  in  the  balls 
of[  guns,  and  pieces  of  cannon,  driven  by  the  inflammation  of 
the  powder  :  this  produces  inftantaneoufly  a  great  quantity  of  an 
aeriform  fl  uid,  of  which  the  repulfive  force  is  inverfely  as  the 
fpace  in  which  it  is  contained.  We  here  negleQ:  the  confider- 
ation  of  the  weight  of  the  ball,  fince  it  has  but  little  efi^edi 
upon  the  velocity  up  to  the  mouth  of  the  piece,  the  weight  be- 
ing nothing  in  theory  when  the  axis  of  the  piece,  is  horizontal. 
We  therefore  make  g=o,  or,  which  amounts  to  the  fame,  we 
confider  at  the  commencement  of  the  calculation  the  accelerat- 
ing force  as  =  ^^ :  confequently, 


-J 


2/«H-L-^'. 

« 
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Making  s  to  equal  the  diftance  of  the  point  A  from  the  orifice, 
this  equation  gives  us  the  velocity  with  which  the  ball  ifFuea 
from  the  piece. 

If  the  weight  of  the  powdery  and  of  the  ball,  be  taken  into 
the  computation,  it  will  of  courfe  become  more  intricate  :  the 
general  principle,  however,  is  ftill  the  fame.  Thefe  particu- 
lars, with  other  minutia  afFefting  the  infreftigation,  are  con- 
fidered  by  Dr.  Hutton,  in  a  folution  which  may  be  feen  in  his 
SeleSl  Exercifes. 

236.  II.  Let  there  be  at  D  (fig.  7;^  a  material  point,,  or  glo- 
bule, folicited  by  an  accelerating  force  varying  inverfely  as  the 
fquare  of  the  diftance  of  the  moveable  from  the  point  B ;  it  is 
required  to  find  the  equation  of  its  motion. 
^  Put  B  O  3c  0,  D  N  =  J  =  the  fpace  gaffed  over  at  the  end 
of  the  time  t :  when  the  globule  has  arrived  at  N,  its  diftance 

from  B  will  be  a  —  j,  and  the  accelerating  force  is  ,  _  .^ ,  m 

being  again  a  conftant  quantity  whieh  depends  upon  the  nature 
of  this  force;  viz.  its  magnitude  at  a  unit  of  diftance  from  the 
centre  of  attraftion.  Here,  then,  we  have  from  the  equation 
at  232.  vi. 


t'  (a  —  s)' 

Multiplying,  as  before,  by  j,  we  obtain  -rX  [•^)    =  vv  = 

.  _  >,   5  whence  v'  =—^—-^ 1-  C.      Suppofing  that  at  the 

origin  D  the  globule  were  not  animated  with  any  velocity,  we 
fliould  have  at  the  fame  time  s  =  o,  and  v=  a   therefore 

C  = .    Subftituting  this,  and  reducing,  we  have 

Now,  to  obtain  from  this  equation  of  the  relatiotis  between 
V  and  s  that  which  obtains  between  s  and  t,  we  muft  fubftitute 

— r —  for  V :  then  taking  the  reciprocal  of  the  expreflloh,  mul- 
tiplying by  /,  and  the  quantity  afFefted  with  the  radical  by 

ya  "  —  *        • 
X  ~n~  s,  where  the  laft 
1  m          V  a  s  —  I'      ' 

fador  is  equivalent  to  —7====='/  -{-la  x  ■-,.  '      .  :•  Tht 
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firft  term  has  for  its  fluent  ^TT^-'-  that  of  the  fecond 
is' found  by  transforming  j  into  -^a  —  z;    it  is  theii-l-''  ^ 

arc  fcos.  =  — ^J  :  confequently 

This  requires  no  correftion,  becaufe  s  ought  to  be  nothing  at 
the  fame  time  that  t  is. 

The  preceding  values  of  v  and  /  refolve  the  problem  pro- 
pofed  in  the  moft  general  manner,  comprifing  all  the  particular 
circumftances  of  the  motion :  we  remark,  for  example,  that 

i  =  a^  gives  v=  oo  ,  and  t  =    /-—  x  iavr,  where  tt  iiS  the 

circumference  of  the  circle  whofe  diameter  is  unity :  the  firft 
of  thefe  expreffions  indicates  that  the  velocity  of  the  moving 
point  is  infinite  at  the  centre  of  attradtion ;  which  is  natural 
to  conceive,  becaufe  the  force  is  fo  much  the  more  intenfe  as 
the  moveable  is  nearer  the  centre.-  The  fecond  expreffion  is  pro- 
portional to  a  \/  a,  or  o^j, whence  it  follows,  that  the  times 
employed  by  tiuo  bodies  in  dejcending  from  repofe  to  the  centre  of  at- 
fraEiion  are  refpeBively  as  the  fquare  roots  of  the  cubes  of  the 
heights  fallen  from. 

In  the  cafe  where  bodies  fall  by  their  own  gravity  towards 
the  earth,  the  attracting  body  being  confidered  as  a  point  with 
regard  to  the  diftance  j-,  we  fhall  have  m  =  32-!  (art.  242.)  and 

/  =  -785398^  v'-^- 

237.  III.  It  is  required  to  determine  the  circumftances  of 
velocity,  time,  and  fpace,  with  relation  to  a  body,  which  moves 
from  quiefcence  in  confequence  of  an  attra£):ing  force  which 
varies  direftly  as  the  diftance  from  the  centre  of  force. 

Let  the  point  from  which  the  body  commences  its  motion  be 
P  (fig.  5,  pi.  XL),  and  let  PC =(2,  its  diftance  from  C  the  centre 
pi  force ;  let  tj =the  velocity  at  any  variable  diftance  A  C  -^s,  and 
at  any  diftance  d  from  c  \e.tf  be  the  force  compared  with  that 
unit  of  force  whofe  reprefentative  is  m.     Then,  by  the  nature 

of  the  prob|f m,  it  will  hed:s::f:  —^ ,  the  force  at  the  di- 
ftance /,  compared  with  unity,  or  ^~  will  be  that  force  with 

refpeft  to  the  meafur*  m,  correfponding  with  (p  in  our  equa- 
tion ,232.  iii.  Henpe,  fmce  v  inqreafes  as  s  decreaf?s,  we 
^all  have 
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V  V  = -J-  S.  , 

a 

This  equation  gives  us  v-  =  —  ^~-  i*  +  C,  Here  when- w  =o, 
J  =  «,  and  o  = ^  «'+  C ;  therefore  C  =  —^  a^-,  and, 

confequently  w'  =  —^  x  (a*  —  r),  and  v  =    I ^  x  ^/  a^  _  /'. 

Hence  then,  if  with  centre  C  and  radius  C  P,  the  quadrant 
P  D  B  be  defcribed,  and  at  the  point  A,  whofe  diftance 
from  C  is  =  i,  the  ordinate  A  D  be  drawn,  becaufe  A  D  = 

</  CD«_CA*  =  v^a2_,2,  we  fliall  have  i;  =  AD    I  - — ^ — ' 

In  order  to  find  t,  we  muft  adopt  the   equation   (i)   °' 

/  i>  =  —  J,   whence  arifes  t  =j 


=  -  —  =       / 


Now,  if  z  =  arc PD,  we  have %:  —  s\:a:  ^ u^  —  ,' ;  therefore 
— .  =  — ,  and  confequently  J  =  —   / — 7  .  the  fluent  of 

this  exlDreffion  is  ^  =  —    / — 7-  =  -rrrr    /— r'>  which  wants  no 

correction,  becaufe  when  <  =  o,  z  =  o.  So  that,  while  tie 
velocity  at  any  point  A  is  as  the  correfponding  fine  AD,  the  time  of 
defcent  to  that  paint  is  as  the  arc  PD.     When  A  arrives  at  C  we 

have/=— p^    /—f  =4*     / — 7,  for  the. time  of  falling 

to  the  centre.  Hence,  from  whatever  altitude  CP'the  body 
begins  to  fall  towards  the  centre,  its  whole  time  of  defcent  will 

prjT> 

be  the  fame,  -pQ—  being  in  all  cafes  =  ^yr  =  i '5 70796, a  con- 

ftant  quantity. 

CoR.  If  a  body  be  a£led  upon  by  a  force  which  is  every 
where  as  the  diftance  from  C,  the  time  of  its  defcent  to  that 
centre  from  any  point  P  is  to  the  time  in  which  it  would  de- 
fcend  through  that  fame  fpace,  if  impelled  by  half  the  firft 
force  uiiiforrtily  continued,  as  the  circumference  of  a  circle  to 
four  diameters.  For,  on  the  firft  fuppofition  the  time  is  as  the 
quadrantal-arc  PB ;  and  on  the  latter  the  time  is  as  2PC; 
and  P  B  :  2  P  C  : :  circumf. :  8  P  C  or  4  diameters. 

238.  On  the  fuppofrtion  that  the  earth  were  a  homogeneous 
fphere,  the  force  of  attraction  to  which  any  body  below  its 
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furface  would  be  fubjeflled  varies  as  the  diftance  from  the 
centre :  if,  therefore,  a  perforation  were  made  in  a  right  line 
from  the  furface  to  the  centre,  the  circumftances  of  a  body 
falling  from  the  furface  will  be  determined  from  the  preceding 
inveftigation.  In  this  cafe  d,  the  diftance  at  which  the  efFefts 
of  the  force  are  known  would  be  =  20935200  feet,  and  _/" 
the  efFe<£i:  of  gravity  compared  with  unity,  or  mf,  compared 
V^ith  the  aflumed  meafure  m,  would  be  reprefented  by  32-|. 
feet,  the  velocity  acquired  by  a  falling  body  after  one  fecond. 
Pence,  when  the  body  has  fallen  to  C,  we  fliall  have  v^^ 

•CB    /-^=rf/-^=s  ^  mfd  =  25950  feet,    or   4-9148 

miles  per  fecond,  for  its  velocity  there:  and  t  =  1*570796 

/  — -= 1 367 1. '  =  2 1""  7 :!',  for  the  time  of  falling  to  the  centre. 

239.  We  clofe  the  fubjeft  of  variable  motions  with  obferving 
that  if  the  velocity  v  be  as  any  power  n  oi  s  the  fpace  de- 
fcribed,  the  time  may  be  found  by  the  method  of  fluxions :  for, 

fince  t»  is  as  j",  and  t  as   -^ — ,  it  will  alfo  be   as  "~r" ;  con- 


feqwently  t  ^•^-^ —  +  Ci  the  coFrefilion.     The  application 

of  this  theorem  to  any  cafea  which  the  fludent  wifljesto  pup- 
jfue  iiBuft  be  left  to  his  own  induftry.  It  ha*  been  our  obj«£t 
to  exhibit  here  only  two  or  three  of  the  moft  ufeful  exaraples, 
to  fliew  the  utility  of  the  doQrine  of  variabte  forces :  it  is  now 
time  to  advert  to  other  topics. 


(     185    ) 


CHAPTER  11. 


On  the  Descent  and  Ascent  of  Heaxy  Bodies,  in  ver- 
tical Lines;  the  Motion  of  Projectiles;  Descents 
along  inclined  Planes,  and  Curves;  the  Vibrations 
of  Pendulums,  ^c. 

240.  The  motion  of  heavy  bodies  at  or  near  the  furface  of 
the  earth  occupies  an  extenfive  portion  of  the  theory  of  me- 
chanics ;  and  its  numerous  applications  to  the  various  purpofes 
of  life  renders  it  highly  worthy  the  attention  of  the  ftudent. 
•  At  the  beginning  of  Chap.  III.  of  our  firft  Book  we  made  a 
few  fuch  obfervations  on  the  nature  of  gravity  as  were  requi- 
Cte  in  difcufling  the  fubjeft  of  the  centre  of  inertia  :  in  addition 
to  what  was  there  {bated,  we  prefent  a  remark  or  two,  more 
immediately  connefted  with  the  bufinefs  before  us.  Gravity 
being  that  force  which  foligits  all  bodies  to  defcend  in  vertical 
line's,  or  thofe  which  are  perpendicular  to  the  furface  of  tlie 
earth,  it  would  follow  that,  if  that  furface,  as  compofed  of 
land  and  fea,  were  perfedily  fpherical,  the  dire£lions  of  gra- 
vity would  all  concur  at  its  centre.  The  earth,  however,  is 
not  perfectly  fpherical  j  yet  is  its  variation  from  that  fhape  fo 
trifling,  tha<t,  with  refpeft  to  the  objefts  we  now  mean  to  con- 
fider,  it  need  not  be  regarded.  We  obfcrved  in^rt.  106,  that, 
in  moft  mechanical  enquiries,  the  dire£tions  of  gravity  may  be 
Gonfidered  as  parallel :  that  it  may  be  feen  to  what  extent  this 
remark  may  be  applied,  let  it  be  confidered  that  a  circle  wliofe 
radius  is  20935200  feet  (art,  238.)  will  have  more  than  6000 
feet  for  the  meafure  of  a  minute  of  a  degree,  and  upwards  of 
100  feet  for  that  of  a  fecond  ;  fo  that  tie  direBions  of  gravity  at 
two  places  on  the  earth's  furface,  a  mile  afunder,  nvill  not  vary 
one  minute  from  parallelifm. 

As  to  the  magnitude  of  the  gravitating  force,  flriftly  fpeak- 
ing,-  it  is  different  at  different  diflancesfroni  the  equator,  and 
at  different  diftances  from  the  centre  of  the  earth :  but  the 
quantities  of  thefe  differences,  fo^far  as  they  depend  upon  the 
variety  of  fituation  on, the  earth's  furface,  are  very  fmall,  and 
need  not  yet  be  attended  to  ;  and  the  differences  refulting  from 
different  diftsmces  from  the  centre  of  the  earth  will  not  be  fen- 
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fible  in  any  cafes  we  fhall  have  to  confider  here  with  regard  to 
falling  bodies.  Thus,  if  two  bodies  were  fituated,  the  one  at 
the  furface  of  the  earth,  and  the  other  at  a  mile  above  it,  the 
difference  in  the  attraftions  to  which  they  would  be  fubjefted 
would  be  3966'^  — 3965%  or  7931  compared  with  3965%  or 
nearly  one  part  in  2ooo  of  the  whole  attradlion :  fo  that  as  a 
mile  is  greater  than  any  altitude,  or  any  depth  from  the  furface, 
with  regard  to  which  we  flaall  have  to  trace  the  effedts  of  fall- 
ing or  riling  bodies,'  we  may  confider  the  force  of  gravity  as 
conftant.  We  confider  therefore  this  force  as  adding  ingef- 
fantly,  and  a£ling  equally  at  each  inftant  upon  every  particl?  of 
matter.  Now  it  is  clear  that,  if  every  particle  of  a  body  re- 
ceive the  fame  velocity,  the  aggregate  of  the  body  will  move 
with  the  fame  velocity  as  would  have  been' impreffed  upon  a 
Cngle  molecule  :  confequently  the  velocity  which  gravity  ini- 
preffes  upon  any  mafs  whatever  does  not  depend  upon  tjie  mag- 
nitude of  that  mafs ;  but  is  the  fame  with  refpett  to  the  fmall- 
eft  mafs  as  the  greateft.  It  is  true,  we  do  not,  when  bodies 
of  different  maffes  and  denfities  defcend  through  the  air,  ob- 
ferve  them  all  to  fall  from  the  fame  heights  in  equal  times  ; 
but  this  is  occafioned  by  the  refiftance  of  the  medium,  and 
when  that  is  taken  away",  as  in  the  receiver  of  an  air-pump, 
the  jnoft  denfe  and  the  mofb  rare  bodies  fall  through  equal 
fpaces  in  equal  rtmes.  Thefe  premifes  being  admitted, ,  we 
may  readily.eftablilh  the  enfuing  propofition. 

241.  Prop.  The  chief  properties  of  motion  delivered  in  arts. 
226. ..230,  -wilh  refpeEt  to  cofiflant  forces,  have  place  in  the  motions 
ef  bodies  defceriding  freely  in  confequence  of  the  aBion  of  gravity: 

This  is  evident  from  the  preceding  remarks,  granting  the 
afiumption  of  gravity  being  a  conftant  force  :  for  it  is  no  more 
than  faying  rhat  the  laws  which  are  fhewn  Iro  obtain  with  re- 
gard to  conftant  forces  in  general,  apply  direftly  to  any  indi- 
vidual conftanfforce  propofed. 

Or,  if  we  adopt  the  univerfally  received  hypothefis,  that  the 
gravitating  force  tovi^ards  the  earth  varies  inverfely  as  the  fquare 
of  the  diftance  from  its  centre,  we  may  deduce  the  truth  of 
this  propofition  from  what  was  done  in  art.  236.  in  relation  to 
that  fpecies  of  variable  motion.     Retaining  the  notation  of  that 

article,  we  have  -u  ,=  ■    /  -^  x     / — ^ — ,  and  t  =    / — °^~  x 

4^      a         V      ° — ^  i^      am 

a —  s        • 

/■  "3[~r  ■f  '•  in  which  equations,  in  order  that  they  may  apply 

to  the  cafe  of  heavy  bodies  falling  at  or  near  the  furface  of 
the  earth,  we  fuppofe  a  to  reprefent  the  radius  of  the  «aYfh,  and 
that  s,  the  fpace  defcribsd,  is  indefinitely  fmall  conrf^pared  with 
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a;  the  firfl:  equation  then. becomes  v  >=-; — r— "j  and  confe- 

quently  t  =  -j^j-     Now  if  g'be  the  value,  or   reprefenta- 

tive,  of  the  accelerating  force  at  the  diftance  a  from  the  centre 
of  the  earth,  Vve  have  m:g.:a^:\.,  whence  m  =g  a^i  This  value 
of  m  put  for  it  in  the  la  ft  given  expreffion  for   v    makes  it 

become  v  ==  x/2ss:   hence  i  =  —. — -  x    C—t—  =  —, = 

— — ,  and  confequently  J  = -J^^!^''.     This  value  of  j  agrees 


J 


exaftly  with  that  at  art.  227.  the  general  reprefentative  <p  of 
the  accelerating  force  in  that  expreffion  being  here  fupplied 
by  gf  the  particular  reprefentative  of  the  force  of  gravity  at  the 
earth's  furface.  Gravity  may,  therefore,  be  regarded  as  im- 
preffing  on  falling  .  bodies  a  conftant  accelerating  force ;  and 
the  propofition  is  true. 

242.  We  muft^  now  afcertain  the  real  Value  of  g,  the  mea* 
fure  of  the  force  of  gravity  on  the  earth's  furface :  this,  as  wc 
have  already  remarked,  varies  at  different  diftances  from  the 
earth's  equator  ;  but  it  will  "be  fufficient  at  prefent  if  we  de- 
termine it  for  fome  one  place,  London,  for  example.  Now, 
it  is  found  by  means  of  accurate  experiments  with  the. pendu- 
lum (art.  271.),  and  by  other  means  which  need  not  here  be 
defcfibed,  that  a  heavy  body  ^n  the  latitude  of  London  falls 
nearly  16-^  feet  in  the  firft  fecond  of  time  from  its  quiefcent 
ftate,  and  has  then  (art.  226.)  acquired  a  velocity  which,  if 
uniformly  continued,  would  carry  it  over  twice  i6-^\,ox  32-^ 
feet  in  the  next  fecond ;  but  the  action  of  gravity  upon  the 
body  continuing,  the  motion  willlje  fuch  that  at  the  end  of 
the  next  fecond  of  time  the  body  will  altogether  have  pafled 
over  2%  or  four  times  16-jij^feet  (art.  2.27.),  that  is,  64 1  feet; 
and  will  have  acquired  a  velocity  (art.  225.)  of  twice  32  -I,  or 
^4  y  feet  per  fecond  :  and  in  a  fimilar  manner  will  the  force  of 
gravity  operate  in  the  fucceeding  feconds  ;  fo  that 
If  the  times  in  feconds  be  -  i,  2,  3,  4,  &c. 
The  vel.  acq.  in  feet  will  be  32I,  64-f,  96^,  128|,  &c. 
The  fpaces  in  the  whole  times  i6t?t,  64 -f,  144^,  257  -f,  &c. 
The  fpaces  for  each  fecond  i6t\,  481,  80-^,  112-^,  &c. 
Thus,  'then,  the  adlion  of  gravity  continues  to  change  the  ftate 
of  the  body :  at  the  end  .of  the  firft  fecond  from  quiefcence  it 
had  imptpfled  upon  it  a  velocity  which,  if  continued  uniformly, 
would  carry  it' through  32 1  feet  in  the  next  fecond  :  but  the 
folicitations  of  gravity  being  ftill  exerted  on  the  body,  it  ac- 
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tually  defcribes  48  -1:  feet,  and  acquires  a  velocity  of  64  ^  feet ; 
at  the  end  of  the  third  fecond  it  has  acquired  a  velocity  of  964; 
and  at  the  end  of  the  fourth  a  velocity  of  128  4  feet.  Now 
1281-^964  =  964  — 64  4=64 -f  — 32  ■!■= 3 2-5^,  is  the  invariable 
difference  of  the  determinations  to  motion  at  the  end  of  each 
fucceffive  fecond  of  time  :  confequently  324  feet,  being  a  con- 
ftant  quantity  naturally  arifing  from  the  free  motions  occa- 
fioned  by  gravity,  is  a  juft  indication  and  proper  meafure  of 
its  conftant  intenfity  upon  bodies  fubjefted  to  its  operation  ; 
then  g,  in  our  theorems,  is  =  32g-  feet.  The  fpace  pafled  over 
in  the  firfl:  fecond  may,  it  is  true,  be  ufed,  becaufe  it  is  the 
half  of  324,  and  becaufe  halves  have  the  proportion  of  the 
wholes ;  but  it  fhould  not  be  forgotten  that  this  is  only  ha^ 
the  true  meafure  of  gravitating  force. 

243.  Hence,  if  bodies  fimply  fall  from  a  quiefcent  ftate, 
not  being  projefted  downwards  by  any  additional  force,  the 
velocities  acquired  will  be  as  the  times,  and  the  whole  fpaces 
defcribed  as  the  fqu ares  of  either  j  in  fuch  manner,  .that 

If  the  times  be  as  the  Nos.        i,  2,  3,     4,     5,     6,  &c. 

The  velocities  acq.  will  be,  as  2,  4,  6,     8,  10,  12,  &c. 

The  whole  fpaces,  as  i,  4,  9,  16,  25,  36,  &c. 

The  fpice  for  each  time,  as     i.  3j  5>     7,     9>  iij  &c. 

Their  conftant  differences,  2,  2,  2,     2,     2,       &c. 

The  latter  anfwering  to  324,  the  value  of  g.  And  if,  while 
this  value  of  g  is  retained,  we  put  v  for  the  velocity  acquired 
at  the  end  of  any  time  /,  and  s  for  the  fpace  defcribed  from 
quiefcence  during  that  time,  we  fliall,  by  comparing  the  latter 
equations  in  art.  241.  with  the  general  formula  in  art.  230., 
have  the-  following  general  equations  for  the  free  defcent  of 
heavy  bodies  5  viz. 

V=     y/    2gS=             -T"~        ^'* 
o  it    «' 

To  thefe  theorems  reference  muft  be  made  in'  all  cafes  where 
great  accuracy  is  required  :  but  in  many  praftical  inftances  the 
fradlion  -J.  may  be  dropped,  and  the  computation  much  facili- 
tated by  taking  g  =  32  feet :  the  theorems  may  then  tike  this 
form  : 


t  = 
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244.  Defs.  The  height  due  to  a  given  velocity  is  the  height 
from  which  '  a  body  muft  fall  freely  to  acquire  that  velocity  ; 
and  the  velocity  due  to  a  given  height  is  the  velocity  which  a  body 
will  have  acquired  after  defcending  freely  through  that  height.    , 

It  will  now  be  eafy  to  -folve  the  common  queftions  relating 
to  the  defcent  of  heavy  bodies.  Thus,  if  it  were  required  to 
find  the  velocity  due  to  a  given  height  400  feet,  and  the  time 
of  falling  through  it ;  we  fiiould  have  v=Sv/j  =  8x2o=i6o 

feet :  and  t  —  — i^  =  -i^  =  c  feconds,  the  time  of  defcent. 

245.  But  if  the  body  jnftead  of  falling  from  qulefcence  be 
impelled  vertically  with  any  initial  velocity  V,  we  (hall  then 
have,  the  equation  IV.  art.  229.  for  that  comprehending  the 
circumftances  of  its  motion,  in  which,  if  we  reckon  the  initial 
fpace  =0,  we  Ihall  have 

s=VtJrigi\ots=Yt--lgt'' 
according  as  the  velocity  is  imprefled  downwards  or  upwards, 
s  being  eftimated  in  the  dire£lion  of  that  velocity.  In  the 
fecond  cafe  we  have -y  =  V— i"^,  as  is  evident,  becaufe  the 
-velocity,  imprefled  hy  gravity  downwards  is  g  t  at  the  end  of 
the  time' t.  From  this  expreflion  it  appears  that  the  body  con- 
tinues to  rife  fo  long  as  V  exceeds  g  t ;  and  at  the  point  where 
"V^gt  the  body  will  have  attained  its  greateft  elevation: 
laftly,  when  V  becom.es  lefs  than  gt,  v  will  be  negative  ;  that 
is,  the  body  is  defcending  again,  becaufe  the  initial  velocity  has 
been  extinguilhed  by  gravity.     The  maximum  of  elevation  is 

-- — ,  and  the  time  employed  to  attain  it  is  — .     The  body  will 

defcend  from  the  ftate  of  reft  at  its  greateft  height  according 
to  the  preceding  laws,  and  the  equation  of  its  motion  will  be 
t=^gf,  eftimating  the  fpaces  downwards.     At  the  end  of  the 

timef= —  the  body  wiH  have  rjn  over  the  fpace  — ;  thus  it 

will  employ  to  re-defcend  to  the  point  of  departure  the  fame 
extent  of  time  as  it  took  to  mount  to  its  greateft  height :  and 
finally,  at  the  termination  of  its  fall  it  will  liave  acquired  the 
velocity  V  of  projection. 
Hence  we  fee, 
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ift.  That  a  heavy  body  thrown  upwards  vertically  wjth  any 
velocity  will  lofe  ^qual  velocities  in  equal  times. 
>     2d.    That  the  heights  to  which  bodies  projefted  upwards 
will  rife,    before  their  motions  are  extinguifhed,  are  as  the 
fquares  of  the  initial  velocities,  or  aS  the  fquares  of  the  times. 

3dly.  That  thofe  heights  are  the  halves  of  the  fpaces  which- 
they  would  upiformly  defcribe,  in  the  fame  time,  with  the 
initial  velocities.  •      , 

4thly*  If  a  body  be  projefled  upwards  with  the  vefocity  it 
acquired  in  any  time  by  defcending  freely,  it  will  lofe  all  its 
velocity  in  an  equal  tiqie ;  it  will  xafcend  to  the  height  from 
■whence  it  fell-,  and  will  defcribe  equal  fpaces  in  equal  times 
both  in  rifing  and  falling,  but  in  an  inverfe  order ;  it  will  alfo 
have  equal  velocities  at  any  one  and  the  fame  point  of  the  line 
defcribcd,  both  in  afcending  and  defcending. 

We  may,  therefore,  find  to  what  elevation  a  body  thrown 
vertically  has  arifen,  when  we  know  the  time  elapfed  betweert 
the  commencement  of  its  motion  and  its  return-  to  the  point 
from'  which  it  was  proje£i:ed.  For  example,  a  body  throWa 
vertically  upwards  returns  at  the  end  of  i8  feconrfs ;  it  there- 
fore occupied  9^  in  afcending;  confequently  i=  i6^'  =  i6x  8i  = 
1296  feet  nearly  the  height. to  which  it  afcended;  andii=:32^=: 
32  X  9=  288  feet  per  fecond,  the  initial  velocity. 
..  SCHOLIUM. 
246.  The  equation  expreffing  the  conditions  of  falling  bodies 
has  for  its  locus  the  common  parabola ;  being  in  iaGt  the  fame 
as  the  locus  for,  conflant  forces,  the  conftruftion  of  which  we 
have  already  explained  in  art.  230., 

The  true  theory  of  falling  and  rifing  bodies  was  firft  given 
by  Galileo,  who  may,  indeed,  be  looked  upoti  as  the  father  of 
the  fcience  of  Dynamics :  his  difcoveries  on  thefe  topics  weire 
publifhcd  in  a  Work  entitled  Dialoghi  delle  Scienze  miave,  &c. 
printed  for  the  firft  time,  at  Ley  den,  in  1637.  His  method 
of  inveftigation  (excepting  that  he  reprefen-ts,  the  fpaces  de- 
fcribed  by  the  motions  of  bodies  to  be  areas,  which  is  rather 
unnatural)  is  very  elegant :  and  as  he  deduces  the  laws  of 
their  motions  from  two  theorems  only,  we  fliall,  for  the  fatis- 
faftion  of  the  ftudent,  infert  them  here. 

Theor.  I.  Tie  time  in  which  any  /pace  is  pajfed  over  by  a 
moving  body,  with  a  motion  upiformly  accelerated  from  rejl,  is  equal 
to  the  time  in  which  the  fame  /pace  ivould  be  puffed  over  by  the  fame 
moveable,  carried  with  a  uniform  velocity  which  is  half  the  greatefl 
and  ultimate  velocity  of  the  former  uniformly  accelerated  motion. 

Let  the  line  AB  (fig.  8.  pi.  XI.)  reprefent  the  time  in  which 
the  fpacc  CD  is  defcribed  by  a  moveable,  with  a  uniformly 
accelerated  itiotion  from  quiefcence  at  C,  and  let  the  velocity 
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acquired  at  the  end-B  of  the  time  AB  be  reprefented  by  the 
line  EB,  drawn  at  pleafure  to  AB,  and  join  AE.  Divide  AB 
into  any  number  of  equal  parts,  and  through  the  points  of 
divifion  draw  as  many  lines  parallel  to  EB;  thefe  will  reprefent 
the  increafing  degrees  of  velocity  after  the  firft  inflant  A. 
Bifea  BE  ill  F,  and  draw  FG,  AG,  parallel  to  BA  and  BF 
refpeftively :  then  will  the  parallelogram  AGFB  be  equal  to 
the  triangle  AEB,  and  the  (ides  GF,  AE,  bife£l:  £ach  other  in' 
I.  For  if  the  parallels  in  the  triangle  AEB  be  extended  to  GF, 
the  aggregate  of  all  thofe  in  the  quadrilateral  will  be  equal  to 
the  aggregate  of  thofe  in  the  triangle  AEB ;  thofe  in  the 
triangle  lEF  hieing  equal  to  thofe  in  GAl,  and  thofe  in  the 
trapezoid  AIFB  being  common.  Now,  (ince  all  and  each  of  the 
initants  of  the  time  AB  anfwer  to  all  and  each  of  the  points  of 
the  line  AB,  and  fince  parallels  drawn  from  thefe  points  com- 
prehended in  the  triangle  AEB  reprefent  the  inci^eafing  degrees 
of  augmented  velocity,  while  the  parallels  comprifed  within 
the  parallelogram  reprefent  in  like  manner  as  many  degrees  of 
equable  velocity,  it  appears  that  as  many  monlenta  or  efFe61s 
of  velocity  were  produced  in  the  accelerated  motion  according 
to  the  increafing  parallels  of  the  triangle  AEB^  as  in  the  uni- 
form motion  according  to  the  parallels  of  the  quadrilateral  GB  : 
the  deficiency  in  the  firft  half  of  the  motion,  reprefented  by  the 
triangle  A  GI,  being  made  up  by  the  fupernumerary  trianglo 
lEF  in  the  latter  half 'of  the  time.  It  is  manifeft,  therefore, 
that  thofe  fpaces  will  be  equal  which  will  be  pafTed  over  in  the 
fame  time  -by  two  moveables,  one  of  which  moves  with  a 
velocity  uniformly  accelerated  from  reft,  but  the ,  other  with 
an  equable  motion  according  to  a  velocity  which  is  half  the 
greateft  velocity  of  the  accelerated  motion. 

Theor.  II.     If  a  moveable  body  dejcend from  refl  lulth  a   vni-  ■ 
formly  accelerated  motion,  '  the  fpaces  it  pafjis  owr   in   any  times 
•whatfoever  are  to  each  other  as  tkefquares  of  thofe  times. 

Let  the  line  AB  (fig.  9.  pi.  XI.)  reprefent  an  interval  of  time 
from  any  firft  inftant  A,  in  which  take  any  two  times  AD  and 
AE ;  and  let  HI  be  a  line  in  which  the  moveable  defcends  from 
reft  at  the  point  H  with  a  uniformly  accelerated  motion ;  the 
fpace  HL  being  pafled  over  in  the  firft  time  AD,  and  the  fpace 
HM  in  the  time  AE  :  then  is  the  fpace  KM  to  the  fpace  HI. 
in  the  duplicate  proportion  of  the  titne  AE  to  the  time  AD. 
Draw  the  line  AC,  making  any  angle  with  AB,  and  from  the 
points  D  and  E  draw  the  parallels  DO,  EP  ;  the  former  repfe- 
fenting  the  velocity  acquired  at  the  «ind  of  the  time  AD,  and 
the  latter  the  velocity  acquired  at  the  end  of  the  time  AE : 
then,  ic  is  manifeft;  from  the  laft  theorem,  that  the  fpaces  MH 
and  LH  are^the  fame  which  with  equable  morions  whofo  velo- 
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cities  would  be  as  the  halves  of  PE,  and  OD,  would  be  paffed 
over  in  the  times  EA  and  DA.  Novf  it  has  been  demonftrated 
(art.  216.)  that  of  bodies  carried  with  an  equable  motion  the 
fpaces  pafled  over  are  in  proportion  to  each  other  in  the  ratio 
compounded  of  that  of  the  velocities  and  that  of  the  times  :  but 
here  the  ratio  of  the  velocities  is  the  fame  as  that  of  the  times 
(for  that  proportion  which  the  half  of  PE  has  to  the  half  of 
OD,  the  fame  has  PE  to  OD,  and  the  fame  has  AE  to  AD), 
therefore  the  fpaces  are  in  a  duplicate  ratio  of  the  times,  or 
HM:HL::  AE-:AD-. 

Hence  it  is  manifeft.that  the  ratio  of  the  fpaces  is  likewife 
the  duplicate  of  the  ratio  of  the  ultimate  velocities;  that  is, 
HM:HL::PE^:OD% 

CoR.  I.  Hence,  if  there  were  how  many  foever  equal  times 
takeii  fucceffiVely  from  the  firft  inftant  of  motion,  as,  for  ex- 
ample, AD,  DE,  EF,  EG,  in  which  are  palTed  over  the  fpaces 
HL,  iiM,  MN,  NI ;  thofe  fpaces  will  be  to  one  another  as  the 
uneven  numbers,  viz.  i,  3,  5,  7  :  for  this  is  the  ratio  of  the 
excefles  of  the  fqiiares  of  the  lines  exceeding  one  another 
equally,  the  excefs  of  which  lines  is  equal  to  the  lead  of  them: 
whilft,  therefore,  the  velocities  are  increafed  according  to  the 
fimple  feries  of  numbers  in  equal  times,,  the  fpaees  run  through 
in  the  fame  times  increafe  according  to  the  feries  of  the  uneven 
numbers. 

CoR.  2.  Hence  again,  it  is  inferred,  that,  if  from  the  begin- 
ning of  the  motion  any  two  fpaces  are  taken,  pafled  through  in 
any  times,  ihofe  times  fhall  be  to  each  other  as  either  of  the  faid 
fpaces  is  to  a  mean  proportional  between  them. 

247.  Galileo  likewife  {hews  that  the  fame  laws  of  accelera- 
tion obtain  in  the  motion  of  bodies  along  inclined  planes  ;  and 
he  illuflrates  the  conformity  of  his  theory  with  nature  by  a 
relation  of  fome  of  his  experiments.  "  We  took,"  fays  he, 
•'  a  prifm  of  wood  about  twelve  yards  long,  half  a  yard  wide, 
-and  about  three  inches  thick ;  in  which  thicknefs  we  made  a 
very  ftraight  groove  a  little  more  than  an  inch  wide,  and  to 
render  it  very  fmooth  and  fleek  we  glued  within  it  a  pi6ce  of 
vellum  polifhed  as  much  as  poffible.  In  this  groove  we  let  fall 
a  ball  made  of  the  hardeft  brafs,  round,  and  well  poliftied. 
Then,  elevating  one  end  of  this  prifm  at  pleafure  a  yard  or  two 
above  the  plane  of  the  horizon,  we  let  the  ball  defcend  along 
the  groove,  obferving  in  the  manner  I  fhall  tell  you  prefently 
the  time  fpent  in  its  fall  from  top  to  bottom.  , 

'•  We  repeated' this  often,  in  qrder  to  be  certain  of  the  quan- 
tity of  time  fpent  in  the  defcent ;  and  in  thefe  times  we  never 
found  any  differenee  worth  mentioning,  not  even  the  tenth 
part  of  a  fecond:    this  being  thoroughly  eftabliljied,  we  let 
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the  fame  ball  defcend  but  a  fourth,  part  pf  the  length  of  the 
groove,  and  meafuring  the  time  of  the  defcent  -vrt  found  it  to  be; 
exafily  the  half  of  the  other :  and  then  malting  yialof  the  other 
parts,  by  comparing  the  time  of  its  jdefcent  through  the  whole, 
length  with  the  times  in  which  it  ran  through  4,  y»  i>  or,  in  a 
word,  with  the  time  of  its  running  through  any  part  of  its; 
length,  by  experiments  nearly  a  hundred,  times  repeated,  we 
always  found  the  fpaces  run  through  to  be  to  one  another  as 
the  fquares  of  the  times ;  and  this  in  .all  inclinations  of  the 
plane,  /.  e.  of  the  groove  in  which  the  ball-  was  ms^de  to  de« 
fcerjd.  We  alfo  obferved  the  times  of  the  defcents  along  dif- 
ferent inclinations  to  retail  the  fame  proportion  to  one  anotlier 
which  we  ihall  find  demonftrated  and  ailigned  to  them. 

"  Now  as  to  the  meafuring  of  time  we  hung  on  high  a  large 
veflel  of  water,  which,  by  a  very  fmall  hole  through  rfie  bottom, 
emitted  a  fmall  thread  of  water,  ^hich  was  recejyed  by  a  fmall 
cup,  all  the,  time  the  ball  was  falling  thrpugh  the  feveral  parts 
of  the  groove  :  then  the  fpiall  portions  of  w»ter  thus  coUe£t€4 
were  weighed  every  time  in  a  very  exaS  pjir  of  fcaks,  and  the 
differences  and  proportions ,  of  the  weight  exhibited  to  us  the 
difFerqzices  and  proportions  of  the  times,  and  th^t,  as  I  (aid. 
before,  |b  accurately,'  that  thofe  triajs  often  repe^te^  never 
differed  any  thing  worth  fpeaking  of."     Dial.  III. 

II.  On,  the  Motion  of  PrqjeBiUs^  in  Vacuo. 

248.  It  is  not  our  intension  to  enter  at  a}l  lacgeily  into  tl^e 
fubjeA  of  gunnery:,  but  merely  to  prefent  abrieJEview  of  the 
theory  of  the  motion  of  bodies  any  way  projefted.  from  the  fur- 
iiace  t)f  die  earthin  an  unr^fiftjng  ipe^ijam,  and  then  add  a  few 
remarks  on  the  difparity  between  this  theory  and  the  circunv 
ftances  attending  bodies  actually  projefted  into  the  atmpfphere. 
In  pur  difcuffions  on  this  fubje^  w^  ihall  pay  no  regard  to  th# 
njotions  of  the  earth,  nor  to  the  variation  either  in  the  dire6lion 
orjHagnitude  pf.the  force  of  gravity  :  for  we  are  to  determine  the 
path  of  the  proje<aile  with  refpe£t  to  the  furface  of  the  earth  j 
and  the  force  of  gravity  upon  any  body  that  can  be  projedJed  by 
human  contrivances  is  at  aH  times  fo  nearly  equal  and  in  parallel 
'dire£lion$  (art.  240.)  that  it  would  be  a  ufelefs  refinement  to  at- 
tend to  the  deviations  from  equality  and  parallelifm.  When 
bodies  are  projeflted  either  diredly  upwards  or  dir^Iy  down- 
wards the  circumftances  of  their  motion  may  be  afcertained  by 
means  pf  the  theorems  in  art.  245.  we  fhall  now  confider  the  cir- 
cumftances refulting  from  their  being,  proje^ed  obliquely;  ob- 
ferving  that  the  theorems  we  fliall  deduce  are  only  fo  far  of  con- 
iCequence  as  that  they  ihew  whaj:  would  b?  the  nature  of  iti\e 
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niofioh  ofijalls  and  {hells  fired  from-  pieces  of  ordnance,  in  free" 
fpace. 

249.  Prop,  ^he  line  defcrihed  by  a  heavy  body  thronun  in  any  di- 
f'effion  nut  perpendicular  to  the  horizon  is  a  parabola. 

Let  the  body  be  projedled  from  the  point  B  in  the  dire£^ion 
BH  (fig  II.  pi.  XL)  with  the  yeloqity  it  Would  have  acquired' 
by -falling  frojn  A  to  B,  then  will  the  continual  adtion  of  gtavity 
caufe  the  body  to  be  continually  defle£led  froni  the  line  To  as  to 
-defcribe  a  curve  line  concave  towards  the  horizon.  Produce 
AB  both  ways  as  to  K  and  T  ;  and  through  any  two  points  V 
and  G  of  the  curve-  draw  VE,  GK,  parallel  to  BH,  and  VC, 
CJH,-  parallel  to  AB  the  direftiori'  of  gravity.  Now  it  folloSvs- 
from  the  corripofition  of  motions,  that  the  body  ,will  arrive  at^ 
the  point  V  of  the  curve  in  the  famfe  time  that  it  would  have 
defcribed  the  right  line  BC  by  the  uniform  projeftile  motion" 
alone,  or  the  vertical  BE  by  the  force  of  gravity  alone  %  and  in 
Eke  manner  the  body  will  have  arrived  at  G  in  fuch  time  as  it 
ivould  have  uniformly 'defcribed  the  liil€  BH  ■With  the  original 
velocity  at  B,  or  the  vertical  BK  by  falling  freely.  But  the 
motion  along  BH  being  uniform,  we  have:  BC :  BH  •.•.t.  BG 
t .  BH  (the  letter  t  denoting  the  time  of  defcribing  BC,  BH,  &c.) 
:-:i;.BE:  t .  BK  :  and,  becaufe  the  motion  along  BK  is  uni- 
formly accelerjited,'  we  havfr  BE  :  BK :  :  ^'.  BE  :  f^.  BK  : :  BC 
:  BFP :  :  EV^ :  KG\  TTherefore^  the  curve  BVG  is  f^ch.  that 
the  abfciffie'EE,  BK,  are- "as  the' fquares  of  the  e(}rrefp6nding 
ordinates  EV,  KG  ;  or  that  the  parts  VC,  GH,  of  the  parallel 
lines  are  as  the  fqaares  BC,-  BH  of  the  intercepl'ed  parts  of  the 
Kne  BH  :  and  corifequently  the  curve  is  a  parabola  to  which 
BC  i§  a  tangent.  -  '  , 

Cor.  i.  The  horizontal  line  AD  A  drawn  through  the  point  A 
is' the  direElrix  of  the  parabola:  for,  let  BE  "be  taken  =  AB. 
Then  ? .  BE=2?.  AB  ;  but  BC  is  defcribed  in  the  fame  time 
with  the  velocity  acquired  by  falling  through  AB  |  therefor? 
(arts.  226.  242.)  BC=:2  AB,  and  EV  =2  BE:  arid  hence  EV* 
=4  BE' =4  X  BE  X  BA  =BE  x  4  BA  :  fo  that  4 AB  is  the  pai 
rametep  of  the  parabola  BVG,  and  confequetitly:  AD  (^  is  the 
directrix,"  becaufe  AB  is  one-fourth  of  the  parameter  of  the 
diameter  BK. 

Cost.  2;  The  times  of  defcribing  the  different  portions  BV,  VG, 
of  the  curiie,  are  as  the  correfponding  parts  BC,  CH,  of  the  tangent 
at  ^,  or  the  intercepted  parts  AD,  DA,  of  [the  direSlrix.  For 
t .  BV=i?  .BC,  and  ^.  VG=^.  CH,  by  the  demon,  of  the  prop, 
and  becaufe  D  d  cuts'  the  three  parallels  BT,  VC,  GH,  BC  is  to 
CH,  as  AD  to  D  J.        ,  : 

CoR.  3.  The  velocity  tflimai ed  horizontally  is  uniform,  ' 

C  OR .  '4 .  The  velocity  of  the  projeltik  at  any  pant  G  (f-the  curvet 
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ejlimnted  in  the  4iffflion  of  the  tangent  to^the  parabola  at  t$tif  poinf, 
is  as  thefecant  of  the  angle  contained  beitueeh  that  tangent  and  the 
horizon.  For  the  motion  in  the  hoi'izontal  dire£tiqn,  A  ^  is  uni- 
form ;  and  Ad  is  to  TG  as  :radius  to  the  cofecaijt  orHGT,  or 
fecant  of  the  angle  included  t)etween  the  horizon  and' GT. 

GOR.  5.  'The  velocity  at  1  lie  point  G  in  the  direSltot^TG  is  equal 
to  that  -which  a  heavy  body  ^ould  acquire  by  falling  freely  from  the 
direilrix  through  d  G.  For,  let  the  points  a,  f,  be  equidiftant 
from  A  and  d,  but  indefinitely  near,  them,  and  draw  the  vertical* 
a  b,  fg :  conceive  thefe  to  approach  towards  AB,  d  G,  and 
ultimately  to  coincide  with  them  ;  then  vvill  B  b  be  ultimately 
to  ,g-G  as  the  velocity  in  the  curve  at  B  to  the  velopity  at  G. 
But  B  *  :  Gg  : :  BH  :  TG  : :  vel.'at  B  :  vel.  at  G ;  and,  by  tfa^e 
nature  of  the  parabola  BH'  :  TG^  :  :  AB  :  ^  G :  alfo  AB  is'tP' 
d  G  as  the  fquare  of  the  velocity  acquired  by  falling  through 
.AB  to  the  fquare  of  the  velocity  acquired  by  falling  through 
d  G  (art.  227.  cor.  j.)  ;  but  the  velocity  in  BJI  or  in  ^e  "point 
B  of  the  parabola  is— the  velocity  acquired  by  falling,  through 
JiB  (by  hyp.)  ;  therefore  the  yelqcity  in  TG,  or  in  the  point  G 
of  the  curve,  is  =  the  velocity  acquired  by  falling  through  d  G. 

CoR.  6.  The  velocity  in  the  vertical  direfiion  at  any  point  G  of 
•the  curve  is  to  the  original  pvojeEiile  velocity  at  B  ax  2  HG  to  BH. 
For  the  times  in  BH  and  HG  being  equal,  and  the  velocity  ac- 
quired by. filing- freely  through  HG  being  fuch  as  would,  carty 
the  body  uniformly  over  2  HG  in  an  equal  time ;  we  have 
(art.  216.  cor.  3.)  BH  to  2  HG,  as  the  proje&ile  velocity  at  B. 
te  tfie  ,vertical  velocity  at  G;      , 

250.  Defs.  The  height;  due  to  the  original  velocity  of  the 
projeftije,  as  AB  (fig.  1 1.)  or  CA  (fig.  12.),  is  called  the  Impetus. 
In  our  generaf  theorems  it  will  be  denoted  by  I.  ,j 

The  diftance  AB  (fig.  12.)  between  the.  point, of  prQJe£ti(in 
and  the  point  where  the  body  falls,  meafured  on  the  plane  a6, 
is  culled  the  Amplitudcy  Random,  or  Range :  ifwili  be  repre- 
fented  by  R. 

Some  authors  reftriij^  the  ^ord  Amplitude  to  the  range  on  a- 
horizontal  plane. 

The  angle  DAB  made  by  the  axis  of  the  gun,  or  the  tangent  to 

,  the  curve  at  A,  and  the  direftion  of  the  obje£i:  at  B,  is  called  the 

angle  of  JSlevation  aboye  the  platte  A^:  it  will  be  denoted  by.E. 

The  angle  DBA  included  between  the  vertical  DB  (paffing 
through  the:  pbje(3;)  and  1;he  plane  AB,  is  called  its  angle  of 
poftiott,:  we  reprefent  it  by  P. 

-.- ..Ths^ angle. ZAD  m^de  by  the  vertical  Z A  (pafling  through 
■-the  point  of  proje£l:ion)  and  the  diredlion  of  .^he  piece,  is  called 
^he  zenith  dijiance :  it  will  be  deiipted  by  Z. 

aj  I.  .Prop.  Ts  give  a  general  view  of  the  relative fttuation  a^td 
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properties  offueh  litHes  as  are  mo/}  ufeful  in  confiief'mg  the  motions  of 
projeBiles-'—  ^ 

Let  a  bodybe  proje(9:ed  from  B  {fig.  13.  ^1.  XI.)  in  any  di- 
redion  BC  with  the  velocity  acquired  by  falling  through  AB : 
this  body  by  art.  249.  will  defcribe  a  parabola  BVPM.  Produce 
AB  both  ways  till  OA  =  AB=BK  ;  and  with  centres  A,  B,  and 
radius  AB,  defcribe  the  femicircles  ODB,  AHIC  :  then  with  axis 
AB  and  femiaxis  GE = AB  =  AD,  defcribe  the  femi-ellipfe  AEB ; 
and,  with  focus  B,  vertex  A,  diameter  AB,  and  tangent  AD, 
parallel  to  the  horizon,  draw  the  femiparabola  APS.  This 
done,  we  obferve 

I.  The  horizontal  fine  ADL  is  the  direBrix  of  every  parabola 
'which  can  be  defcribed  by  a  body  proje^ed  from.  B  with  the  velocity 
Hctptired  by  falling  thrsugh  AB.     This  is  evident  from  the  fore- 

-going  propofition,  and  the  ufual  definitions  of  the  direftrix. 

II.  the  femictrcle  AHK  is  the  locus  of  all  the  foci  of  thefe  parO' 
holas.  For  BA,  the  diftance  of  a  point  B  of  any  parabola  from 
the  direClrix  AD,  is  equal  to  BF,  its  diftance  from  the  focus  1^  of 
that  parabola :  confequently,  the  foci  of  all  the  parabolas  which 
pafs  through  B,  and  have  AD  for  their  dire6):rix,  muft  be  in  the 
circumference  of  the  circle  whofe  centre  is  B  and  radius  AB. 

III.  IfY>Q.y  the  line  of  direSiion,  cut  the  upper  femicircle  in  C,  and 
the  vertical  CF  be  drawn  interfering  the  lower  femicircle  in  F,'  then 
is  F  the  focus  of  the  parabola,  which  is  de/cribed  by  the  body  ivhofe 
impetus  is  AB,  and  initial  dire5lion  BC.  For,  if  AC,  BF,  be 
imne4j  then  is  ACFB  evidently  a  rhombus,  and  the  angle  ABF 
is  bife£led  by  BC :  confequently  the  focus  is  fomewhere  upon 
the  line  BF.  But  it  is  alfo  upon  the  circumference  of  AHK ; 
and  muft,  therefore,  be  at  F  the  point  where  they  interfeft. 

WJieti  C  is  in  the  fuperior  quadrant  6f  ODB,  F  is  in  the 
fuperior  quadrant  of  A  F  K :  and  whpn  c  is  in  the  inferior 
quadrant  of  ODB,  as  when  B  c  is  the^itial  diredlion,  then  the 
focus/of  the  correfponding  parabola  B  v  M  is  in  the  inferior 
quadrant  of  AHK. 

'  IV.  The  femiellipfe  AEB  is  the  locus  of  the  vertices  of  all  the  par O' 
iolaSy  and  the  vertex  V  of  any  one  of  them  BVPM  is  in  the  point 
--  tvhere  this  ellipfe  interfeSls  the  vertical  CF.  For,  let  this  vertical  in- 
-  terfea  the  horizontal  lines  AD,  GE,  BN,  in  9,  ^.,  N  :  then,  it 
is  manifeftthat  ^5=4NS=::NX,  and  that  A  V=4.  $  C=4.NF; 
therefore,  X  0  -  A  V=4-  (N  5  -NF),  or  5  V=4  Q  F;  confequent- 
ly ffV=j^  VF,  and  V  is  the  vertex  of  the  parabola. 

The  vertex  is  at  V  or  v,  in  the  upper  or  lower  quadrant  of 
the  ellipfe,  according  as  the  focus  is  in  the  upper  or  lower 
•quadrant  of  the  femicircle  AHK. 

V.  if  from  the  point  of  projeSiion  B  the  line  BFP  be  dramm 
through  the  focus  6f  any  one  of  the  parabolas,  as  of  BVM)  cutting 
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the  parabola  APS  iti  P,  the/t  will  the  curve  -BVM  ttmch  the  curve 
APS  in  P.  For,  if  we  draw  P  S  z  parallel  to  AB,  cutting  the 
direftrix  O  z  of  the  parabola  APS  in  z,  and  the  diredrix  AD 
of  the  parabok  BVM  in  S,  then  will  PB=P  z,  by  the  nature 
of  the  parabola:  but  BF=BA  =  AO=Sz}  therefore,  PB- 
BF=Pz-Sz,  or  PF=P5,  and  the  point  P  is  in  the  parabola 
BVM.  And  fince  the  tangents  to  both  parabolas  in  P  bifeft 
the  angle  zPB,  they  coincide;  confequently  the  two  parabolas 
having  a  common  tangent  in  P  touch  each  other  at  that  point. 

CoR.  All  the  parabolas  which  can  be  defcribed  by  a  body 
ptojedted  from  B,  with  the  velocity  acquired  by  falling  from  A 
to  B,  will  touch  the  concavity  of  the  parabola  APS,  and  lie 
wholly  within  it. 

VI.  P  is  the  mojl  difiant  point  of  the  line  PB  %vjiich  can  h'Jlruek 
by  a  body  prejefied  fr^m  B  -with  the  velocity  due  to  the  height  AB. 
For,  if  the  direftion  be  more  elevated  than  BC,  the  focus  of  the 
parabola  which  the  body  would  defcribe  will  lie  between  F  and 
A,  aqd  the  parabola  will  touch  APS  in  fome  point  between  A 
and  P }  fo  that,  being  wholly  within  the  parabola  APS,  it  muft 
interfeft  the  line  BP  in  fome  point  nearer  to.B  than  P  is.  If,  on 
the  contrary,  the  diredlion  is  lefs  elevated  than  BC,  the  para- 
bola defcribed  by  the  projeftile  will  touch  APS  in  fome  point 
below  P,  and  will,  therefore,  cut  BP  in  fome  point  not  fo 
far  didant  from  B  as  P. 

VII.  The  parabola  APS  is  the  locus  of  the  greatefl  ranges  on  any 
planes  BP,  BS,  fs'r.  and  fto  point  lying  without  this  parabola  can  be 
Jiruck  while  the  initial  velocity  remains  unchanged, 

VIII.  To  produce  the  greateft  'range  on  any  plane  BP,  the  line  of 
diredion  BC  muf  hifeEl  the  angle  OBI?  formed  by  that  plane  and  the 
vertical:  for  in  this  cafe  the  parabola  defcribed  by  the  body 
touches  APS  in  P,  and  its  focus  is  in  the  line  BP  ;  confequently 
the  tangent  BC  bifefts  the  angle  OBP. 

Cor.  On  a  hormontal plane  the' greatefl  range  is  made,  when  the 
ekvatipn  is  45°  or  half  a  right  angle. 

IX.  A  point  M  in'  any  plane  PS,  lying  between  B  and  S,  may  be 
Jiruck  with  two  directions  BC  and  B  c  ;  and  thefe  direElians  are 
equidyiant  from  the  direElion  B  t  which  gives  the  greatefl  random  on 
that  plane.  For,  with  centre  M  and  radius  ML  (the  neareft  di- 
ftance  to.  the  direftrix)  let  a  circle  LF/ be  defcribed  ;  it  will 
manifeftly  either  touch  or  cut  the  circle  AHK  in  two  p'sints  F 
and^  which  are  the  foci  of  two  parabolas  BVM,  B  i;  M,  having 
die  dire£lrix  All,  and  diameter  ABK.  Here  the  JnterfedtionS 
of  the  circle  ODB  with  the  verticals  YC,fe,  determine  the  di- 
reftions  BC,  B  c,  of  the  tangents.  Now,  draw  A  /  parallel  to 
BS,  and  join  /  B,  Cc,  Ff;  then  is  OB  t=i  OBS,  and  B  /  the 
direftion -which  produces  the  greateft  range- on  the  plane  BS; 
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buit  Yf,  being  a  chord  of  the  circles  defcribcd  about  the  centres 
Band  M,  is  p'erpendicuiar  to  RM  ;  as  is  likewife  Cc-.to  At\ 
and  arch  Ci;=arch  ct;  and  therefore  the  angle  CB^=sangle 
cBf,  ,       •      . 

Cor.  On  a  horizontal  plane,  the  ranges  are  equal  at  angles 
of  direftion,  equidiflant  from  45°,  as  at  40°  and  60°,  35°  and 
65',  &c.  the  impetus  being  given. 

X.  Every  velocity  of  projeilion  hits  a  eorrefponding  fet  of  pard- 
hqlas,  ivith  their  direifions  and  ranges^  and,  cstter is  paribus,  the 
rdhges  on  any  plane  are  as  thefquares  of  (he  initial  velocities.  For, 
every  magnitude  of  velocity  has  an  impetus  AB  eorrefponding 
to'  it:  and,  as  the  height  due  to  any  velocity  increafes  or  di- 
ininifhes  in  the  duplicate  ratjo  of  that  velocity,  it  is  obvious  that 
^U  the  ranges  with  a  given  direftion  will  vary  in  thd  fame  ratio. 

252.  Prop.  To  exhibit  the  relations  betiueen  all  the  circumjlatices 
of  velocity,  elevation,  pofuion,  range,  greatefl  height,  and  time. 

Suppofe  a  ball  or  fliell  projefted  from  A  (fig.    12.  pi.  XI.) 
■with  the  velocity  due  to  the  height  CA,  in  order  to  flfike  the 
mark  B  fituated  in  the.' given  line  AB.     Make  AZ=4AC,  and 
drav^  BD  parallel  to  it,  or  perpendicular  to  the  horizon.     On 
Z^A  defcribe  a  circular  fegnient  ZAD  containing  an  angle  ZDA 
=  C  DBA,  and  draw  AD  to  the  interfeflion  of  this  circle  vvith 
BD  :  then  will  a  body  projected  from  A,  in  the  direftiori  AD, 
with  the  velocity  due  to  the  height  CA,  (Irilce  the  objeft  B. 
For,  produce  CA  downwards   till  BF  drawn  parallel  to  DA 
-meets  it  in  F ;  and  join   ZD  :  then,  it   is  manifeft  from  the 
conftruflion  that  the  angles  ADZ  and  DBA    are  equal,    as 
likewife   AZD  and   DAB ;  that  AB  touches  the  circle  in  A, 
and  that  the  triangles  ZAD,  ADB,  are  fimilar. 
HenceBD:DA::DA:  AZ 
And  DA°-=BD  X  AZ  , 
Confequently  BF- AF  X  AZ  =  AF  X  4  AC : 
Therefore  a  parabola  which  has  AF  for  a  diameter,  and  AZ  its 
pai'ameter,  will  pafs  through  B,  and  this  parabola  will  be  the 
path  of  the  projeftile. 

But  when  BD  cuts  the  circle  ZDA,  it  cuts  in  two  points  D,  d\ 
fp.that  there  are  two  direftiona  which  will,folve  the  problem. 
If  B'  D'  only  touches  the, circle  in  D'  there  is  but  one  direftion, 
and  AB'  is  the  njaximum  range  with  this  velocity.  If  the  ver- 
tical through  B  does  not  meet  the  circle,  the  problem  is  im- 
poffible ;  the  initial  velocity  being  too  fmall.  When  B'  D' 
touches  the  circle,  the  two  direftions  AD',  A  d'~i  coalefce  into 
©ne,  producing  the  greateft  rarige,jand  bifcfting  the  angle  Z  ABi; 
and  the  other  two  direftions  AD,  Kd,  producing  the  fame 
range  AB,  are  equidiftant  from  AD' ;  agreeably  to  Nos.  viiij  ix. 
of  the  preceding  article. 
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,    Now,  to  de.4u,ce  the  relations  acqiTired,  Jet„us  confine  our  s,%- 
■tention  to  the'direftion  AD  in  the  figure ;  where  we  fee 

That  AZ  t  AD  : :  sin.  ADZ  :iiin.  AZD  : :  sin.  DBA  :  sip.  QAB  :  ;  sin.  P  :  sin.  E 

AD  :  DB  : :  Sin.J)B A  :  sin.  DAB  : : ■  •• •  •  •  sm.  P  :  sin.  E 

DB:  AB:  :  siii.  DAB:  sin.  ADB::    .,.....;...-'. siil.  E:sjn.Z 

Theref.<:omp.  AZ :  AB  : :  sin. ^PX sin.  E:  sin.,'EXsin.^t :  sin.  'P;  sm.  EXSm.  ?i 

Or4l:  R::fin.T:fin.Exfin,  Z,;  .      „ 

whence  4IX  fin.  Ex  fin.  Z^^R.xTin.^p.  ,, 

This  equation  obvioufly  comprifes  the  relations  o^  E,  I,  P,  R, 
"and  Z.        '  '■■-■"    '    .        •  - 

Let  us  next  determine  the  time  of  flight ;  ..^hich  is  equal  ip 
the  time  of  defcribing  AD  uniformly,  ot  of  falling  through  DB. 
Now,  fince  AB  :  DB ,:  :  fin.  ADB  :  fin.pAB  : :  fin.  Z  :  fin.  E, 

we  have  DB  ==l^Zi±J!..     Here  DB  is  equal  to  /in  the  general 
equation  s  —  lgt"-  (art.  243.) :  therefore.  ^  ^.^'  ^  '•  =.i.g  /'  -,  and 


cpnfequefitly  ^  ==    /  ■ 


RXsin.E 


i|;Xsin.Z 

Laftly,  to  find  the  greatefl:  height  (H)  of  the  proje£lile  above 
the  plane  ;  draw- from  Q^the  middle  point  of  AB,,  the  lipe 
QTi'  parallel  to  BD^:  then,  by  a  well-known  property  of  the 
parabola,  QP=PT,  or  QT  =  2QP;  and  by  fimilar  triangles 
AQ  :  QT  : :  AB  (  =  2  AQ) :  BD=2  QT=4  QP=4  H.  But 
AB  :  BD  :  :  fin.  Z  :  fin.  E  :  :  R  :  .4  H  ;  confequently  4  H  xfip. 

,  Z =R  X  fin.  E,  and  H  =-;^^y^ . 

..  ,        ■  ...    45m. z 

tet  us  now  take  from  the  general  equations>  art.  243.  the 
value  of  o=V2^x,  from  which,  Isecaufe  j=I  in  the  prefent 
Cafe,  and  •y=V,  we  fiiall  have  Y=\/xg  I  j  and  comparing.. tlijs 
with  the  preceding  equations  in  this  article,  we  may'throw  to- 
gether the  ,gener^  theoremp  relating  to  projeftilegj  thus : 

ProjeSileSf  on  Oblique  Planes.  ■  - 

sin  EXsin.Z  sin. "EX sTn.  Z ^, _  gX sin.  2_,       4  sin.  Z    •     ''' 

^  —         siii.^i'       ;4,*— ."^gX.sin.'f    ^"—  asin.  E        r^^feE7;n' 

v=v'2^i=fin.p  /    :^-ft,    -gji^  1:^^:1: Ji A. 

a  sin.  E       li  I       a  sin.  E  .      /2sin.  ExK        '/'2II'      '  ' 

^=  ™.p  vs  g';~g:xsin.p  v^;^^7^;;rz';-=^y/^^X.*';'    ,-, 

Hsin.  E'  "sjti.^E  sin. 'E*    ^         '.  '  '    <         "•  ' 

4sin.Z-'^        sin.^P    *  " 2  «X  sin.'P'^    -^S  S  '-   •       ,    ,^.         »., 

T  _         »'"-'P        .n  ;  . V      g  X  avn.-.'P  .rt^,  _^  ^n^.       i'.    .;:     ,^;   ■"> 
*  '-  4siu.fixaiir.Z'**',"^ag^    lisin.  ^£     *   —sin.fa  "•.vi^*,«\   .'.'  'A 


2H- 
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^nd  from  many  of  thefe  the  angle  of  elevation  may  readily  be 

found.  AT* 

253..  When  the  plaiie  AB  is  horizontal,  the  angle  DBA=P 
s=90®,  and  its  fine  radius  ;  alfo  angle  ZAD=Z,  becDmes= 
icomp.  E ;  therefore,  finee  fin.  E  x  cos.  E  =  2  fin.  2E,.  fin.  'E=? 
2  vers.  fin.  2  E,  atid  fin.-^cos.=tan.  the  preceding  theorems 
Vrillr^fliime  the  following  fhape  when  applied  to 

ProjeHiles,  on  Horizontal  planes. 
.R=:fin,  E  X  COS.  E  X  4  I=fin.  2  E  x  a  1= ^}^V^^^^=.^- 

V  z=^zglzpj  ^jj,_  a  4  =  2  sin.  E  =  Bin.  E    '^ig'^'- 

T  =  a,  fin.  E/y=y-Y— =-7-V  =  2  J 

H=itan.ExR=fin.'ExI==^V=|^T^ 
I 5 Tl ^ -p 5__= H__. 

*        Ssin.zE     zg     i6vei's,sin,xE  sin.'E        *  vers.  sin.  a  E 

And  from  mkny  of  thefe  again  the  angle  of  elevation  may  foon 
be  foufld.  Here  too,  as  in  the  inftance  of  falling  bodies,  g  may 
be  taken  —  32,  without  leading  to  any  important  error. 

CoR.  I.  In  horizontal  ranges,  if  E=45°,  we  have  R=:4  H= 
4I:  confequently,  the  maximum  range  on  a  horizontal  plane  is 
equal  to  double  the  impetus,  or  to  four  time^the  greatejl  height  of  the 
profeElile  above  the  plane ;  the  impetus  being,  in  that  cafe,  double 
the  greateft' height. 

CoR.  2.  When  E  =  45°,  its  fine  is  s=  V4  j  therefore  T=a 

2v/-j=4v'il  nearly='35356v/I  nearly, 

CoR.  3i  When  the  initial  vdocity  is  givefl  in  feet,  and  Eae 
45%  we  have  T'  nearly :=-^V='044i94'V'. 

The  ex^reflions  in  this  and  the  former  corollary  may  l?e  ufe- 
ful  to  the  bombardier  in  cutting  the  fuzes  of  hisftiells  to  proper 
lengths,  fo  that  they  may  juft  burft  at  the  very  inftant  they  come 
to  the  objeQ.  fired  at. 

"^  Cor.  4.-  When  the  elevation  is  15°,  we  have  fin.  2E= 
£n.30°=i:  efenfequently R  =  Cn.  2  Ex2  1=^X2  1=1.  That 
is»  at  ah  elevation  of  1^°,  the  ratine  on  a  horizonUnl plane  is  equal  to 
the  impetus. 

CoR.  5,  Wheti-  the  elevation  is  75°  the  horizontal  range  is  equ«l 
io  the  impetus.  For  15°  and  75"  are  equidiftant  from  45°,  an<l 
therefore  the  ranges  at  thofe  elevations  are  e(]^ual. 
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Cor.  6,  In  many  cafes,  where  in  appearance  a  body  has  not 
received  any  impulfion,  but  is  abandoned  to  the  fole  adiion  of 
gravity,  the  body,  notwithftanding,  defcribes  a  parabola  like 
a  projeaile.  This,  for  example,  is  the  cafe  with  a  body  let  fall 
from  the  top  of  a  (hip's  maft  when  the  veflel  is  in  motion.  If 
we  notice  the  point  on  the  deck  where  the  body  falls,  we  (hall 
find  it  no  further  diilant  from  the  maft  than  it  would  have 
been  had  it  fallen  from  the  top  whjen  the  fliip  was  at  anchor  ; 
fo  that  with  regard  to  the  maft  the  body  has  defcribed  a  right 
line  parallel  to  it :  but  with  refpeft  to  a  fpeftator  fituated  at 
reft  out  of  the  veflel,  it  has  really  defcribed  a  parabola,  ab- 
ftrading,  as  in  the  cafe  of  projeftiles,  from  the  refiftance  of  the 
air.  For,  when  the  body  is  abandoned  to  the  a£l:ion  of  gravity, 
it  has  the  fame  Velocity  as  the  veflel  has,  fince  they  were  pre- 
vioufly  moving  on  together :  its  a£hial  motion  is,  therefojje,  the 
fame  as  though  the  veflTel  were  immoveable,  and  the  body  were 
projefted  horizontally  with  a  velocity  equal  to  that  with  which 
the  veflTel  moves,  and  in  the  fame  dire£lion. 

Other  corollaries  which  flow  naturally  from  the  preceding 
propofitions  and  theorems  may  be  deduced  by  the  ftudent  at 
his  leifure. 

On  tie  Ricoehet. 

254.  Def.  The  Ricochet  is  a  motion  by  which  a  proje£bile, 
after  having  ftruck  any  obftacle  whatever,  is  fo  reflefted  as  to 
recommence  a  motion  fimilar  to  that  which  it  had  at  firft.  The 
word  fignifies  duck-and-drake,  or  rebounding ;  becaufe  when  a 
ball  has  this  motion  it  goes  bounding  along7  ftriking  the  ground 
feveral  tim^s,  like  the  bounding  of  a'ffat  ftone  along  the  furface 
pf,  water,  when  thrown  almoft  horizontally.  In  Ricochet  firing 
the  ball  is  projefted  with  fmall  charges,  and  at  elevations  gene- 
rally between  3  and  7  degrees.  What  little  we  fliall  advance 
on  this  fpecies  of  proje£l^e  motion  will  be  chiefly  illuftrative. 
'  I.  The  lefs  the  angle  of  elevation  at  which  the  ball  is  projaQ:- 
ed,  the  more  (tateris  paribus)  is  it  in  the  fta^e  for  the  ricochet : 
for  then  the  force  of  projediion  being  exercifed  more  entirely- 
in  the  horizontal  dire«ion,  will  take  much  more  time  before  it 
is  extinguifiied  by  the  refiftance  of  the  air  and  other  obftacles. 
If  the  projeQile  were  entirely  void  of  elafticity;  and  the  furface 
en  which  it  falls  were  horizontal,  and  inflexible,  there  would 
then  be  no  ricochet:  beeaufe,  (fee  velocity  of  theprojediile  when 
it  arrives^at  C  (fig.  r.  pi.  XII.)  according  to  any  direction  MC, 
may  be  decompofed  into  two  others :  of  which  the  one  QG 
perpendicular  to  the  furface  will  be  fimply  deftroyed  without 
any  reftitution,  the  body  having  no  fpringinefs ;  while  the  other 
velotity  PC  fubfifts  alone,  (abftrafting  from  friftion  and  the 
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ai/s  refinance),  and  the  body,  inftead  of  bounding,  will  flide 
along,  CZ. 

11.  Bu(  if  there  fhould  be  an  eminence  CE  (fig.  2.  pi.  XII.) 
at  the  point  C  where  the-  body  ftrikes  the  furface,  the  motion 
accordinff  to  MC  will  then  be  decompofed  into  a  motion  QC 
f>erpendicu:lar  to  the  furface  CE  of  this  obftacle,  and  another 
PC  in  the  direftion  of  that  furface,  by  which  the  moveable  will 
advance  in  the  direftion  PE,  ai|d  may  defcribe  after  quitting 
the  point  E  a  Hew  curve  of  the  fame  nature  with  that  which  it 
would  defcribe  if  it  were  projefted  from  tlie  gun  at  E  with  the 
fame  veloeity  ;  and  this  in  fuch  manner,  that  after  it  is  elevated 
to  a  certain  point  it  may  again  defcend  and  ftrike  the  earth  in 
a  new  point  I,  where  it  may  recommence  a  fimilar  motion  if 
the  circumftances  are  fimilar  :  and  fo  on. 

in»If  the  obftacle  is  flexible  or  moveable,  as  the  earth,  water, 
&c.  there  may  be  a  ricochet  even  when  the  furface  is  perfeftly 
horizontal.  For  the  moveable  tends  by  its  vertical  velocity  QC 
(fig.  3.  pi.  XII.)  to  plunge  itfelf  more  or  lefs,  according  to  the 
nature  of  the  obftacle-,  while  with  the  velocity  reprefented  by 
PC  it  ploughs  its  way,  arid  forms  a  furrow  of  which  the  depth 
continues  to  increafe  till  the  vertical  velocity  QC  is  extin- 
guifhed.  Then,  by  virtue  of  the  velocity  remaining  in  the  ho- 
rizontal dire£lion,  it  thrufts  before  it  the  matter  which  oppcrfes 
it,  and  becomes  gradually  turned  towards  the  fide  where  it  has 
the  leaft  refiftance  :  thus,  in  its  return  from  its  greateft  depth, 
the  cavity  of  the  furrow  operates,  with  refpeft  to  the  body,  in 
the  fame  manner  as  the  obftacle  CE  (fig.  2.)  in  the  preceding 
cafe.  Now  as  the  facility  of  the  efcape  from  the  earth  or  other 
obftacle  is  the  greater ,  fc(S/.  par.)  as  the  total  depth  pf  the 
furrow  is  lefs,  and  as  this  depth  depends  on  the  vertical  ve- 
'locity  QC,  which  will  be  always  fmaller  as  the  angle  MCP  is 
fmaller,  or  as  the  angle  of  projeftion  is  fmaller,  we  fee  how  the 
fariUty  of  the  ricochet  depends  upon  the^angle  of  proje£tion 
being  fmall. 

IV.  The  ricochet  likewife  depends  much  upon  the  figure  of 
the  projeftile.  If  we  want,  for  example,  a  ricochet  on  the  water, 
and  the  projetStile  were  globular ;  in  order  to  this  the  velocity 
MC  muft  be  fuch  that  the  vertical  velocity  QC  may  be  entirely 
•cbnfumed  before  the  vertical  diameter  of  the  fphere  is  com- 
pletely immerfed  :  for,  if  once  it  is  covered  with  water,  the  re- 
fiftance of  the  fluid  will  aft  equally  on  all  fides  the  direftioti  of 
the  projeftile,  in  fuch  a  manner  that  it  can  only  be  turned  \n 
confequence  of  the  aftion  of  gravity,  which  will,  therefore,:  be 
a  direft  impediment  to  the  ricochet.  • 

V.  As  the  plunging  can  only  be  made  fuccelEvelyor  gra- 
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dually,- It  is  manlfeft  that  duiing  the  time  in  which  it  is  going 
on  the  centre  of  the  ball  will  defcribe  a  curve  line ;  for  the 
dirediion  in  which  the  refiftance  is  made  changes  continually. 
If,  ,for  example,  when  the  centre  C  (fig.  lo.  pi.  XL),  after 
having  defcribed  any  track  whatever  PC,  tends  to  move  accord- 
ing to  the  prolongation  CI  of  its  aftual  direftion,  we  conceive 
two  tangents  BR,  DS,  parallel  to  that  dirediion;  it  is  evident 
that  only  the  part  BVLis  fubjedied  to  the  reiiftance;  and  that, 
the  body  being  fpherical,  the  refaltant  CK  of  all  the  refiftances 
offered  to  thfe  dlfferent/poirits  of  the  furface  BVL  has  a  di- 
redtion  which  tends  to  elevate  the  body  above  CI;  in  fucli 
manner  that  CIEK  may  be  the  parallelogram  of  forces,  and  CU 
will  be  the  path  the  body  will  take,  inftead  of  CI,  abftradiing 
from  the  effeft  of  gravity. 

VI.  Laftly,  if  both  the  projeftile  and  the  obftacle  are  flexible, 
or  both  fpringy,  -thefe  circumftances  will  ftill  further  Contri- 
bute-  to  th6  facility  of  th^  ricochet.  To  take  a  very  llmple  in- 
ilance— Suppofe  that  the  projedtile  only  is  flexible,  and  that  it  is 
perfeftly  elaftic,  or  reftores  itfelf  with  a  force  equal  to  tliat  of 
"compreffion ;  ftill  abftradling  from  the  confideration  of  gravity. 
At  the  inftant  in  which  the  body  moving  in  the  direflion  AC 
(fig.  4.  pi.  3^11.)  touches  the  furface,  its  velocity  is  refolved  into 
a  horizontal  velocity  QC,  which  fubfifts  always  the  fame  (dif- 
regarding  fridlion),  and  the  refiftance  of  the  medium  in  whiclk 
the  body  moves  :  but  the  vertical  velocity  PC  tends  gradually 
to  comprefs  the  body  itfelf,  becoining  gradually  extinguifhed, 
while  that  reprefented  by  QC  fubfifts  unchanged  ;  fo  that  it  is 
clear  that  the  centre  C  approaches  the  plane  HZ  by  degrees 
"which  are  continually  diminifliing,  while  the  degrees  by  which 
it  advances  parallelto  that  plane  renlain  cohftant:  if,  therefore, 
we  conceive  at  every  inftant  a  parallelogram  of  forces  con- 
ftrufted,  of  which  the  horizontal  fide  is  to  the  vertical  fide  as 
the  hdrlzontal  velocity  to  that  which  remains  in  the  vertical 
direction,  the  diagonal  of  this  parallelogram,  which  will  indi- 
cate forscaeh  inftant  the  route  of  the  centre  C,  will  be  differ- 
ently fituated,  fo  that  the  centre  will  approach  to  ZH  by  de- 
fcribing  a  curve  11  ae  CR  during  the  time  of  the  compreflion : 
when  the  compreffion  ceafes  the  centre  C  will  move  for  an  in- 
ftant on  a  tangent  parallel  "to  HZ  ;  after  which  the  elaftic  force  • 
'  of  the  'body  c'ounterafting  that  of  compreflion  reftores  to  thfe 
body  gradually  the  velocity  by  which  it  moves  from  the  plane, 
in  the  inverfe  order  of  the  degrees  by  which  it  ajjproached  the 
plane  ;  and  fo  caufes  its  centre  to  defcribe  the  fecpnd  branch 
K.O  of  the  curve,  equal  atiy  fimilar  to  CR.  Finally,  when  it 
has  arrived  at  the  point  O,  whofe  diftance  from  the  plane  HE 
is  equal  to  the  radius  CI,'  it  will  move  on  according  to  the 
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tangent  OT  fituated  in  the  fame  manner  as  AC.  Hence,  then, 
the  oblique  ftroke  of  an  elaftic  body  upon  an  inflexible  and  im- 
moveable plane  is  made(abftra6ling  from  gravity)  in  fuc'h  manner 
that  the  angle  of  reflexion  is  equal  to  the  angle  of  incidence^ 
thefe  two  angles  being  meafured  by  thofe  contained  between 
the  horizontal  plane  and  the  tangents  at  the  extremities  C  and 
O  of  the  curve  defcribed  by  the  centre  during  the  cornprcflion 
and  the  reftitution  of  the  fpring ;  and  this  curve  is  always  the 
fmaUer  as  the  compreflioh  and  reftitution  approach  the  more 
nearly  to  being  inftantaneous. 

VII.  If  we  pay  regard  to  gravity,  and  BD  is  the  line  accord- 
ing fo  which  the  body  is  projefted,  it  will  defcribe  the  portion 
"DC  of  the  parabola  whofe  tangent  is  BD  juft  when  the  body 
touches  the  plane  ;  and  when  the  compreflion,  &c.  has  ceafed 
and  the  centre  arrives  at  O,  it  will  defcribe  another  portion  SO 
of  a  parabola,  poual  to  the  former,  and  fimilarly  fituated. 

VIII.  Friftion  likewife  contributes  to  the  facility  of  the 
Ricochet ;  becaufe  it  gives  to  the  moveable  a  rotation  which 
enables  it  to  furmount  more  eafily  the  difi^erent  obftacles  it 
meets  with.  Such  are  the  caufes  and  the  principal  circum- 
ftances  of  the  ricochet :  we  have  attended  to  them  rather  mi- 
,nutely,  becaufe  the  principles  here  applied  may  often  "be  di- 
refted  by  the  ftudent  to  other  motions  which  frequently 
occur. 

SCHOLIUM. 
255.  The  theory  of  the  motion  of  projeftiles  juft  exhibited 
depends  upon  three  fuppofitions,  all  of  which  are  inaccurate. 
ift.  That  the  force  of  gravity  is  the  fame  in  every  point  of  the 
curve.  2dly.  That  it  a£ts  in  parallel  lines,  sdly.  That  the 
body  moves  in  a  non-refifting  medium.  Of  thefe  fuppofitions, 
however,  the  two  firft,  as  we  obferved  in  art.  248.  produce  no  > 
error  which  defeives  notice  :  but  the  third  is  a  fource  of  con- 
flderable  difi^erence  between  this  theory  and  experiments,  par- 
ticularly when  the  initial  velocity  of  the  projeftile  is  great.  The 
refiftance  of  the  air  is  variable,  according  to  the  difi^rent  velo- 
cities and  magnitudes  of  the  projeftiles :  on  this  account  the 
trajeftory  of  the  proje£i:iIe  is  not  a  parabola,  nor  any  known 
and  regular  curve  ;  its  vertex  is  not  in  the  middle,  but  more  re- 
mote from  the  point  of  projeftion  than  from  the  other  extre- 
mity :  the  time  of  defcent  alfo,  though  through  a  lefs  portion  of 
the  curve,  is  longer  than  the  time  of  afcent ;  and  the  part  of  the 
curve  through  which  the  body  defcends  is  lefs  curved  than  that 
through  which  it  afcends.  Thefe  circumftances  are  very  per- 
ceptible to  the  fight  in  the  motion  of  ftones,  arrows,  balls,  and 
(hells  ;  and  even  in  a  jet  of  water  or  mercury  we  may  trace  the 
fame  particulars,  unlefs  the  velocity  be  fmall,  when  the  path 
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nearly'  coincides  with  a  parabola.  Befides  this,  a  body  proje^ej 
with  any  confiderable  velocity  is  not  only  deflefted  from  a  pa- 
raholic  path  in  a  vertical  direftion,  but  is  made  to  4eviate  la- 
terally', and  change  the  plane  of  motion  :  in  fome  experiments 
indeed  this  deviation  has  been  equal  to  i  or  ^  of  the  adiual 
range.  Such  material  difGrepancies  between  the  theory  and 
pra&ice  have  induced  feveral  philofophers,  at  different  times, 
to  inititute  courfes  of  experiments,  in  order  to  improve  the 
theory  by  a  companion  with  their  refults  :  the  moft  extenfive 
and  important  of  thefe  are  the  experiments  by  Meflrs.  Robins, 
Thompfon,  and  Dr.  Hutton ;  for  accounts  of  them  the  reader 
may  advaiitageoufly  confult  Robins's  Gunnery,  or  Brown's 
Tranflation  of  Euler's  Gunnery,  Phil.  Tranf.  for  1778  and 
1781,  and  Button's  Tra£ls,  vol.  I.  Dr.  Hutton  has,  lifcewife, 
touched  upon  this  fubje£t  in  the  fecond  volume  of  his  Courfe  of 
Mathematics ;  and  as  what  he  has  there  given  contains  much 
practical  information  in  a  fmall  compafs,  we  Ihall  extra£b  an 
article  or  two,  as  peculiarly  appropriate  to  the  fubjeft  before  us. 
256.  "  Before  the  propofitions  can  be  applied  in  refolving  the 
feveral  cafes  in  the  practice  of  gunnery,  it  is  neceflary  that 
fome  more  data  be  laid  down,  as  derived  from  good  experiments 
made  with  balls  or  Ihells  difcfiarged  from  cannon  or  mortats, 
by  gunpowder,  under  different  circumftances.  For  without 
thefe  thofe  theorems  can  be  of  very  little  ufe  in  real  prafticc, 
on  account  of  the  imperfeftions  and  irregularities  in  the  firing 
of  gunpowder,  and  the  expulfion  of  balls  from  guns,  but  more 
efpecially  on  account  of  tlie  enormous  rellftance  of  the  air  to  all 
projeSiles  that  are  made  with  any  confiderable  velocities.  As 
to  the  cafes  in  which  projeftiles  move  with  fmall  velocities,  or 
fuch  as  do  not  exceed  200,  or  300,  or  400  feet  per  fecond, 
they  may  be  refolved  tolerably  near  the  truth  by  the  parabolic 
theory  laid  down  above.  But  in  cafes  of  great  projeftile  ve- 
locities it  is  quite  inadequate,  without  the  help  of  feveral  data 
dravra  from  many  and  good  experiments.  For  fo  gr^at  is  the 
effedi  of  the  refiftance  of  the  air  to  projeftiles  of  confiderable 
velocity,  that  fome  of  thofe  which  in  the  air  range  only  between 
2  arid  3  miles  at  the  mbft  would  in  vacuo  range  about  ten 
times  as  far,  or  between  20  and  30  miles, 

"  The  effeds  of  this  refiftance  are  alfo  various,  according 
to  the  velocity,  the  diameter,  and  the  weight  of- the  projeftile. 
So  that  the  experiments  made  with  one  fize  of  ball  or  Ihell  will 
not  ferve  for  another  fi;?e,  though  the  velocity  ftiould  be  the 
fam^  i  nor  will  the  experiments  with  one  velocity  ferve  for 
other  velocities,  though  the  ball  be  the  feme.  And  therefore 
it  is  plain  that,  to  form  rules  for  pradical  gunnery^  we  ought 
to  have  good  experiments  made  with  each  fize  of  mortar,  and 


20® 


DYNAMICS. 


^QBooK  H. 


with  every  variety  of  charge,  from  the  leaft  to  the  greateft. 
And  not  only  fo,  but  thefe  ought  alfo  to  be  repeated  at  many 
different  angles  of  elevation,  namely,  for  every  fingle  degree  be- 
tween 3o°.and  6o°  elevation,  and  at  intervals  of  5°  above  60°  and 
below  30°,  from  the  vertical  direflion  to  poi^t-blank.  By  fucli 
a  courfe  of  experiments  it  will  be  found  that  the  greateft  range, 
inilead  of  being  conftantly  that  for  an  elevation  of  45°,  as  in  the 
parabolic  theory,  vv;in  be  at  all  intermediate  degrees  between  45° 
and  30°,, being  more  or  lefs  both  according  to'the  velocity  and  the 
weight  of  tlie  projedlile  ;  the  fmaller,  velocities  and  larger  fhells 
langing  fartheft  when  projedled  almoll  at  an  elevation  of  45'°  ; 
while  the  greateft  velocities,  efpecially  with  the  fmaller  ihells, 
ra;nge  fartheft  Virith  an  elevation  of  about  30°. 

257.  "There  have,  at  different  times,  been  made  certain 
fmalt  parts  of  fuch  a  courfe  of  experiments  as  is  hinted  at  above 
Such  as  the  experiments  or  praftice  carried  on  in  the  year  1773, 
on  Woolwich  Common  ;  in  which  all  the  fizes  of  mortars  were 
lufed,  and  a  variety  of  fmall  charges  of  powder.  But  they  were 
all  at  the  elevation  of  45° ;  and  confequently  thefe  are  defeftive 
in  the  higher  charges,  and  in  all  the  other  angles  of  elevation. 

"  Other  experiments  were  alfo  carried  on  in  the  .fame  place 
in  the  years,  1784  and  1786,  with  various  angles  of  elevation. 
>ndeed,  but  with  only  one  fize  of  mortar,  and  one  only  charge  of 
powder,  and  that  but  a  fmall  one  too  :  fo  that  all  thofe-  nearly 
agree  with  the  parabolic  theory.  Other  experiments  have  alfo 
been  carried  on  with  the  balliftic  pendulum,  at  different  times ; 
from  which  have  been  obtained  fome  of  the  laws  for  the  quan- 
tity of  powder,  the  weight  and  velocity  of  the  ball,  the  length  of 
the  gun,  &c.  Namely,  that  the  velocity  of  the  baM  varies  as  the 
fquare  root  of  the  charge  direfUy,  and  as  the  fquare  roof  of  the 
■weight  of  ball  re.ciprocally ;  and- that  fome  rounds- beings  fired 
with  a  medium  length  of  one-pounder,  gun,  at  15°  and  45°  ele- 
vation, and  with  2,  4,  8,  and  12  ounces  of  powder,  gave  nearly 
the  velo.cities,  ranges,  and  times  of  flight,  as  they  are  here  fet 
down  in  the  following  Table. 


Powder. 

Elfevalion 
of  gun. 

Velocity 
of  ball. 

Range. 

Time  of 
flight. 

oz. 

feet. 

feet. 

2 

^5° 

860    ' 

4100 

9" 

4 

15 

1230 

5100 

12 

8 

15 

1640 

6000 

14-^. 

12 

15 

1680 

67C0 

i5i 

2 

45 

860 

5100 

21 
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"  But  as  we  are  not  yet  provi-de3  iwith  a  fufficient  number 
and  variety  of  experiments  on  which  to  eftablift  true  rulgs  for 
pradlital  gunnery,  independent  of  the  parabolic  theory,  we 
muft  content  ojirfelves  with  the  data  of  fome  one  certain  ex- 
perimented range  and  time  of  flight  at  a  given  angle  of -ele- 
vation ;  and  then  by  help  of  thefe  and  the  rules  of  the  parabolic 
theory,  determine  the  like  circumftances  for  other  elevations 
that  are  not  greatly  different  from  the  former." 

lit.  Defcents  on  Inclined  Planes,  and  Curve  Surfaces, 

258.  Prop.  Thefot^e  •which  ■  decelerates  or  retards  the  motion  ^ 
a  body  upon  an  inclined  plane  is  to  the  force  of  gravity,  as  the  height 
»f  the  plane  to  its  length,  or  as  ihejine  of  the  plane's  elevation  t» 
radius.>-  ,v     ji 

Let  AD  (fig.  6.  pi.  XII.)  be  tbcsj^ge,  of  which  the  height 
is  BD,  and  the  length  AD ;  and  let  C  be  the  place  of  a  body 
iipon  the  plane.  From  C  draw  the  vertical  CG  to  reprefent  g- 
the  accelerating  or  retarding  force  of  gravity,  according  as  tlie 
body  is  fuppofed  to  be  moving'  downwards  or  upwards,  and 
complete  the  parallelogram  CEGF :  now  the  force  CG  may 
obvioufly  be  refolved  into  the  tvc^o  CF,  CE,  of  which  the  former 
being  in  the  direftion  perpendicular  to  the  plane  is  extingBifliei 
by  its  reaftion,  but  the  latter  being  parallel  to  the  plane  has  its 
entire  effeft,  and  is  that  which  either  direftly  co-operates  with 
or  oppofes  the  motion  of  the  body  along  the  pl^ne.  But  the 
triangles  ADB,  GCE,  are  fimilar,  the  fides  of  the  latter  being 
refpeftively  perpendicular  to  the  fides  of  the  former :  there- 
fore, GC :  CE  : :  DA  :  DB  : :  Rad. :  fin.  DAB.  And,  if  we 
fuppofe  the  body  at  any  other  point  C,  the  refolution  of  thfe 
forces  will  again  furnilh  the  fame  refult.  Whence  the  pro- 
pofition  is  manifeft. 

Cor.  I.  Since  the  accelerating  or  retarding  force,  on  the 
fame  plane,  is  in  a  given  ratio  to  that  of  gravity,  which  is  a 
uniform  force,- it  alfo  is  a  uniform  force.     '^ 

CoR.  2.  Hence  the  laws  before  laid  down^'or  accelerated  and 
retarded  motions  hold  good  forthofe  on  inclined  planes:  thus» 
in  defcending  along -the  fame  plane,  orplanes  equanyinclined, 
the  velocities  acquired' are  as  the  fpaces  defcended  from  quief- 
cence ;  the  fpaces  defceridea  are  as  the  fquares  of  the  velocities, 
or  as  the  fquares  of  the  times  ;  and,  if  a  body  be  thrown  up  att 
inclined  plane,  with  the  velocity  it  acquired  in  ddfcending,  it 
will  lofe  all  its  motion,  and  will  afCend  to  the  height  from  which 
it  defcended  in  an  equal  time,  and  will  repafs  any  point  of  the 
plane  with  the  fame  velocity  as  it  paffed  it  in  defcending. 

Cok.  3.  U  J),  reprefent  the  height  and  /  the  length  of  ths 
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plane,  the  accelerating  or  retarding  force  will  be  reprefented  by 

-j^g;  or,  if  the  angle  DAB  be  denoted  by  e,  that  force  will 

be  reprefented  by  g.  fin.  e.  Hence  if  we  fubftitute  this  for  g, 
in  the  values  of  s  and  v,  in  art.  243.  they  will  become  j=^. 
fin.  e-ii^,  "and  v=g.  fin.  e.  t  —  \/1^sm7e.  and  the  equations 
for  t  will  undergo  firailar  modifications.  Thefe  will  enable  us 
to  deduce  fome  ufeful  theorems  as  further  corollaries. 

CoR.  4.  If  two  bodies  defcend  from  the  highe/i  point  D  of  .the 
plane  at  the  fame  itifidnt,  one  defcendirig  along  the  plane  UK,  the 
ether  through  the  vertical  DB,  t^ir  contemporeom  pofttions  C  and  I 
<U)ill  alnvays  be  fhe-jun  bi  the  interfeElions  of  a  line  as  CI  <with  the 
Vwo  planes,  this  line  being  con/iantly  perpendicular  to  DA.  This 
will  appear  by  comparing  the  equation  s=g.  fin.  e.  4  i^.  for  the 
motion  down  the. plane,  with  the  correfponding  equation /= 
igt'''  exprefling  the  v^^CTcal  motion :  for,  if  we  divide  one  of , 

thefe  equations  by  the  other,  we  have  -^=  '  ^'^^  ■  which  be- 

caufe  /=/',  givfis  s  =  s'  fin.  e;  whence  s  :  s  :  :  i  :  fin.  e,  that  is, 
DI  :  DC  :  :  Rad.  :  fin.  DAB,  which  indicates  that  DI  is  the 
hypothenafe  of  a  right-angled  triangle,  whofe  angle  I  is  equal 
to  the  elevation  of  the  plane.  ; 

Cor.  5.  If  the  diameter  of  a  circle,  be  perpendicular  to  the  ho- 
rizon, and  chords  be  drawn  from  -  either  extremity,  the  times  of 
defeent  down  all  the  chords  -will  he  equal,  and  each  equal  to  the  time 
of  free  defcent  through  the  vertical .  diameter.  Thus  in  fig.  6. 
pi.  XII.  the  angle  at  C  being  a  right  angle,  the  time  of  run- 
ning through  AC  on  the  inclined  plane  is  (by  the, preceding 
coroi.)  equal  to  the  time  of  falling^  through  AB  ',  and,  fince  D 
and  E  are  right  angles,  the  fame  will  be  true  of  the  defcents 
through  AD,  and  AE :  alfo,  if  AI  be  drawn  parillel  to  CB, 
the  time  of  defcent  through  Alwill,  in  like  manner,  be  equal 
to  that  through^  A  B  5  and  becaufe  AI=CB,  and  have  equal  ele- 
vations, they  will  be  defcribed  in  equal  times :  and  the  fame 
may  be  fliewn  of  DB,  EB,  &c. 

Cor.  6.,  If,  from  any, point  A  in  a  vertical  plane,  any  num- 
ber of  lines  AC,  AD,  AJE,  AF,  AG,  &c.  be  drawn  in  that 
plane,  and  bodies  be  let  fall  from  quiefcence  at  A  along  thefe 
lines,  then  at  the  end  of  any  equal  times  whatever  thefe  bodies 
will  all  be  found  in  the  circumference  of  a  circle  palling  through 
A  (fig.  7.  pi.  XII. )~  Thus,  when  the  body  falling  vertically  is 
at-E,  the  others  will  be  at  C,  D,  F,  G,  refpeflriyely :  again, 
when  this  body  is  at  e,  the  others  will  be  at  c,  d,fg,  in  the 
circumference  of  a  circle  touching  the  former  in  A  ;  and,  when 
this  body  is  at  B,  the  others  will  be  at  c,  d!,f^  g,  in  a  third 
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circle  touching  tHe  other  two  in  A  :  and  fo  on.     All  which  5s 
manifeft  from  Cor.  5. 

CoR.  7,  And  if  the  lines  diverging  from  A  are  notconfined 
to  one  plane,  but  directed  all  around,  then  bddies  defcending 
along  thefe  lines  will  at  every  feparate  inftant  of  time  be  all 
found  in  the  furfaice  ,of  fome  one  of  a  feries  of  fpbeifesj  which 
touch  one  another  in  the  fuperior  point  A. 

CoR.  8.  If  any  line  CH  (fig.  5.  pi.  XII, )  h  drawn  parallel  to 
the  horizon,  and  if  two  bodies  move  from  quiefience  at  D,  the  one 
along  the  inclined  plane  DA,  the  other  through  the  vertical  DH, 
the  velocity  acquired  by  the  one  at  C  will  be  equal  to  that  acquired 
by  the  other  at  H  ;  thofe  velocities  being  ejliinated  by  the  difeSliorts 
of  their  reffeBive  motions.  For  the  equation  comptifing  the 
conditions  of  velocity  .of  the  body  movlrtg  aloftg  DA  is  «= 
\/ig7Tsiin  (Cor.  3.),  and  the  corrtfpondinlg  equation  for  the 
vertical  defcent  is  "i; '  =  v'  ig's'*  But  in  the  prefent  inftance,  ti— 
■y',  therefore  "i-gs  .  fin  e=%gs',  or  s.  fln.  f— j';  confequently 
s:s::  fin.  ^  :  i ,  that  is,  DH  :  DC  !  fin.  DAB  :  rad. 

Hence  CH  is  parallel  to  the  horizontal  line  AB. 

CoR.  9.  Hence,  fince  the  fame  might  be  fliewn  of  the  cor- 
■  refponding  point  C'  of  any  other  plane  A  D,  iffeveral  bodies  are 
let  fall  from  one  point  D,  without  any  impulfton,  and  run  over  dif- 
ferent planes,  they  will  all  have  acquired  the  J'ame  velocity  when 
they  arrive  at  any  horizontal  plane  > 

'  CoR.  I  o.  If  two  or  more  bodies  have  equal  velocities  at  any  equal 
altitudes  C,  H,  C,  their  velocities  will  be  equal  at  all  other  equal 
Mltitudes,  A,  B,  A'. 

CoR;  II.  Hence,  alfo,  the 'oelocj.ties  acquired  by  defcending  down _ 
any  planes  are  as  the  fquare  roots  of  their  heights  DB.     Thus,  the 
-  velocity  at  A,  being -the  fame  as  the  velocity  at  B,  is  as  .y/DB. 

CoR.  12.  The  time  of  defent  along  DA  is  to  the  time  of  defcettt 
through  the  vertical  DB  «j-  D  A  to  DB.  Here  D  A=j,  DB=/, 
and  the  equations  are  s-=g,  fin.  e.  4  t^,  and  s'=-\  gf-'^  whence, 

if  we  convert  thefe  into  an  analogy,  we  have  f\  t''- : :  — i — :  / 

I  sin.  e 

: :  -7^  :  DB.    But,  in  the  triangle  DAB,  ^r-  =  fin.  e ;  there» 

,"     vsin.  e  '  iJA 

fore,  /'  :^'» : :  DA» :  DB%  or  / :  / : : DA : DB. 

CoR.  13.  As  the  above  proportion  obtains  whatever  is  the 
Inclination  of  the  plane,  it  refults,  that  the  titles  employed  to  pafi 
ever  various  fficlined  planes  of  the  fame  height  are  refpeBitiely  as 
the  lengths  of  the  planes. 

259.  pRojf.  If  a  body  defend  along  any  number  of  (ontiguoiis 
planes,  it  will  ultimat^y  acquire  the  fame  velocity  as  would  have 

vox.  I.  '  9 
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teen  eiequlfed  ^y  falling  perpendicularly  through  the  height  ef  ths 

f^em  ;  fuppofmg  no  velocity  loft  on  pajjingfrom  one  plane  to  another;. 

Let  AB,  BC,  CD,  (fig.  8.  pi.  XII.)  be  the  contiguous  planes: 

•  produce  DC,  CB,  the  two  lower  till  they  meet  AF  parallel  to 

the  horizon  in  F  and  E  refpeftively.     Then,  by, Cor.  9.  of  the 

preceding  prop,  the  velocity  at  B  is  the  fame  whether  the  body 

defcend  through'  AB  or  EB :  and  therefore  the  velocity  at  C 

will  be  the  fame  whether  the  body  fall  through  ABC  or  EC, 

■which  is  alfo,  by  the  fame  corol.  equal  to  the  velocity  acquired 

by  falling  through  PC.     Cpnfequently  the  velocity  will  be  the- 

fame  at  D,.  on  this  ^hypothefis,  whether  the  body  pafled  over 

the  fyftem  ABCD,  or  through  the  fingle  plane  FD,  or,  laftly, 

through  the  vertical  FG.  • 

CoR.  Hence,  comparing  this  prop,  with  corol.  2.  and  11.  of 
the  preceding,  it  follows  that  the  velocities  acquired  in  fallihg 
down  any  fyftems  of  planes  are  as  the  fquare.  roots  of  their  ver- 
tical altitudes ;  and  that,  if  the  body  be  projefted  from  D  up 
the  planes  with .  the  velocity  acquired^  it  will  afcend  through 
this  or  any  other  fyftem  of  planes  (no  part  of  which  is  reclining) 
to  the  fame  perpendicular  height  from  D. 

260.  Prop.  When  a  body  moves  over  a  fyjiem  of  planes,  the 
velocity  Iqfl  in  paffingfrom  any  plane  to  the  fucceeding  one  is  to  the 
velocity  it  bad  then  acquired  as  the  verjedfme  of  the  angle  made  bj 
the  planes  to  radius. 

Conceive  that  the  body  after  moving  over  the  plane  AB 
(fig.  9.)  has  fuch  a  velocity  as  would  carry  it  over  the  fpace  BF 
■in  the  next  fecond,  or  unit  of  time,  if  the  motion  were  not 
obftru£ted:  from  F  draw  the  line  FD  perpendicular  to  the 
fecond  plane  BC,  and  complete  the  parallelogram  DE,  then 
will  the  velocity  BF  be  refolvable  into  the  two  BE,  BD ;  of 
which  the  former  is  evidently  deftroyed  by  the  refiftance  of  the 
plane,  and  of  confequcnce  the  velocity  BF  will  be  reduced  to 
the  velocity  BD  on  the  plane  BC.     Now,  with  centre  B  and 
radius  BF  defcribe  the  arc  FT,  fo  fliall  DI=BF-BD=  the 
velocity  loft  at  the  angle  B ;  and  it  is  obvious  that  DI  :  BF  :  : 
Ters.  fin.  DBF  :  rad.     As  in  the  propofition. 
SCHOLIUM. 
261.  When  a  body  falls  freely  by  the  continual  folicitation 
of  gravity,  every  .particle  in  it  is  equally  accelerated,  or  every 
.  particle  defcends  towards  the  horizon  with  the  fame  velocity, 
and,  therefore,  no  rotation  will  be  given  to  the  body.     The 
fame  may  be  faid  when  a  body  defcends  along  a  perfeftly 
fmooth  inclined  plane,  if  that  part  of  the  force  which  is  in  a 
direftion  perpendicular  -to  ■  the  plane  be  fupported  ;  that  is,  if 
a  perpendicular  to  the  plane  drawn  from  the  centre  of  gravity 
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of  the  b,ody  pierce  the  plane  in  a  point  which  is  in  contafik 
with  the  body.  But  if  this  part  of  the  force  be  not  fuftained 
by  the  plane,  the  body  will  partly  roll  and  partly  Aide,  till  this 
force  is  fuftained  3  and  then  the  body  will  Aide  wholly.  When 
the  lateral  motion  is  entirely  prevented  by  the  adhefion  of  the 
plancj  the  body  will  keep  at  reft  if  the'vertic.il  frW  its  centre 
of  gravity  fall  within  its  bafe ;  but  if  it  fall  below  that  bafe  the 
body  will  roll.  If  the  adhefion  be  not  fufficient  to  prevent  all 
lateral  motion,  the  body  will'  partly  roll  and  partly  flidei.  In 
aill  thefe  cafes  the  fpace  defcribed,  the  time  of  motion,  &c- 
muft  be  afcertained  by  means  of  other  principles;  the  prin- 
cipal, &c.  of  which  will  be  explained  in  the  chapter  on  Rota- 
tion (arti  S'S")- 

,262.  Prof.  The  times  of  defcribing  two  fyjlems  of  indined  plane i 
ABCD,  ahcd  (fig.  8.  pi.  XIL),  luboje  number:;  inclinations,  and 
ratio  of  their  lengths,  are  the  fame,  are  to  each  Other  as  thefquare    , 
roots  of  the  lenplf  5  of  the  fyjlems.  -  ' 

Becaufe  the  planes  are  equally  inclined  to  the  diredilion  of 
the  force,  the  time  of  running  through  AB  is  to  that  through  , 
ab  as  ^/AB  ta  aJ ab.  (art.  258.  cor.  11.)  And  if  bodies  fall 
down  EC,  ec,  then  will  time  in  EC  :  time  m  ec  :  :  ^EC  :  \/ec 
:  :  y/AB :  \/ ab;  alfo,  time  in  EB :  time  in  ^^  :  :  y'EB  :  ^/eb 
:  :  ^AB :  \/ab;  therefore,  time  in  EC  :  time  in  ec  :  :  time  in 
EB  :  time  in  eb ;  and  hence,  the  remainder,  or  time  in  BC  ; 
remainder,  or  time  in  be  ;  :  v^AB  :  \i'ab,  by  EucV.  19.  And 
fince  (by  hyp.)  no  motion  is  loft  in  pafling  from  one  plane  to 
another,  the  times  of  pafling  over  BC,  and  be,  are  the  fame, 
whether  the  bodies  begin  to  move  at  A  and  a,  or  at  E  and  e ; 
fo .  that  when  the  bodies  defcend  along  ABC,  abc,  it  will  be 
time  in  ^C  :  time  mbc  :  :  v' AB  :  ^/ab.  In  the  fame  manner  it 
may  be  fliewn  that  time  in  CD:  time  in  cd::  ^/ A&  i^^ab. 
Hence,  time'  in  AB  :  time  in  ab:  :  time  in  BC  :  time  in  he  :  i 
time  in  CD  :  time  in  cd;  and  confequently  the  time  in  AB -j- 
BC+CD  :  time  in  ab+bc-^-cd:  :  time,  in  AB  :  tiine  in  ab:: 
^v/'AB  :  ^/ab  : :  v/AB+iHTfCD  :  \/M^bc-\-cd- 

Cor.  I.  If  the  lengths  of  the  planes,  and  their  angles  of  in- 
clination ABE,  BCF,  be  diminiftied  indefinitely,  the  limits,  to 
which  5hefe  fyftems  approximate,  are  fimilar  curves,  -fimilarly 
pofited,  in  which  (as  will  be  feen  in  the  next  prop.)  no  velocity  ' 
is  loft  :  hence  the  -whole  times  of  defcent  through  thefe  cur-Oes  will 
be  as  thefquare  roots  of  their  lengths. 

Cor.  2.  The  times  of  defcents  along  fimilar  circular  arcs,  fimi- 
•hrly  fttuated,  are  as  the  fquare  roots  of  the  arcs,  or  as  the  fqiiare 
roots  of  the  radii  of  their  refpeSiive  circles, 

263.  Prop;  If  a  body  fall  frcrm  quiefcence  down  a  curve  fufface 

whicn  is  p'trfeilly  fmnmy  the  velocity  acquired  is  equal,  to  that 

J,  2 
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tuiich  would  be  acquire  in  falling  through  the  fame  perpendicular' 
Height. 

For,  by  art.  260.  when  a  bo({y  pafles  from  one  plane  AB 
(figi  9.)  to  another  BC,  the  whole  velocity  :  the  velocity 
loft  : :  radius  :  verfed  fine  of  DBF.     Confequently,  when  the 

-  angle  FBD  is  diniiniflied  fne  limite,  the  velocity  loft  is  dimi- 

-  nifhedT"*'  limite :  and  if  the  lengths  of  the  planes  as  well  as 
their  angles  of  inclinations  be  indefinitely  diminiihed,  the 
fyftem  approximates  to  a  curve  as  its  limit,  in  which  there  is 
no  velocity  loft :  wherefore,  the  whole  velocity  acquired  will 
be  equal  to  that  which  a  -body  would  acquire  in  falling  through 
the  fame  vertical  altitude.     Art.  259. 

Or,  if  we  apply  the  fluxional  method  to  the  known  properties 
of  curves  in  general,  the  fame  thing  may  be  fhewn  thus.  Sup- 
pofe  the  body  moves  from  quiefcence  at  C,  (fig.  16.  pi.  XII.) 
and  that  at  the  end  of  the  time  t  the  conftant  adtion  of  gravity 
has  brought  it  to  the  point  M,  in  the  fame  vertical  plane  Y  AX. 
On  the  horizontal  axis  AX  let  AP  =  X,  and  on  the  vertical 
AY  let  AB=A,  the  right  ordinate  to  the  point  M,  ihat  is, 
PM  =  Y,  and  the  fpace  d.efcribed  ,CM  =  j;  then  will  the  velo-. 
city  of  the  moveable  in  the  direction  of  the  element  of  the  curve 

at  M  be  -i. Gravity  afting  upon  the  body  at  M  in  the  di- 

i 

reciion  MP,  its  force  muft  be  decompofed  into  two  others,  the 
one  perpendicular  to  the  furface  in  M  will  be  annihilated  by 
its  readtion,  the  other  will  be  in  the  direftion  of  the  tangent  at 
M :  and  as  the  cofine  of  the  angle  which  this  tangent  makes 

with  AX  is_JL,  or  i^ther =^,  fince  s  increafes  as;i  decreafes, 

s  s 

the  component  of  the  gravitating  force  in  the  direftion  of  the 
tangent  will  be— ^-?-;   thus  we  have-^  =—  g-^.    From  this 

s  t  s 

ti-e  find-^t;=  ~gy,  or  w—  —gy,  becaufe  v  =  ^  (art.  232. 1.). 

Taking  the  fluent  we  have  4  'y^=  —gy-\-C.  Now,  at  the  point 
C,  ■y=o,  and  y=h,  therefore  C=gh,  !ind  confequently  ■u^= 
2gh~2gy=2g[h -y)  =  2gx BN.  Whence  it  follows,  fince 
BN  here  =/  in  art.  243.  that  the  body  has  in  M  the  fame  ve- 
locity in  the  diredion  of  the  tangent  that  it  would  have  had 
at  N  after  falling  freely  through  BN.  Thus  alfo  it  appears 
that  the  theorem  exhibited  in  cor.  9.  art.  258.  is  only  a  par- 
ticular cafe  of  the  principle  juft  deduced. 

Cor.  I.  If  a  body  be  projeBed  up  a  curve  ( having  no  point  of 
tonirary  flettuff)  the p'erpendicular  height  to  -which  it  luiJl  rife  is 
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equal  to  that  through  which  it  muft  fall  to  acquire  the  vflocity  of  ' 
projeliion.     For  the  body  will  always  have  its  afcending  mo-  ' 
tien  retarded  by  a  force  whofe  intenfity  is  equal  to  that  which 
would  accelerate  the  motion  when  defcending. 

Cor.  1.  If  WLm  (fig.  lo.  pi.  XII.)  be  a  curve,  whofe 
loweft  point  is  Z,  and  the  parts  MZ,  Zm,  equal  and  fimilar; 
a  body  by  falling  through»MZ  will  acquire  fuch  a  velocity  as 
will  carry  it  to  m  :  and,  fince  the  velocities  at  all  equal  altitudes 
in  the  defcent  and  afcent  are  -equal,  the  whole  time  of  tlie 
^fcent  will  be  equal  to  that  of  the  defcent. 

Cor.  3.  The  circumfances  ofihelafi  corollary  will  obtain  in  like 
manner,  if  the  body  be  retained  in  the  curve  by  a  firing  which  is  in 
every  point  perpendicular  to  it- :  for  the  firing  in  that  cafe  will  fuf- 
tain  the  part  of  the  weight  which  in  the  former  is  fuftained  by 
the  curve. 

264.  Prop.  The  velocities  acquired  in  defcending  through  dif- 
ferent arcs  of  thejame  circle  are  as  the  chords  of  the  arcs,  the  tangent 
to  the  loweft  point  of  each  arc  being  horizontal. 

Let  a  body  fall  through  the  arc  AD  (fig.  i  r.  pi.  XII.),  it  will 
(art.  263.)  have  the  fame  velocity  at  the  point  D  as  if  it  had 
fallen  through  the  vertical  FD,  AF  being  horizontal:  and  a 
body  falling  through  the  arc  BD  will,  for  the  fame  reafon,  have 
a  velocity  at  D  equal  to  that  which  would  have  been  acquired 
by  falling  freely  through  ED.  Now  if  bodies  fall  fucceffively 
from  refl  at  F  and  E,  the  velocities  acquired  on  arriving  at  D 
will  be  (art.  243.)  as  ^DF  and  ^DE,  But,  by  a  well-known 
property  of  the  circle,  -^  DF  :  VI^E  '• '  AD  :  BD  ;  and  confe- 
quently  the  velocities  acquired  by  falling  through  any  arcs  ABD, 
BD,  of  the  circle  terminating  in  D  the  lower  extremity  of  the 
vertical  diameter,  are  as  the  correfponding  chords  AD,  BD. 

Cor.  I.  If  we  would  give  to  a  body  on  arriving  at  D  a  ve- 
locity double,  triple,  &c.  the  velocity  it  has  at  D,  after  fall- 
ing through  the  arc  BD,  we  have  only  to  fet  off  from  D  the 
chord  DA  double,  triple,  &e.  the  chord  BD,  and  ABD  will 
be  the  arc,  after  falling  through  which  the  body  will  have  the 
required  velocity. 

CoR.  2.  If  we  wifti  the  body  on  arriving  at  D  to  h?ve  any 
propofed  velocity,  five  feet  per  fecotid,  for  example;  then  .find 
by  the  proper  theorem  (art.  243.)  the  height  s  due  to  that  velor 
city  ;  and  having  taken  on  the  vertical  CD  a  line  DF  equal  tp 
this  height,  from  .a  point  C  above  F  attach  a  'thread  of  the 
length  DC  to  the  body,  and  draw  it  afide  from  the  vertical  till 
.  it  out  the  horizontal  line  AF  in  A  ;  from  this  place  let  the  body 
f?ll,  and  it  will  have  at  D  the  propofed  velocity. 

365 .  Prop;  The  accelerating  force  of  a  body,  gravitating  in  a  • 
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(trcular  arc,  is  to  its  abfolute  nveight,  as  the  ftne  of  its  angular 
di/iance  from  the  loijuefl  point  of  the  circle,  is  to  the  radius. 

LetM  (fig.  12.  pi.  XII.)  be  the  body  defcen'ding  along  the 
arc  MA,  whofe  loweft  point  is  A  and  centre  C :  let  ME  be 
the  fine  of  the  arc  MA,  and  let  MI'  be  a  tangent  to  the  circle 
at  M,  meeting  the  vertical  aK  .produced  in  T .  Then  will 
the  accelerating  force  of  the  body  aj  M  be  the  fame  as  if  it  were 
placed  on  the  tangent  MT,  confidered  as  an  inclined  plane.; 
and  will,  therefore,  be  to  its  abfolute  weight  as  E  T  to  MT 
(art.  258. 'i;  or,  becaufe  of  the  fimilar  triangles  MET,  CLM, 
as  EM  to  CM,  or,  as  the  fine  of  the  arc  AM  (the  meafure  of 
the  angular  diftance  MCA)  is  tp  radius. 

CoR.  I.  In  the  fame  circle  the  accelerating  force  Is  every 
whei;e  as  the  fine  of  the  arc  MA  5  but  becaufe  the  finr  "nd  arc 
approximate  to  the  ratio  of  equality  while  the  arc  decicafes, 
'  the  ratio  of  the  fines  to  each  other  will  approximate  o,  and 
be-ultimately  equal  to,  rhr  ratio  oi  their  corrtfponding  arcs  to 
'  '  each  other.  Therei^re,  ultimately,  the  accelerating  force  is 
as  thearc  IV' A,  the  diftance  of  the  bodv  fn-m  ihe  loweft  point 
A,  mealured  along  the  c.rcle  in  whi(  h  the  body  moves. 

Cop.  2;  Hence  the  time?  of  defct-nt  down  unequal  arcs  MA, 
oA,  approximate  to  equality,  while  thofe  arcs  decreafe  in  in- 
ftmtvm,  and  ultimately  thofe  times  will  be  equal.  For,  when 
the  accelerating  force  vari(:s  .as  the  diftances  (art.  237.)  the 
times  of  dt  fcent  will  be  equal  from  whatever  place  the  body, 
begins  to  defcend.. 

266.  Prop.  Things  being  as  in  the  loft  propoftion,  draiv  MA 
thi  choTd  of  the  arc]lAoh. ;  then  the  accelerating  force  of  the  body 
■Upon  the  arc  at  M  tuill  he  to  the  accelerating  force  of  the  body 
placed  apy  <where  upofi  the  chord  MA  ultimately  as  2  to  1. 

For,  draw  the  diamtter  aCA,  joinoM,  CM,  let  A  /  be  a 
tangent  to  the  circle  at  A,  and  MT  a  tangent  to  the  circle  at 
M^,  thofe  tangents  meeting  at /.  Then,  confidering  the  chor4 
MA  and  tangent  Mi  as  inclined  planes  whofe  altitudes  are 
equal,  the  accelerating  force  on  the  plane  M^  (equal  to  that  oij 
the  arc  at  M)  is  to  the  accelerating  force  on  the  plane  MA» 

as to  — —,  or  as  !RIA  to  Mt ;  or,  by  reafon  of  the  iimilar 

■        Mjf  MA  '        '      J 

ixhvghs  MAjf,  M«C,  as  Ma  to  MC,  that  is,  ultimately,  as 
'^  is  to  1. 

Cdr.  The  time  ofclefcent  through  the  arc  Mo  A  is  to  the  timf 
ef  dejcent  .through  th  chord  M-A  idtimately  as  3"I4I593  to  4,  or 
'flS  the  circumference  of  a  circle  is  to  four  diameters.  For,  ulti- 
yp^jcjy,  tjie  length  of  the  arc  and  chor4  are  equal,  and  ulti- 
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mately  the  accelerating  force  of  the  body  on  the  arc  is  every 
where  as  its  diftance  from  the  loweft  point  A  (art',  265.  cor.  i.); 
but  the  accelerating  force,  of  the  body  on  the  chord  is  uniform, 
and- equal  to  half  the  firft  force  on  the  arc  at  M  by  the  pro|).i 
therefore,  (art.  237.  cor.)  the  time  of  the  defcent  throiigh  the 
arc  is  to  the  time  of  defcent  through  the  chord  as  the  circum- 
ference is  to  four  diameters. 

CoR.  2.  Suppofing  the  periphery  of  a  circle  to  coincide  with 
the  perimeter  of  a  polygon  whofe  fides  are  increafed  in  number, 
and  diminiflied  in  magnitude  in  ittfinitum,  and  that  the  leaft 
poffible  arc  of  a  circle  coincides  accurately  with  its  chord 
(which  is  the  language  of  indivifibles),  it  would  follow  that  the 
time  of  a  body's  defcent  in  fuch  an  arc  would  be  equal  to  the 
time  of  defcent  down -the  chord  :  and  fuch  is  the  conclufion  of 
Dr.  Ke'ill  in  his  xvth  Lefture,  and  before  him  of  M.  Parent. 
But  it  appears,  from  the  preceding  corollary,  that  in  faA  thcfe 
times  are  fo  far  from  being  equal,  as  Keill  and  Parent  maintain, 
that  the  time  of  defcent  down  the  arc  is  lefs  than  that  down 
the  chord  nearly  in  the  ratio  of  3  to  4.  And  from  the  method 
of  prime  and  ultimate  ratios  applied  to  this  cafe,  it  is  evident, 
that  while  the  arc  and  chord  approximate  to  equality,  the  times 
of  defcendrng  aloiig  them  do  not  approximate  ;  for,  by  the 
d6£lrine  of  limits,  no  part  of  a  curve,  how  fmall  foever,  can 
ever  be  fafely  taken  for  its  chord  ;  but  even  when  they  ft)  far 
approach  each  other  that  their  lengths  may  be  confidered  as 
equal,  the  curve  ftill  remains  a  curve ;  its  inclination  is  different 
from  that  of  the  chord  ;  the  accelerating  force  along  the  curve 
perpetually  varies,  and  that  in  proportion  to  the  diftance  of  the 
body  from  the  loweft  point,  while  the  accelerating  force  along 
the  chord  remains  cotiftant ;  and  -therefore  the  times  of  de- 
fcribing  thefe  fpaces  are  uneqiaal,  even  fuppofing  the  lertgths 
could  be  the  fame. 

Principle  of  M.  D'Alembert. 

267.  Before  we  entirely  quit  the  fubjeCt  of  motions  along  in- 
clined -planes,  we  (hall  briefly  notice  a  generd  principle  v^hich 
M.  D'Alembert  firft  prefented  in  his  Dynimigue,  pa.  73,  and 
which  is  mentioned  here  becaufe  we  mean  to  fhew  its  applica- 
tion to  a  part  of  the  fubjeft  now  under  difcuffion ;  not  meaning 
'to  follow  it  univerfally.     His  propofition  is  this :    -^ 

Prop.  "  In^ivhatever  mann,er  feveral  bodies  change  their  aBttal 
motions,  if  we  conceive  that  the  motim  lOhich  each  body  would  have  in 
the  fucceeding  ^injiant,  if  it  ivere  quite  free j  is  decdrnpofed  into  ttu0 
ethers,  of  which  one  y  the  motion  lirhich  it  really  takes  in  confequenae 
of  their  mutual  a£f ions,  the  fecond  ifi'ift  be  fuch,  that  if  each  body  were 
impelled  by  this  force  alone  (that  is,  by  the  force  which  would  product 
this  fecond  motion),  all  the  bodies  would  remain  in  eqtiilibrio" 
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This  is  evident;  for  if  thefe  fe&ond  conftituent  forces  arc 
Dot  fuch  as  would  put  the  fyftem  in  equilibrio,  the  other  cpn.r 
ftjtuent  motions  could  not  be  thofe  which  the  bodies  really  takie 
in  copft-qaence  of  their  mutual  adion,  but  would  be  changed 
by  the  firft. 

The  life  of  this  propofition  will  appear  from  the  following 
examples.  , 

I.  Let  there  he  three  bodies  B,  B',  B",  and  let  the  forces  F» 
F',  F",  ^Q:  upon  them,  fo  as  to  give  them  the  velocities  v,  v,  v", 

«in  any  direftions  whatever,  producing  the  quantities  of  motion 
Bw,  B'vy  B"v",  which  we  may  call  F,  F',  F",  becaufe  the 
ijiomjenta  are  the  proper  meafures  of  the  moving  forces.  Let 
Ws  fu>-ther  fuppofe  that  by  ftriking  each  other,  or  being  any  way 
copnefted  with  e^ch  other,  they  cannot  take  thefe  motions 
F,  F',  F',  but  reilly  take  the  motions  fjf,f".  It  is  obvious 
that  we  may  confider  the  motion  F  imprefied  upon  the  body  B 
to  be  compofed  of  the  motiony  which  it  really  takes,  and  of 
another  rnotion  0.     In  like  manner  F'  may  be  refolved  into  /' 

,  vhich  it  aftualiy  takes,  and  another  (p' ;  and  again  F"  intoy" 
and  p ',  The  motions  will  be  the  fame  whether  B  be  afted 
upon  with  the  force  F,  or  the  conftituent  forces  y  and  ^; 
Mfhethpr  B'  be  afted  upon  by  F',  or  byy  'and  p  \  and  B'  by  the 
force  F',  or  the  component  forces  /  and  <p  ',  iN  pw,  by  the  fup- 
pofition,  the  bodies  actually  take  the  mouoy\sf,f',f" :  there- 
fore the  motions  p,  9',  p" ,  muft  be  fuch  as  will  not  derange 
the  motipnsyy ,  /  :  that  is  to  fay,  if  the  bodies  had  only  the 
motions  f,  ffl,  ip ',  imprefled  upon  them  they  would  deftroy 
e3ch  other,  and  the  fyftem  would  r^piain  at  reft. 

II,  Amotions  upon  double  inclined  planes.  Let  AC,  CB  (fig.  7. 
pi.  VI.),  reprefent  two  inclined  planes  of  equal  altitudes,  fet 
^ck  to  bapk  at  PC,  the  gngks.of  elevation  being  DAC^f,  and 
I)BC=(?  ;  and  let  the  two  weights  W,  W,  united  by  a  thread 
WCW  pafling  over  the  pulley  C,  a<El  the  one  upon  the  other, 
Then,  calling  w,  iv',  their  mafles,  or  their  weights,  let  us  de- 
termine the  circumftances  of  their  motion. 

At  the  end  of  the  time  t,  w  will  have  a  velocity  v,  and  grs- 

vitjr  would  imprefs  upon  it  in  the  inftant  t  following  a  new  ve- 

!ocity=^ .  fin.  f  .  /  (art.  258.  cor.  3.)',  provided  the  weight  iv 
were  then  entirely  free :  but,  by  the  difpofition  of  the  fyftem, 

isi  will  be  the  velocity  which  obtains  in  reality.  Then  eftimat- 
ing  the  fpac.es  in  the  direction  CW,  as  the  body  W  moves  with 
an  equal  velocity  but  in  a  contrary  fenfe,  it  is  obvious  that  the 
decompofition  may  be  made  as  follows.     At  the  end  of  the  time 

t-^i,  we  have  fpr  the  yelpcitjr  impreffed  upon 
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C  B_Li  ....  effective  velocity  from  C  towards  A- 

W u+S-  *'"• '  • ''  where  <     '  .      . 

(  ^.  sin.  e .  J  —  c  ....  velocity  destroyed. 

r  _o_i. ...  effective  velocity  from -C  towards  B. 
W.... — B-j-g.  sin.  e.  <,  where-{  . 

4  v\-g.  sin.  e'.t....  velocity  destroyed. 

If,  therefore,  gravity  impreffes,  during  the  time  t,  upon  the 

njafles  w,  iv,  the  fefjieftivc  velocities^-  'fin.  e.  t-v^z-aA^. 

fin!  ^'.  Z+i),  the  fyftem  will  be  in  equilibrio.     The  quantities 
of  motion  being  therefore  equal,  we  havfr 

•w  .  g  .^m.  e  .'t-nv  v=w'.  g  .  fin.  e.  t+w  v. 
"Vyhence  we  deduce  for  the  efiieaive  accelerating  force 


w  sin.  e — w  sin.  e 


Thus  it  appears  that  the  motion  is  uniformly  varied  :  and  we 
readily  find 

.-..  y  wsin.  e— so' sin.  e' 

(!!■)•  .  .  v=^ ^. g.t.    . 

Such  are  the  equations  from  which  the  conditions  of  the  mo- 
tion are  determined.  If  tlie  two  planes  are  vertical,  then  is  *= 
/=.^if,  by  means  of  which  we  may  find  the  values  that  are 
applicable  in  the  fubfequent  example. 

III.  Motkn  on  the  fixed  pulley.  The  weights  P  ^nd  W  are 
Tinited  by  the  thread  PAABW  running  over  the,  pulley  A 
(fig  2.  pi.  VI.) ;  the  force  of  gravity  g  which  folicits  them  can- 
not produce  its  entire  efFefl:,  beeaufe  its  aftion  upon  the  body 
P=w  counterafls  its  efFeft  upon  the  other  body  W'=w'.     At 

the  end  of  the  time  t-\-t,  the  velocity  of  w,  in  the  dire£lion 

from  A  to  P,  will  be  w+t;,  inftead  of  -u^gt,  which  it  wauld, 
have  had  if  the  weight  had  become  free  at  the  end  of  the  time 

/ :  thus  gt  —  v  will  be  the  velocity  deftroyed.  In  like  manner, 
w'  having  the  fame  velocity  but  in  a  contrary  direftion,  will 

have  the  velocity  —  {v+v)  inftead  of  -  {y  -\-g  t),  which  it  would 
have  had,  if  at  the  end  of  the  time  t  the  conneftion  of  the  two 

bodies  ceafed ;  fo  that  gt-\-v  will  be  the  velocity  deftroyed.  Then, 
as  in  the  preceding  example,  making  the  rriomenta  equal,  we 
fft^d,  for  the  eiFedlive  accelerating  force 

(I.)  .  ..,p=-^=-j-,xg. 


21S  DYNAMICS.  [Book  IL 

This  being  an  expreffion  for  a  conftant  accelerating  force,  wc 
conclude,  as  in  the  former  inftance,  that  the  motion  is  uniformly 
varied,  and  that  the  circumftances  of  motion  and  of  velocity 
may  he  found  by  the  equations 

{2.)  .    .    •   •V= T—re  t    .     .    .  (3.)     .     .    .    J=  i .p-t  . 

In  this  inveftigation  we  have  negledted  the  inertia  of  the 
firing  and  the  pulley. 

From  formulas  fimilar  to  thefe  Mr.  Atwood  deduced  (in  his 
yaluable  treatife  on  the  Motion  of  Bodies)  an  ingenious  method 
of  verifying  the  received  theorems  relative  to  the  efFefts  of  gra- 
vity on  falling  and  rifing  bodies.  He  contrived  a  machine,  in 
■which  two  weights  as  iv  and  w  in'  our  theorems,  or  P  and  W 
in  the  figure  laft  referred  to,  are  conne£ted  by  a  thread  which 
runs  over  a  fixed  pulley  A :  the  laft  given  theorems  for  (p,  j,  and 
w,  fliew  that  by  varying  the  weights  w,  lu',  we  may  change  the 

value  of  the  fraftion — 3— t>   s"^"!  thus  reduce  the  accelerating 

force,  and  its  confequent  velocity  and  fpace  in  a  given  time,  in 
fuch  a  ratio  with  refpeft  to  thofe  arifing  from  gravity,  that  they 
ihall  become  eafily  meafureable,  and  the  theory  verified.  Mr. 
At  wood's  apparatus  has  its  feveral  parts  fo  adapted  as  to  be  fuf- 
ceptible  of  great  precifion  :  but  as  this  is  not  the  place  to  enter 
into  detail,  the  reader  may  turn  to  the  article  Atwood's  machine 
in  the  fecond  volume,  where  a  more  full  account  is  given  of  its 
nature  and  ufe. 

In  finding  the  equations  {2.)  (3.)  above,  we  fuppofed  that 
each  body  began  to  move  from  quiefifence  at  a  point  taken  for  < 
the  origin  of  the  fpaces  denoted  by  s.  But  fuppofe  this  is  not 
the  cafe,  and  that  we  imprefs  upon  tu  an  initial  velocity  of  V 
carrying  it  downv/ard.  This  velocity  mull  be  parted,  between 
the  two  mafles  w,  w ,  according  to  the  fame  law  as  if  w  ftruck 
the  body  iv'  at  reft  with  the  velocity  V  :  thus,  the  velocity  com- 
mon to  the  two  weights  would  be  —r~-  We  have  this  value 
for  the  velocity  at  the  end  of  the  time  t—o ;  therefore 

(4.)        .       .       .      "0= T-- . 

From  this  we  readily  obtain  s  in  terms  of  t :  and  the  time  may 
be  determined  by  the  equation  ivY  =  {'w  —  iv')  gt.     . 

IV.  Motion  on  the  Ap«is  in  Peritrochio.  Let  the  weight  P 
(fig.  4.  pi.  V.)  be  denoted  by  w,  and  the  weight  W  by  w';  to 
determine  the  circumftances  of  the  motion.  Let  the  radius  of 
the  wheel =R,  that  of  (.he  is^t—/:  the  velocity -bf  w  at  the 
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end  of  the  time  t  will  be  -y+i,  inftead  Q^v-\-'gt,  as  in  tfie  former 
cafes  i  that  of  10   will  tpanifeftly  be  to  that  of  mi  in  the  ratio 

of  R  to  ?■ ;  it  will,  therefore,  be  -  ^  ( v  +  i>)  inftead  of  being  — 

I-  (^,  4-  g  /) :  the  velocities  loft  are  therefore  gt-v?ia&gt--:^v. 

Then  making  the  momenta  e^ual  with  refpea  to  the  axe  EF, 
we  find 

Confequently,  the  motion  is  uniformly  accelerated  in  this  cafe 
likewife.  So  that  we  readily  deduce  thp  equations  for  the  mo- 
tion of  vi  or  P. 

R^eo— Rrro'  ....  ,  R'tu-Rrzo' 

.("•)  ■■''"=  ^^^,^Si-  ■  •  •  ('"•)  •  •  •  ^=  R=«,Vw  "^'^  ' 
And  the  velocity  and  fpace,  with  refpefl:  to  w'-,  will  be 

('^•)-  •  ■^=R^«,+^.-g^-  '■•i"-)  '--^^-^^ii+^-iS^- 
ThMS  much  is  here  offered  on  the  application  of  M.  D'Alem- 
bert's  principle  :  the  further  ufe  of  fome  of  thefe  theorems  will 
appear^  when  we  treat  of  the  maximum  of  machines  in  motion. 
Chap.  VI. 

IV.  On  the  Simple  Pendulum,  the  Cycloidal  Pendulum, 
and  the  Curve  oj  Swiftejt  Dffcent. 

268.  We  have  already  feen  (art.  263.  cor.  2.)  that  a  heavy 
body  after  having  defcended  through  an  arc  MZ  (figi  10.  pi. 
'  XII.)  of  any  curve  CZot,  will,  abftrafting  from  the  effedls  of 
friftion  and  the  air's  rtfiftance,  mount  up  the  oppoGte  branch  Z  m 
till  it. arrives  at  the  point  m,  whofe  diftance  from  the  horizontal 
line  AX  is  equal  to  MP,  the  diftance  of  the  point  M  from  the 
fame;  and  that  the  time  of  defcribing  Z  m  will  be  equal  to  that 
of  defcribing  MZ.  Having  at  the  point  m  loft  all  its  motion,  it 
will  begin  to  defcend  again  through  m  Z,  and  at  Z  will  have  ac- 
quired a  velocity  fuch  as  will  caufe  it  to  rife  to  the  point  M 
where  its  motion  firft  commenced,  where  again  it  will  be  in  a 
ilate  of  quiefcence  j  and  from  this  it  will  move  afecond  time 
through  MZ  m,  and  back  again  through  n  ZM ;  and  fo  on  con- 
tinually. Such  will  be  the  motions. whether  the  body  run  over 
a  curve  furface,  in  confequence  of  the  joint  efFe£ls  of  gravity 
^nd  (be  rea6):ion  of  the  furface ;  or  whether  it  be  made  to  d&- 
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fbrlbe  the  curve  in  confequence  of  being  faftened  to  a  ftring. 
CM  (fig.  12.)  whofe  centre  C  is  fixed.  If  we  confider  the 
thread  CM  as  inextenfible,  and  without  weight,  and  the  body  at 
^  as  a  point  with  refpefl:  to  the  length  of  the  thread,  then  is' 
the  fyflem  known  by  the  name  of  the  Sitnple  Pendulum.  The 
motion  of  fuch  a  pendulum  in  one  direftion  from  a  ftate  of  reft,  till 
it  begins  to  return  in  an  oppofite  dire£lion,  is  called  a  vibration 
or  an  ofcillalion ,-  and  the  time  employed  in  fuch  motion  the 
time  of  vibration,  or  of  an  ofcillation.  Thus,  if  the  pendulum 
move  from  quiefcence  at'  M,  the  time  it  occupies  in  paffing 
through  the  arc  MA  m  is  the  time  of  vibration  ;  and  this,  it  is 
manifeft,  is  double  the  time  employ d  in  pajftng  over  MA.  This 
being tidmitted  it  would  be  eafy  to  apply  fome  of  the  theorems 
in  arts.  264.  .  .  266.  to  the  vibrations  of  pendulums  in  cir- 
cular arcs  ;  as  they  would  then  aflume  the  form  below. 

I.  If  a  pendulum  vibrate  in  the  arc  of  a  circle,  the  velocity 
of  the  ball,  st  its  loweft  point,  will  be  as  the  chord  of  the  arc 
which  it  defcribes  in  its  defcent. 

II.  The  force  which  accelerates  a  pendulum  .is  to  the  force 
of  gravity,  as  the  fine  of  its  angular  diftance  fronithe  loweft 
point  to  radius. 

III.  The  times  of  vibrations  in  very  fmall  circular  arcs  arc 
very  nearly  equal. 

IV.  The  time  of  vibration  in  an  indefinitely  fmall  circular 
arc  is  to  the  time  in  which  a  body  would  fall  through  half  the 
length  of  the  pendulum,  as  the  periphery  of  a  circle  to  its  dia- 
meter. 

V.  The  time  of  vibration  is  as  the  fquare  root  of  the  length 
of  the  pendulum ;  the  force  of  gravity  remaining  the  fame. 

And  from  thefe  the  whole  doftrine  of  pendulums  vibrating  in 
circular  arcs  might  readily  be  deduced.  But,  as  the  fuppofition 
that  vibrations  in  fmall  arcs  of  equal  circles  are  all  performed 
in  equal  times  is  not  quite  correct,  it  may  be  better  to  draw 
the  chi-f  properties  of  pendulums  from  a  diftinS  inveftigation, 
by  means  of  which  we  may  alfo  determine  the  magnitude  of 
the  error  which  can  occur  in  vibrations  through  any  affigned 
arc.     This  may  be  accomplifiied  thus. 

269.  Prop.  To  determine  the  time  of  vibration  of  a  penBulum  in 
any  circular  arc. 

Let  MA  m  (fig.  12.  pi.  XII.)  be  the  propofed  arc  ;  and  let  the 
radius  or  length  of  the  pendulum  CM=/,  AE=*,  Ap=x,po=yi 
the  variable  arc=j',  the  accelerating  force  or  force  of  gravity 
=(p,  and  the  velocity  due  to  the  height  E/,  or  (art.  aO^.)  the 
velocity  acquired  by  falling  through  M  0,  put ^v  =-tJ  1, q;(J— 7) 

(art.,243.).  Nowitisknown,  thatv  ==.4-.(art._232.  I.)  j    a«d 
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compaf ine  thefe  two  values  of  'o  we  find t=J — -.--^  Biit 
the  known  property  of  the  circle  gives  for  the  value  of  the  ele- 
ment of  the  curve  s—       ~  "- ,  whir.h  is  taken  negatively,  be- 

caufe  the  arc  j  diminifhes  as  the  time  augments :  this  value  of 
s  introduced  into  the  preceding  equation  tr..nsforms  it  to 

f—         -'''  _      -^^     j^  __L____'=_«/Lj< 

v' (s/j— XX).  If  (6-1)  '^bx-ix  \/zif(7,l-x)  **/* 

a.  .  ^  ' 

'^+S8?l+-Sil-lfs+^'=-).thefaaor(i-f^)  "^  being 

expanded  by  the  binomial  theorem. 

To  obtain  the  time  of  defceht  from  M  to  A,  we  muft  find  the 
fluent  of  each  term  in  the  feries,  in  fuch  manner  that  they  may 
vanilh  when  x=zb.     Now  we  fee  at  once,  that  the  variable  fadlor 

n  . 

of  all  the  terms  of  this  feries  will  be  of  the  form  —  ~^  ^    \  that 

Vbx — XX 

is  to  fay,  thefe  fadors  will  be    .    ~''     ,       "'^^     ,      ~'^     ^ 

vbx~xx       Vbx—xx       Vbx-xx 

&c.  Whence  it  appears  that,  taking  if  to  i,  the  ratio  of  the  cir- 
cumference of  a  circle  to  its  diameter,  the  fluents  oleach  of  the 

terms,  taken  between  x=li,  and  x=o,  are  ff,  ff.  A,  •jr.-i^— 

a  2.4  * 

'^■'m^P'  &c-  Subftituting  thefe  values  in  that  of  /,  it  will  be- 
come 

This,  therefore,  is  the  time  employed  by  the  body  in  de- 
fcendirig  from  M  to  A :  but  with  the  velocity  acquired  at  A 
the  body  would  proceed  along  the  equal'  brarrch  A  m  of  the 
curve,  and  would  have  all  its  velocity  extinguiflied  at  m,  after  a 
time  from  A  equal  to  the  time  of  defcent  from  M  to  A  :  con- 
fequently,  the  time  of  a  complete  ofcillation  will  besdouble  the 
former ;  that  is, 

V     9       V  *      ii'2:n'     4/''a^4'.6»      giJ   r«C.y 

The  relation  J-  or  -^  exprefles  the  Vcr/ed-fine  of  an  arc  of 
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&e  fame  angular  value  as  AM,  having  unity  for  its  radius.  And 
as  the  verfed  fine  of  fmall  angles  is  exceedingly  ftiinute,  the 

feries  i  -| — -  .  — r  -| — ^ .  —z  +  ^'^"  '*i^'  converge  very  rapidly. 

So  that  in  almoft  every  cafe  the  two  firft  terms  wiU  fufEce,  or  t 

nearly  =  tT    /  -^  x  ( i  -\ — jy  j  ;  therefpre  the  times  of  vibrations 

in  different .  arcs  are  as  8/+^,  or  as  8  times  the  radius+the 
verfed  fine  of  the  arc.  Or,  vi^hen  the  are  is  very  fmall,  all  the 
terms  but  the  firft  may  be  neglected,  and  we  fhall  have  for  the 
duration  of  the  ofcillation. 


'-'Ji- 


The  quantity  b  does  not  enter  into  this  value  of  i :  confe- 
quently  when  the  vibrations  are  made  through  very  fmalT  arcs, 
their  duration  may  be  confidered  as  not  depending  on  the  mag- 
nitude of  the  arc  5^  and  .the  ofcillations  may  be  regarded  as  iso- 
chronal. 

270.  To  determine  the  numerical  error  which  may  be  com- 
mitted, by  affiiming  the  ifochronifm  of  vibrations  in  fmall  arcs, 
let  usfuppofe  the  arc  MA  =  5°;  the  length  of  the  ofcillation  of  a 

fecond  pendulum  would  be  exprefledby  i  ^ztt^/—  or  /=  \  on  the 

fuppofition  of  the  arc  being  extremely  fmall.  The  verfed  fine  of  5* 

is  '0038053  =y:  aiid  -^  — ^^=-ooo4757.  As  to  the  third  term, 

it  is  lefs  than  -000000 1.  We  have  therefore  for  the  timeiem- 
ployed  by  the  pendulum  in  moVing  through  an  arc  df  fwice  5% 
I  'rli  X  '0004757)  ;  and  the  time  of  ofcillating  through  an  arc 
of  10°  differs  not  from  an  ofcillation  in  an  infinitely  fmall  arc 
more  than  •■0004757.  This  multiplied  into  86400,  the  feconds 
in  24  hours,  gives  nearly  4I7V  feconds.  So  that  a  pendulum  of 
the  ifame  length  as  that  vifhich  vibrates  in  feconds,  through  in- 
finitely fmall  arcs,  would  lofe  about  41'' per  day,  if  it  defcribed 
arcs  of  5°  on  each  fide  the  vertical  CA.  If  the  arcs  defcribed 
on  each  fide  of  the  vertical  were  only  i",  of  which  the  verfed 
fine  is  -0001523,  it  would  be  found  by  a  fimilar  procefs  that 
.the  daily  retardation  would  be  about  i".  And  for  a  half  de- 
gree on  each  fide  it  would  be  about  |-  of  a  fecond. 

Or,  if  D  denote  the  degrees  the  pendulum  defcribes  on  each 
fide  of  the  vertical,  the  tirtie  it'wduldbe  retarded, in  a  fecond 

yrould  be  nearly  expreffed  by ,  and  cpnfequeatly  the  timr 
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loft  in  24  hours  would  be  24.  x  60  x  60  x    ^  '-  =  j-  D^  nearlyw 

In  like  manner  the  time  loft  in  24  hours  by  defcribing  3  degrees 
oh  each  fide  of  the  vertical  jwould  be  4-  "^^  nearly.  Con- 
fequently,  if  a  fecond  pendulum  keeps  true  time  in  one  of 
thefe  arcs,  the  feconds  loft  or  gained  per  day  by  vibrating  in  the 
other  will  be  i-  (D''  — §^).  Thus,  for  example,  if  a  fecond  pen-, 
dulum  meafure  true  time  in  an  arc  of  3°  on  each  fide  of  the  ver- 
tical, it  will  lofe  I  if  feconds  per  day  by  vibrating  through  4°  on 
each  fide,  and  nearly  45  feconds  per  day  by  defcribing  6°  on 
each  fide. 

Thus  then  it  appears  that  the  vibrations  in  very  fmall  cir- 
cular arcs  may  be  regarded  as  fenfibly  ifochronal :  and  whenever 
great  accuracy  is  required,  the  necerflary  corre£tion  may  be  eafily 
applied,  as  above.  Reafoning  by  analogy,  we  fee  alfo  that  the 
ofcillations  in  very  fmall  arcs  of  any  curve  whatever  are  always 
fenfibly  ifochronal ;  becaufe  an  arc  of  any  curve  will,  for  a 
fmall  fpace,  coincide  with  its  circle  of  curvature.   The  equatioa 

t:=-it^'  —  will  furnilh  fome  other  important  cqnfequences,  which 

we  fliall  now  proceed  to  deduce. 

271.  I.  The  durations  of  the  vibratiqns  of  pendulums  a^  re- 
fpeBiniely  as  thefquare  roots  of  their  length.  For,  let  /,  /',  be  the 
lengths  of  the  pendulums,  t,  t',  the  times  qi  vibration  j  then,  we 

have  t  —  K  V  — ,  and  i'=  tt  v/ —  :  confequently, 

f.t' :: ff\/—  :  tf  s/ L  ::  ^l:  ^l'. 

II.  The  time  of  an  ofcillation  is  to  the  time  in  nuhich  a  heavy  body 
•would  fall  through  half  the  length  of  the  pendulum^  as  the  periphery 
ef  a  circle  to  its  diameter.     For  in  the  former  cafe  the  time  is 

denoted  by  ^=7!" •»/  — ;  and,  in  the  latter  the  theorem  ^  =  y' if 

(art.  243.)  when  accommodated  to  the  prefent  purpofe  will  be  #'= 

1/  ■ —     Confequently  t  xt'  ::  it':  1. 

III.  If  two  pendulums  of  different  lengths  are  folicited  by  different 
gravitating  forces ,  the  times  of  ofcillations  are  as  thefquare  roots  of 
the  lengths  of  the  pendulums  direBly,  and  thefquare  roots  of  the  quan- 

iities  exprefftng  the  gravitatingforces  inverfely .   For  ^ =7r  -y/  — ,  and 

s  ?        g  .     ■ 
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rV.  The  lengths  of  tivo  pendulums  are  refpeBtvely  Jn  the  i»^ 
iierje  ratio  of  the  fquares  of  the  number  of  ofciltations  made  in  the  fame 
time.     In  the  time  T  let  the  pendulum  make  n  ofcillations,  then 

is  — ^srthe  time  of  oneofcillation:  confequently  t—  -■=.11'/  — < 

and  /rr-^j-^.  In  like  manner,  if  /'  be  the  length  of  another  pen- 
dulum, n  its  number  of  ofcillations  ill  the  fame  time  T,  the 
force  of  gravity  f  being  fuppofed  the  fame  (as  is  always  affumed 

unlefs  otherwife  exprefled) ;  we  fliall  have  /'  '=■    ^  .^.   Whence 

i:l'::^:~\'.n'-.n\ 

By  means  of  this  theotem,  the  length  of  the  feconds  pen(iulum[ 
may  be  readily  afcertained  experimentally  :  for,  if  we  take  a 
pendulum  of  any  determinate  length  /,  and  count  the  number 
of  vibrations  «'  which  it  makes  in  a  given  time,  half  an  hour^ 
for  example,  or  i8oo  feconds,  then  will  the  length  /  of  the 
feconds  pendulum  be  found  by  this  analogy,  {1800)';  «'^  : :  /  :  /. 
By  this  method,  among  others,  has  the  length  of  the  feconds 
pendulum  in  the  latitude  of  London  been  found=39|-  inches. 
■It  mufl:  be  recollected  though,  that  the  length  is  not  the  fame 
at  all  parts  of  the  earth's  furface  j  the  difference  arifing  from  the 
inequality  of  diftance  from  the  centre,  and  the  confequent  va- 
riations in  the  centrifugal  force. 

Another  good  method  of  afcertaining  the  length  of  a  pen- 
dulum to  vibrate  in  a  certain  time  is  that  which  was  firft  pro- 
pofed  by  Mr.  Hatton,  and  afterwards  executed  by  Mr.  It'  hite- 
hu'ifl.  It  confifts  in  the  application  of  a  moveable  point  of  fuf- 
penflon  to  the  fame  pendulum  5  which  thus  gives  the  abfolute 
efFefts  of  two  pendulums,  the  difference  of  whofe  lengths  is 
.known,  being  the  interval  between  the  points  of  fufpenfion  in 
the ,  two  cafes  :  and  the  ratio  of  their  lengths  is  alfo  known 
from  obferving  the  number  of  vibrations  performed  in  a  given 
time.  Whence,  there  being  two  equations  and  two  unknown 
quantities,  the  a£tual  lengths  of  the  pendulums  themfelves  are 
eafily  deduced.  7'hus,  we  fhall  have  /:'/  :  :  «'■ :  n^,  and  I— 
l~d,  the  meafured  diftance  between  the  points  of  fufpenfion  :. 

confequently  I^-^—t  and  /  =-7^—7- 


"V.  If  a  clock  keep  true  time  very  nearly,  the  variation  in  the  length 
of  the  pendulum  necejjhry  to  cerreii  the  error  nvill  be  equal  to  twice 
the  produB  of  the  length  of  the  pendulum  and  the  error  in  time  di" 
videdby  the  time  of  obfervation  in  luhhhthat  envr  is  accumulated. 
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Let  the  time  of  obfervation  be:=T,  the  time  gained  or  loft 
by  the  pendulum:?:/,  the  length  of  the  pendulum  =/,  ai]d  the 
fpace  which  the  pendulum  muft  be  lengthened  or  fliortened 
=X:  then  we  have /: /±A  ::(T±/)':  T";  and  from  this  j« 

found  X= — '  (^^.y. — "'    Negle,£ting /,  which  is  very  fmall 

•  ±2  It' 
with  refpeft  to  2T,  the  equation  becomes  A=  — ™~-  ^  which 

is  the  fame  as  the  rule. 

CoR.  If  the  pendulum  be  one  that  fliould  beat  feconds,  and 
/'  the  daily  variation  be  given  in  minutes,  and  n  be  the  number 
of  threads  in  an  inch  of  the  fcrew  which  raifes  and  deprefles  the 

±2  X  394  xnt' 
bob  of  the  pendulum,  then  A  =  ' — -'    '  ^  — —  zi -05434  « jf'  = 

^  «  f'  nearly,  for  the  number  of  threads  which  the  bob  muft  be 
raifed  or  lowered,  to  make  the  pendujum  vibrate  truly. 

VI.  The  length  of  a  Jecends  pendulum  being  known  in  any  place, 
the  fpace  through  -which,  a  hea-Uy  body  -would  fallfreily  in  the  fame 
time  and  'place  may  be  readily  found.     For  the   equation  t  = 

-g  "/ — t  becomes  i=tf\/-^,  whence  we  have  a='S'V=i''x 

9  9 

3pi|.=386"i4  inches=324  feet  nearly,  the  appropriate  meafur« 
of  the  force  of  gravity  ;  corjrefponding  with  the  affumed  value 
of  J-  in  art.  242.     And  half  this,  or  ifi^  feet,  is  the  fpace  de- 
fended by  a  heavy  body  in  the  firft  fe<;ond  from  quiefcence. 
Or  the  fame  conclufion  may  be  obtained  rather  differently 

from  No.  II.  of  the  prefent  article :  for  *  :  i  : :  i' :  — the  time 

in  which  a  heavy  body  would  fall  through  a  vertical  line  of 
19^  inches,  and  by. the  laws  of  falling  bodies  the  fpaces  de- 

fcribed  are  as  the  fquares  of  the  times  ;  therefore  -^ :  i^ : :  19^ 

M9-r'3-xir^=i93*07.  inches  3=  id-jJr  feet  nearly,  the  fame  as 
before. 

It  is  obvious  alfo, .  that  by  the  reverfe  of  this'method  we  may 
find  the  length  of  a  feconds  pendulum,  having  given  the  fpate 
fallen  through  by  a  heavy  body  in  the  firft  fecond'  of  time  from 
quiefcence.  And  thus  the  theory  and  experiments  mutually 
aflift  each  other,  in  determining  data  of  fuch  importance  as 
thefe^  iiL  many  other  branches  of  fcience. 

272.  De.fs.  If  the  circumference  of  a  circle  be  rolled  along  3 
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right'  line,  until  any  point  O  of  that  circumference  which  waj 
in  contaiB:  with  the  line  come  in  contact  with  it  again,  that 
point  P  will  defcribe  a  curve  called  a  cycloid.  The  line  on 
which  the  circle  rolls  is  the  hafe  of  the  cycloid;  and  the  dia- 
meter of  that  circle  which  is  perpendicular  to  th'e  bafe  when 
the  circle  touches  its  middle  point,  is  the  axis  of  the  cycloid.  ■ 
The  circle  which  rolls  along  the  right  line  is  called  the  ge- 
nerating circle. 

,'  Coii..,  The  bafe  of  the  cycloid  is  equal  to  the  circumference  of 
the  generating  circle. 

273.  Prop,  ^a  line  OFB  be  drawn  from  any  point  O  in  the  cy- 
sloid,  parallel  to  its  hafe,  and  meet  the  generating  circle  defer ibed,  upon 
the  axis  in  F,  the  circular  arc  F^V  is  eqtial  to  the  right  lineOY. 

.  Let  the  generating  circle  touch  the  bafe  iq  D  (fig.  i.  pi, 
XIII.)  when  the  generating  point  is  at  O.  DE  perpendicular 
to  AC  and  equal  to  CV  is'  the  diameter  of  the  circle  DOE; 
Draw  the  chords  OE,  FV.  Then,  fmce  DE=:CV,  and  DG^ 
CB,  the  remainder  GE  =  BV  :  confequently  OG'=:  -v/dg.GE 
^FB^v^cB.iiV.  Add  FG  to  each  of  thefe  equals,  then  will 
OF  =  GB.  Alfo  OE  =  V'  KD.KG  =  VF  =  v/  vg.vb  ;  there- 
fore arc  EzO=arc  V^F:  and  fince  every  point  in  0«D 
has  been  fucceflivelyin  contaft  with  AD,  while  the  point  O, 
moved  from  A  to  its  prefent  pofition,  O  bD=ADj  and  EOD  = 
AC  :  hence  E  i  O  =  DC  j  and  confequently  V  *  F  =  E  i  O  = 
DC  =  GB^OF. 

CoR.  BecaufeOF  is  always  equal  to  the  arc  Vi'F  or^E/O, 
their  cotemporary  increments  or  decrements  are  equal ;  that  is, 
the  initial  motions  of  the  point  O  which  traces  out  the  cycloidal 
arc,  the  one  parallel  to  the  bafe  AC,  the  other  in  the  direction 
qf  the  circle  or  its  tangent  at  O,  are  equal  to  each  other. 

274.  Prop.  !f  an  ordinate  OB  be  drawn  (fig.  i.  pi. -XIII.) 
from  any  point  O- of  the  cycloidal  arc,  interfeiling  the  circle  CFV  in 

F,  thett  -will  the  t-angent  OE  of  the  cycloid  be  parallel  to  the  chord- 
YY  of  the  generating  circle. 

Draw  the  tangent  T^  to  the  circle  DOE  in  O,  and  produce 
BO,  DO,  to  b^ndd;  then  are  the  initial  motions  of  the  pdint 
O  in  the  dirediiQns  O  /,  OG,  ai?4  equal  to  each  other,  by  corol. 
to  the  foregoing  propofition.  And  if  the  parallelogram  of  mo-" 
tions  be  confcrufted  upon  the  equal  fides  coinciding  with  O /, 
OG,  its  diagonal,  will,  by  the  compofition  of  motion,  be  in  the 
direSion  of  the  tangent :  therefore^  the  contiguous  fides  of  the- 
parallelogram  being  equal,  it  will  be  either  a  rhombus  or  afquare,- 
and  its  diagonal  will  bife£l:  the  angle  /  O  G -,  that  is,  GE  the 
tangent  in  O  will  bifed  the  angle  tU  G,  or  make  t  O  E— EOG. 
But  GOD=ODT,  becaufe  OG  and  TD  are  parallel ;  and  ODT 
::fTOD,  becaufe  the  tangents  TO,  TD  are  equal ;  alfo  T0D=5- 
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tO  d,  being  vertical  or  oppofite  angles;  therefore  GOD— f  Oaf.' 
Then  adding  equals  to  equals,  POG+GOE=^Oi-+iOE,  ov 
d  O  E=:DOE  5  confequently  OE  is  at  right  angles ;  to  D  d,  and 
meets  the  diameter  DE  in  its  extremity  E.  Again,  CD  is  equal 
arid  parallel  to  FO,  therefore  DO  is  equal  and  parallel  to  CFj 
and  hence,  Cnce"  DOE=CFV=;.a  right  angle,  OE  is  parallel  to 
FV.  ^ 

Cor.  I .  Since  DO  is  perpendieulai:  to  OE,  the  tangent  to  the 
cycloid  at  O,  it  coincides  in  direction  with  the  radius  of  cur^ 
vature  at  O- 

Cor.  2.  A  taiagent  to  the  cycloid  at  the  vertex  V  is  perpen- 
dicular to  the  axis  VC,  and  parallel  to  the  bafe  AC. 

The  method  of  determining  the  tangent  to-  the  cycloid  by  the 
compofition  of  motion  was  firft  given  by  Roberval,  in  his 
"  Obfervations  on  the  Compofition  of  Motion,  and  on  the  Tangents  of 
Curve  Lines"  publiflied  in  the  Memoirs  of  the  Academyj  of 
Sciences,' 1 666.  The  fame  method  is  again  applied  to. the  cafeof 
cycloids  and  epicycloids,  by  Mr.  Weft,  in  his  Mathematics,  ■^vh- 
liflied  in  1562.  Afterwards  by  Dr.  Parkinfon^  in  his  Mechanics'^ 
publiihed  in  1785.  And  again  by  Mr.  Ludlam,  in  his  EJfaySy 
1787,  Neither  of  thefe  gentlemen  feem  aware  that  their  me* 
thod  is  the, fame  in  principle  as  Roberval's. 

275.  Prop.  The  involute. fa femicycloid  AOU  (fig.  13.  pi.  XII.) 
is  an  equal femicycloid  UPV  in  an  oppoftte  direBion,  the  extremity  cf . 
the  hafe  of  the  latter  being  in  cmt'aEi  -with  the  vertex  of  the  former . 
^>  From  any  point  O  draw  OB  parallel  to  AC,  cutting  the  gene- 
•rati'ng  circle  in  F,  and  join. FU..  Draw  OP  a  tangent  to  the 
.cycloid  in  O,  and  at  E,  the  point  where  it  cuts  the  line  UW 
drawn  from  U -parallel  to' CA,  let  fall  ED,  perpendicular  to 
UW,  and  equal  to  CU.  On  ED  as  a  diameter  defcribe  a  circlfc 
interfefiting  the  tangent  OP  in  fomepoint P.  Then  (art.  274.) 
OE  is  equal  and  parallel  to  FU  ;  and  (art.  273.)  OF  is  equal 
to  the  aire  F^'U.  The  circles  CFU,  DPE  are  equal,  as  are 
Jikewife  the  angles  FUE  and  UEP  ;  the  chords  FU,  EP,  there- 
fore, are  equal,  and  cut  off  equal  arches.  Becaufe  OFUE  is  a 
parallelogram,  UE  is  equal  to  FO,  or  equal  to  F  <?  U,  or  equal 
to  E  «  P.  But  if  the  circle  EPD  had  been  placed  on  the  line 
UW  at  U,  and  had  rolled  from  U  to  E",  the  arch  difengaged 
would  have  been  -equal  to  UE,  and  the  point  which  was  in  con- 
ta£t  with  U  would  now  be  in  P,  in  the  periphery  of  a  femi- 
cycloid UPV,  equal  to  AOU,  having  the  line  UN  equal  and 
parallel  to  AC  for  its  bafe,  and  NV  equal  and  parallel  to  CU 
for  its  axis:  and  fince  the  fame  may  be  fhewn  to  obtain' w-Jtb 
refpea  to  any  other  point  in  AQU,  the  cycloid  UPV  is  the 
involute  of  AOU,  as  in  the  propofition. 
,  CeR.  I.  The  arch  OUof  the  cycloid  is  equal  to  twice  th« 
'       <4^2 
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correfpondmg'cliord  FU  of  the  generating  circle  :  forthis  arch 
is  equal  to  the  evolved  line  OEP ;  and  it  has  been  {hewn  that 
OE=EP  ;  -confequently  OP=OU=2  OE  =  2  FU. 

Cor.  2.  The  arch  of  a  femicycloid  is  equal  to  twice  the  dia- 
pieter  of  its  generating  circle;  and  the  whole  cycloidal  arch 
;equal  to  four  times  the  diameter  of  the  generating  circle. 

Cor.  3.  The  defcription  of  the  cycloid  UPV  by  the  evolution 
of  the  cycloid  AOU  furniflies  a  fimple  method  of  determining 
the  area  of  any  cycloid.  For  fince  OF  is  always  parallel  to  FU, 
the  former  OP  will  fweep  over  the  whole  fpace  AOUPV, 
while  UF  fweeps  over  the  whole  fufface  of  the  femicircle  UFC; 
and  fince  OP  is  always  double  the  fimultaneous  UF,  the  fpace 
AOUPV  will  be  quadruple  of  the  femicircle  UFC.  Alfo,  the 
fpace  defcribed  by  OE  in  any  inftant  is  manifeftly  one-fourth 
of  the  fpace  defcribed  in  the  fame  interval  by  the  double  line 
OP  -,  therefore,  the  fpace  AOUN  is  equal  to  the  femicircle 
UFC:  each  of  them  is  one-third  of  the  area  NUPV,  or  its> 
equal  AOUC ;  and  the  fpace  ACFUOA  is  two-thirds  of  the: 
femicycloid  AOUC. 

Cor.  4.  From  this  propofition  it  will  be  cafy  to  make  a  pen- 
dulum ofoill^te  in  a  given  cycloid,  as  UVW,  whofe  bafe  ia  pa- 
rallel to  the  horizon.  Thus,  produce  the  axis  VN  till  VA  = 
2  VN  ;  through  A  draw  a  line  AC  parallel  to  UW,  and=4U'W; 
on  AC  as  a  femv-bafe  with  axis  CU  defcribe  a  femicycloid 
AOU;  and  in  like  manner  defcribe  another  femicycloid  AW 
turned  the  contrary  way :  then  a  firing  whofe  length  is  AOU 
or  AV,  being  ifixed  by  one  end  at  A,  and  in  its  motion  coining, 
gradually  into  contaft  with-  one  or  other  of  the  cycloidal  cheeks 
,A"OU,  AW,  will  defcribe  the  cycloid  UVW  by  its  other  ex- 
tremity. 

276.  Prop.  To  Jind  the  tlmeof' a  pendulum' sofciHatkn,  in  the  arc 
of  a  cycloid. 

.  Let  UVW  (fig.  13.  pi.  XII.)  be  the  cycloid  in  which  the 
body  is  to  ofcillate :  then  by  the  preceding  prop-  and  corols. 
VN=NA,  and  AOU=AW  =  AV=i.  UVW.  The  accele- 
rating force  in  any  point  T  of  the  curve  is  the  fame  as  if  the 
body  were  placed  upon  the  tangent  T  t :  and  by  the  nature  of 
the  inclined  plane,  the  force  of  gravity :  force  in  diredlion  T  ^  : : 
T  /  :  T  G : :  QV  :  VH  (by  fin.  triangles) :  :  VN  :  VQ^  In  like 
manner,  taking  any  other  point  S  in  the  curve,  the  force  of  gra- 
vity :  force  in  the  curve  :  :  VR  :  VI  :  :  VN  :  VR.  Confe- 
quently the  accelerating,  force  of  a  body  placed  on  different 
points  T,  S,  of  the  curve,  varies  as  the  cortefponding  chords 
VQ,  VR,  of  the  generating  circle,  or 'as  the  portions  VT,  VS, 
of  the  curve,  meafuring  fromthe  vertex;  thefe  portions  VT,  VS, 
Jjeing  the  doubles  of  the  correfpon^ing,  chords  VQ,  VR,  by 
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cof.  I.  of  the  laft  article.  This  problem,  therefore,  is  analogous 
to  that  difcufled  in  arts.  237.  238.'refpc£ting  a  body,  which 
is  attrafted  by  a  force  which  varies  direftly  as  the  diftancefrom 
the  loweft  "point  V  :  confequently,  in  this  cafe  as  well  as  that 
the  times  of  defcent  from  any  points  on  the  -arc  where  the 
body  begins  to  move  from  quiefcence  to  the  loweft  point  V  are 
equal ;  and,  as  equal  forces  afting  in  Oppofite  diredlions  will 
deftroy  equal  quantities  of  motion  in  equal  times,  the  times  of 
afcent  from  V  along  the  other  branch  of  the  curve  will  all  be 
equal  likewife :  hence  the  times  of  ofcillation  in  a  cycloid, 
■whether  through  greater  or  lefs  arches,  are  equal. 

The  expireflion  4  itV  —  in  art.  237.  when  adapted  to  the  pre- 

fent  cafe  becomes  4  ttV  - — ;,  /  being  equal'  to  WTV  or  AV ; 

this  denotes  the  time  of  defcent  through,  half  the  cycloid  :  he;ice, 

in  the  cafe  of  vibration,  t=-ii'\/ — -  for  the  time  of  ofcillation 

in  a  pendulum  whofe  radius  of  curvature  at  its  vertex  is  equal 
to  /.  .  This  expreffion  agrees  with  that  given  in  art.  269.  for 
pendulums  vibrating  in  very  fmall  circular  arcs  ;  confequently, 
the  chief  inferences  made  from  that  equation  will  equally'apply 
to  the  cycloidal  pendulum. 

CoR.  The  time  of  defcent  through.  WV  is  to  the  time  of  defcent 
through  SV  (after  havir^  paffed  over  WS)  as  the  femicircumference 
NRV  to  the  arc  RQV.  For,  on  the  radius  AV  defcribe  the 
quadrant  AWZ,  make  VK  =  2  VR,  and  draw  KL  parallel  to 
UW.  Then  is  4  VR  :  4  VN  :  :  2VR  :  2  VN  :  :  VK  :  VA. 
But  VK  is  the  fine  of  the  arc  LZ  to  the  radius  VA,  and  ^VR 
is  the  fine  of  half  the  arc  VQR  to  the  radius  4-  VN ;  con- 
fequently LZ  and  4  YQR  ^re  fimikr  portions  of  thelir  refpeftive 
-circumferences  :  and  therefore  Cnce  the  radii  of  the  two  circles 
are  aS"  4  to  i,  the  arc  LZ  equal  2  RQV.  Now,  AV  being 
equal  to  WSV,  and  VK  =  2VR=VTS,  and  the  times  of  de- 
fcent through  AV,  KV,  being  as  the  arcs  ALZ,  LZ  (art.  237.) 
we  fhall  have,  time  in  WSV  :  time  in  SV  : :  ALST :  LZ  :  :  ' 
2  NRV  :  2  RQV  :  :  NRV  :  RQV. 

CoR.  2.  The  time  of  defcribing  any  arc  VTS  after  having  fallen 
through  UP V,  is  to  the  time  of  defcribing  UPV  as  the  arc  VQR 
to  the  femicircular  apc  VRN.  This  is  evident,  becaufe  the  t  me 
of  defcribing  VS  after  paffing  over  UPV  is  manifeftly  the  fame 
as  the  time  of  defcribing  SV,  after  having  run  through  WS. 

Theifochronifm  of  vibrations  in  cycloidal  arcs  is  demonftrated 

upon  the  fuppofition  that  the  whole  mafs  of  the  penduluni  is 

.  concentrated  in  a  point;  a  fuppofition  vhich  cannot  a^ually 
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take  place  iii  any  vibrating  bqdy  ;  and  when  the  pendulum  is  o£ 
(inite  magnitude  there  is.  no  point  given  in  pofition  which  de- 
terniines  the  length  of  the  pendulum ;  for,  that  which  is  called 
the  centre  of  ofcillation  will  not  occupy  the  fapie  place  in  the 
given  body  when  ,defcril;)ing  different  parts  of  the  track  it  moves 
through,  but  will  be  continually  moved  in  refpedt  of  the  pen-r 
dulum  itfelf  during  its  vibration.  This  circumftance  h^s  pre- 
vented any  general  determination  of  the  time  of  vibration  in  U 
cycloidal  arc  excep,t  in  the  imaginary  cafe  here  confirfered  :  the 

iiroperty  of  ifochronifm,  however,  obtaining  here,    has   occa- 
ioned  the  nanje  of  Tautochrones  to  be  applied  to  cycloids. 

Many  other  reafons  have  induced  the  artifts  to  abandon  the 
life  of  the  cycloidal  pendulum,  although  it  was  commonly 
adopted  for  fome  time  after  its  firll  invention  by  Huygens. 
The  principal  are,,  the  difficulty  with  which  the  metallic  cheeks 
are  bent  iiito  the  true  cycloidal  form;  the  iipprobabihty  of  their 
long  retaining  it,  fuppofing  it  once  given  ;  and  the  changes  of 
which  the  pendulum  is  fufceptible  in  confequence  of  the  ex- 
panfion  and  contraction  by  heat  and  cold.  Thefe;  fources  of 
error  are  fuch  as  the  peculiar  property  of  the  cycloid  cannot 
obviate  :  and,  as  the  variations  from  ifochronifm  in  vei;y  fmall 
circular  arcs  is  very  trifling,  the  cycloidal  pendulum  is  now 
wholly  difufed  in  pradtice.  ' 

, .   ,  Curve  of  fivifteji  Defcent. 

•277.  At  iirft  view  it  might  be  imagined  that  as  a  right  line 
is  the  fhorteft  path  from  one  point  to  another,  fo  it  fhould  be 
the  line  of  quickeft  de^fcent  from  one  point  to  another  not  fituat- 
ed  in  the  fame  horizontal  line  :  but  it  has  been  already  feen 
(iirt.  266.  cor.)  that  the  times  of  defcent  through  arcs  of  circles 
in,  certain  pofitions  are  lefs  than  the  times  of  running  down  the 
chords.  And  there  does  not  appear  any  reafon  why  other  curves 
may  not  be  found  through  which  bodies  fhall  pafs  from  one  to 
the  other  of  two  given  points  in  lefs  time  than  they  would  pafs 
in  circular  arcs.  The  general  problem  was  firfl  propofed  in 
1697,  bjwjohn  Bernoulli,  under  the  title  of  iha  BrachvftQchronon, 
or  "  that  curve  along  the  concave  fide  of  which  if  a  heavy  body 
defcend  it  will  pafs  in  the  leaft  time  poflible  from  one  point  to 
another,  the  two 'points  not  being  in  the  fame  vertical  line."  The 
problem  was  truly  anfwered  the  fame  year  by  Leibnitz,'  Newton, 
ti'Hbfpitnl,  and  James  Bernoulli.  The  problem  has  been  re- 
cohfidered  more  recently  by  Venturi,  M'-ho,  befides  arriving  at 
the  fame  concliifions  as  the  original  inveftigators,  has  determined 
that  there  is  'a  minimum  of  time  of  defcent  even  in  a  circular 
arc  :  for  an  arc  of  a  circle  which  does  not  exceed  60  degrees^ 
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is  a  curve  of  fpeedier  defc,ent  than  any  other  curVe  which  can 
be  drawn  within  the  fatne  arc ;  and  the  arc  of  90)  degrees  is 
a  curve  of  fpeedier  defcent  than  any  other  curve  vvhich  can  'be 
drawn  without  the  fame  arc.  And  many  other  the.Qrems  might 
be  found,  particularly  if  we  were  to  affume  different  hypothefes 
of  gravity  :  but  all  we  fliall  attempt  here  ia  to  give  the  folution 
of  the  problem  upon  the  common  fuppofition  of  gravity  being 
a  conftant  force  acting  in  parallel  lines. 

Prop.  To  determine  the  curve  along  which  a  body,  folicited  by  gra- 
vity, nuiil  pafs  from  one  given  point  A  to  another  point  B,  not  in  the 
fame  vertical  line,  in  the  fhorteji  time  poffibk.- 

Let  AC  (fig.  2.  pi.  XIII.)  be  parallel  and  BE  perpendicular 
to  t^e  horizon,  interfering  each  other  in  E,  and  letPM  be^any 
ordinate  to  the  curve  parallel  to  EB.  Let  AP=«,  PM?=j!, 
A.M=z  ;  then  the  velocity  at  M  vvill  (arts.  243-  263.)  be  ex- 
prefled  by  y*,  and  confequently  the  fluxion  of  the  time  of  de.*' 

fcent  through  AlVI  will  be  truly  defined  by  —  or  its  equal  v~*x 

\x  it  +  yy  ).  Here,  therefore,  the  fluent  of  j|»    ^  x\ptx  +yy/ 

is  to-be  a  minimuhi  when  that  of  x  obtains  a  given  value  AE. 

Whence  we.  mull  have  ;i  "^  xx\'x  x -{- y  y  }  *=a  conftant 
quantity ;  which,  in  order  that  the  terms  may  be  homologou'si, 

"may  be  denoted  by  a  ' ,  or  -77.  Then  a  x  =3'  x  V  *•  i^+'y'y)  i 
therefore  ;  =  -^=-^;,  and  z^V «  ^^y  ^  =  -0=^; 

V   a—y       V  ay — y^  ■  ^  v    a—y 

i ',    _   . 

confequently  2:= 2a  — 2«  .\/  a~y  *  Hence  when  j!=a,  2;=2«j 
that  is,  if  thefe  values  of  y  and  z  be  reprefented  by  CV  and  the 
arch  VMA,  the  latter  will  be  double  the  former ;  which,  as  we 
have  fhewn  (art.  275.  cor.  <i.)',  is  a  property  of  the  cycloid 
whofe  vertex  is  V,  and  diameter  pf  its  generating  circle  CV.  , 

V/hen  the  point  B  falls  on  the  other  fide  the  vertex  with 
refpecl  to  A,  as  it  mufl  do  when  EB  is  lefs  with  relpeft,  to 
AE  than  VC  to  AC,  or  than  the  distmeter  of  a  circle  to  half  its 
circumference^  the  procefs  will.be  the  fame,  and  it  will  ter- 
minate in  a  fimilar  conqlufion.  The  cycloid  therefore  is  the 
curve  required. 

CoR.  I .  If  the  celerity  be  fuppofed  as  any  fun£lion  F  of  the 
quantity  y,  the  problem  may  be  refolved  in  the  fame  manner ; 

■         .     ■.-,,  ..-^ 
JO  that  cafe-tbe  equation  of  the  curve  will  be  l^-f-lt^i_„  -_-i. 
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Cor.  2.  From  the  above  inveftigation  a  very  fimple  con- 
ftruftipn  may  be  deduced.  Thus,  A  and  P  (fig.  3.  pi.  XIII.) 
being  the  given  points :  through  A  draw  the  horizontal  line 
AB,  on  part  of  w^hich  as  a  bafe  defcribe  any  inverted  cycloid 
Apb;  join  A,  P,  by'the  line  AP  cutting  the  curve  Kp  b'm  p; 
join^  b,  and  parallel  to  it  draw'  PB  meeting  AB  in  B  :  fo  ftiali 
AB  be  the  bale  of  the  inverted  cycloid  AVE,  through  which 
the  body  will  pafs  from  A  to  P  in  the  fhorteft  time  poflible. 
This  conftruition  is  founded  upon  the  property  that  cycloids 
are  fimilar  curves,  having  only  one  coiiftant  quantity  entering 
their  equation,  namely,  the  diameter  of  the  generating  circle. 
We  fee,  alfo,  that  for  any  two  given  points  A,  P,  there  can  be 
only  one  cycloid  which  will  anfwer  the  conditions  of  the  pro- 
blem of  the  brachyftochronon. 

It  fhould  be  remarked,  that  this  fimple  conftru£tion  was  firft 
given  by  Newton  in  the  Philofophical  Tranfadiions,  No.  224. 

,278.  Prop,  If  AVV  he  the  Une-offnuifUji  pajfage from  A  toP 
(fig.  4.  pi.  XIII.),  and  AP  the  right  line  joining  the  points  A  and 
P  ;  then,  if  PS  be  drawn  perpendicular  to  the  curve  in  P,  and  AS 
let  fall  perpendicularly  from  the  point  A  upon  PS,  the  time  in  which  a 
body  drawn  by  gravity  defcribes  the  right  line  AP,  is  to  the  time  in 
•which  it  would  pafs  from  A.  to  P  along  the  curve  AYP,  asAVto  AS. 

Through  P  draw  PN  parallel  to  the  axis  of  the  cycloid,  and 
PT  parallel  to  the  bafe  B  A,  meeting  the  axis  in  H,  and  a  circle 
dpfcribed  on  the  diameter  CV  in  F  and  Q,  and,  laflly,  meeting 
the  cycloid  in  T.  Draw  the  chord  CF,  which  (art.  274.)  will  be 
parallel  to  PS.  Whence  PM=FC,  and  MC=PF=(art.  273.) 
rV:  and  confequently  AM^CQVF.  By  art.  276.- the  time 
in  arc  AT V  :  tinje  in  CV  :  :  femicircumference  :  diameter  j 
and  by  art.  276.  cor.  21.  the  time  of  defcribing  VP  (after  having 
pafled  over  AV)  :  time  in  ATV  :  :  VF  :  VQC.  Therefore 
time  in  AVP  :  time  in  CV  :  :  arc  CQVF  :  diam.  CV.  But, 
time  in  CV  :  time  in  NP  or  CH  :  :  CV  :  CF ;  therefore,  by 
equality,  time  in  AVP  :  time  in  NP  :  :  arc  CQVF  ;  chord  CF 
:  :  AM  !  MP.  Again,  time  of  fall  through  NP  :  time  in  right 
line  AP  :  :  NP  :  AP ;  therefore,  the  ratio  of  the  time  along 
AVP  to  the  time  in  AP  is  compofed  of  the  ratios  of  AM 
to  MP,  and  of  NP  to  AP ;  that  is,  time  along  AvP  :  time 
in  AP  :  :  AM  .  NP  !  MP  .  PA.  But  AM  .  NP  =  MP  .  ASi 
each  being  the  double  of  the  triangle  AMP.  Confequently, 
the  time  in  which  a  body  falling  from  reft  runs  through  the 
curve  of  the  cycloid  AVP,  is  to  the  time  in  "which  it  would 
pafs  over  the  right  line  AP,  as  MP  .  AS  to  MP  .  PA,  or  as 
AS  to  AP-  And  in  the  fame  manner  (mutat.  mutan.)  the 
demonftration  proceeds  when  the  point  P  is  between  A  and  V»  - 

Cor.  I .  Since  AP  the  hypothenufe  of  the  right-angled  triangl« 
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ASP  is  always  greater  than  AS,  the  time  of  defcent  through 
the  right  line  AP  is  always  greater  than  the  time  of  pafling 
through  the  arc  AP. 

Cor.  2.  When  P  coincides  with  V,  PS  and  AS  coincide 
with  VC  and  AC  refpeAively ;  and  then,  time  in  arc  AV  to 
time  in  chord  AV,  as  4'n*  to  y'T'+J^j  or  as  1*5708  to  x'8621 
nearly. 
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CHAPTER  III. 


On  Central  Forces. 

i'jg.  Since  a  body,  when  once  put  into  motion,  will  (art. 
21.))  unlefs  prevented  by  obftacles,  perfevere  in'  that  ftate 
with  the  fame  velocity  and  the  fame  direftion,  it  follows  that 
a  body  cannot  defcribe  a  curve  line  unlef?  it  is  fubjedted  to  the 
aftion  of  a  conftant  force,  or  meets  with  obftacles  after  ob- 
ftacles which  change  at  every  inftant  the  direftion  of  its  mo- 
tion. If  the  force  which  afts  on  a  moving  body  according  to 
any  direftion  different  from  that  in  which  it  is  moving,  a£ts  at 
finite  intervals  of  tirrje,  and  communicates  at  each  interval  a 
determinate  velocity,  the  body  will  defcribe  a  polygon.  But 
if  the  body  has  received  at  firft  a  finite  velocity,  and  the  force 
which  deflefts  it  from  its  path  a£ts  continually  or  without  in- 
terruption, the  body  will  then  defcribe  a  curve  line:  fuch  is  the 
efFeft  of  the  conftant  folicitation  of  gravity ;.  and  fuch  alfo  that 
,of  the  refiftance  of  fluids. 

A  body  which  is  moving  in  a  curvilinear  track  may  be  con- 
fidered,  at  any  inftant  whatever,  as  if  it  were  moving  along  the 
-tangent  of  that  point  of  the  curve  at  which  it  is  found  ;  and  if 
the  force  which  deflects  the  body  at  any  inftant  ceafes  to  aft, 
the  body  will  perfevere  in  its  motion  according  to  the  direftion 
of  that  agent. 

Defs.  I .  The  centre  of  aitraclion  or  of  force  is  the  point  to- 
wards which  any  body  is  folicited  or  impelled. 

2.  D^fle5lingforce  is  the  force  which  tends  to  bend  the  courfe 
of  a  body  at  every  inftant. 

3.  Centripetal  force  is  the  force  which  tends  conftantly  to 
folicit  or  to  impel  a  body  towards  a  certain  fixed  point  or  centre. 

4.  Centrifugal  force  is  that  by  which  it  would  recede  from 
fuch  centre,  were  it  not  prevented  by  the  centripetal  force. 

5.  Thefe  two  forces  are  called  jointly  Central  Forces. 
Cor.  The  centrifugal  and  centripetal  forces,  being  correla- 
tives in  circular  motions,  may  be  reprefented  by  the  fame  line. 

6.  Projedile  force  is  that  with  which  the  body  would  run  out 
in  a  tangent  to  its  path,  if  there  were  no  centripetal  force  to 
prevent  it/ 
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/ 
Cor.  The  centripetal, and  projeflile  forces  are  heterogeneous, 
and  cannot  be  compared.     For  the  aftion  of  the  one  is  incef- 
iant,  ^but  that  of  the  other  is  impulfive. 

7.  The  path  defcribed  by  a  body  ^&^i  upon  by  a  centripetal 
force  'is  often  called  its  trajelfory,  or  its  oriit- 

8.  Radius  vector  is  a  line  drawn  from  the  centre  to  whicli 
die  force  is  referred,  or  in  which  it  is  fuppofed  to  aft,  to  any 
point  in  the  trajectory  wherein  the  body  is  found. 

9.  Angular  velocity  is  the  velocity  with  which  the  angle  is 
defcribed  which  is  contained  between  any  two  pofitions  of  the 
radius  veftor ;  it  is  meafured  by  an  arc  of  a  circle  whote  radius 
is  a  unit  of  diflance,  and  comprehended  between  two  poiitions 
of  the  radius  veftor  at  the  interval  of  a  unit  of  time. 

10.  When  a  body  moves  round  a  centre  in  an  orbit  or  tra- 
je£lory  which  returns  into  itfelf,  the  time  employed  by  the  body 
after  paffing  a  certain  point  before  it  returns  to  that  point 
again  is  called  the  periodical  time. 

280.  Prop.  If  from  two  points  A  and  D,  equally  remote  from 
the  centre  of  attraEiion  C  (fig.  5.  pi.  XTII.)  two  bodies  move  ivith 
equal  velocities,  the  one  along  the  right  line  AC,  the  other  in  a 
curve  line  DBQ,  their  velocities  at  all  equal  diflances  from  the 
centre  iji/ill  he  equaL 

Let  DK  in  the  tangent  of  the  curve  at  the  point  D  be  the 
fpace  which  would  be  defcribed  in  an  evanefcent  portion  of 
time  with  the  velocity  at  D,  FG  the  arc  of  a  circle  whofe 
centre  is  C,  and  GK  its  tangent ;  and  while  AF  would  be  de- 
fcribed with  the  velocity  at  A,  let  FH  be  added  to  it  by  the 
attradive  force.  Draw  the  arc  HI,  and  IL  a  tangent  to  it  at 
I,  meeting  DK  produced  in  L :  draw  alfo  KB  parallel  to  DC, 
and  LB  perpendicular  to  DL.  Then,  DG  :  DK  : :  GI ;  KL  : : 
KL  :  KB,  ■  by  fimilar  triangles ;  therefore,  GI :  KB,: :  DG^ : 
DK^;  and  confequently  JCB  will  be  the  fpace  defcribed  by  the 
attradive  force,  while  DK  would  be  defcribed  with  the  velocity 
at  D ;  for  the  force  may  be  confidered  as  uniform  during  fhe 
defcription  of  the  evanefcent  increments,  and  the  fpaces  de- 
fcribed by  the  a£tion  of  a  uniform  force  are  as  the  fquares  of 
the  times  (art.  227.).  Hence,  the  refultant  will  be  DB,  which 
is  ultimately  equal  to  Dt,;  and  the  whole  velocity  will  be  in- 
creafed  in  the  ratio  of  DL  to  DK,  or  of  DI  to  DG,  or  of  AH 
to  AF :  confequently,  fince  H,  I,  and  L,  are  ultimately  equi- 
diflant  from  C,  the  velocities  in  EA  and  ED  are  always 
equally  increafed  at  equal  diftances,  and  will,  therefore,  always 
remain  equal  at  equal  dillances. 

Cor.  The  fame  thing  may  in  fimilar  circuipiftances  be  fliewn 
to  obtain  with  refpefl:  to  the  velocities  in  EC,  and  any  other 
curve  E'D'Qj  and  confequently  it  will  hold  with  regard  to 
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the  two  curves :  therefore,  generally,  ituo  or  more  bodies  being 
attra£fed  toward  a  given  centre  ivith  equal  forces  at  equal  dtflances, 
if  their  velocities  be  once  equal  at  equal  diftances,  they  ivill  remain 
alionys  equal  at  equal  diflances,  nuhatever  be  their  direElions. 

■  281.  Prop.  'A  body  revolving  in  an  orbit-y  by  the  Joint  effeBs  of 
a  projeilile  and  a  centripetal  force,  defcribes  by  its  radius  veilor 
equal  areas  in  equal  times,  and  in  unequal  times  areas  proportional 
to  the  times. 

Let  ABCD,  &:c.  (fig,  7.  pi.  XIII.)  be  part  of  an  orbit  de- 
fcribed  by  a  body,  which  is  folicited  by  a  centripetal  force  to- 
wards the  point  (f.  If  the  projeftiie  force  alone  a£ted,  the 
body  would  move  uniformly  in  a  right  line  as  AV :  but  if  the 
centripetal  force  be  fuppofed  to  aft  by  feparate  irnpulfes  or 
felicitations,  as  at  B,  C,  D,  &c.  when  the  body  receives  the 
impulfe  at  B  it  will  be  drawn  out  of  its  courfe  towards  <^,  and 
(art.  217.)  will  defcribe  the  diagonal  BC  iri  the  fame  time  as 
the  projeftile  force  alone  would  have  made  it  defcribe  BC. 
After  equal  intervals  fimilar  efFefts  will  take  place  at  C,  D,  &c. 
Since  AB,  BC,  &c.  are  the  lines  defcribed  in  equal  times  by 
the  body,  the  areas  defcribed  in  equal  times  by  the  radius 
veftor  will  be  A  ip  B,  B  (^  C,  &c.  Now  AB,  B  c,  expreffing 
fpaces  paffed  over  by  a  uniform  motion,  are  equal  bafes  of  the 
triangles  A  ^  B,  B  (^  c,  which  ^being  terminated  by  the  fame 
point  <p,  have  likewife  equal  altitudes,  and  are  therefore'  equal. 
And  becaufe  the  body  at  B  is  by  the 'joint  aftion  of  the  pro- 
jeftile and  centripetal  forces  carried  forwards  in  the  diagonal 
BC  of  the  parallelogram  G^,  the  oppoGte  fides  GB,  Cr,  are 
parallel,  and  C  c  is  parallel  to  B  p.  But  B  cp  is  the  common 
bafe  of  the  two  triangles  B  9  C,  ^fc;  and  thefe  triangles  are 
between  the  fame  parallels  ;  therefore  they  are  equal.  Confer 
quently  A  ip  B,  which  has  been  proved  equal  to  B  p  r,  is  like- 
wife  equal  to  B  ip  C ;  that  is,  the  areas  defpribed  in  equal  times 
are  equal.  And,  by  compofition,  any  fums  of  thefe  areas  are 
to  each  otlier  as  the  times  in  which  they  are  defcribed ;  that  is, 
the  areas  are  univerfally  as  the  times. 

Let  the  number  of  thefe  triangles  be  augmented,  and  their 
breadths  dirainifhed  indefinitely,  the  centripetal  force  being 
now  fuppofed  to  aft  continually  :  then  will  the  ultimate  peri- 
meter ABCD,  &c.  be  a  curve  line,  which  is  always  concave 
towards  p  the  centre  of  force;  and,  the  above  reafoning  being 
ttill  applicable  to  thofe  triangles  whofe  breadths  are  indefinitely 
diniiniflied,  the  areas  will  be  as  the  times. 

It  does  not  neceffarily  follow,  that  the  centripetal  force 
fhould  caufe  the  body  always  to  approach  the  centre  of  force ; 
it  may  continue  to  recede-  from  it,  notwithftanding  its  being 
•drawn  by  a  force  refiding  there :  but  this  property  muft  always 
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belong  to  its  motion,  that  the  trajeflory  which  It  defcrib^s  be 
concave  towards  the  centre  bf  force. 

Cqr.  I.  'The  plane  in  ivhich  the  trajeSlory  lies  pajfes  through  tlie 
centre  of  force.  For  the  diagonal  BC  of  the  parallelogram  c  G 
is  in  the  fame  plane  as  its  fides ;  therefore  BC,'  B  <^,  are  in  the 
fame  plane ;  in  the  fame  manner  B  d^  CD,  C  p,  are  in  on« 
plane,'  being  the  fame  as  the  former ;  and  fo  on. 

CoR,  2.  The  proje^ile  velgcity  of  a  body  revolving  in  a  curve 
about  an  immoveable,  centre  of  force,  is  reciprocally  as  the  perpen- 
dicular let  fall  from  that  centre  upon  the  tangent  to  that  point  of  the 
Ttrbit  where  the  body  is  when  its  velocity  is  eflimated.  For  the  area 
of  any  t)f  the  triangles  A  ip  B,  B  ^  C,  being  conftant,  the  bafs 
which  reprefents  the  velocity  is  reciprocally  as  the  perpendi- 
cular demitted  upon  it  from  ^. 

CoR.  3.  The  angular  velocity  at  the  centre  offeree  is  reciprocally 
as  the  fquare-of  the  body's  dijiance  from  that  centre.  For,  if  the 
fmall  triangles  ^CD,  i?i  BA  (fig.  8.  pi.  XIII.)  are  equal,  they 
are  defcribed  in  equal  times:  and  2  area  CipD=fCxCQ; 
alfo  2  area  fBA=aBxBPi  therefore  (pCx  CQ  =  ip  B  x  BP. 
But,  angle  C  ^  D  :  angle  A  p  B  : :  CQj  cq::pCx  CQj  p  C  x 
r  2' : :  f  B  X  BP  •.(p'^xcq::  area  f  B  A  : :  area  ip  r  y : :  ip  B' :  9  C^ 

CoR.  4.  If  AB,  BC,  and  DE,  t?  (fig.  7.),  the  arcs  de- 
fcribed in  equal  tyjj,es,  be  completed  into  the  parallelograms 
AC,  DF,  the  centrtpetal  forces  at  B  and  E  will  be  to  each, 
other  in  the  ultimate  ratio  of  the  diagonals  BG,  EZ,  when 
thofe  arcs  are  indefinitely  diminiflied.  For  the  motions  of 
the  body  BC,  EF,  are  compounded  of  the  miitions  B  c,  BGj 
and  Ey,  EZ ;  but  BG  and  EZ  are  equal  to  Cf  and  Rf, 
which,  as  appear-s  from  this  propofition,  are  generated  by  the 
impulfes  of  the  centripetal  force  in  B  and  E,  and  are  there- 
fore proportional  to  thofe  impulfes. 

Cor.  5.  The  forces  ivith  -which  bodies  are  dranen  into  curinii- 
vear  orbits  are  to  each  other  as  double  the  verfedfmes  4-  GB,  4  ZE, 
tf  the  indefinitely  fmall  arcs  KS>Q,,  DEF,  defcribed  in  equal  timef  i 
and  thefe  verfedfmes  converge  to  the  centre  <p,  and  hifeii  the  chords 
when  thefe  arcs  are  diminifhed  indefinitely  :  for  fuch  rerfed  fines 
are  half  the  diagonals  of  parallelograms;  BG,  EZ,  being 
bifedled  by  ithe  diagonals  AC,  FD. 

CoR^  6.  Converfely,  if  the  radius  veElor  of  a  body  defcrihe  areas 
proportional  to  the  times  about  any  point  0, '  it  is  urged  towards  that 
point  by  the  centripetal  force.  For  if  f  be  not  the  cfentre  of  foroe^ 
let  it  be  fome  other  point,  as  S :"  then,  by  the  prop,  the  bodj , 
will  fomov«  tliat  its  radius  veftor  will  defcribe  alfo  areas  pro- 
portional to  the  times,  about  the  centre  S ;  which  is  impof- 
fible  J  for  it  is  manifeft  a  body  pannot  uniyerfally  defcribe  areas 
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proportional  to  the  times  about  two  different  centres  in  the 
fame  plane.'  "  '  ' 

282.  Prop.  To  determine  the  ratio  of  the  forces  hy  which  bodies 
tending  to  the  centres  of  given  circles  are  made  to  revolve  in  their 
'peripheries.  , 

'Let  AM  a  (fig.  I2.  pi.  XII.)  be  the  circle  in  which  one  of 
the  bodie?  moves  round  the  centre  of  force  C,  and  let  the  in- 
definitely little  arch  A  o  be  the  diftance  it  moves  over  ■  in  a 
given  or  conftaht  particle  of  time;  then,  cor.  5.  of  the  pre^ 
ceding  prop,  the  centripetal  force  at  o  will  be  meafured  by, 
twice  A  p.  And  by  the  nature  of  ,the  circle,  the  chord  and  arc 
A o  will  be  ultimately  equal  in  length;  whence  Ao-=AflX 

Ap=KC  X  2  Apt  confequently,  .2  Ap=—^.     And  the  fame 

may  he  fhewn  with  refpeft  to  the  motion  in  any  other  circle. 
So  that,  if  R,  and  r,  denote  the  radii  of  two  circles,  F,  andyi 
the  i'efpedtiye  central  forces,^  V  and  v,  the  velocities  with 
which'  the  bodies  move  in  their  peripheries,    we  fhall  have 

F :_/"::  —  :-.- ;  therefore,  the  forces  are  as  the  fquares   of  the 

velocities  direBly.,  and  as  the  radii  inverfely,  ' 

Cor.  I.  In  a  circle  the  velocity  is  uniform,  if  the  centre  of  force 
toincide  with  the  centre  of  the  circle.  IJor  th*radius  which  is  the. 
perpendicular  to  the  tangent  (cor.  2.  art.  281.)  is  a  conftant 
quantity. 

CoR.  2,  Bec^ufe  F  :/: :  ^  :  — ,  it  follows  that 

V:-y::  VRF:  Vrf  and  / 

K  :  r    :  • —  :  — . 

F        F 

CoR.  3.  Comparing  the  analogy  Y  -.v.:  ^  RF  :  ^  r  f,  with 

the  exprelEon  j-  oc  —  in  uniformly  accelerated  motions,  it  fol* 

lows  that  the  velocity  is  every  where  equal  to  that  which  a  body 
would  acquire  in  falling  by  the  fame  uniform  force  through  half  the 
radius. 

CoR.  4.  If  the  ratio  of  the  periodic  times  be  denoted  by  that 

of  P  to  p,  then  the  ratio  of  the  velocities  being  as  —  to  — ,  we' 

'       p         V 

fliall  have  by  equality  v^RF :  /r/; :  —  :  — ;  whence  alfo 
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:  ,     R-.r-.-.W-.fpK        ,  :' 

Cor.  5.  A  few  other  properties  of  circular  motion  under 
different  hypothefes  may  be  thrown  together ;  thus, 

If  P : /> : :  I  :  I,  then  F  :/: :  R :  r 

If  V^:»^:;^-:R,  then  F :/; :  r^ :  R' : :  V* :  w*.  -  -  *- 

alfoP.:/::R3:r^ 

If  F  :/: :  I :  i,  then  P:p::  y/'R  :  ^r. 
,  ,If  Vrt;::»-:R,  thenF:/;:r3:R3::V3:w»..  t 

Cor.  6.  If  the  meafure  of  the  force,  or  the  velocity  which 
would  be  uniformly  generated  in  a  unit  of  time,  be-  expounded 
by  any  power  r"  of  the  radiuS  AC  (fig.  12.  pi.  XII.),  then  the 
diftai!?ce  through  which  a  body  wou4d  freely  defcend  in  the 
fame  time  by  the  conftant  operation  of  that  force  will  (art.  242.) 
be  exprefled  by  4  '"''•  Hence,  as  the  diftances  descended  by 
means  of  the  fame  force  uniformly  continued  are  as  the  fquares 
'  of  the  times,  Jt  is  evident  if  the  time  of  moving  through  Ao 
be  denoted  by  t,  that  the  diflance  A/>  defcended  in  that  time 

^ill  be  denoted  /by -^x  \r":   fo  that   we   fliall   have  A o  = 

(-v/  2 A  y.  Ac)  ='— '  X  r  "5~ ;  which  being  the  diftance  de;fcribed 
by  the  revolving  body  in  the  time  i,  it  follows  that  the  fpacc 

pafled  over  in  the  given  time  i,  will  be  equal  to  r  '^~^. 

«+r  ■ 
'  'C'oRi  7.  Hence,  to  find  the  periodic  time  we  have  r    ~- 

m+i  I— n 

■jfx  2r  (the  whole  periphery). : :  i  :  2  *  >•  -f-  r  ~5~  =  2  ir~~^,  the 
true  meafure  of  the  periodic  time. 
'  CoR.  8.  Hetice  alfo  it  followfs  that  if  «  be  expounded  hj 

I,  o,— ij  — 2,  — 3  fucceffively,  the  velocity  eorrefponding  will. 

i-      '     _i  _  I  , 

be  as  r,  r^}  I,  r       ,  and  r       ;  arjd  the  time  of  revolutioa- 

as- 1>  r  ,  r,  r^,  and  r;  refpeftively. 
SCHOLIUM. 

,  283.  From  the  precedmg  propofition  and  its  corollaries 
the  velocity  and  periodic  time  of '  a  body  revolving  in  a  circle, 
at  any  given  diftance  from  the  earth's  centre,  by  means  of  its 
own  gravity,  may  be  deduced.  "Thus,  let  the  radius  of  the 
earth'(=2ifeboooo  feet,  nearly)  be  denoted  by  r,  and  the  fpace 
through  which  a  heavy  body  falls  at  the  fur  face  "( =  1 6 -j^  feet)' 
by  -^g,  the  force  of  gravity  at  the  furface  being,  denotifd  by  gi 
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then  will  the  velocity  per  fecond  in  a  circle  at  the  furface 
(eor.  2.)  be  =.  ^ gr  =26000  feet  nearly;   and  the  time  of 

revolution  =-T==')r   / =5©?^  feconds.     Let  R  be  put 

for  the  radius  of  any  other  circle  defcribed  by  a  projeftile  about 
the  earth's  centre :  then,  becaufe  the  force  of  gravitation  above 
the  furfacp  varies  rnverfely  as  the  fquare  of  the  diftance,  we 

have,  by  cor.  8.  r  ^:  R  : :  26000  feet  (velocity  per  fecond 
»t  the  furface) :  260OO    /-^j  the  velocity  in  the  circle  whofe 

radius  is  R.  And  »-';  R^: : 5075' (the  periodic  time  at  the 
furface) :  ^075  y'  — ,  the  periodic  time  in  the  circle  whof?- 

radius  is  R. 

For  example^  if  R  be  aflumed  equal  to  60  r,  die  diftance  of 
the  moon  from  the  earth,  the  expreffion  for  the  velodty  will 
become  33  $6  4  feet  per  fecond;  and  that  for  the  periodic  .time 
will  become  2360035'  or  37  -^  days,  nearly. 

-284.  Thus  alfo  the  ratio  of  the  forces  of  gravitation  of  the 
moon  towards  the  fun  and  the  earth  may  be  eftimated.  For 
365^  days  being  the  periodic  time  of  the  earth  and  moon 
about  the  fun,  and  27*3  days  the  periodic  time  of  the  moon 
about  the  earth  ;  alfo  60  being  the  diftance  of  the  moon  from 
the  earth  in  terms  of  the  earth's  radius,  and  23920  her  mean 
diftance  from  the  fun  in  the  fame  meafure,  we  have,  by  cor.  4^ 

^— a  •' :  ^  : :  F  :/: :  2  f  :  I  nearly ;  that  is,  the  moon's  gra- 
vitation towards  the  fun  is  to  her  gravitation  towards  the  earth 
as  2  f  to  I  nearly. 

285.  Again,  from  the  fame  principles  the  centrifugal  force 
of  a  body  at  the  equator  arifing  from  the  rotation  of  the  earth 
is  derived.  For  the  propofition  and  corollaries  apply  to  centric 
fugal  forces  as  well  as  centripetal  ones ;  the  terms,  as  before 
obferved,  being  correlatives  (when  thofe  two  alone  keep  the  body 
in  its  orbitj.  And  we  have  juft  found  (art.  283.)  that  the  time 
of  revolution  is  5075'"  when  the  centrifugal  force  would  become 
equal  to  the  gravity ;  alfo  (cor.  4.)  it  appears  that  the  forces  \n 
circles  having  the  fame  radii  are  reciprocally  as  the  fquares  of 
the  periodic  times :  hence,  therefore,  fince  the  earth's  rotation 
is  performed  in  23*.  56'"-.  or  86169%  ^^  have  86i6af" ;  5075^ :  \, 
the  force  of  gravity  :  the  centrifugal  force  of  a  body  at  the 
equator  arifing  from  the  earth's  rotationv: :  i  :  -j^-y  nearly. 

a86.  Since  the  time  of  revolution  of  a  body  under  the  equa- 
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tor  EQJfig.6.  pl.XIII.),  and  in  any  parallel  of  latitude  BG, 
is  equal,  the  centrifugal  forces  (cor.  5.)  are  as  the  diftances 
CE,  AB,  from  the  axis  of  motion,  or,  as  radius  CB,  to  the 
cofine  AB  of  the  latitude.  But  in  any  latitude,'  as  at  B,  the 
centrifugal  force  is  not  (as  under  the  equator)  oppofite  to  the 
whole  gravity,  but  only  a  part  of  it,  which  alfo  is  to  the  whole 
as  the  cofine  of  the  latitude  to  radius.  Fori  produce  AB  the 
direftion  of  the  centrifugal  force  to  D,  and  CB  the  dire>^ion 
of  gravity^  till  it  meet  a  p£rpendicular  let  fall  upon  it  from  D 
atF;  then  BD  reprefenting  the  whole  centrifugal  force  at  B, 
BF  will  reprefent  that  part  of  it  which  is  dire£Uy  oppofed  to 
gravity ;  but ,  BD  :  BF  : :  BC  :  AB  : ;  rad. :  cofin.  BE.  There- 
fore, combining  thefe  two.  ratios,  it  follows,  that  the  diminution 
of  gravity  at  the  furface  of  the  earth  arifiiig  from  the  centHfugal 
force  varies  as  thejqudre  of  the  cafme  of  the  latitude. 

The  law  juft  ftated  for  the  diminution  of  gravity  is  on 
the  fuppofition  of  the  earth's  fphericity  •  but  as  the  polar  axis 
of  the  earth  is  rather  fliorter  than  the  equatoreal,  the  above 
theorepi  will  not  be  quite  exafil ;  it  would,  however,  take  us. 
too  far  fro'm  the  fubje£t  of  central  forces  to  conflder  that  par- 
ticular here ;  we  ftiall  therefore  merely  add  a  general  theorem 
for  the  relations  of  gravity  under  difterent  latitudes,  which  is 
this.  Let  y,  the  gravity  uhder  the  equator,  G  that  at  either 
pole,  g  that  under  any  latitude  A,  then  ^  =  (1 -{-•0052848 
line  ^A)  y ;  and  .  • .  G=  i .0052848  y. 

287.  But  now  to  determine  more  univerfally  the  ratio  of 
the  force  of  a  body  revolving  in  any  given  drcle  to  its  gravity  j 

we  have  already  given  tt    /— — ,  for  the  periodic  time  at  the 

furface  of  the  earth,  when  the  gravity  and  Centrifugal  force  are 
equal :  if,  therefore,  the  time  of  revolution  in  any  circle  whofe 
radius  is  ^  feet  be  denoted  by  t  feconds,  it  will  follow,  from 

cor.  4.  of  the  prop,  that  -^I— :  J_  : :  gravity  of  body  :  its  centrif. 


force  in  t]iat  drcle ;  which  is  as   unity  to  i-^,  or  as  1  to 

1 '2274  xi  very  nearly.      Thus,  if  the  length  of  a  fling  by 

which  a  ftone  is  w'hirl'ed  about  be  2  feet,  and  the  time  of  re- 
volution Jialf  a  fecondj  the  force  by  which  the  ftone  etidea* 

vours  to  ftf.<j5fFwill  be  to  its  weight  as  1-2274  x  -5- to  i,  or  as 

98T92  to  unitf. 

vol..  I.  R 
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The  circumference  of  the  circle  whofe  radius  is  ^  being  2  #j^ 
arid  t  the  periodic  time,  the  velocity  in  the  circle  will  be  -^— > 
and  if  this  be  put  for  v  in  the  general  expreillon  v^^/Tgl  (art. 
243.)  we  {hall  have  -^  =  \/Tfs,  >vhence  f =i^,  the  fpace  a 
heavy  body  muft  defcend  freely  to  acquire  the  velocity  in  the 

circle ;  but  it  is  manifeft  that  p  :  ^^ : :  i  :  -5^,   the.  preced- 

,  ^     gf  gt' 

ing  cxpreffion  for  the  centrifugal  force ;  fo  that  our  theorem 
agrees  with  the  comprehcnfive  one  firft  given  by  the  Martjuis 
de  I'Hopital,  namely,  jfind  from  what  height  the  body  mujl  have 
fallen  to  acquire  the  velocity  in  the  circle ;  then,  as  the  radius  of 
the  circle  to  double  that  height,  fo  is  the  weight  of  the  body  to  its  cen- 
trifugal force. 

288.  From  the  general  proportion  in  the  preceding  article, 
the  centrifugal  force  and  periodic  time  of  a  pendnlum  defcrib- 
ing  a  conical  furface  may  readily  be  found.  Thifs^  let  CA 
(fig.  9.  pi.  Xin.)  the  length  of  the  pendulum,  be  denoted  by  /; 
eS,  the  altitude  of  the  cone,  by  a  ;  the  femidiameter  AS  of  the 
baffi  by  0,  and  the  periodic  time  by  t :  then,  becaufe  the  body 
is  retained  in  the  circle  by  three  different  forces,  viz.  the  cen- 
trifugal force  ^-^t  in  the  direftion  S A,  the  force  of  gravity,  or 

the  weight,  i ,  in  a  direction  parallel  to  CS,  and  the  force  of 
the  thread  A"C,  compounded  of  the  two  former ;  it  follows 
that  CS  :  CA  or  as  «:  i ::  weight  of  body  at  A:  force  upon 

the  thread  at  A ;  alfo,  as  i :  ^^ : :  CS  :.SA  ::a:^.    Whence 

g i^= 4 a,7i\  znd  t— 2 It   / —=l'iojS^^a.   Cbnfequently, /^^ 

periodic  time  varies  as  the  fquare  root  of  the  altitude  of  the  conic 
pendulum,  let  the  radius  efitsbafe  be  luhat  it  may. 

Becaufc  ^gt''  or  its^  equal  2  a  Tf*,  reprefents  the  fpace  a  heavy 
body  will  defcend  by  its  own  gravity  in  t  feconds  (art.  24J.) ; 
and  becaufe  i^':.7r*::2a  :  2fl''i'^=  4^^'»  it  hence  appears,  that 
as  the  wuare  of  the  diameter  of  any  circle  is  to  the  fquare  of  its  peri- 
pherfpfo  is  twice  the  altitude  of  the  cone  to  the  diftance  a  heavy  body 
ivill freely  defcend  in  the  time  of  a  complete  gyration  of  the  conical 
p^dulum. 

flence  alfo,  if  CS  be  to  CA  as  a  lijuare  infcribed  in  a  circle 
to  t|ie  fquare  of  its  circumference,  or  if  tin  angle  CAS  be  nearly 
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2°  53  i>  ^^^  periodic  time  of  the  pendulum  will  be  e^ual  to  the  time 
of  free  defcent  through  CS  *. 

aSg.  Prop.  21?  determine  the  laiu  of  centripetal  force  tending  to 
a  given  point  C,  by  which  a  body  may  defcrlbe  a  given  curve  APQ^ 

Draw  FT  a  tangent  to  the  curve  at  any  point  P  (fig.  lo. 
-pl.  XIII.),  and  from  C,  the  propofed  centre  of  force,  demit  the 
perpendicular  CT :  let  PO,  the  radius  of  curvature  at  the  point 
P,  be  denoted  by  R,  the  diftance  or  radius  veftor  CP  by  ^ ,  and 
the  perpendicular  CT  upon  the  tangent  by  p,  the  velocity  in 
the  curve  being  denoted  by  v.  Then,  becaufe  the  centripetal 
forces  in  circles  are  as  the  fquares  of  the  velocities  diredtly  and 
the  radii  inverfely  (art.  282.),  it  follows  that  the  force  tend- 
ing to  the  point  O,  by  which  the  body  might  be  retained  in  its 
orbit  at  P,  which  muft  manifeilly  be  the  fame  as  the  force  in 

*  When  a  body  is  made  to  defcribe  a  circle  by  being  fixed  to  one  ex- 
tremity of  a  firing  (or  of  an  inflexible  bar),  while  the  other  extremity  is 
attached  to  an  immoveable  point,  or  by  moving  along  the  concave  fu- 
perficies  of  a  poliflied  fphere  or  cylinder;  in  both  cafes,  whatever  be  the 
proportion  in  which  the  centrifugal  force  is  incr^afed  by  increafing  the 
velocity  of  the  projedion,  the  readtion  of  the  ftring  or  of  the  furface  will 
always  be  increafed  in  the  fame  proportion,  fo  that  the  body  will  de- 
fcribe the  fame  circle  with  different  degrees  of  velocity.  But  when 
the  centripetal  force  and  the  diftance  from  the  ceritre  are  given,  the' 
velocity  is  given  (art.  282.  cor.  3.},  being  that  which  would  be  accpiired 
by  falling  down  half  the  diftance.  If,  therefore,  the  velocity  be  in- 
creafed whilft  the  centripetal  force  continues  the  fame,  the  centrifugal 
force  being  increafed  in  the  duplicate  ratio  of  the  velocity,  it  will  be 
greater  than  the  centripetal ;  therefore  in  the  time  that  the  body  would 
have  defcribed  any  diftance  MT  in  the  tangent  (fig.'  Iz.  pl.  XII.^  it  will 
Jje  drawn  to  a  greater  diftance  than  A  from  the  centre,  and  will  have 
defcribed  a  curve  exterior  to  the  circle  MA  m.  For  a  like  reafon,  if  the 
velocity  be  diminifhed,  the  centrifugal  force  becoming  lefs  than  the  cen- 
tripetal, -the  body  will  defcribe  a  curve  interior  to  the  circle :  but  if  the 
centripetal  force  be  at  the  fame  time  increafed  or  dipimilhed  in  the  fame 
proportion,  the  body  will  ftill  be  retained  at  the  fame  diftance  from  the 
centre,  and  defcribe  the  circle  MA  ma.  ■ 

Hence  it  is  manifeft  that  when  a  body  defcribes  any  orbit  exterior  or 
interior  to  that  of  the  circle,  the  tangent  being  perpendicular  to  the 
radius  veAor,  the  centrifugal  force  of  the  body  iii  its  orbit  is  equal  to 
the  centripetal  force  with  which  the  body  would  defcribe  a  circle  at  the 
fame  diftance,  and  with  the  fame  velocity  in  the  direftion  perpendicular 
to  the  radius  veiSor.  The  fame  will  be  true  if  the  diredtion  be  not  per- 
pendicular to  the  radius  vedtor :  for  in  this  cafe,  if  the  motion  be  re- 
folved  into  two,  one  in  the  diredtion  of  the  radius  vedtor,  and  the  other 
perpendicular  to  it,  the  latter  is  the  only  part  which  will  increafe  or 
diminifh  the  centrifugal  force. 

In  this  laft  cafe  the  body  is  retained  in  its  orbit  by  three  forces ;  the 
centripetal  and  centrifugal  forces,  and  that  part  of  the  motion  jn  the 
tangent  which  is  in  the  dlredlian  of  the  radius  vedtor. — Newton  on  Ulti- 
mate Ratios. 

R  2 
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the  circle  whofc  radius  is  PO,  will  be  defined  by  -^,  or  by  — ,-^' 

Cnce  V  is  Inverfely  as  ^,  by  cor.  2.  art.  281.     Wherefore,  by 
the  refolution  of  forces,  we  (hall  have  C  f  ( =/>)  :  CP  ( =f ) : : 

-^  (force  in  direftion  PO)  :^,  force  in  the  direftion  PC. — 

p'V,   ^  p'  14 

Nowy  ):he  general  exprefiion  for  the  radius  of  curvature  is  R  = 

^  which  value  of  R  fubftituted  for  it  in  the  preceding  exprefr 

fion  for  F,  the  centripetal  force  towards  C,  will  transform  it 

to  this  ;  F  =  -^,  an  equation  exprefiing  the  law  required. 

Another  exprefiion,  which  will  be  fometimes  ufeful,  may  be 
found  by  taking  the  value  of  the  radius  of  curvature  in  terms 

of  the  arc  and  its  reftangUlar  co-ordinates,  that  is,  R= — .-rr  } 

—  xy 

for  this  introduced  into  the  expreffion  r=  -~.  will  convert  it 


fJR 


■  e  ^  y 


toF:  .        . 

CoH.  I.  If  the  point  C  be  fo  remote  that  all  right  lines  drawn 
from  thence  to  the  curve  may  be  confidered  as  parallel  to  each 
other,  then  making  Pr  perpendicular  to  Cp   (P/i  being  an 

evanefcent  portion  of  the  curve),  the  force  will  be  as   ~  ^^  ^    , 

or  barely  as  Hf-L,  fince  g=CP  may  in  this  cafe  be  rejcfted. 

This  expreffion  being  general  in  all  cafes  where  the  force 
afts  in  -parallel  dire£tions,  it  hence  follows  that  the  force 
which  always  ailing  in  the  direftion  of  the  ordinate  PM  would 

(tetaifl  the  body  in  its  orbit  is  every-where  as  —. —  ;  becaufe  in 

this  cafe  PC  coincides  with  PM,  and  P  r  becomes  ^x. 

CoR.  2.  Since  the  force  tending  to  the  point  C  is  univerfally 

as or— >— ,  the  force  to  any  other  point  c  will  of  con- 

Sequence  be  as  —r—r—     Therefore,   the    forces  to  different 
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centres  C  and  c,  about  which  equal  areas  are  defcribed  in  the 
fame  time,  are  to  each  other  In  the  inverfe  ratio  of  — —  to 

Cor.  3.  Hence  alfo  the, ratio  of  the  velocity  at  P  to  that  b^ 
,,  which  a  body  might  revolve  in  a  circle  about  the  centre  C  at 
the  diitance  CP  is  eafily  obtained.  For,  fince  the  velocity  at 
P  is  that  by  which  the  body  would  revolve  in  a  circle  about 
the  centre  O,  and  the  forces  tending  to  the  centres  O  and  C 
are  to  each  other  as/>=CT  and  p=CQ^  it  therefore  fpUows, 

if  the  ratio  fought  be  alTumed  as  v  to  «,  that       -    :    "  -  :  :^  :  o 

(art.  282.) .     Whence  alfo  t;' :«'::/.  x  PO  ( =^  R) :  f  x  PC  ( = 

|i')i  and  confequently  v  :  «  : :     /—  :  i  : :     /  -  !  :  i  : :    I ^ 

:    I  —  becaufe  R  =  ^7^. 

Cor.  4.  Finally,  the  law -of  centripetal  force  being,  given,  the 
nature  of  the  traje£tory  may  hence  be  found :  for,  fince  the 

•  force  F  is  Univerfally  defined  by  — ^,  it  i«  manifeft  that  the 

fluent  of  F  f  =  -^1|-,  which,  when  F  is  given  in  terms  of  f ,  will 

become  known ;  and  then,  the  relation  between  p  and  p  being 
given,  the  curve  itfelf  is  known. 

We  now  fliew  the  "application  pf  this  propofitjon  by  an  ex- 
ample or  two. 

290.  Ex.  I.  Let  it  he  required  to  find  the  force  tending  to  tht 
centre  of  an  ellipfe  luhen  a  body  revolves  in  its  periphery. 

Let  tKe  femitranfvqrfe  C'A  (fig.  11.  pi.  XIII.),  be  denoted 
by  a,  the  femiconjugate  axe  C'E  by  b.  the  radius  veftor  C'P'by . 
f,  and  its  femiconjugate  C'R'by«:  then,  by  the  nature  of  the 
ellipfe,  (Emerfon's  Con.  I.  34.)  §  ^-{-n  n  —  aa+bb,  whence  «  = 
Ay^+F^'':  again   (ibid.  I.  37.)  »  (=i/a'+b'—i')  •■b:  -.a-.p  (  = 

c  t)  =  — — "  ;  therefore  *  =  — ^-^ — -.      Confequently, 


1 '  •  i.  3  11  u^b^t 


jng  to  the  centre  of  the  ellipfe  is  diredly  as  the  radius  vector. 
Ex.  n.  To  find  the  law  of  the  cei]tripet(il force,  hy.  "which  a  bod^ 
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tending  to  the  focus  C  is  made  to  revolve  in  the  periphery  of  an 


Mipje. 

From  the  other  focus  F  (fig.  ii.)  draw  FS  parallel  to  CT, 
meeting  the  tangent  TP  at  right  angles  in  S. ;  join  FP  :  then 
.put  aS  =  2o,  C'D=^,  as  before,    and  the  latus-redum  or 

parameter  f  ~Y')  ~^'    Denoting  CP,  and  CT,  as  before,  we 

have  FP = AB  —  CP = a  a  —  f ;  whence,  by  reafon  of  the  fimilar 

triangles  CPT,  FPS,  it  will  hc^-.p-.-.za-f.  FS=-^''~5\' 

But,  by  the  nature  of  the  curve,  FSxCT=C'D* :  whence, 

Plll^^l,^    ^jjj  confequently  -1-  =  ?^  -  ^.     The  fluxion 

of  the  latter  expreffion  Is  —^z=—Jl1L,    So  that  we  have 

(art.  280.)  -^  =  -^  X  4  =  — ^  :  and  (art.  289.  cor.  3.) 

/l4-=    /    ' '^°~    =    /-jc7'  Hence  it  appears,  that  the 

centripetar  force  is  in  this  cafe  reciprocally  as  the  fquare  of  the 
diftance  §  or  CP ;  and  that  the  velocity  at  P  is  to  that  by 
which  the  body  might  defcribe  a  circle  at  me  diftance  CP,  every- 
where in  the  ratio  of  ^FP  to  y' AC. 

Other-wife  thus :  Let  another  body  defcending  in  a  right-line 
begin  to  fall  with  the  fame  velocity,  then  among  the  general 
equations  for  variable  emotions  we  have  (art,  232.  III.)  ^= 

.^,  where  s  Is  equivalent  to  j  in  the  prefent  cafe ;  and  f  be- 
ing confidered  as  negative,  the  equation  becomes  ^=  —  ^}  the 

'.  ,      ■     ■  ,e  - 

fame  being  likewife  true  In  the  curve  by  art.  280.    Now  vsz  ^ 
(art.  211.  cor.  2.)   and  its  fluxion  1;= —7-,  therefore  (p=t 

-—  ■ =  — — :  which  is  the  fame  exprefllon  as  at  art.  280. 

but  deduced  from  art.  2180.     The  reft  may  then  be  determined 
from  the  properties  of  the  ellipfe,  as  above. 

"Ex..  lll>  Required  the  law  which  would  caufe  the  hoify  to  move 
in  a  hyperbola,  the  force  tending  to  the  focus. 
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In   this   Inftance,   proceeding  as  before^   we  (hall  have 

PUif+e)  =  l,^^  inftead  of^'-^""?^  =3%   as  in   the   cllipfe. 

s  e  < 

from  this  we  obtain  —  =  -r^  -f-  4-  5  whence  theVe  will  refult 

-A-  =  — r»  the  very  fame  as  in  the  elUpfe. 

Ex.  IV.  To  ^«t/  the  law  witch,  when  the  force  tends  to  fht 
focus,  would  caufe  the  body  to  move  in  a  parabola. 

Here  the  equation  will  be  *°"^°  .p^  =]^,  or  —  =  —  =  ^  A ; 
and  the  force  again  as  — ^ .    But  the  meafure  of  the  velocity 


■K 


will  in  this  inftance  become    /  -^  =     /  *  =  V'  2  : 

V     SP        */         »" 
confequently  the  velocity  in  a  parabola  is  to  that  by  which  the 
body  might  defcribe  ajcirclfe  at  the  fame  diftance  from  the  cen- 
tre of  force  in  the  conftant  ratio  of  v^  2  to  unity; 

291.  Prop.  To  determine  the  raiio  of  the  velocities  of  bodies  rC" 
volving  in  differ et^  orbits,  about  either  the  fame  or  different  centres; 
the  orbits  themf elves  and  the  forces  tending  to  the  centres  .being 
given. 

Let  APD  (fig.  II.  pi.  Xin.)  be  any  orbit  which  a  body  de- 
fcribes  about  the  centre  of  force  C;  let  the  force  itfclf  at  the 
principal  vertex  A  be  denoted  by  F ;  let  r  denote  the  femipa- 
rameter,  or  the  radius  of  curvature  at  A,  and  let  CT  be  per- 
pendicular to  the  tangent  TP.  Then  (art.  282.  cor.  2.)  the 
velocity  at  A  is  always  as  v'F»";  and  (art.  281.  cor.  2,)  wc 

'  have  CT  :  CA  :  :  ^/  Fr  (the  velocity  at  A)  :  —  V  F  r,   the 

velocity  at  P.     This  anfwers,  however  the  values  of  AC,  »", 
and  F,  may  vary.'  . 

Cor.  I.  If  the  centripetal  force  be  as  the  fquare  of  the  di- 
ftance inverfely,  or  Foe     ^    ,  the  velocity  at  P  will  become 


AC 


—    /— ^  or  ^^.      Confequently  the  .helocities  of  bodies  re- 

solving  in  different  orbits  about  a  common  centre  are  direRly  as  the 
fquare  roots  of  the  parameters,  and  reciprocally  as  the  perpendiculars 
from  the  centre  of  fot'ce  to  the  tangents  to  the  curve  at  the  paintj^- 
'where  the  bodies  are. 
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Cor.  2.  If  the  velocity  at  P  be  denoted  by  P/>,  and  Cpbe 

drawn,  then,  fince  Pp  oc  ^,  it  follows  that  \/  r  oc  V  p  .  CT, 

or  as  the  triangle  CP^.  Hence,  the  areas  defcribed  about  a  com- 
mon centre  of  force,  by  the  radius  veSlgrt  '"  a. given  time,  are  tn 
the  fubduplicate  ratio  of  the  parameters. 

Cor.  3.  And,  fince  the  area  of  the  curve  APDB,  when  an 
ellipfe,  is  known  to.  be  as  AC  .  CD,  or  as  AC  .  ^/V  A  c  ; 
whence,  if  this  be  applied  to  Vj  exprefling,  by  the  laft 
cor.  the  area  defcribed  in  a  given  part  of  ti^ie,  we  fliall  ob- 
tain AC  .  .^Z  AC  or  A.C^  for  the  relative  meafure  of  the  time 
^f  a  complete  revolution.  Therefore,  it  appears,  that  the  periodic 
times,  let  the  fpecies  of  the  elUpfes  he  what  they  will,  are  in  the 
fefquiplicnte  ratio  of  the  principal  axes. 

This,  of  confequence,  ohtains  v.'hen  the  ellipfe  becomes  a 
circle  :  agreeing  with  what  has  been  previoufly  fhewn,  under 
the  fourth  cafe  of  cor.  8.  art.  282. 

CoE.  4.  Hence,  therefore,  it  follows  that  the  periodic  time  in 
on  ellipfe  is  the  fame  as  in    '  circle  -whofe  diameter  is  equal  to  the 
tranfverfe  axis,  or  radius  equal  to  the  mean  dijiance  CD. 
SCHOLIUM. 

It  appears  from  (his  propofition  and  corollaries  that  the- pe- 
riodic time  of  a  planet  under  the  influence  of  a  force  varying 
ipverfL'ly  as  the  fquare  of  the  diftance  depends  on  its  mean  di- 
jiance nlone,  and  will  be  the  fame  whether  the  planet  defcribe  a 
circle  of  an  ellipfe  having  any  degree  of  excentricity  whatever. 
Now  fuppofe  the  fliorter  axis  DE  of  the  ellipfe  ADBE  (fig.  1 1. 
pi,  XIIl.)  to  diminifli  continually,  the  longer  axis  AB  remain- 
ing the  fame  :  then,  as  the  extremity  of  the  invariable  line  DC 
moves  from  D  towards  C,  the  extremity  C  will  move  to- 
wards'A,  fo  that  when  D  coincides  with  C,.  C  will  coincide 
■with  A,  and  the  ellipfe  will  be  tranformed  into  a  flraight  line 
AB,  the  length  of  which  is  equal  to  2  CD.  In  all  the^fuc- 
ceflive  ellipfes  produced  by  this  gradual  diminution  of  CD  tho 
periodic  time  remains  unchanged,  if  the  force  a£ling  at  C  con- 
tinues unchanged.  Juil;  before  the  perfe£l:  coincidence  of  D 
with  C  the  elHpfe  may  be  conceived  as  undiftinguifhable  from 
the  line  AB  ;  and  the  revolution  in  fuch  ellipfe  undi'flinguifliablc 
fvom  the  afcent  of  the  body  along  the  right  line  from  A  to  B, 
and  the  fublequent  defcent  in  an  equal  time,  from  B  to  A. 
Gonfequently  a  body  folicited  by  fuch  a  central  force  will  de- 
scend from  B  to  A  in  half  the  time  of  the  revolution  in  the 
ellipfe  ADBE;  and  the  time, of  defcendiug  through  any  di- 
ftance DC  (fuppofing  the  projeftile  force  extinguifhed)  is  half 
the  periodic  time  of  a  body  revolving  at  half  that  diftance 
from  the  fun.     Hence  we  fee  that  thef^uares  of  the  times  offalU 
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ing  to  the  fun,  or  ether  centre  ef  force,  are.  as  tjie  cubes  of  the  di- 
^ances  from  it :  agreeing  with  the.conclufion  in /art.  236,  To 
find  this  time  of  defcent  in  particular  inilances,  multiply  half 
the  periodic  time  by  the  fquare  root  of  the  cube  of  4i  or  the 
whole  periodic  time  -by  \  ^/ \,  or  by  \sj  ^,  or  by  -1767767. 
This  procefs  gives  us  4  d.  20  h.  for  the  time  of  defcent  of  the 
moon  to  the  earth.  Mercury  to  the  fun  15  ^.  13  h.  Venus, 
39  rf.  17  (&.  The  earth,  64  (f.  13^^.  Mars,  \^\  d.  lo^^. 
Jupiter,  ']b^d.  2i%A.  Saturn,-  ipoij..  22|A.  Herfchell, 
5433  d.  ly  h.  And  the  fame  rule  will  apply  to  the  defcent  of 
the  fatellites  of  Jupiter,  Saturn,  &c.  to  their  refpe^ive  pri- 
maries. See  Thorp's  Newton,  vol.  I.  pa.  193.  Whifton's  Ma- 
thematical Philofophy,  pa.  173. 

292.  Prop.  The  centripetal  force  tending  to  a  given  point  C 
(fig.  II.)  being,  inverfely  as  the  fquare  of'thediftance,  and  the  di- 
reBion  and  velocity  of  a  body  at  any  point  P  being  given ;  to  de- 
termine  the  path  in  which  the  body  moves,  and,  if  it  returns,  the 
periodic  time. 

It  is  manifeft  from  art.  290.  that  the  trajeftory  is  a  conic 
feftjon,  of  which  the  point  C  is  one  of  the  foci.  Let  the  other 
focus  be  F.  Upon  the  tangent  demit  the  perpendiculars  CT, 
FS,-  and  draw  CP,  FP.  Ltt  AC=a,  CQ=f,  as  before ;  the 
fine  of  the  angle  of  direftion  CP  £=m,  to  radius  i  ;  and  let  the 
given  velocity  at  P  be  to  that  by  which  the  body  might  revolve 
in  a  circle  about  the  centre  at  the  diftance  CP,  in  any  given " 
ratio  of  n  to  unity.  Then,  by  art.  290.  «  :  i  :  :  ^PF  :  y/  AC; 
therefore,  «'' :  i  :  :  PF  (  =  2a— f)  :  AC'=« :    whence  we  find 

AC  =—^-     Again,  fince  CT=»?,.  CP,  and  FS  =m .  FP  (the 

angles  CPT,  FPS  being  equal),  we  have  CD"  =  CT  .  FS=/«=. 

CP.FP=^^^V,  fo  that  the  feniiconjugate  axis  CD  is  likewife 

given. 

Laftly,  by  cor.  3.  of  the  preceding  article,  \t  will  be  CN^  : 
CP  ^  :  :  T  (the  periodic  jtime  in  any  given  circle  whofe. radius  is 


3 


CN) :  T.CP  ^  -7-CN  ^',  the  required  time  of  revolution  when 
the  orbit  is  an  ellipfe  ;  that  is,  when  «*  is  lefs  than  2.     For, 

when  «'  =  2,  the  axi&of  the  curve  (exprefled  by  — ^—\  becomes 

infinite,  and  the  orbit  degenerates  into  a  parabol? :  and  if  «'  ex- 
ceeds e,  the  axis  becomes  negative,  and  the  curve  is  a  hyper- 
bola, whofe  principal  diameters  are  J^^  and  -^,-^^  refpect- 
ively. 
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iCoR,  I.  Becaufe  neither  thq  value  of  AC  nor  the  expreflion 
for  the  periodic  time  is  afFefted  with  ./Wj  it  follows'  that  the 
principal  axis  and  the  periodic  time  will  remain  invariable,  if 
the  velocity  at  P  be  the  fame,  whatever  the  direftion  at  that 
point  may  he. 

Cor.  2.  We  may  readily  apply  this  prppofition  to  the  cafe 
of  bodies  projefted  from  the  furface  of  the  earth :  for  it  has 
already  been  (hewn  (art.  283.)  that  a  body  projected  with  a 
velocity  of  26000  feet,  or  4"92424  miles,  per  fecond,  would 
defcribe  a  circle  at  its  furface  :  and  by  this  prop,  i  :  */2  :  : 
26000  feet  :  36769  feet  or  6*96393  miles,,  velocity  of  pro- 
jection when  a  parabpla  would  be  the  trajeftory.  Hence  ap- 
pears the  truth  of  what  is  often  remarked  in  popular  treatifes 
of  aftronomy  ;  that  if  a  body  were  projefted  from  the  earth's 
furface  with  a  velocity  exceeding  7  miles  per  fecond,  it  would 
(if  not  reGlted  by  the  air)  defcribe  a  hyperbola ;  if  with  a  ve- 
locity of  rather  lefs  than  7  miles  per  fecond,  it  would  defcribe 
a  parabola  ;  and  if  the  initial  velocity  were  between  7  and  j 
miles  per  fecond,  the  body  would  defcribe  an  ellipfis  :,  if  the 
velocity  be  lefs  than  5  miles  (or  4"92424)  per  fecond,  the 
body  would  not  defcribe  a  complete  ellipfe,  as  its  periphery 
would  in  part,  if  not  entirely,  fall  within  the  circumference  of 
the  earth,  and  of  courfe  the  motion  of  the  body  would  be 
■fiopped  at  the  firft  point  of  interfeftion  of  the  two  curves. 

293.  Prop.  The  attraHton  of  a  eorpujcle  to  a  fphere  is  juji  the 
fame  ai  if  all  the  matter  of  the  fphere  were  colleEled  into  its  centre  t 
the  force  being  Juppofed  to  vary  inverfely  as  the  fquare  of  the  di- 
Jlance. 

In  order  to  pTove  the  truth  of  this  propofition,  we  muft  firft 
inveftigate  the  force  by  which  a  corpufcle  would  be  attracted 
towards  a  circular  plane.  Let  O,  therefore,  be  the  centre  of 
the  circle  ABCD  (fig.  12.  pi.  XIII.)  to  which  the  corpufcle  P 
is  attracted.  Suppofe  ab  c  dz.  fmaller  circle  in  the  fame  plane  < 
as  ABCD,  and  having  the  fame  centre,  and  by  fuppofition  the 

'  attraftion  of  P  to  any  particle  c  will  be  as  -rrv     P"'  PO  =  dy 

Pc=x,  the  number  3-14159  being  as  heretofore  reprefented  by 
«•:  then  O  c'^=^>r  —  d',  and  *(»'  — 5')=area  of  circle  abed.  The 

fluxion  of  that  area  is  therefore  =  2 1  x  x;  and,  by  flie  refolution 
of  forces,  x  :  d::—  '.  d  x  ,  the  attraftibn  of  P  to  c  in  the  di- 
reftion  PO.  Hence  the  fluxion  of  the  whole  force  is  truly  de- 
fined  h^  z-Kx  xxd  X  or  its  equal  zit  x  x\  and  the  ferce  it- 
ztx.   x:  which  when  properly  correfted   becomes 
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_  i!!i-j.i^=  2  ♦(  1  -  -V  So  that  when  *=PC  the  attraaioa 
to  the  whole  circle  becomes  2  *  ( i  —  p^ ) »  or  the  attradHon  va- 


PO 
nes  as  i  -  -p^- 

-Now,  let  ABCD  (fig.  13.)  be  a  fphere,  and  P  a  Corpufcle  at- 
trafted  towards  it.  Draw  PAOC  through  the  centre  O ;  and 
let  BID  be  tjie  diameter  of  a  feiSlion  a  B  f  D  of  the  fphere  per- 
pendicular to  PC.    Put  the  radius  AO=y,  PO=;«/j  AP=rf-r 

=c,  PI=j;andPB=PD=r4-*:  then  will  AI=j.-i:,  CI=2r- 
J!^-<:,  and  cbnfequently  AI.CI=BP=(j;-f).  (2r-)'+f)=PB' 

—  PI*  =  (<:+«)*— j>^     From  this  equation  there  arifes  j>  = 

! X — x_aE— — ! — .  ^  I,  becaufe  d  =  r-\-c.    Whence 

it  follows,  that  2  w  ( i  —  ^^-N  the  value  of  the  .attra£lion  towards 

the  circle  o B  ^  D  is  equal  to  2  *(  i  —  r-    T,  ,  ,   I  =    ^.,  ,  ,  : 

this  multiplied  by  "''"r*'^  —  j,  giyes ^     °^^^  ''  "^  for  the  fluxion 

of  the  required  force.  The  fluent  of  this  is  "  ^, '  *  >  whjch 
expreflfes  the  attra£):ion  of  the  fegment  ABD.  And  this,  when 
B  and  D  coincide  with  C  and  x  —  zr,  becomes  ^*j^  ,  for  the 
meafure  of  the  attra£t:ion  of  the  whole  fphere,  which  therefore 
varies  as  -^.  Now  if  the  denfity  S  of  the  fphere  fliould  vary, 
the  attra£):ion  muft  (cat.  par.)  vary  as  S :  fo  that  for  all  fpheres 
the  attra£tion  varies  as -^.     But  the  quantity  of  matter  Q 


varies  as  5  »•';  and  confequently  the  attradion  varies  as 

Therefore,  if  the  fpheres  were  evanefcent  in  magnitude,  or  the 
jame  quantity  of  matter  condenfed  into  the  centres,  the  attraition 
would  be  the  fame.    (^E.  D. 

Cor.  It  When-  i/ssr,  the  value  of  the  attraftion^j^,be- 
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comes  -f*  5  >■•     So  that  at  the  furface  of  the  fphere  the  attraSIion. 
is  direSily  as  the  radius. 

Cor.  2.  Jf  the  molecula  of  tiuofpheres  S,  S',  attraB  each  other 
by  a  force  varying  inverfely  as  the  fquare  of  the  difiancey  the  attrac~ 
tlon  is  the  fame  as  if  the  luhole  quantity  of  matter  in  each  fphere 
ivere  collected  into  its  rcfpeElive  centre. 

Cor.  3.  Hence  what  lias  been  proved  refpedting  the  attrac- 
tion of  two  corpufcles  when  the  force  varies  inverfely  as  the. 
fqunve  of  the  dillance,  holds  true  for  two  fpheres,  the  particles 
of  which  attraft  each  other  according  to  the  fame  laws.  Con- 
fequently,  if  the  molecuU  of  two  fpheres  aEl  upon  each  other  accord- 
ing to  that  law,  one  fphere  ivill  defcribe  a  conic  feElion  about  the 
other  in  one  tf  iti  foci. 

SCHOLIUM. 

294.  Since  it  is  known  that  the  fun  and  all  the  planets  are 
nearly  fpherical,  andthat  they  revolve  in  ellipfes  in  one  of  the 
foci  of  which  the  fun  is  always  very  nearly  ;  the  preceding 
propofitioris,  therefore,  furnifh  Aftronomers  with  juft  reafoa 
■  for  concluding,  that  each  planet  is  attraEied  to  the  fun  by  a  force 
•which  is  direEily  as  the  quantity  of  matter  in  the  central  body,  and 
jnverfely  as  the  fquare  .of  the  d'flance  of  their  centres  :  and  that  the 
con/lituent  particles  alfo  attraB  each  other  by  a  force  luhich  varies 
in  like  manner.  But  we  need  not  flop  here.  It  is  one  of  the 
conftant  laws  of  nature  (art.  21 J  that  a  bodyjcannot  a£l  upon 
another,  without  being  fubjeft  to. an  equal  contrary  rea£lion. 
Thus,  the.^ planets  and  the  comets  being  drawn  towards  the  fun, 
likewife  attraft  the  fun  towards  them  by  the  fame  law  :  thus 
alfb  the  fatellites  are  attrafted  towards  the  planets,  and  the 
planets  contrarily  towards  the  fatellites  *,  and  both  ihefe  again 
towards  the  fun.  This  attraftive  property  is,  therefore,  com- 
mon to  the  fiin,  planets,  their  fatellites,  and  to  comets  •,  and,  of 
confcquence,  we  may  regard  the  mutual  gravitation  of  the  ce- 
Jeflial  bpdies  as  a  property  generally  obtaining  throughout  the 
univerfe.  This  confideration  will  lead  to  a  few  more  general 
propofitions  which  will  immediately  follow :  we  may  juft 
obferve- previoufly,  that  what  is  already  done  will  Enable  the 
iludent  to  underftand  the  principles  on  which  the  quantity  of 
matter  and  denfity  of  the  planets  are  commonly  afcertained. 
For  th^  efFedls  of  attraction  at  different  dlltances  being,  as  dated 
at  the  beginning  of  this  fchohum,  and  the  quantity  of  matter 
being  jointly  as  the  magnitude  and  denfity  of  a  body  ;  if  there- 
fore the  effe£ls  of  the  attra£tion  of  different  bodies  are  known, 
and  their  diameters,  we  can  find  their  denfities,  and  thence  their 
quantities  of  matter.  Now  to  tind  the  denfities,  let  S  repr^fent 
the  denfity  of  the  central  body,  r  its  radius,  (^its  quantity  of 


Chap,  ill.]  Centf'ipttal  Forces'.  258 

matter,  T  the  periodic  time  of  the  revolving  body,  d  its  mean 
diftance  from  the  central  body",  and  s  the  natural  fine  of  the 
angle  under  which  *•  appears  at  the  diftance  d.     Then  Q_c<:Sr', 

while  T^oc  — ,  and  tliis  again,  '^-^^'-  h^ce  Sec  ^  .  But/ 
=-^,  or  — = —  •,  whence  —  =  -^,  and  confequently  §  oc  — --' 

d  ST  jJ         t5  '  '  «i  I ' 

From  this  general  expreflion  the  comparative  denfitiesof  moll 
of  the  planets  have  been  determined.  But  this  brief  fketch"  of 
method  muft  fuffice  :  for  this  is  not  a  place  to  enter  more  into 
the  detail. 

295-  Prop.  The  common  centre  of  gravity  of  two  bodits  is  not 
affected  by  their  mutual  attractions. 

Since  a  body  B  attrafting  another  body  B'  (fig.  14.  pi.  XIIL) 
exerts  its  influence  equaHy  upon  every  particle  of  B',  the  acce- 
leration of  B'  to  B  is  the  fame  whatever  the  quantity  of  matter 
in'B  may  be,  and  will  vary  as  the  quantity  of  matter  in  B  :  the 
magnitudes  of  the  body  being  fuppofed  indefinitely  fmall  with 
refpe£l  to  their  diftance.  And  in  like  manner  the  acccleratioa 
of  B  towards  B',  from  the  attra<£lion  of  the  latter,  is  in  pro- 
portion to  its  quantity  of  matter.  Let  therefore  B  and  B'  at- 
traiS  each  other,  G  being  their  centre  of  gravity  ;  then  the  ac- 
celeration of  B'  towards  B  from  B's  a£tion  :  acceleration  of  B 
towards  B'  from  B  's  adion  :  :  B  :  B'  :  1  GB'  :  GB  (art.  i  lO). 
Hence,  the  fpaccs  B^,  BV,  which  the  bodies  pafs  over  in  in- 
definitely fmall  portions  of  time,  in  corifequence  of  their  mutual 
attraftions,  will  be  as  GB',  and  GB.  Confequently  the  re- 
mainders G  e,  G  e,  muft  be  in  the  fame  ratio  ;  and,  therefore, 
Ct  continues  to  be  the  common  centre  of  gravity  of  the  two 
bodies. 

CoR.  I.  If  while  the  bodies  aEl  on  ^each  other  they  be  projeEiei 
from  B'  and  B  in  oppofite  and  parallel  dire£?ions,  ivith  iieiocittfs 
proportional  to  their  diftances  from  the  centre  of  gravity,  they  will 
defcribe ftmllar  figures  about  that  centre. 

For  let  B' f/  and  B  rf  be  the  fpaces  wliich  the  bodies  urged 
by  the  proje£kile  force  would  defcribe  while  their  attraftions 
would  have  carried  them  to  e  and  e ;  then,  completing  the  pa- 
rallelograms e'd,  e  d,  the  bodies  at  the  end  of  that  time  will  be 
found  at  f  and  b-  Now  the  fpaces  defcribed  being  as  th6  ve- 
locities B/  or  eb'.Bd  or  eb  :  :  G  e'  :  G  e ;  hence  the  angle 
BG^^BG^,  and  confequentiy  b'Gb  is  a  rij;ht  line:  alfo 
Gb'  :  G  b  :  :  GB'  :  GB  ;  fo  that  Gis  the  common  centre  of 
gravity  of  the  bodies  in  their  new  fitu.ition  b',  b  ;  and  the  fame 
may  be  fliewn  after  a  fecoud  and  after  a  third  interval  of  time, 
OJid  fo  on. 
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Cor.  2.  If  we  conceive  each  body  to  be  adled  upon,  at  the 
fame  time,  by  equal  accclerative  forces  in  the  fame  direction, 
the  relative  motions  of  the  two  bodies  will  not  be  altered,  and 
they  will  ftill  continue  to  defcribe  (imilar  figures  about  G  which 
is  then  in  motion.  And  by  varying  the  motion  of  the  fyftem, , 
the  abfolute  initial  velocities  of  Band  B'  may  be  varied  ad 
libitum.  Hence,  if  B  and  B'  be  projeHed  with  any  velocities,  they 
tvill  continue  to  revolve  about  "their  centre  of  gravity,  arid  defcribe 
Jtmilar  figures  about  it ;  and  the  centre  of  gravity,  not  being  diflurbei 
by  their  mutual  aitraSlions,  will  continue  to  move  on  uniformly  in  a 
right  line. 

CoR.  3.  If  the  attraBions  are  inverfely  as  the  fquares  of  thi 
dijlances,  the  bodies  will,  with  regard  to  their  >  common  centre  of 
gravity,  defcribe  fmilar  conic  feilions  about  that  point  as  a  focus. 

296.  Prop.  The  periodic  time  of  two  bodies  B,  B',  attraBing 
each  other  with  any  forces  revolving  about  their  common  centre  of 
.gravity  G,  is  to  the  periodical  time  of  one  of  the  bodies  B'  revolving 
about  the  other  unmoved,  and  defcribing  a  fmilar  figure,  in  the  fub- 
duplicate  ratio  of  the  other  body  B  to  the  fum' of  the  Wi«  B+B  . 

Let  BD'  be  the  orbit  defcribed  about  the  centre  C  (fig,  4.), 
and  B'D"  that  defcribed  about. B.  Draw  the  common  tangent 
B'  R",  and  taking  B'  D',  B'D ',  indefinitely  fmall,  draw  GD'R', 
and  parallel  to  it  BD  'R" ;  then  will  B  D',  B'D ',  be  fimilat 
parts  of  the  fimilar  curves.  The  times  in  which  the  bodies  are 
drawn  from  the  tangent  B'R"  through  the  fpaces  RD',  R"D"i 
with  the  fame  force,  will  be  as  y'D'R'  and  v/D"R"  (art. 
232.),  that  is,  becaufe  of  the  fimilar  figures  GB'R'D',  GB'R"D'f, 
as  v'GB'  to  VBB'i  or  again,  fince  GB'  is  to  BB'  as  B  to  B+B' 
(art.  no.)  the  times  will  be  as  v^B  to  y's+B'.  But  time  in 
R'D'=time  in  B  D',  and  time  in  B'  D"=time  in  R"D"  :  alfo  the 
whole  periodic  times  vary  as  the  times  of  defcribing  fimilar  por- 
tions. Therefore  period,  time  in  wh.  curve  B'D' :  period,  time 
in  wh.  curve  B'  D"  :  :  y'B  :  »y'^^. 

Cor.  Bodies  revolving  about  their  common  centre  of  gravity  de- 
fcribe hy  their  radii  veHores  areas  proportional  to  the  times  of  de- 
fcription. 

297.  Prop.  If 'two  bodies  B  and  B',  attraRing  each  other 
mutually  with  forces  reciprocally  proportional  to  thef^uare  of  their 
dijlances,  revolve  about  their  common  centre  of  gravity  G  ;  then  will 
the  principal  axis  of  the  ellipfc  which  the  body  B  defcribes  aboitt  the 
other  B'  by  this  motion-,  be,to  the  principal  axis  of  the  ellipfe  which 
thejame  body  B  might  defcribe  about  the  other  B'  quiefcent  in  the  fame 
periodic  time,  as  ^B+B',to  v'B'. 

'     Conceive  a  body  B"  to  be  placed  at  G,  whofe  attradion  upon 

>B,fhallbe  equal  to  that  of  B  :  then,  as  the  attradion  varies  as 

the  quantity  of  matter  diredly  and  fc[uare  of  the  diftance  in- 
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*  B''         B'  Bn* 

verfely,  -we  have  BGr=Br-gi»  and  therefore  B"=B'x  ^r^.  Now 

the  fquare^  of  the  periodic  times  of  bodies  revolving  about  th4S 
focus  of  an  ellipfe  vary  as  the  cubes  of  the  major  axes  dire<9.Iy, 
and  the  abfolute  forces  inverfely;  therefore,  if  the  periodic 
time  be  given,  the  major  axis  muft  vary  as  the  cube  root  of  the 
abfolute  force.  Confequently,  major  axis  of  ellipfe  defcribed 
by  B  about  B" :  major  axis  of  ellipfe  defcribed  by  B  about  fi'  at 

a 

reft  in  the  fame  periodic  time  : :  B't  x r  :  B't  ; ;  BGt  - 

7, 

B'  B  ^.  Again,  by  fimilar  figures,  the  major  axis  of  B  about  "Sf 
at  reft  :  major  axis  of  B  about  B"  :  :  BB'  :  BG.  Therefore, 
componendoy  major  axis  of  ellipfe  defcribdd  by  B  when  botli 
bodies  revolve  about  their  centre  of  gravity  :  major  axis  of 
ellipfe  defcribed  by  B  about  B'  in  quiefcence  in  the  fame  time  ii 

B'B^-.BG^::^b+b:^B'. 

Cor.  If  two  ■bodies  attraBing  each  other  move  about  their  commsm 
■centre  of  gravity  their  motions  will  be  the  fame  as  if  they  did  not- 
t^tralt  each  other,  but  were  both  attracted  with  the  fame  forces  iy  a 
third  body  placed  in  the  centre  of  gravity. 

298.  Proj.  If  a  body  projeBed  in  a  given  dii'eBion  be  conflantly 
drawn  towards  two  fixed  points  which  are  not  both  is  the  fame  plane 
•with  the  initial  direiiion,  it  will  defcribe  equal  folids  in  equal  times 
about  the  right  line  joining  the  faid  points  :  and  the  converfe. 

Let  the  tim6  be  divided  into  any  number  of  equal  parts,  and 
in  the  firft  moment  let  the  body  defcribe  the  line  AQJfig.  i. 
pi.  XIV.)  ;  in  the  fecond,  if  not  prevented,  it  would  proceed  €« 
defcribe  the  line  QT  equal  to  AQ^^  ^^^  ^t  Qjt  is  adled  on  by 
centripetal  forces,  tending  to  the  centres  C  and  B :  let  th'-fe 
forces  be  expreifed  by  the  lines  QS,  QV,  which  would  be  de- 
fcribed in  confequencQ  of  their  indivmual   energy,  while  the 
body  would  be  carried  by  the  projeftile  motion  from  Qjo  T. 
Complete  the  parallelopiped  whofe  fides- are  the  lines  QS,-QV', 
QT,  the  body  by  the  joint  a&ion  of  thefe  forces  will  defcribe 
op  the  diagonal  of  the  parallelopiped  (arts.  64.  ^17.).     Bjit 
the  fofid  QCBA=QCBT,  becaufe   they   have  the  fame  baffe 
OCB,  and  the  fame  altitude  (for  the  line  TA  cuts  the  plane 
QBA  in  Q,  and  TG=QA);  alfo  the  folid  QCBT=QCBD, 
:l>ccaufe  they  ftand  on  the  fame  bafe,  and  are  between  the  fame- 
parallel  planes  QGB,  DT-     In  the  fame  manner  it  is  evident 
that  equal  folids  will  be  defcribed  in  other  equal  moments  of 
time,  round  the  fame  points.     If,  therefore,  the  number  of  in- 
tervals of  time,  and  of  the  right  lines  AQ,  QD,  be  indefinitely 
increafed,  the  path  of  the  body  will  ultimately  become  a  curve,. 
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and  the  body  Impelled  by  continued  forces  will  defcribe  rpund 
the  points  C,  B,  equal  folids  in  equal  times ;  and  in  any  times 
folids  proportional  to  the  times.    ' 

Converfely,  if  thefe  foIid«  QCBA,  QCBD,  defcribed  in  equal 
titaies,  be  equal,  the  line  TD  will  be  parallel  to  the  plane  QCB; 
and  therefore  the  body  will  be  urged  by  forces  QS,  QV,  tend- 
ing to  th»  points  C>  5- 

Cor.  'The  orbit  AQD  ^c,  it  not  contained,in  one  plane,  except  in 
feme  particular  cafes.  For,  that  the  orbit  may  not  deviate  from 
any  plane,  the  forces  on  both  fides  of  it  ought  to  be  equal  and 
fimSlarly  fituated. 

SCHOLIUM. 

329.  By  means  of  the  law  juft  laid  down,  philofophers  ex- 
plain the  motion  of  the  moon  and  fatellites,  which  are  attradled 
towards  two  principal  centres.  But  it  would  be  incompatible 
with  the  objects  of  this  work  to  enlarge  here  upon  thefe  and 
other  particulars,  connected  with  the  doflrine  of  attraction  and 
centripetal  forces.  The  ftudent  who'  wilhes  to  obtain  a  pro^- 
found  acquaintance  with  fuch  matters  fhould  confult  Newton's 
Principia,  lib.  I.  Clairaut's  Tbeorie  de  la  Lune  :  Euler's  Theoria 
Motuum  Luna  ;  D'Alembert's  Reeherches  fur  differens  Points  da 
Syjlerae  dii  Monde;  Simpson's  JE^ays  and  Traffj ;  Frifi's  Cofma- 
graphia  and  De  Gravitate  Univerfali  drporum  ;  La  Place's  Mtr 
canique  Celejle ;  and,  Vince's  S£hm  of  A/lronomy,  vol.  a. 
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CHAPTER  IV. 


On  the  Rotation  of  Bodies  about  Jixed  Axes,  and  in 
free  Space  ;  with  Theorems  relative  to  the  Centres  of 
Ofcillation,  Gyration,  Percujfion^  Spontaneous  Ro- 
tation,  S^c. 

300.  In  demonftrating  the  chief  propofitions  relative  to 
refliilinear  motion,  whether  uniform  or  variable,  accelerated  or 
retarded,  we  have  either  confidered  the  bodies  as  phyfical 
points,  or  we  have  imagined  that  the  impelling  force  has  been 
imprefled,  and  the  refiftance  exerted,  in  the  direftion  of  a  right 
line,  paffing  through  the  centre  of  gravity  of  the  body  moved  ; 
and,  therefore,  that  every  particle  of  fuch  body  muft  partake  of 
the  fame  degree  of  velocity  as  that  with  which  the  centre  of 
gravity  moves.  But  in  numerous  inftances  which  occur  to  the , 
mechanift  a  body  or  fyftem  of  bodies,  is  fo  fituated  that  when 
any  force  or  any  number  of  forces  are  impreffed  upon  it,  it 
cannot  take  any  other  motion'than  one  of  rotation  about  a  fixed 
axis,  which  may  either  pafs  through  the  body  or  fyftem,  or  be 
at  an  extremity  of  it :  fo  that  the  velocity  of  the  conftituent 
moleculse  of  the  fyftem  fliall  be  greater  or  lefs  according  to  the 
greater  or  lefs  diftance  of  any  individual  particle  from  the  axis 
about  which  the  motion  is  performed.  And  in  fuch  cafes  it  is 
neceflary  to  call  to  our  aid  other  confiderations  than  what  were 
required  when  difcuffing.the  properties  of  acceleration  and  re- 
tardation. 

Again,  with  reTpeft  to  the  motion  of  bodies  at  liberty  to 
move  freely  by  the  a£tion  of  any  force  imprefled,  if  any  fuch 
body  receives  an  impiilfion  in  any  dire£tion  which  does  not  pafs 
through  the  centre  of  gravity,  the  motion  which  will  enfue  is  a 
rotatory  one  :  for  if  at  the  fame  moment  a  body  is  impelled  ac- 
cording to  any  diredtion  AB  (not  paffing  through  the  centre 
of  gravity),  an  equal  .and  oppofite  ioxce  is  exerted  upon  the 
body,  in  a  parallel  direftion,  CG,  paffing  through  the  centre  of 
gravity,  the  centre  of  gravity  will  manifeftly  be  kept  at  reft : 
neverthelefs,  it  is  clear  that  the  other  parts  of  the  body  will 
not  be  in  a  ftate  of  quiefcence  ;  becaufe  the  two  forces,  though 
equal,  are  not  directly  oppofite :  fo  that  the  only  luotioa  that 

YOL.  I.  s 
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the  body  can  have,  its  centre  of  gravity  being  at  reft,  is  evi- 
dently a  motion  of  rotation  about  that  centre.  Now,  the  fixed 
axis  round  which  a  body  revolves  is  preffed  by  the  impelling 
force  while  it  generates  rotatory  motion ;  but  the  axis  being  (by 
hyp.)  immoveable,  readls  equally  againft  that  preffure,  and 
when  it  palTes  through  the  centre  of  -gravity  would,  as  above 
ftated,  caufe  each  particle  to  move  with  the  fame  velocity,  and 
in  the  diredlion  of  the  force.  If,  then,  the  force  which  prefles 
againft  a  fixed  axis  in  given  circumftances  be  afcertained,  the 
motion  of  the  body  in  free  fpace  when  the  axis  is  removed  will 
be  known  :  for  the  latter  motion  will  confift  of  the  rotatory  mo- 
tion about  the  axis  paffing  through  the  centre  of  gravityconfidered 
as  fixed,  compounded  with  the  motion  of  the  centre  of  gravity 
caufed  by  the  force  now  at  liberty  to  impel  that  centre,  the 
fixed  axis  which  pafled  through  it  being  removed. 

When  a  folid  body  receives  an  impulfe  on  any  one  point, 
or  that  point  is  urged  in  any  way  by  a  movirfg  force,  it  cannot 
move  unlefs  the  other  points  with  which  it  is  connefted  by 
the  force  of  cohefion  move  alfo  (except  the  force  of  impiilfion 
is  fufficient  to  overcome  that  of  cohefion  ;  a  cafe  which  is  not 
meant  to  be  confidered  here).  And  whatever  is  the  motion  of 
any  particle,  that  particle  muft  be  conceived  as  urged  by  a  force 
precifely  competent  to  the  produ£lion  of  that  motion,  by  afting 
immediately  on  the  particle  itfelf.  The  particle  immediately 
impelled  by  the  external  force  is  either  '  preffed  towards  its 
neighbouring  particles,  or  is  drawn  from  them;  and  by  this- 
endeavour  to  change  its  place  the  connedting  forces  are  excited, 
or  brought  into  a£tion.  We  are  but  little  acquainted  with  the 
nature  of  thefe  conne£ting  forces :  but  this  is  not  of  much  con- 
fequence  in  a  mechanical  point  of  view ;  for  the  fa£t  that  the 
forces  by  which  the  moleculse  of  bodies  afl:  on  each  other  are 
equal  is  fufficient  for  oiir  prefent  purpofe. 

In  the  propofitions  we  are  about  to  enter  upon  the  attention- 
will  be  chiefly  called  to  two  obje£ts,  viz.  The  moving  force  by 
whie^h  the  revolving  motion  is  generated ;  and  the  inertia  of 
the  different  parts  of  the  fyftem  moved.  And  both  the  effefts 
of  the  moving  force  and  of  the  inertia  of  the  particles  de- 
pend upon  their  diftance  from  the  axis  of  motion,  ail  other 
things  being  the  fame :  if  both  thefe  be  afcertained  the  abfolute 
acceleration  will  be  determined,  and  confequently  the  abfolute 
velocity  generated  in  a  given  time. 

Thefe  preliminary  obfervations  may  be  terminated  by  re- 
marking, that,  fince  in  rotatory  motions  all  the  particles  of  a 
body  are  fuppofed  to  turn  together  without  changing  their  re- 
lative pofitions  ;  tl^erefore,  when  a'body  has  made  a  condplete 
rotation,  each  jiarticle  has  defcribed  the  circumference  of  a 
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circlcji  and  the  whole  paths  of  the  various  partides  will  be  in 
the  ratio  of  their  refpeftiv^  circumferences,  or  of  their  i-adii ; 
and  the  fame  is  true  of  any  portion  of  a  rotation :  fo  that  the 
velocities  of  the  different  particles  are  proportional  to  their" 
diftances  from  the  axis  of  rotation,  and  are  not  adequate  mea^ 
fures  of  the  rotatory  velocity  of  the  body ;  its  proper  meafure  is  the 
'angle  defcribed  by  any  radius  veftor  of  the  body  irt  a  ttnit  of 
time. 

301,  Prop.  If  a  iody  veniol-ue  ahoui  an  axis,  the  particles  of 
nuhich  that  hody  is  eompofed  reftft,  by  their  inertia,  the  communis 
cation  of  motion  to  any  given  point,  with  forces  which  are  its  the 
patticles  thentfelves,  and  the  fquares  of  their  diftances  from  the  axis 
of  motion  jointly. 

Let  a  force  f  be  applied  at  any  point  A  (fig.  2.  pi.  XlV.)  Iri 
order  to  communicate  motion  to  a  fyftem  of  particles^,  p',  p"^ 
&c.  revolving  at  determinate  diftances  round  the  centre  of 
■motion  C.  Let  A  be  fuch  a  quantity  of  matter  as  will,  if  con- 
centrated in  A,  have  the  fame  efFe£t  in  refifting  the  comlnuni- 
cation  of  motion  to  that  point,  by  its  inertia,  when  any  par- 
ticle p  is  removed  from  the  fituation  P,  as  that  particle  would 
have,  revolving  at  the  diftance  PC.  Now  the  efFeft  of  the 
given  force. ip  aflting  at  the  point  A  (in  a  direftion  9  A  perpen- 
dicular to  CA),  to  move  a  body  at  that  point,  is  to  its  effeft  to 
move  a  body  at  P  inverfely  as  thofe  diftances;  or  as  PC  to 
^C,  by  the  nature  of  the  lever  :  and  if  thefe  bodies  be  moved 
with  equal  angular  velocities,  their  diftances  from  the  axis  be-  • 
ing  then  (art.  3O6.)  as  the  fpaces  defcribed  iri  a  given  time,  the 
moving  forces  are  inverfely  as  the  fpaces  defcribed.  But  tak- 
ing for  a  moment  the  notation  of  art.  228.  we  there  haveF  oc  SX.^, 

or  FS  oc  BV^ ;  in  which,  if  F  oc  -^,  then  will  B  oc  ^  5  confe- 

/  quently,  the  quantities  of  matter  muft  be  inverfely  as  the 
fquares  of  the  velocities  j  or,  in  the  present  cafe,  inverfely  as 
the  fquares  of  the  diftances  from  the  axis ;  that  is,  A  -.p  :  : 

PC^  :  AC^ ;  whence  we  have  A  =— ^^,  which  iridieates  tha£ 
the  refiftance  of  the  particle  p  at  the  difl;ance  PC  is  equivalent 
to  the  refiftance  of  the  mafs -",,.-,  at  the  diftance  AS.     In  like 

manner,  taking  another  particle  />',  at  the  diftance  PC,  and 
a  corfefponding  quantity  of  matter  A'  concentrated  into  thiS 
fame  point  A,  we  fhall,  have  the  refiftance  of  the  particle  />'  at 

ft'    P'  c* 

its  diftance  equal  to  the  refiftance  of  the  mafs"  '       '  at  th^  di- 
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ftance  AC.  And  the  fame  may  be  fliewn  of  other  particles  p", 
p'",  &c.  Confequdntly,  if  we  ufe,  as  hitherto,  the  chapaftet 
J  to  denote  the  whole  fluent,  or  fum  of  all  the  feparate  refift- 
ances,  we  ftiall  have  the  refiftance  of  the  whole  revolving  body 

expreffed  hyj ^'.    — 

CoR.  I.  the  force  •which  accelerates  the  point  A  of  any  body  re- 

-volving  on  an  axis,  to  which  point  that  force  f  is  applied,  is  equal 

to  the  produEl  of  the  force  into  thefquare  of  the  diftanee  AC,  divided 

by  thefums  of  the  produEls  of  all  the  molecula  into  thefquares  of  their 

refpeBive  dijlances  from  C,  the  centre  of  motion. 

For  the  mafs  moved  \%J   '      ,  and  the  moving  force  is  ^ : 

but  the  accelerating  force  is  equivalent  to  the  quotient  of  the 
moving  force  by  the  mafs,  and   is  therefore  reprefented  by 

p  .  AC 

Cor.  2.  -The  angular  velocity  of  a-fyjlem,  generated  in  a  give» 
time,  by  any  force  <p  at  A,  perpendicular  to  AC,  is  proportional  to 
the  reB angle  of  the  force  into  the  dijiance  at  luhich  it  ads,  divided  by 
thefums  of  the  pr.oduSls  of  all  the  molecule  into  the  f quarts  of  their 
refpeSiive  diflances. 

For  the  abfolute  velocity  of  the  point  A  is  as  the  accelerating 
force,  and  the  angular  velocity  is  as  the  abfolute  velocity  di- 
reftly  and  the   diftanee   reciprocally;    therefore   the   angular 

velocity  is  as/^^^'  X  -^,  or  as  9  .  AC  -^y>  .  PC^ 

CoR.  3.  ^he  angular' motion  of  any Jyflem,  generated  by  a  uni- 
form force ,  will  be  a  motion  uniformly  accelerated. 

This  is  evident,  becaufe  the  accelerating  force  is  in  a  con- 
ftant  ratio  to  the  uniform  force  (p. 

Cor.  4.  What  has  been  here  fhewn  with  refpe£l:  to  moleculte 
,  fituated  on  a  right  line  paffing  through  a  centre  of  motion  will 
hold  equally  with  regard  to  a  body  or  fyftem  moving  upon  an 
axis  :  for  all  the  particles  of  fuch  body  may  be  conceived  to  be 
transferred  to  the  plane  in  which  the '  axis  of  fufpenfion  CP 
performs  its  motion,  by  an  orthographical  projeftion,  the  lines 
of  transference  being  all  parallel  to  the  axis  of  motion ;  this 
fuppofition  will,  it  is  obvious,  rteither  afFeft  the  place  of  the 
centre  of  gravity  (with  regard  to  the  axis  of  motion)  nor  the 
angular  motion  of  the  body. 

SCHOLIUM. 

302.  The  preceding  inveftigation  has  been  conducted  upoH 
tlie  fuppofition  that  the  forces  were  each  applied  in  a  diredion. 
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perpendicular  to  the  line  drawn  from  each  point  of  application 
to  its  refpeftive  centre  of  motion:  but  the  fame  conclufion 
would  refult  if  the  moving  forces  were  applied  in  any  direftion, 
provided  that,  inftead  of  thefe  forces,  we  had  taken  their  equi- 
valents when  reduced  to  the  perpendicular  direftion.  As  this 
propolition  and  its  corollaries  are,  however,  of  great  import- 
ance ia  all  that  depends  upon  rotatory  motion  ;  and  as  the 
fame  conclufions,  when  drawn  from  different  methods,  ftrike 
the  mind  with  greater  force ;  we  fhall  here  confider  the  matter 
in  another  way. 

Let  an  axis  of  rotation  pafs  through  C  (fig.  4.  pi.  XIV.) 
perpendicular  to  the  plane  of  the  figure,  and  let  a  body  fixed 
firmly  to  this  axis  be  aQed  upon  by  feveral  accelerating  forces, 
we  are  to  enquire  into  the  circumftances  of  the  motion  pro- 
duced. Suppofe,  at  firft,  that  a  particle  p,  fituated  at  P  in  the 
'  figure,  is  urged  about  the  fixed  axis  by  ,a  force  (p,  applied,  in 
the  direflion  PD  :  that  force  tends  to  imprefs  upon  the  par- 
ticle p  a  certain  velocity  in  the  direGion  PD,  yet,  in  confe- 
quence  of  the  mutual  cohefion  between  the  different  moleculae 
of  the  body,  and  the  connexion  of  the  whple  with  the  fixed 
axis,  the  velocity  can  only  be  produced  aftually  in  the  initial 
direflion  P  d  perpendicular  to  CP.  Drawing,  therefore,  P</ 
perpendicular  to  CP,  the  force  p  muft  be  decompofed  into 
two  others,  in  the  directions  P  d,  PC,  of  which  .the  one  P  e 
will  be  extinguifhed  by  the  refiftance  of  the  axis,  and  the'  other 
Vd  has  place;  where,  of  confequence,  we  have  P^=ipcof. 
jyP  d  (art.  59.).  If,  therefore,  we  denote  the  diftance  AP  of 
p  from  the  ^xis  pi  rotation  by  r,  and  the  perpendicular  diftance 
DC  of  the  force  from  the  axis  by  5,  we  have,  in  the  triangle 

CPD,  fin.  DPC=cos.  DP  .^=  — ;  a^d,  confequently,  V  d  = 
(T,  --.  This  expireflion  would  reprpfent  the  effeflive  accelerat- 
ing force  pf  the  particle  p,  if  tha^  particle  were  alone ;  but 
the  connexion  of  this  particle  with  the^thers,  and  the  opera- 
tion of  the  forces.  a£i;ing  on  the  latter,  change  this  effed  :  if, 
then,  the  arc  a  b?  run  over  at  the  end  of  the  time  f  by  a  par- 
ticle at  a  unit  of  diftance  from  the  fixed  axis,  a  r  will  be  the 
arc  defcribed  in  the  fame  time  by  the  particle  p ;  fo  that  the 
velocity,   and  the   effe£live    accelerating   f6rce,    (art.  232.  I, 

VI.)  of  this  latter  will  be  r-1,  and  r— refpedively. 


p- 


Now  comparing  this  force  with  the  former,  and  obferving 
that  they  are  both  direfted  in  the  fame  right  line,  we  may  have 
pecoyrfe  to  the  pxincipje  of  D'Alembert,  ftaled  in  ^art.  xG"^ 
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The  acGclerating  force  4>  —  which  is  jmprefled  in  the  direftion 

r 

pf  fhe  initial  motion,  muft  be  decompofed  into 
r-?-  •  .  •  efFediive  accelerating  force. 


-r- 


Caccel.  force  deftroyed  hy  the  a£l:ion  of 

t'  '  '  '  c  '^he  other  powers  in  the  fyftem. 
In  like  manner  we  may  proceed  to  inveftigate  the  effefts  of 
pther  forces  ip',  f",  &c.  adling  upon  the  moleculse  p',  p",  &c. 
(whofe  diftances  are  r,  r',  &c.)  in  the  direaions  P'D',  JP"D", 
&c.,  and  at  the  diftances  §',  S",  &c.  the  expreflions  being  the 
fame  with  the  letters  accented  fimilarly  :  the  whole,  therefore, 
will  be  in  equilibrio  when  impreffed  by  the  moving  forces 

J-.fp-^jp,—<pp  -^r  p,  —f  p  -yr  p  ,  &c. 

Now  as  the  fyftem  js  attached  to  a  fixed  axis,  only  one 
equation  (art.  98.)  is  neceffary  to  exprefs  the  ftate  of  equili'- 
brium.  And,  if  we  fuppofe  that  the  forces  <p,  <p',  <p",  &cc.  are 
parallel  to  the  plane  of  the  figure,  or  perpendicular  to  the  plane 
of  rotation  (and  they  may  all  be  refolved  to  fuch  planes  by  an 
obvious  proeefs),  it  will  be  merely  requifite  to  make  the  fum  of 
the  moments  of  the  powers  (art.  60.)  with  refpeft  to  the  fixed 
axis  equal  to  nothing.     Here,  that  oi  the  firft  force  will  be 

^<pp  —  ~—  r^p,  and  the  moments  of  the  other  forces  will  be  ex* 

prefled  in  the  fame  manner,  adding  the  accents.     Thus,  then, 
we  Ihall  have 

^fp  +  ^'<p'p'+  &c.  =(r'-^+r'Y+  &c.)-^. 

Or  taking  the  charadler  J'  as  before,  and  denoting  the  angular 

velocity  by  U,  we  fhgll  have /^ip  §^=  v/'"  ■^  •  '^^^nce,'  -^  =; 

f      J    r'p- 

Hence,  if  the  <juantityyr-/,  which  is  the  fum  of  the  pro- 
dufts  of  the  feveral  moleculas  into  the  fquares  of  their  refpeftive 
diftances  from  the  axis,  be  called  the  momentum  of  inertia,  and 

if  -^  be  called  the  angular  accelerating  force,  the  equation  iufl 

given  may  be  thus  ftated  in  words  at  length  : 
'  The  angular  accelerating  force  is  the  quotient  of  the  fum  of  the 
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momenta  ef  the  moving  forces,  or  (art.  60. )  of  their  refultapt, 
divided  by  the  momentum  qf  inertia, 

303.  From  the  above  equation  we  may  readily  obtain  an  ex- 

preffion  for  the  angular  velocity.  For  (art.  232.  II.)  1?=  -i->  &c. 
give  l"^  Sp  =  ^  S/>  =  4^  §/>  +  4-  §'/>'  +  &c.  whence  we  have 

U  =ili±il*l?Hi?±  ;  and,  taking  the  fluents,        - 

_y iiipA-v'  V  p'  ■\-h.c. /•oSp 

f2^_|_,/jp'_|_  &e.        J    r'p' 

From  which  it  appears  that  cor.  2.  art.  301.  is  not  confined  to 
a  fingle  force ;  but  may  be  extended  to  as  many  forces  as  we 
pleafe,  and  applied  to  the  body  in  any  direftions  whatever. 

304.  As  to  the  part  V  e  oi  the  force  (p,  which  operates  as  a 
preflure  upon  the  fixed  axis,  and  is  entirely  deftroyed  by  its  reac- 
tion, it  may  be  eafily  determined.  For  P  e—(p  cos.  DPC,  and  DP 

=  y'  r2_j2;th'erefore,cos.DPC  =  — =    / 1  —  (— ]  confequently, 

P.=^y[l-(^)]. 

And  the  fame  may  be  fhewn  with  regard  to  the  efFefl:  of  any 
other  forces  ip',  iP  5  &c.  upon  the  axis  of  motion. 

305.  Def.  The  centre  of  ofcillation  is  that  point  in' the  axis  of 
fufpenfion  of  a  vibrating  body  in  which,  if  all  the  matter  of 
the  fyftem  were  colledled,  any  force  applied  there  would  gene- 
rate the  fanie  angular  velocity  in  a  given  time  as  the  fame  force 
at  the  centre  of  gravity,  the  parts  of  the  fy'ftem  revolving  in  their 
Tefpeftive  places.  / 

Or,  fince  the  force  of  gravity  upon  the  whole  body  may  be 
confidered  as  a  fingle  force  (equivalent  to  the  weight  of  the 
body)  applied  at  its  centre  of  gravity,  the  centre_  of  ofcil/ation  is 
that  point  in  a  vibrating  body  into  which,  if  the  whole  were 
concentrated  and  attached  to  the  fame  axis  of  motion,  it  Would 
then  vibrate  in  the  fame  time  the  body  does  in  its  natural  ftate. 

CoR.  From  the  firfl:  definition  it  follows  that  the  ceritre  of 
.ofcillation  is  fituated  in  a  right  linepaffmg  through  the  centre 
of  gravity,  and  perpendicular  to  the  axis  of  motion  *. 

*  Since,  according  to  the  former  of  thefe  definitions,  the  centre  of 
ofcillation  is  a  definite  point,  and  according  to  the  latter  it  is  variable  ; 
it  might,  perhaps,  be  better  to  fay,  that  a  body  has  a  centre  of  ofcillation 
when  it  is  attached  to  a  centre  of  motion,  and  has  a  //«e  of  ofcillation 
when  it  moves  upon  an  axis ;  the  line  of  ofcillation  in  the  latter  cafe, 
being  parallel  to  the  axis  of  motion.  But  this  is  merely  hinted  by  th^ 
way,  and  not  introduced  into  the  text;. 
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306.  Prop.  If  a  body  -vibrate  about  an  C(xis  by  the  force  of  gra~ 
vity,  the  diflance  of  the  centre  of  ofcillation  from  that  axis  is  equal  to 
the  quotient  arijtngfrom  dividing  thefim  of  the  produSls  of  each  par- 
tide  into  the  fquare  ef  its  difiance  from  the  axis,  by  the  produd  of 
the  mass  or  body  into  the  difiance  of  its  centre  of  gravity  from  the 
axis. 

Let  AB  (fig.  3.'  pi.  XIV.)  be  a  plane  paffing  through  the 
centre  of  gravity  G  of  the  body  perpendicular  to  the  axis  of 
vibration  on  which  the  body  is  orthographic  ally  proje£ted ;  C 
the  centre  of  motion. of  that  plane,  or  of  the  whole  body  re- 
duced to  that  plane ;  O  the  centre  of  ofcillation  in  the  line  CG 
produced,  and  py  />',  &g.  the  conftituent  moleculae  of  the  body 
thjis  proje£i:ed.  Through  C  draw  CX  parallel  to  the  horizon, 
and  upon  that  line  demit  the .  ^-erticals  or  perpendiculars  pd, 
p'  d'^  Gg,  O  0,  &c.  Now,  ilnce  the  angular  velocity  of  the 
feveral  particles  is  not  changed  by  this  projeftion,  we  have 
p. pC^+p'.p' C-+  &c.  —Jp-pO^,  the  momentum  of  inertia 
of  the  whole  body  B,  while  B  .  OC^  will  exprefs  the  momentuiji 
of  inertia  of  an  equal  body  concentrated  into  the  point  O.  And 
fince  the  force  of  gravity  p  afts  in  the  parallel  direftions  pdi 
p' d',  &:c.  we fhall have  <p  .p  .dC+p  .p'  .d  C-\-  &c.  for  the efFe£t 
of  gravity  to  turn  the  body  about  C^-by  the  nature  of  parallel 
forces,  and  this  is  equal  to  ^  .  B  .  C^,  by  the  nature  of  the  centre 
pf  gravity  (.art.  108.).  And  if  B  were  poncentrated  in  the  point 
O,  then  would  ^  .  B  .  C  a  be  the  accelerating  force  of  gravity 
to  turn  the  body  about  C.  But,  that  the  fame  angular  velocity 
may  be  generated  in  both  cafes,  the  quotients  of  the  accelerat- 
ing forces  with  refpeft  to  C,  by  the  momenta  of  inertia,  mu{]t 

fee  equal  (art.  301.  cor.  2-  303.),  that  is,  ^j f  =  — q-^, 

syhence  O C =.'''' ^'    "'•'^^'^    '.     Now,   the  triangles  CGp-. 

'  4).B.B.Cg  0         ■  o» 

CO  0  being  fimilar,  we  have.^  _  £° :  hence,  fubftituting  the 

CG  C^ 

-former  fra£lion  for  the  latter  in  the  preceding  value  of  OC%  \t 

,      '  _^,       CO       <p.B./p.pC'       CO      fp-pC  r 

become?  0^=-^- x  — .=~-  ^-^^  ■  '^-y--  confequently 


C0  = 


fp-pC'_fpr 


B.CG         B.CG 


This  expreffion,  being  independent  of  the  line  CX,  will  con^ 

timie  the  fame  for  all  inclinations  of  the  like  CO  ;  fo  that  thg 

centre  of  ofcillation  O,  thus  determined,  is  2.  fixed  pointy  agreed 

,jibly  to  the  definition. 

■     CpR-  I.  iim((.  an]  ^ody  K!^,  fufpendcd  at  C,  and  vibrating 
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may,  fo  far  as  regards  the  time  of  vibration,  he  conftdered  as  aftni' 
pie  pendulum  luhofe  length  is  CO. 

Cor.  2.  That~Q,0  may  he  the  equivalent  pendulum,  and  O  the 
centre  of  of  dilation,  O  mujl  he  in  the  line  CG,  otherwife  it  would 
not  reft  in  the  fame  pofition  with  the  body,  when  no  force 
was  keeping  it  out  of  its  vertical  pofition. 

CoR.  7^.  If  a  body  be  turned  about  its  centre  of  gravity  in  a 
direiiion  perpendicular  to  the  axis  of  motion,  the  place  of  the  centre 
of  of  illation  nuill  remain  unaltered.  For  the  quantity  A)  r^  will 
be  not  at  ali  afFefted  by  fuch  a  motion  of  the  body. 

CoR.  4.  The  diftance  of  the  centre  of  gravity  from  that  of 
ofcillation  (if  the  plane  of  the  body's  motion  remain  unaltered) 
will  be  reciprocally  as  the  diftance  of  the  former  from  the  point 
of  fufpenfion.  If,  therefore,  that  diftance  be  found  when  the 
point  of  fufpenfion  is  in  the  vertex,  or  fofituated  that  the  operation 
may  become  the  moft  ftmple,  the  value  thereof  in  any  other  propofed 
pofition  of  that  point  •will  likewife  he  given  by  one  fngle  proportion. 

CoR.  5.  The  produ£t  of  the  difliances  of  the  centre  of  gra- 
vity, and  that  of  ofcillation,  from  the  axis  of  motion,  is  mani- 
feftly  a  conftant  quantity  for  the  fame  plane  of  vibration:  If^ 
tfjer^ort,  the  centre  of  ofcillation  be  made  the  point  of  fufpenfion,  the 
point  of  fufpenfion  will  become  the  centre  of  ofcillation. 

Cor.  6.  Hence  alfo,  if  upon  the  plane  of  vibration  pajfing  through 
the  centre  ef  gravity  of  any  body  two  concentric  circles  be  defcribedt 
having  the  common  centre  G,  and  radii  GC,  GO,  the  hodyfuf- 
pendedfrom  any  point  in  the  periphery  (f  either  circle  -iviir perform 
an  ofcillation  in  the  fame  time. 

Some  other  corollaries  depending  upon  the  relation  fubfifting 
between  the  centres  of  ofcillation  and  of  gyration  will  be  given 
after  we  have  treated  of  that  centre :  when  alfo  we  fhall  apply 
the  propofitions  to  the  determination  of  thefe  centres  in  various 
bodies.     Previous  to  this,  however,  we  may  here  (hew  how 

307.  To  find  the  diflance  of  the  centre  of  ofcillation  from  the  point 
of  fufpenfion  experimentally. 

Sufpend  the  body  propofed  very  freely  by  the  given  point, 
and  make  it  vibrate  in  fmall  arcs ;  then  count  the  number  n  of 
vibrations  it  makes  in  a  minute,  by  a  good  ftop-watch ;  fo  fhall 
tlie  diftance  CO  of  the  centre  of  ofcillation  and  point  of  fufpen- 
fion be  denoted  by  ^^^.    For  the  length  of  the  fimple  fecond 

pendulum  being  39 -finches;  and  the  lengths  of  pendulums 
being  reciprocally  as  thfe  fquare  of  the  number  of  vibrations 

.pwde  In  a  given  time ;   therefore  «' .:  60' ;  :  39  4  =  .^Mi:^ 
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°  ^  ,the  length  of  the  fimple  pendulum  whkh  ofcillates  n  times 

in  a  minute,  or  the  diftance  CO  in  the  compound  pendulum. 

Or,  two-thirds  of  the  length  of  a  thin  cylindrical  rod,  fufpended 
at  one  end,  and  vibrating  in  the  fame  time  as  the  body,  will 
give  CO ;  the  reafon  of  which  will  foon  appear. 

308.  Prop.  In  a  compound  pendulum  con/tftlng  of  feveral  bodies 
revolving  about  a  common  axis  the  centre  of  ofcillation  may  be  deter- 
mined by  this  procefs :  add  together  the  feveral  produBs  of  each  mafs 
into  the  dijiances  of  the  reJpeElive  centres  of  ofcillation  and  gravity 
from  the  axis  of  motion,  and  divide  the  Jum  by  the  produlf  of  the 
whole  fyjlem  into  the  diflance  of  the  common  centre  of  gravity  from 
the  axis  of  motion  ;  the  dijlance  of  the  centre  of  ofcillation  from  the 
fame  axis  luill  be  reprefented  by  that  quotient. 

For  it  appears  from  art.  306.  that  with  refpefi  to  anybody 
B  in  the  compound  mafs,  y^r'=B  .  CO  .  CG  ;  and  again, 
with  regard  to  another  body  B'  in  the  fame  fyHem  J'p'  r'^= 
B' .  CO'.  CG',  and  fo  on :  confequently  S  .f.  p  r'^^J  B  . 
CO  .  CG  -,  that  is,  the  fum  of  all  the  p  r^  in  the  whole  pendu- 
lum is  equal  to  the  fum  of  all  the  produdls  in  each  part  of  the 
pendulum,  which  arife  from  multiplying  each  part  into  the 
produ£t  of  the  diftances  of  its  centres  of  gravity  and  of  ofcilla- 
tion .from  the  common  axis  of  motion.  If,  therefore,  this 
latter  fum  be  divided  by  the  produft  of  the  compound' mass 
into  the  diftance  of  the  common  centre  of  gravity  from  the 
axis  of  motion,  the  quotient  (art.  306.)  will  be  the  diftance  of 


/•//' 


the  centre  of  ofcillation  from  the  fame  axis :  for  ^  ^ 

fs.co. c6 

,,   „^  ,,„  •,  whence  CO  —-—-—,  as  well  with  refpefl:  to  the 

compound  mafs  as  to  any  of  its  conftituent  parts. 

309-.  Def.  The  centre  of  gyration  is  that  point  in  which,  if 
all  the  matter  contained  in  a  revolving  fyftem  were  colleded, 
the  fame  angular  velocity  will  be  generated  in  the  fame  time 
by  a  given  force  adting  at  any  .place  as  would  be  generated  By 
the  fame  force  a£ting  fimilarly  in  the  body  or  fyftem  itfelf. 

When  the  axis  of  motion  paffes  through  the  centre  of  gravity, 
then  is  this  centre  called  the  principal  ceitoe  of  gyration. 

310.  Prop.  If  the  fum  of  the  produEls  formed  by  multiplying 
each  particle  of  a  fyjlem  into  the  fquare  of  its  diftance  from  the  axis 
ef  motion,  thai  is,,  if  the  momentum  of  inertia  ie  divided  by  the 
•whole  mafs,  the  fquare  root  of  the  quotient  will  be  the  diftance  of  the 
centre  of  gyration  from  the  axis  of  motion. 
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For,  if  CR  be  the  diftance  from  the  axis  of  motion  to  the 
(Centre  of  gyration,   the   expreffion   for-  the    angular    motion 

/•     w^  o^'   /■      ■  (art-   "^oi-  cor.  2.)   will  be  transformed  to 

Jp.VO-  Jpr'  ''  ' 

J' " "  - ;  and  thefe  by  the  def.  muft  be  equal.     Confequently, 


B  .  C^-=fp  r\  and  CR=^^' 


Cob..  I.  ^he  difiance  of  the  centre  of  gyration  from  the  axis  ef 
piotion  is  a  me/in  proportional  betiveen  the  dijiances  of  the  centres  ^ 
if  dilation  and  gravity.^  front  the  fame  axis. 

For  CR^=-/4^,  while  CO=,/^;  therefore  CO  .  CG= 

^-^  =  CR%  and  CO  :  CR  :  :  CR  :  CG.     (Fig:  2,  pi.  XIV.) 

CoR.  2.  The  diflance  between  the  centre  of  gravity  and  principat 
centre  of  gyration  is  a  mean  proportional  between  the  d^lances  «f 
the  centres  of  motion  and  of  illation,  from  the  centre  of  gravity. 

For  PC^=PG*+GC^±2  PG  .  GC  ;  thereforcj  by  art.  307, 

we  have  OC=J  p  . ' — b~Ug *  '^         nature 

of  the  centre  of  gnvity,  J  p  .  PG  on  each  fide  of  G  are  equal, 
and,  becaufe  2  CG  is  <:onfl:ant,/±  2  PG  .  GC=0.  Alfo, 
becaufe/p  .  GC'=B  .  GC^  we  have  OC=GC+/-|-^, 


and  OG  =  j  \   Qp-»  whence  this  corollary  is  marilfell. 

CoR.  3.  The  time  in  which  a  body  iiibraias  will  be  the  leajl  pof 
ftble  when  the  axis  of  motion  paffes  through  the  principal  centre  of 
gyration.  ^ 

For  if  D  and  d  reprefent  the  diftances  from  the  centre  of 
gravity  to  the  point  of  fufpenfion,  and  to  the  centre  of  gyration,  it 

will  be  D  :  D+J  :  :  D+^  -.—-^^i  the  diftance  from  the  point 

of  fufpenfion  to  the  centre  of  ofcillation   (cor.    i.),  and  this 
latter  expreffion  will  obvioufly  be  a  minimum  when  D=isf. 

Cor.  4.  If  we  wifli  to  know  what  quantity  of  matter  M 
muft  be  placed  at  any  other  diftance  AC  fyom  C,  fo  that 
the  inertia  may  remain  the  fame,  we  muft  have  AC^ .  M= 

CR^.B,  whence  M=^^. 
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Cor,  j.  And,  for  a  like  reafon,  if  any  number  of  bodies 
B,  B',  B",  be  put  in  motion  about  a  common  axig  paffing 
through  Cj  by  a  force  afting  at  A,  the  fyftem  will  have  the 
fame  angular  velocity,  if,  inflead  of  thofe  bodies  placed  at  the 
diftances  CB,  CB'  CB",  there  be  fubftituted  bodies  equal  to 

qaJ^'ca»  ■^'»  "cA^"^"'  ^^^  concentrated  into  the  point  A. 

SCHOLIUM. 

311.    Having  now  demonftrated  the  chief  properties  of  the 

centres  of  ofcillation .  and  gyration,  we  may  apply  them  to  a 

few  examples  of  finding  the  pofitiori  of  thofe  points  in  bodies 

of  given  ihape.     And,  firfl,  let  us  fpealc  of 

The  Centre  of  Ofcillation. 

I.  Let  CP'(fig.  2,  pi.  XIV.)  be  a  right  line,  or  very  flender 
cylinder,  moving  freely  about  its  extreme  point  C  as  a  centre  of 
fulpenfion. 

Then,  if  CA,  confidered   as   variable,    be   denoted  by   x, 

the  force  of  x  particles  at  A  will  be  .defined  by  x-  x  :  its  fluent, 
therefore,  that  is,  4  «%  denotes  the  momentum  of  inertia  of  all 
the  particles, in  CA  ;  and  thi?,  when  CA  becomes  equal  to  CP, 
will  be  j-  CP^     In  this  cafe,  too,  the  body  B=CP,  and  CG  = 

fpr'-        ICP3  I  CPS  _  jp,p_ 

^CP:  confequently  (art.  306.)  BTcG^^rcivcp  ^Tcp^-  -j*-^- 

CO,  the  diftance  of  the  centre  of  ofcillation  from  the  point  of 
fufpenfion. 

II.  Let  the  point  of  fufpenfion  of  the  flender  cylinder  CP  be 
S,  to  find  the  centre  of  ofcillation. 

Put  CP=:'j;;  CS=y,  FS=v-y,  and  SO=;v,  then  (v^y^x 

V  will  exprefs  the  fluxion  of  all  the  p.  r^  in  CP,  wh,ile  iy—f) .  v 
reprefents  the  fluxion  of  the  product  of  B  .  CG.     Hence  jf  =   > 

i — -^-:-= — -~ — - ,  where  v  and  -u  may  be  taken  m 

(b— 31)0  30-62/  '  ■'  ' 

any  ratio  to  each  other.  If  j;  ==  0,  or  C  and  S  coincide,  then 
tt=\v=\CF,  as  in  t!ie  preceding  example.  If y=: j- -y,  then 
alfo  x=.\  ■"=■§•  CP  ;  in  which  cafe  O  and  P  will  coincide.  So 
that,  ivhethsr  ,u  very  fender  cylinder  be  fufpcnded  at  one  end,  or 
at  \of  its  length,  its  •vibrations  will  be  performed  at  the  fame 
time.  (See  art.  306,  cor.  5.)  When  3)  =4: -w,  then  .^-^  00,  or 
the  centre  of  ofcillation.  is  at  an  Infinite  diftance :  the  tendency 
to  ofcillate  ivill  then  ceafe,  and  if  any  extraneous  force  produce  mo- 
tion, it  will  be  completely  rotatory. 

Coa.     When  the  vibrations  are  to  be  the  quickeft  pofliible 

x=^-'  "0-6     ^'  "^^"^  "^^  ^  niinimum  ;  or  its  fluxion  making 
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y  variable  =o.  ttence  (12  y  y  —  6  v y)  .  (3  v  —  6  y)—6  y 
(2  v'-  —  6  vy+6  /)  =  O,  and;i=|  v  :•-  4  v  v^ -f-  When  S  is 
taken  between  A  and  G  the  negative  fign  manifeftly  obtains, 

and  ;>  = -I  V  ( I  - -v/ t)  =  ■^'^  325  ■''• 

in.  Let  ACB  (fig  5,  pi.  XIV.)  be  an  angular  pendulum,  com- 
pofed  of  two  thin  cylindric  wires  AC,  CB,  vibrating  upon  the 
noint  of  fufpenfion  C,  in  the  plane;  of  the  figure. 

^ise£t  AC,  and  CB,  in  g,  y,  and  bise£t  ^  y  in  G,  fo  ihall  g,  y, 
G,  be  the  centres  of  gravity  of  AC,  CB,  and  of  AC+CB.  In 
this  inftance  we  may  have  recourfe  to  art.  368.  Denote  AC 
or  CB  by  a,  and  the  natural  fecant  of  angle  ACG=:1  AtB,  by 
J- ;  then  o  and  o'  being  the  centres  of  ofcillation  of  the  feparate 
mafles  AC,   CB,  we  have  (ex.  I.)  Co=Co'  =  -|fl:  apd  hj 

trigononjetry,  s  :  i  : ;  ^  AC  :  CG  =  ^ .     Hence   we    have 

AC  ■  1  AC  .  j  AC+CB  >  1  CB  ■  f  CB _ (« .J a. |  <z)'_  ,  ^  j^QQ 

(AC+CB)  -i  ia  — 

2  s  is  . 

CoR.  r.  Since  CO  varies  with  the  fecant  of  4  ACB,  it 
follows  that  the  time  of  vibration  of  the  angular  pendulum  may 
be  increafed  sine  limite,  while  its  length  remains  coiiftant ;  the 
time  of  vibration  depending  upon  the  magnitude  of  the  angle 
ACQ.  . 

Cor.  2.  When  the  angle  ACO  vaniflies,  or  AC  and  CB 
coincide  throughout,  the  time;  of  vibration  will  be  equal  to  that 
of  a  fimple  pendulum  whofe  length  is  |.  AC  :  when  ACO  is  a 
right  angle,  the  time  of  vibration  is  infinite,  or  the  penduluna 
will  reft  upon  its  centre  of  gravity  in  all  pofitions. 

Cor.  3.  Hence  if  AC=CB  be  given,  and  the  time  of 
vibration,  the  angle  ACB  may  readily  be  found :  for  the  above 

expreffion  for  CO  gives  j=- . 

Thus,  if  AC=i5  inches,  and  the  time  were  i  fecond,  CO 

would  be  39I  inches,  and  J =-—^=  sec  of  75°   114'  nearly: 

hence  ACB  =  1 5^0°  23'. 

If,  while  AC  =15  inches,  the  time  of  vibration  fhould  be 

5  feconds,  then  CO  =  25X39|-,  and  i=-^—^  =97.8125  = 

fee.  of_89°  241^' j  confequently  ACB=i 78°  49I' nearly. 

IV.  Let  the  folid  formed  by  the  .rotation  of  the  curve  V  «« M 
about  its  abfcifs  VA  vibrate  about  an  axis  pafling  through  C  i 
to  find  the  centre  of  ofcilfation. 
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Put  CV=d,  the  variable  abfcifs  V  a=x,  its  Correfponding^ 
ordinate  am=y,  V A=a;  AM— r,  3'i4i6=7r;  then,' as  may 
eafily  be  fhewn  (though  that  part  of  the  inveftigation  is  omitted, 
to  fave  room,)  the  fum  of  the  produfts  of  each  partible  in  th6 
circle  m  n  into  the  fquare  of  its  diftance  from   the  axis  = 

(C  d-  +\  a  m^)  Xity''=it{^  {d-\-!c)-  x /+-^  y"').     Hence  w  i  X 

(  («^+*)'x/+^j)»*)  is  the  fluxion  of  the  fum  of  all  fuch  pro- 

dufls  for  the  whole  body.     Confequently  we  ftiall  have 

'-'-'  —  "  B.CG 

V.  Let  the  general  theorem  in  the  preceding  example  be 
applied  to  the  cafe  of  the  cone  whofe  vertex  is  V,  arid  radius  of 
its  bafe  AM.  i 

In  this  cafe  V  »?  M  will  become  a  right  line,  fo  that  a  :  r  :  i 

X :  ji=—  x=:nx,  putting  n——.      Hence  J  it  xx  (rflf*^ X  j)i'  + 

^yf^—fit'x  X  (df^^  X  n'x''+^n'^'x*)  =  j-7td-n-x''.+  i'sdff 

x^+y  tffr  x^+-^it  «*  x^.  But,  by  the  rules  of  menfuration, 
the  body  B=~- 7t  n-  x^ ;  and  (art.  124.)  VG—fx,  whence 
CGzi  d  +  -ix.  Therefore  B  .  CG  =|  *  ^  n-  «H  t  *  "'  ■^''  ^f 
which   dividing   the    preceding    fluent,    there   refults    CO  =s 

2 -{-30  a .r+izjc-[-j_?i^»     which  for  'the  whole    cone  whe» 

»—a,  and  n  x=y—r,  is  transformed  to  this  ; 

26  d-\-is  a 

CoE..  I.  When  C  coincides  with  V,  or  the  cone  isfufpendetJ 
I>y  its  vertex,  t/vanilhes,  and  the  expreflion  becomes 

CoR.  2.     If,  when  J  vaniflies,  r  be=fl,  then  will  CO=ar. 

Confequently,  if  a  right-angled , cone  be  fufpended  at  its  vertex,  its 
centre  of  cfallation  ivitl  coincide  nuith  the  centre  of  its  bafey  and  the 
tone  ivill  vibrate  in  the  fame  time  as  a  ftmple  pendulum  whofe  l(ngfh 
is  equal  to  the  alh'ude.of  the  cone. 

Remark.  The  conclufion  in  the  laft  corollary  flows  alfa 
very  naturally  from  the  geometrical  method  of  finding'  the 
centre  of  ofcillation  of  a  cone  fufpended  at  its  vertex;  which  is 
this  :  BiJeEi  AN,  the  radius  of  the  bafe  (fig.  7.  pi.  XIV;),  in  F  ; 
joinYY,  and  make  IF  =  4  VF  ;  then  lO  drawn  perpendicular  to 
VF  will  meet  VA  or  "V  A  produced,  in  O,  the  centre  of  ofcillatioth. 


Chap.  IV.]  dtiire  of  Ofillallon,  STfl 

-For  VF  =  </  V.V  +  AF=  =  ^/  a'+^r-,  and, VI  —  f  v'^+Ti^ 
But  the  triangles  VAF,  VIO,  are  fimilar,  therefore  VA : 
VF  :  :  VI  :  VO,   that    is,    a  :  v/a*+i'-»  : :  |  y/'^ZfJT'  : 

I  "'-B  »•'  _.  4a-j.i_=vO,  which  is  the  fame  expreffion  as  i^ 

cor.  1, 

When  O  coincides  with  A,  we  have  (fig.  8.)  VI  :  10  :  :  lO  : 
IF  : :  VA  :  AF.  So  that  lO  =  VvTif  =  v/JifTIf  =  2IF ; 
therefore,  VA  =  2  AF,  and  confequently  VA=AN,  by  con- 
ftrufbion :  which  agrees  with  cor.  2. 

CoR.  3.  Whn  VA  is  lefs  than  AN,  O  falh  below  A ;  and 
%uhen  VA  is  greater  than  AN,  O  falls  above  A. 
■  CoR.  4.  From  the  above  it  ]ikewife  appears,  that  if  cones 
be  made  to  vibrate  as  pendulums,  about  their  vertices  as  points 
of  fufpenlion,  the  time  of  vibration  may  be  increafed_^9f  limited 
while  VN,  the  flant  fide  of  the  cone,  remains  conftant.  In 
praftice,  however,  this  cannot  be  carried  fo  far  in  conical  pen- 
dulums as  the  fimilar  one  in  angular  pendulums,  noticed  in 
cor.  I.  exam.  III. 

CoR.  5.  Whether  a  right-angled  cone  be  fufpended  at  its 
bafe  or  its  vertex,  it  will  vibrate  in  equal  times  (art.  306. 
cor.  5.) 

Tliefe  examples  muft  fuffice  as  general  fpecimens  of  the 
method  of  finding  the  centre  of '  ofcillation  :  we  fliall  here  add 
the  refults  of  other  inveftigations  in  fome  of  the  moil  ufeful 
cafes. 

In  furfaces  when  the  vibration  is  flatwife,  or  perpendicular 
to  the  plane  of  the  figure,  the  diftance  CO  of  the  centre  of 
ofcillation  from  the  point  of  fufpenfion  will  be  as  below : 

In  an  isosceles  triangle  suspended  at  its  vertex,  ...  .,^  the  altitude. 

■In  a  circle  suspended  at  its  circumference, |  the  radius. 

In  the  common  parabola  suspended  at'  its  vertex, . ,  ^  the  axis. 

Any  parabola,  ditto "'"'"   X  axis. 

When  the  furfaces  are  moved  edgewife,  or  in  the  plaae  of 
the  figure  ;  'then  ' 

In  a  circle , J  of  the  diameter. 

In  a  rectangle  suspended  by  one  angle, |  of  the  diagonal- 

In-a  parabola its  vertex, ^axis-l-iparara. 

Ditto middle  of  base i  axis-f-i  param. 

In  a  fquare  pyramid  whofe  altitude  is  a,  and  fide  of  its  bafc 

-i  b>,  CO=^a-\-— — ,  the  vibrations  being  performed  in  vertical 

planes  parallel  to  that  pafling  through  a  fide  of  the  bafe. 

If  3  fphere  whofe  radius  is  r  be  fufpended  at  the  diftance^ 
irom  its  centre,  then  is  5  the  diftanee  from  the  point  of  fut- 
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penffon  to  the  centre  of  ofcillatlon=^4 — j-     ^^  ''^^  point  of 

fufpenfion  be  at  the  extremity  of  a  radius,  then  J=^  r.  When 
S  and  r  are  given,  we  have  </=.J,  ^  —  \/ii'—i  r'- ;  whence  we- 
learn  that  a  Iphere  may  be  fufpended  at  two  diiFerent  diftanccs 
from  the  axis  of  motion,  and  yet  vibrate  in  the  fame  time. 
When^  f'=4  r-  the  radical  expreffion  vaniCbes,  and  d=i  S— 
ry'f  =-632495  r  is  the  only  value  of  d ;  the  point  of  fufpenfion 
being  then  the  centre  of  gyration,  and  S,  which  varies  with  the 
time  of  vibration,  is  a  minimum. 

If  the  weight  of  the  thread  is  to  be  taken  into  the  account, 
we  have  the  following  diftance  between  the  centre  of  the  ball 
and  that  of  ofcillation,  where  B  is  the  weight  of  the  ball,  d  the 
diftance  between  the  point  of  fufpenfion  and  its  centre,  r  the 
radius  of  the  ball,  and  iu  the  weight  of  the  thread  or  wire^ 

GU=-i— Ci— — p— f ^i— i ;  or,  if  B  be  expreffed  m  terms 

of  TO  confidered  as  a  unit,  then  00=^-7-. 

If  two  weights  "W,  W,  be  fixed  at  the  extremities  of  a  rod 
of  given  length  WW,  C  being  the  centre  of  motion  be- 
tween W  and  W';  then  if  ^=CW,  D=:CW',  and  m  the 
weight  of  an  unit  in  length  of  the  rod,  we  fliall  have  CO^' 

«>D^^aW-i;.-.,^'-2w/>  ^^^  '^^'^"  °^  '^^  balls  bemg  fuppofed 

very  fmall  in  comparifon  with  the  length  of  the  rod. 

In  the  bob  of  a  clock  pendulum,  fuppofing  it  two  equal 
fpheric  fegments  joined  at  their  bafcs,  if  the  radii  of  thofe  bafes 
be  each  =  ^ ,  the  height  of  each  fegment  v,  and  d  the  diftance 
from  the  point  of  fufpenfion  to  G  the  centre  of  the  bob,  then 

is  GO=f  ^.  ^^±|^^^^±j^';  which  fhews  the  diftance  of  the 

§  ~ri "' 

centre  of  ofcillation  below  the  centre  of  the^bob. 

If  r  the  radius  of  the  fphere  be  known,  the  latter  expreflion 


becomes  GO  = 


'v  —  J  r  "J^-j"!!!  '^' 


The  Centre  of  Gfrafion.  » 

312.  Ex.  I.  Leta  flender rod  whofe  length  is  CP=/  (fig.  2.) 
irevolve  on  the  point  C  ;  to  find  its  centre  of  gyration. 

Let  any  variable  diftance  CA  =  ;f ;  then  will  the  general  ex- 

yfv  '^'  I  f  x^  x  /    .r^ 

-3-,  become  J  '—j-  =  ,/  "JT  i 

^nd  this  when  x—l,  gives  CR=v'-j  /'=/  s'\  —  "57735  t- 
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The  fame  conclufibn  may  be  deduced  from  cor.  i.  art.  3  to. 
and  ex.  i.  art.  311.  For  CG=4^  /,  an*CO=f  / ;  confequently 
CR  =  ^/p:p=/v'-f• 

Ex.  II.  To  determine  the  centre  of  gyration  in  a  circle,  or  in 
J  circular  wheel  of  uniform  thicknefs,fo  that  its  weight  may  be 
as  its  area. 

Let  'B'=3*i4i6j  and  r  the  radius  of  the  circle ;  then  is  vr^=! 

the  area  of  the  circle ;  its  fluxion  is  2  it  rr;  and  therefore  fp  r'=s 

fziti^r.   Confequently  -^=/l^=:  r  ^  i=i  ry'ar: 

•707 107  r  —  CR ;  the  diftance  from  C  the  centre  of  motion,  to 
R  the  centre  of  gyration. 

Ex.  ILL  Let  ABDE,  zni  aBde  (fig.  9.  pi.  XIV.),  be  two  con-, 
centric  circles  whofe  refpeftive  radii  are  R,  r ; — if  the  pl^pe  or 
folid  wheel  a  ^  ^  </ be  tqken  away,  and  the  ring  ABDE  aide, 
revolve  about  an  axis  J)aflitig  through  C  perpendicular  to  the  plane 
of  the  figure,  it  is  then  propofed  to  determine  the  diftance  CR. 

Here  TT  R^  —  TT  r- z=  the  area  of  the  annulus,  the  fluxion  of 

which  is  2  #  R  R,  R  being  fuppofed  variable :    confequently 
2  n"  R^  R  is  the  fluxion  of  all  the  p  r'-     And  by  the  general 
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rule  we  have  CR=^  ^Tb^^^-J  Tr^ZJF-, 

CjDE.  I .  When  r  vaniflies,  or  the  ring  becomes  a  circle,  we 
have  CRii^R  Vf,zs  in  the  preceding  example. 
•  Cor.  2.  The  fe£tors  CaB,  CAB,  being  to  each  other  as 
tlie  areas  of  their  refpeftive  circles,'  if  ^  tt  be  put  for  the  cor- 
refponding  part  of  the  circumferencer,  the  fame  refult  will  be 
(Ataiijed  with  refpeft  to  the  fedlors  as  to  the  whole  circles  j  fo 
that  if  the  part  AB  ^  a  revolved  about  the  centre  C,  its  centre 
of  ofcillation  R'  would  be  determined  by  means  of  the  equatiap 

Ex,  IV.  To  find  the  centre  of  gyration  of  a  cone  which  re- 
tolves  about  its  vertex. 

Here  we  may  again  have  recourfe  to  cor.  i.  art.  310.  For 
we  know  that  VG,  the  diftance  from  the  vertex  to  the  ceqtre  of 

gravity,  is  =1  iz  (art.  124.) }  and  YO=^a  +  j^   (ex..  v.  art. 

|.ii..).  Hence  VR=.v/vG-VO=^^'~^'=TA/',^a^|r^    . 
tot.  r.  T 
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Cor.     When  a  =r,  as  in  the  right-angled  cone,  we  fhall  have 

VR  =  \/'fa'-^a^  =  a  ^  3. 

The  refults  in'^  few  other  ufeful  cafes  are  as  follow  : 

In  the  peripliery  of  a  circle  revolving  about  the  diara, .  CR=racl.  y'  ^, 

In  the  plane  of  a  circle ditto. .  CR=§  rad. 

In  the  smface  of  a  sphere ditto. .  CR.=rad.  ^|. 

fha  solid  sphere ditto..  CR^rrad-y-'l^jirnearljC 

Ia'acon,e ..; ..  ..the  axis..  CKi=ry'j'j:= '54771  r. 

-, — r. 

3B+34 

If  the  matter  of  any  gyrating  body  were  aflually  to  be  placed 
as  if  in  the  centre  of  gyration,  it  ought  either  to  be  difpofed  in 
the  circumference  of  a  circle  whofe  radius  is  CR,  or  into  two 
points  R,  R',  diametrically  oppofite,  and  at  dillances  from  the 
centre  each =CR. 

For  a  praftical  method  of  finding  the  centre  of  gyration,  fee 
art.  314.  cor.  3. 

313.  Prop.  When  a  pendulum  is  at  refl,  if  a  body  impinge  on  it 
in  a.  horizontal  direSiion,  the  fame  velocity  ivill  be  communicated  to. 
the  "point  ofimpaB,  as  if  the  mafs  of  the  pendulum  were  removed, 
and  in/lead  of  it  an  equivalent  mafs  were  concentrated  in  the  point  of 
impaft,  the  quantity  of  the  equivalent  mafs  being  to  that  cf  the  pen- 
dulum in  a  duplicate  ratio  of  the  difances  of  the  centre  of  gyration., 
and  the  point  fimpaElfrom  the  axis  of  motion. 

Let  CADE  (fig.  10.  pi.  XIV.)  reprefent  a  pendulum  whofe 
axis  of  motion  palTes  through  C,  and  let  any  imparl:  be  im- 
preflcd  upon  the  point  P,  in  an  horizontal  diredtion,  and  per- 
pendicular to  the  vertical  plane  ABCD,  the  pendulum  being  at 
teft.  Let  Q^be  the  quantity  of  matter  which  being  concen- 
trated in  P,  the  fame  angular  velocity  will  be  communicated  by 
the  impaiSt,  ag  when  B  the  whole  body  is  concentrated  into  its 
tentfe  of  gyration  R.,  Then,  fince  the  refiftances  arifing  fromt 
tbe  inertia  of  the  two  mailes  at  their  refpeftive  diftanccs  muft  he: 
equal,  in  order,  that  the  angular  velocities  may  be  equal ;  we. 
muft,  as  in  cor.  4.  art.  310,  make  B  .  CR"=(^.  CP^;  whence 

CoR.  Hence  V,  the  velocity  of  the  impinging  body  I,  may 
be  determined.  .  For,  let  v  be  the  velocity  communicated  to 
the  point  of  impa£b  :  then,  by  the  laws  of  the  collifion  of  non- 
elaftic  bodies   (chap.  v.  art.  343.),  1:1  +  Qj  :  w  :  V  =  v  . 

-i — .     To  determine  v,  meafure  the  arc  defcribed  by  O,  the 

centre,  of  ofcillation  in  its  afcent  after  impafi  j  and  call  its 
yerfed  fine  s,  then  (arts.  243.  263.)  the  velocity  of  the  centre 
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of  ofcillatiori  at  its  loweft  point  =v'2^^;  whence,  the  velo- 
city of  the  point  of  impa£i:  =  2^  •  y'  2  ^x.' 

SCHOLIUM. 

On  the  principles  developed  in  this  propoGtion  and  cbroUaiy, 
the  celebrated  mathematician  Mr.  Benjamin  Robins  founded 
the  ufe  of  his  ingenious  contrivance,  -the  Ballijlic  Pendulum.^  for 
afcertaining  the  velocities  of  military  proje£tiles.  (New  Prin- 
ciples of  Gunnery,  prop.  8.)  This  machine  confifts  of  a  large 
block  of  wood  annexed  to  the  end  of  a  ftrong  iron  ftem  havirig 
a  crofs  fteel  axis  at  the  other  end,  placed  horizontally,  about 
which  the  whole  vibrates  together!  When  the  machiYlte  is  at 
reft,  a  ball  difcharged  horizontally  from  a  piece  of  ordnance 
ftrikes  and  enters  the  block,  and  caufes  the  pendulum  to 
vibrate  more  or  lefs,  according  to  the  velocity  of  the  projeftile; 
and  by  the  extent  of  the  vibration  the  velocity  of  the  ball  at  the 
time  of  the  impaft  becomes  known.  A  more  minute  and  par- 
ticular defcription  of  this  inftrument  may  be  feen  in  Dr.  Hut- 
ton's  Tradts,  vol.  I.  with  the  feveral  computations,  taking  into 
the  account  the  change  in  the  centre  of  ofcillation  occafioned 
by  the  ball's  lodging  in  the  point  P,  and  fome  other  fmall  quan- 
tities which  mufl  not  he  neglefted  in  pradlice. 

314.  Prop.  If  motion  he  communicated  iy  a  hanging  weight  to 
afyjiem  revolving  on  a  fixed  axis  pajjifig  through  the  centre  of  gra- 
vity, and  the  moving  force  aSl  always  at  a  given  diflance  from  the 
axis  of  motion,  it  will  generate  in  the  revolving  fyjlem  the  fame 
motion  as  the  iveight  would  acquire  in  the  fame  time  by  falling  freily 
by  its  gravity  from  a  fate  of  quiefcence. 

LetDGB  (fig.  II.  pi.  XIV.)  reprefent  a  body  or  fyftem 
moveable  upon  a  horizontal  axis  palhng  through  its  centre  oif 
gravity  G;  let  R  be  the  centre  of  gyration,  P  the  weight  of 
the  body  which  gives  motion  to  the  fyfteni  whofe  weight  is 
W,  by  means  of  a  cord  P  ^C  wound  round  the  circumference 
</CE.     If  GR  be  denoted  by  ^,  and  G d\nj d,  the  inertia  of 

the  whole  fyftem  will  be  equivalent  to  the  weight  W  ^  uni- 
formly difFufed  through  the  periphery  y/GE,  every  point  olf 
which  manifeftly  moves  with  the  fame  velocity  as  P.  The 
moving  body  P  being  fuppofed  either  deftitute  of  inertia,  or  in- 
comparably lefs  than  the  weight  of  the  fyftem,  the  accelerating  / 

force  (h  will  be  — - ;  confequently  in  the  time  t,  the  velocity 

generated  will  be  —'^gt—^'-^—'i  which  multiplied  mto  thte 

T  2 
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quatitity  of  matter  W  ■^j  give*  gt"?  for  the  whole  quantity  <?f 

motion  generated.  But  if  P  were  to  defcend  by  the  force 
of  gravity,  it  would  acquire,  in  the  time;,  the  velocity^/ 
(art.  243.)  ;  which  multiplied  into  the  quantity  of.  matter  P, 
produces  ^  ^  P,  the  fame  quantity  of  motion  as  before. 

CoR.  1.  Hence  it  follows,  that  the  permanence  pf  motion,, 
eftimated  by  the  produft  of  the  quaintity  of  matter  and  velocity, 
obtains  in  bodies  which  revolve  on  fixed  axes. 

CoR.  2.    If  P.  be  fuppofed  to   poffefs  inertia,  the  quantity 

P  d'-  mult  be  added  to  the  denominator  of  the  fradlion  expreff- 

\ .  .  .  p  rf* 

ing  the  accelerating  force,  which  will  then  become  ^^  ^. 

This  leads  to  a  ufeful  practical  purpofe,  explained  in  the  next 
corollary. 

CoR.  3.  Hence,  to  find  the  centre  of  gyration  in  any  fyjiem  ex- 
perimentally. Suppofe  J  to  be  the  fpace  defcribed  by  the  weight 
P  defcending  from  reft  (as  in  the  prop.)  in  t  feconds :  then  the 
accelerating  force  being  as  in  cor.  2.  we  (hall  have  ^=4  <^  ^'  = 

p^.r/'t,?-.;  whence  we  obtain  r=i    hll^llUl;  in  which 

equation,  if  the  numerical  values  of  s,  d,  P,  W,  as  refulting 
from  the  experiment,  be  ufed,  r  becomes  known. 

315.  Prop.  Let  the  body-Vi^  (fig.  11.  pi.  XIV.),  tuhofe centre 
of  gravity  G  is  the  centre  of  the  circle  CE  d,  be  attached  to  a  fixed 
point  A  by  means  of  a  cord  ACE  d,  wound  about  CE  d  as  an  axle; 
and  let  O  be  the  centre  of  ofcillation  when  C  is  the  point  of  fufpenfion 
»r  mementary  centre  of  motion  of  the  body  :  then,  if  .while  the  body 
^efcends  by  the  force  of  gravity,  it  is  made  to  turn  round  by  the  un- 
winding of  the  cord  ACE  d,  the  fpace  aBually  defended  by  the 
hody  DB,  is  to  the  fpace  defcribed  in  the  fime  time  by  a  body  falling 
freely,  as  CG  to  CO. 

Through  the  point  of  contafit  C,  and  the  centre  of  gravity  G, 
draw  the  horizontal  line  CGO,  and  fuppofe  the  motion  of  the 
body  to  commence  when  thefe  centres  are  fo  fituated ;  then 
.(art.  305,) -the  angular  velocity  of  the  body  at  fijch  commence- 
ment of  its  motion  will  be  the  fame  a,s  if  the  whole  were  placed 
at  O :  and  if  a  body  were  placed  in  O,  its  initiaf  velocity  would 
be  the  fame  as  that  of  a  body  falling  freely.  Drawing,  there- 
fore, Cfgo  indefinitely  near  CGO,  and  the  fmall  arcs  O  0, 
G  ^,  having  the  common  centre  C,  we  (hall  have,  veloc.  of  O  : 
-veloc.  of  G  : :  0  »  :  :  G|-  :  :  OC  :  GC ;  but  the  velocity  of 
the  defcending  body  is  that  of  its  centre  of  gravity ;  therefore, 
,-wlocity  in  free  defcent :  velocity  of  body  : :  DC  :  GC.  Now, 
fiBce  the  points  C,  G,  O,  are  always  in  a  horizontal  line,  and 
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the  radius  CG  is  given  as  well  as  the  diftance  CO";  the  velocity 
of  a  body  falling  freely,  and  of  the  body  unwinding  from  the 
thread,  is  always  in  the  ratio  of  CO  to  CG }  and  confequently, 
when  CO  to  CG  is  a  conftant  ratio,  the  whole  fpaces  defcribed 
in  a  given  time  will  bs  as  ftated  in  the  propofttion, 

CoR.  I.  The  -weight  of  the  body  DB,  is  to  the  tenjion  of  the  cord 
AC,  as  CO  to  GO. 

For,  if  the  body  were  fupported  at  O  as  well  as  C,  G  being 
the  centre  of  gravity,  or  eftimate  place  of  the  body,  we  fhoula 
have  (art.  133.  cor.  6.)  weight  of  DB  :  preflure  at  C  :  ;  CO  : 
GO,.  But,  if  the  point  O  be  fet  free,  the  force  afting  there 
will  generate  a  motion  about  C  whilft  the  preffure  there,  and 
confequently  the  tenfion  of  the  cord,  will  be  neither  increafed 
nor  diminifhed. 

CoR.  2.  This  motion  of  the  hody  DE  ^jy  unwinding  the  thread  is 
uniformly  accelerated^  and  the  tenfion  of  the  cord  is  in^ariaile 
through  the  whole  defcent. 

Cor.  3.  If  any  body  nvhofe  tranfperfe  feElions  are  circular  run 
down  an  inclined  plane,  while  the  cord  or  ribband  CE  d  unfolds  ; 
or  iffuch  round  body  roll  doiun  an  inclined  plane,  being  hindered 
by  friBionfrorhfiding-:  the  fpace  it  defcrfbes  in  anytime,  is  to  the 
fpace  defcribed  by  a  bodyjliding  down  freely  without  friQion,  as 
CG  to  CO. 

For  the  forces  which  generate  the  mdtions  are  both  decreafed 
in  the  fame  ratio ;  that  is,  as  the  abfolute  gravity  to  the  rela- 
tive gravity  upon  the  plane ;  therefore,  the  fpaces  defcribe^ 
wUl,  ip  either  cafe,  remain  in'  the  ratio  of  CG  to  CO, 
SCHOLIUM. 

The  force  by  which  fpheres,  cylinders,  &c.  are  caufed  to 
revolve  as  they  move  down  an  inclined  plane  (inftead  of  Aid- 
ing) is  the  adhefion  of  their  furfaces  occafioned  by  the  preffure 
againft  the  plane:  this  preffure  is  part  of  the  body's  weight; 
for  the  weight  being  refolved  into  its  components;  one  in  the 
direftion  of  the  plane,  the  other  perpendicular  to  it,  the  latter 
is  the  force  of  the  preffure ;  and,  while  the  fame  body  tolls 
down  the  plane,  will  be  expreffed  by  the  cofine  of  the  plane's  . 
elevation.  Hence,  fince  the  cofine  decreafes  while  the  arc  or 
angle  increafes,  after  the  angle  of  elevation  arrives  at  a  certain 
magnitude,  the  adhpfion  may  hecome  lefs  than  what  is  necefr" 
fary  to  make  the  circumference  of  the  body  revolve  faft;  enough; 
in  this  cafe  the  body  diefcends  partly  by  Aiding  and  partly  by' 
rolling.  And  the  fame  may  happen  in  fmaller  elevations,  if. 
the  body  and  plane  are  very  fmooth.  But  at  all  elevations  the 
body  may  be  made  to  roll  by  the  uncoiling  of  a  thread  or  rib- 
band wound  about  it.  '  , 

316.  If  W  denote  the  weight  of  a  bpdy,  s  the  fpace  de? 
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fcribed  by  a  body  falling  freely,  or  Aiding  freely  down-  an  in- 
clined plane,  according  as  the  fuppofition  is  that  in  the  prop. 
or  in  cor.  3.  then  the  fpaces  defcribed  by  rotation  in  the  fame 
time  by  the  following  bodies,  vifill  be  in  thefe  proportions. 

1.  A  hollow  cylinder,  or  cylindrical  furfaee,  S=^  j ;  tehfion 
of  the  cord  in  the  firft  cafe  =|.  W. 

2.  In  a  folid  cylinder,  S=fJ',  tenf.  =-3-  W. 

3.  In  a  fpheric  furfacej  or  thin  fpherical  fliell,  S=|  J,  tenf. 
=f  W. 

4.  In  a  folid  fphere,  S=f /,  tenf.  =f  W. 

Something  of  the  fame  kind  as  we  have  Hated  in  the  propo- 
fiti'on  obtains  in  common  pendulous  bodies.  A  ball  hung  by  a. 
flexible,  thread  not  only  of  dilates,  but  alfo  makes  part  of  a  rotation  ; 
whence  its  ofcillations  differ  from  thofe  of  a  heavy  point  hang- 
ing by  the  fame  thread.  The  curious  reader  who  wifhes  to 
fee  how  ofcillations  of  this  nature  are  to  be  determined,  fup- 
pofing  the  arcs  defcribed  to  be  very  fmall,  is  referred  to  Be~ 
zout's  Mechanics,  art.  732.  The  inveftigation,  being  long, 
is  omitted  here,  in  order  to  make  room  for  more  ufeful 
matter. 

317.  De.f.  The  centre  of  percufjton  is  that  point  in  a  body 
revolving  about  an  axis,  at  which,  if  it  ftruck  an  immove- 
able obflacle,  all  its  motion  would  \yz  deftroyed,  or  it  would 
not  incline  either  way :  fo  that  if  at  the  inftant  of  the  impafb 
the  fupports  of  the  axis  were  annihilated,  the  body  would  re- 
main in  abfolute  reft. 

During  the  vibration  of  a  fyftem  of  bodies  round  a  fixed 
axis  paffing  through  C  (fig.  12.  pi.  XIV.)  if  fuch  an  obflacle 
be  oppofed  to  any  point  O,  as  entirely  to  deftroy  ,the  motion  of 
that  point,  every  other  particle  of  the  fyftem  vvill  endeavour, 
by  its  inertia,  to  proceed  in  the  direftion  of  its  motion,  that 
is,  of  the  tangent, of  the  circular  arc  it  was  defcnbing  the  in- 
ftant  O  was  flopped.  Thefe  forces,  therefore,  will  adl  On  the 
fyftem^  turn  it  round  O ;  and  if  the  fum.  of  the  forces  on 
each  fide  of  O  fhould  be  unequal,  the  motion  of  the  fyftem 
■wWf  not  be  deftroyed  when  O  is  flopped :  but  fince  the  forces 
which  afl:  upon  the  pendulous  body  between  O  and  C  have  ar^ 
eflta  to  continue  the  motion  of,  the  fyftem,  contrary  to  thofe 
•which  are  impreffed  on  the  other  fide  of  O,  if  this  point  O  be 
(o  fituated  that  the  fum  of  the  forces  to  turn  the  fyftem  round 
O,  on  each  fide  of  that  point,  may  be  exa£tly  equal,  then  the 
ijnftant  in  which  O  is  flopped,  the  whole  motion  of  the  fyfteni 
will  be  deftroyed. 

Cor.  1.  When  a  pendulum,,  vibrating  with  a  given  an$;ulay, 
velocity,  ftrikes- an  obflacle,  the  efFe£l  of  the  impafl:  will  bg 
the  grcateft  if  it  he  made  at  the  centre  of  pereuffioH. . 
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For,  in  this  cafe  the  obftacle  receives  the  whole  revolving 
motion  of  the  pendulum ;  whereas,  if  the  blow  be  ftruck  in 
any  other  point,  a  part  of  the  motion  of  the  pendulum  will  be 
employed  in  endeavouring  to  continue  the  rotation. 

Cor.  2.  If  a  body  revolving  on  an  axis  ftrike  an  immoveable 
obftacle  at  the  centre  of  percufllon,  the  point  of  fufpenfioh  will 
not  be  afFefted  by  the  ftroke. 

We  can  afcertain  this  property  of  the  point  O  when  we  give 
a  fmart  blow  with  a  ftick.  If  we  give  it  a  motion  round  the 
joint  of  the  wrift  only,  and,  holding  it  at  one  extremity,  ftrike 
fmartly  with  a  point  confiderably  nearer  or  more  remote  than  f 
of  its  length,  we  feel  a  painful^wrench  in  the  hand  :  but  if  we 
ftrike  with  that  point  v^ich  is  precifely  at  f  of  the  length,  no 
fuch  difagreeable  ftrain  will  be  felt-  If  we  ftrike  th6  blow  with 
one  end  of  the  ftick,  we  muft  make  its  centre  of  motion  at  \  of 
its  length  from  the  other  end ;  and  then  the  wrench  will  be 
avoided. 

318.  Prop.  The  dijiance  of  the  centre  of  percuffton  from  the 
axis  of  motion  is  equal  to  the  dijiance  of  the  centre  of  ofcillation  from 
the  fame  :  fuppoftng  that  the  centre  of percu£im~is  required  in  a  plane 
pqffing  through  the  axis  of  motion  and  centre  of  gra'Oity.. 

Let  CBE  (fig.  12.)  be  a  pkne  paffing  through  th^  centre  of 
gravity  G  of  the  body,  and  perpendicular  to  the  a:fis  of  fuC- 
penfion  which  paffes  through  C ;  and  conceive  the  v^hole  body 
to  be  projefted  upon  this  plane  in  lines  perpendicular  to  it,  or 
parallel  to  the  axis  of  motion;  for  then,  as  each  particle  will 
fall  at  the  fame  diftance  from  the  axis  as  in  the  body  itfelf,  the 
efFeft  from  the  rotatory  motion  will  not  be  changed,  neither 
will  the  place  of  the  centre  of  gravity.  Through  C  and  G  dravir 
the  line  CGON,  and  let  P  be  the  place  of  one  of  the  particles 
*  compofing  the  fyftem.  Now,  fince  the  angular  motion  of 
all  the  particles  is  the  fame,  the'  abfolute  velocity  will  be  pro- 
portional to  the  diftance  from  the  axis  of  motion ;  and  if  at  the 
diftance  i  the  velocity  be  exprefled  by  unity,  the  velocity  of  p 
will  manifeftly  be  denoted  by  PS,  and  its  quantity  o(  rnotion 
will  be  p  .  PC,  which  will  aft  in  the  direftion  PR  pei-pendiculat 
to  PC  :  produce  PR  till  it  meets  OD,  drawn  parallel  to  PC, 
in  D  ;  then  the  force  p  .  PC  a£ling  in  the  direftion  PR  will  aft 
ypon  O  as  though  it  had  the  advantage  of  the  lever  QD,  and 
Confequently,  p  .  P  C  .  O  D  will  reprefent  the  forpe  of  the 
particle  p  to  move  the  fyftem  round  O.  But  by  reafon  of 
^e  amilar  triangles  CPR,  ODR,  we  have  RC  s  CP  : :  RO  : 

QR=5  £!^  =CP  '^-~S  and,  Jf  pA  be  perpendicular  ta 
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CO,  we  ihall  have  RC  :  CP  : :  GP  :  CA?r-H-,     Hence  tlifs 

CR 

entire  force  /. .  PC  .  OD  becomes  =  p .  PC'.^^^^?  =P .  CA  . 

CO  —p .  PC^.  But,  "when  O  is  the  centre  of  percuffion  the 
fum  of  all  the/>.CA  .  CO-/I.  PC^,  mull  be  equal  to  zerq, 
or  fp  .  CA .  CO  =fp  .  VO=fp  r\    Whence  it  follows  that  ' 

00= -jr^ =2.J  ^^ _•  the  denominators  of  the  two  fraftions 

fp.CA        B .  CG  ' 

being'  equal,  by  arts.  lo8.  109.  and  this  value  of  CO  obvi- 
oufly  correfponds  with  thaf  given  for  the  centre  of  ofcillation 
in  art  306, 

Cor.  I .  If  the  body  be  fymmetrical  with  regard  to  the  plane 
^GE,  or  if  it  be  a  folid  of  rotation,  the  ceptre  of  percuffion 
found  in  the  axis  of  the  body  will  coincide  with  the  centre  of 
pfcillation. 

Cor.  2.  If  the  centre  of  percuffion  be  required  in  a  plane 
^yhich  does  not  pafs  through  Q,  as  C  0  for  inftance,  we  muft 
proceed  thus :  from  G,  the  centre  of  gravity,  let  fall  on  C ;? 
jhe  perpendicular  G^;  and,  by  the'  fame  argument  as  above, 

C  0=4^=1^-      Now,   C«:CO::CG:e^;   hence 

the  angles  eO  C  and  GgC  are  equal,  and,  confequently,  the 
former  is  a  right  angle. . 

Cor.  3.  l^tnce  It  ioWows  thzt  a  body  has  feveral  centres  of  per- 
eujjion  according  to  the  plane  paffing  through  the  axis  of  motion 
in  which  the  impaft  is  n^ade,  and  the  right  line  O  o,  at  right 
fihgles  to  CO,  is  their  locus. 

319.  Prop.  If  CB  (fig.  13.  pi.  XIV.)  be  the  axis  of  a  hodfs 
motion,  CAO  a  plane  perpendicular  to  CB  and  pajftng  through  the 
centre  of  gravity  G,  p  A  a  perpendicular  let  fall  from  any  particle 
p  of  the  body  on  the  plane  CA,  and  P  the  centre  of  percuffion^  then 

nuill  PO =CB  =  the  fum  of  all  the  |t|^^. 

For  the  fum  of  all  the  forces  with  which  the  body  is  liable 
to  be  turned  in  one  direftion  round  PB  as  an  axis  =  fum  of 
»1}  the  /> .  CA  .  (CB-A^)  =fp.CK  .  (CB-A/.),  and  the 
funj  of  all  the  forces  which  tend  to  turn  iX  in  the  contrary 
direaion  ^ Mm  of  all  the/>.CA  ( Aj*  -  CB)  =/.^.  CA 
(A^  — CB).  Therefore,  in  the  cafe  of  no  motion  either  way, 
^e  havey^  .  AC  .  CB  =Jp  .Ap.AQ-    But,  //> .  C^  •  AC  =s' 
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/p  .  CB  .  CG  +//. .  CB  .  G  A ;  and  //. .  C  B  .  G A  =  ff, 
from  the  nature  of  the  centre  of  gra!vity.     In  like  manner, 

Jp.ph. ACz=fp .pA.AG  +fp .pK. CG,  and//. .p  A . CG 
=  0  :  confequently,//! . CB  .  CG=fp  .pA.  AG;  and  CB=l 

pn-   0-pA.AG_/p.pA.AG 

"^-J-ycG bTcg— 

Cor.    Hence  the  centre  of  percul5on  of  a  body  tuFning 
round  the  axis  CB,  is  determined  by  thefe  conditions,     ift.  It 
is  in  a  line  PO  paffing  through  the  centre  of  ofcillation  and ' 
parallel  to  CB.  -   adiy.    Its   diftance    OP  frorii  the  centre  o^ 

fp . p  A . A  u 
ofcillation  is s~77?; — • 

^  15.  Cur 

SCHOLIUM. 
320.  As  feveral  writers  on  mechanics  have  aflerted  that  the 
centres  of  percufTion  and  ofcillation  refide  univerfally  in  the 
fame  point,  we  Ihall,  in  addition  to  the  preceding  invefhigations, 
give  a  fimple  inftance  here,  in  which  the  contrary  whll  be  ob- 
vious, if  we  adhere  to  the  firft  definition  in  art.  305.  To  this 
end  let  two  equal  balls  B,  B'  (%•  14-  pi-  XIV.)  (of  evanefcent 
magnitude  with  refpefl:  to  their  diftance  from  each  other),  be  ' 
conne£lcd  with  an  axis  of  motion  GC,  by  inflexible  lines  CB 
(=3)  and  CB' (=7),  void  of  gravity,  perpendicular  to  CC 
(=6), ^nd  parallel  to  each  other;  to  find  the  refpe^ive  di- 
ftances  of  the  centres  of  gravity,  ofcillation,  and  percuffion, 
of  this  fyftcni  from  each  other.  Join  BB'  and  bife£l  it  in  G, 
the  centre   of  gravity,    fo   fliall    G^=5.     Then    (art.  306.) 

B.BC'+B'.B'C'  ^  9+49  _    g^^  jjjg  diftance  of  the  centre 

pf  ofcillation  from  the  axis;  whence  GO= -8.  Through  O 
draw  bb'  parallel  to  CC,  then  (art.  318.)  will  the  centre  of  per- 
cuffion P  be  fomewhere  in  this  line ;  and,  by  the  laft  article 

-     ,„_        B.BA.AG+B'.B'A'.A'G        64-0  „  .     , 

we  find  PO  = ,,, . '  ,    „  ■  ' =  -^  p  1.2.     Here  the 

produ£ts  6  and  6  are  added  together,  becaufe,  ijirhile  B  and  B' 
are  on  oppofite  fides  of  G^,  they  are  alfo  on  contrary  fides  of 
a, line  paffing  through  G  parallel  to  CC  ;  fo  that,  if  BA  be  +, 
B'A  will  be  — ,  and  AG  being  +,  A'G  will  be  — ,  and  con- 
fequently  BA,  AG,  and  B'A'.  A'G,  are  both  affirmative  produdis. 
—  ...  Or,  the  centre  of  petcuffion  P  muft  be  fo  fituated  that  B  . 
BC  .  iP'muft  be  =B'.B'C'.^'P;  whence,  fince  B==B',  we  have 
fe'C:BC::^P:P^'=-f^P  =  T^^^'=  I'S.  Confequently,  OP 
=  3-  i-8=i-2;  and  GP  =  ^,W+T^=  1*4422;  ;the  triangle 
GOP  being  right-angled  at  O. .  See  alfo  arts,  392,  393;. 
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32  !■  Prop.  In  the  wheel  and  axle,  luhen  a  -weight  P  aBing  at 
the  dijlance  R,  elevates  a  weight  W  acting  at  the  diJTance  r,  from 
the' mathematical  axis,  the  prejfure  fuftained  by  that  axis  will  be  ■=■ 

PW  .  pp,- 1 -.y  1  ■> '  ^he  weight  of  the  wheel  and  aicle  and  'thefriEiium 

of  the  cord ,  i^c.  not  being  conftdered. 

Suppofe  P  and  W  to  be  at  their  refpefiive  extremitie-S 
of  the  horizontal  line  paffing  through  the  centre  of  motion, 
and,  in  that  fituation  let  0  and  g  be  the  refpeftive  diftances 
of  their  centres  of  ofcillation  and  of  gravity  from  the  cen- 
tre of  motion.  Then,  fince  the  whole  fyftem  revolves  with 
the  fame  angular  velocity  as  if  P  +  W  were  placed  at  the 
diftance  0  from  the  centre  of  motion  (art.  305.) ;  a;id,  fince 
the  accelerative  forces  are  as  the  velocities  generated  in  a 
given  time  (art.  225.)  or  as  the  diftances  from  the  centre  of 

motion  ;  we  have  o:g\:  P+W  :  —  x  (P+W),  the  force  with 
which  the   centre   of  gravity   defcends.      But  0  =■ X — ! — 

PR-Wr  ,  .     , 

(art.  306.)  andg—  pi^y  by  the  nature  of  the  centre  of  gra- 
vity.  Therefore  -f  =  ^^^'  x  ^.,  and  A  x  (P  +  W) 
=      '  , — '—.     Now  the  force  with  which  the  centre  of  gravity 

PR^+Wr'  of} 

tends  to  defcend  is  manifeftly  that  by  which  the  preffiire  upon 
the  axis  P+W  arifing  from  the  weight  is  diminifhed  by  th^i 
motion:  confequently  the  preflure  upon  th^  axis  is  =P-J-W~ 

"    PR«-|-Wr"  Fii.-+VVr'' 

Cor.  I.  If  R=r,  as  in  the  cafe  of  the  Tingle  fixed  pulleyj 
then  the  preflure  =  pTw' 

Cor.  2.  The  fame  reafonipg  will  evidently  apply  to  the  pref., 
flire  upon  the  fulcrum  of  a  flraight  lever. 

322.  Def.  The  centre  6i  fpontaneous.  rotation,  or  fpontaneoiis, 
gyration,  is  that  point  which  remains  at  reft  the  inftant  any 
body  is  ftruek,  or  the  point  about  which  the  body  begins  tO: 
revolve. 

When  a  body  B  (fig.  15.  pi.  XIV.)  of  any  fliape  whatever: 
receives  an  impulfe,  the  direction  of  whicih  does  not  pafs 
through  the  centre  of  gravity,  and  takes,  in  confequence,  the 
two  motions  of  which  we  have  befpre  fpoken.(art.  30c.),  it  is 
evident  thatj  for  an,  inftant  of  ti^ne,  y(^  may  con{;d?r  it;  as  paving 


Chap.  IVJ    '  Spontaneous  Rotation.  283 

only  ofie  motion,  namely,  a  motion  of  rotation  about  a  point 
or  fixed  axis  C,  which  may  be  either  within  the  bocjy.or  out  of 
it,  according  to  the  fliape  of  the  body,  and  the  diftance  GS 
between  the  centre  of  gravity  and  the  dirediion  of  the  impaft. 
If  while  the  line  GS  is  tranfported  parallel  to  itfelf,  from  GS 
to  G'S',  we  imagine  that  it  turns  about  the  moveable  point  G, 
as  the  particles  of  the  body  have  greater  or  lefs  velocities  as 
they  are  more  or  lefs  diftant  from  G,  it  is  manifeft  that  there 
is  upon  SG  a  certain  point  C,  which  will  be  found  to  defcribe 
from  C  towards  C  an  arc  equal  to  GG',  which  during  an 
evanefcent  inftant  may  be  regarded  as  a  right  line;  in  that 
cafe  the  point  C  will  have  been  carried  as  far  backward  by  its 
motion  of  rotation  as  it  will  have  been  advanced  parallel  to 
GG'  by  the  velocity  common  to  all  the  parts  of  the  body ;  the 
point  C  has,  therefore,  during  this  inftant,  been  aftually  at 
reft  in  C ;  and  may,  confequently,  be  confidered  as  a  fixed 
point  about  which  the  body  during  fuch  inftant  has  a  rotatory 
motion. 

323.  Prop.  The  centre  of fpontaneom  rotation  is  the  fame  ivith 
the  centre  offufpenfton  correfpqnding  to  the  centre  of  percujfton,  the 
centre  of  percujjlon  being  that point.where  the  body  isjlruck. 

The  arcs  CC,  SI,  which  the  points  C  and  S  defcribe  dur- 
ing an  inftant,  being  regarded  as  right  lines  perpendicular  to 
GS  or  parallel  to  GG',  the  fimilar  triangles  CC'G,  G'S'I,  give 
GS  :  GC  :  :  SI  :  GG':  now  the  velocity  GG'  will  be  exprefled 

*    c  s* 

bv^,  and  the  velocity  SI  by  -7 — r(art.  301.);  therefore  GS: 
'  •    B  J  v 

GC  : :  ^^  :  -^  ;  and  confequently  GC  =  ^.  the  r,  r',  &c., 

fpr' 

being  reckoned  from  G.       Hence  C  S  =  G  S  +  g  ^g  = 

-i JZlJL,  which  value  of  CS  correfponds  with  the  value  of 

CG  in  art.  318;  becaufe  when  we  have  the  momentum  of 
inertia  with  regard  to  an  axis  paffing  through  the  centre  of 
gravity  G,  we  obtain  that  momentum  with  regard  to  any  other 
axis  SI  parallel  to  the  former,  by  adding  to  it  the  produiSl:  of 
^he  mafs  into  the.fquare  of  the  diftance  GS  between  the  two 
axes. 

The  fame  conclufion  may  be  otherwife  deduced,  thus  : — ^Thc 
aflion  of  the  body  againft  an  immoveable  obftacle  in  the  cen- 
tre of  percuffion  muft  have  the  feme  elFedt  upon  the  body  as 
^f  the  body  bad  been  at  ireft;  and  (he  obftacle  had  ftruck  it ;  hi 
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iwhicK  latter  cafe  the  centre  of  fufpenGon  would  not  be  affeftecf, 
aod  therefore  it  becomes  the  centre  of  fpontaneous  rotation. 

Cor.  I.  Since  ip  the  force  does  not  enter  the  above  value  of 
■CS,  we  fee  that  the  pofttion  of  the  centre  of fptntaneous  rotation  is 
.independent  of  the  magnitude  of  the  impacf. 

CoR.  2.  The  diflance  CG  is  always  greater  as  the  force  <p,  or 
the  refult  of  all  the  forces,  aEls  nearer  the  centre  of  gravity  -^and  vie? 
•aerfa.  So  that  when  (p  S  coincides  with  GG,  GC  will  be  in- 
finite ;  or  there  will  be  no  motion  of  rotation. 

Cor.  3.  If  an  impaS  be  wade  on  any  point  of  the  axis  of  afym- 
metrieal  body,  or  afolid  of  rotation,  and  that  point  be  confidered  as 
the  point  \f  fufpenfton,  the  correfponding  centre  of  tfcillation  will  be 
the'  centre  rf  fpontanenis  rotation. 

This  will  be  evident  on  comparing  this  propofition  with  art. 
306.  cor.  5.  and  318.  cor.  I. 

CoR.  4.  'To  whatever  point  of  a  right  line  draiun^throiigh  the 
autre  <f  gravity  of  a  body  the  impaEl  be  applied,  the  velocity  of  the 
ientre  of  gravity  ivill  be  the  fame. 

For  the  expreffion  -|-  denoting  the  velocity,  contains  no  di- 
flance;. The  fame  thing  will  readily  appear  otherwife,  thus : 
To  whatever  point  of  QP  (fig.  15.)  the  force  (p  is  applied,  the 
incipient  motion  Q_^  C)_^gi  +  P  w  P^  will  be  the  fame  by  the 
fecond  law  of  motion,  the  particles  Q,  P,  being  connefled  by 
tlie  inflexible  line  Q_P;  and,  confequently,  the  velocity  of  the 
centre  of  gravity,  or  GG',  is  always  the  fame  as  if  both  par- 
ticles, were  placed  at  G,  and  impelled  by  the  fame  force  9 ;  for 

^Q' —  — — ^rT~ '  ~   ,  by  the  nature  of  the  centre  of  gravity. 

And  the  fame  thing  may  be  Ihewn  of  as  many  other  points  as 
we  pieafe. 

Cor.  5.  Hence,  in  rotations  about  a  centre  of  fpontaneous  gyra^ 
tion,  the  permanency  of  the  quantity  of  motion  obtains. 

324.  Prop.  Whpi  p  S,  the  direElioii  of  the  impaSi,  paffe^ 
through  the  centre  of  the  impelling  body,  the  centre  of  gravity  of  the 
body  fir  uck  will  move  with  a  velocity  equal  to  the  produEl  of  tht 
^nantitf  of  motion  of  the  impelling  body  into  the  diflance  bet-ween  the- 
centres  "f  gravity  and  fp'mtaneous  rotation,  divided  by  the  fums  of 
,the  products  of  the  impelling  body  into  the  difance  of  the  point  of  im~ 
fait  from  the  centre  of  fpontaneous  rotation,  and  of  the  impelled  body 
into  the  difance  between  the  centres  of  fpontaneous  rotation  a,nd  of 
gravity. 

Let  the  quantity  of  matter  of  the  inpinging  body  be  b,  it^ 
vdecity  v,  ox  bv=(p;  and  when  die  body  B  is  ftruck  in  the 
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direftion  0  S  (in  which  the  centre  of  the  hody  h  is  always 

found,)  let  the  velocity  of  its  centre  of  gravity  be  V,  the  centre 

of  fpontaneous  converfion  being  at  C.     Then  CG  :  CS  ;  j  V ; 

.  c  s 

the  velocity  of  the  point  S,whicfi  is  therefore  =V  .   -^  ;  confe- 

quently,  1;  —  V  .  — ^  =  the  velocity  loft  by  h  in  the  direftion  f  S  : 

.  ^  ~  u  .  CG V     CS 

whence,  by  the  third  law  of  motion,  b  X  — —  „    ■  —  =  B  .  V, 


i . « .  CG 


and,  by  redu£tion,  V  =■     "    ',  /^, ,, 


CoR.    If  the  inertia  of  the  ftriking  body  be  evanefcent,  the 

velocity  V  will  become  "r"  or  —  ;    being  the  fame  as  ivould  be. 

generated  in  the  centre  of  gravity  if  the  body  b  impinged  direSIly  tin 
it  with  the  velocity  v. 

325.  Prop.  The  conditions  in  the  la/i  corollary  being  retained,  the 
mngular  ve'lociiy  of  the  Centre  of  the  fyfiem  about  the  centre  of  gravity^ 
is  equal  to  the  momentum  of  the  impelling  body,  divided  by  twice  the 
product  of  the  mafs  of  the  impelled  body  and  the  diflance  GC,  into  the" 
periphery  of  a  circle  -whofe  diameter  is  unity. 
■  If  a  fixed  axis  pafled  through  C,  the  centre  of  gravity  would 
defcribe   a   circle    whofe   radius    is    CG   with    the    velocity 

—-,     But  in  the  prefent  cafe  the  motion  of  the  fyftem  will 

(art.  322.)  be  compounded  of  the  uniform  rectilinear  motion  of 
the  centre  of  gravity  in  the  dire£lion  GG',  perpendicular  to  CS, 
and  the  angular  motion  x  G'  p  =  GCG,  generated  round  the 
centre  of  gravity.     And,  fince  the  periphery  of  a  circle  whofe 

radius  is  CG  is  2  w-  CG,  we  have  this  analogy,  -^  :  2  *  . 

C  G  : :  I* :  —^4 — ' — -,  the  time  of  one  revolution  in  feconds  : 

whence  it  follows,  that  the  nvimber  of  revolutions,  or  parts  of 
a  revolutioii,  in  a  fecond,  or  the  angular  velocity  U,  will  be 

i^r.B.  CG_  '      bv 

'^~      bv      "zTTlTcG'- 

CoR.  I.  Since  C  is  the  centre  of  percufTion  to  S  as  a  centre 
of  motion,  if  Q^be  the  centre  of  gyration  with  refpefl:  to  G 
as  a  centre  of  motion,  (that  is,  if  Q^be  the  principal  centre  of 
gyration,)  we  have  (art.  310.  cor,2.)  GC  .  GS  =  GQ^,  or  CG  = 

r-^-;  this  value  of  CG  being  fubftituted  for  it  in  the  preceding 

b.-o.GS 


expreflion  for  the  angular,  velocity,  it  becomes  XJ: 


>        .  ^  ^-'^•'^^ 
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Cor.  2.    The  centre  offpontaneous  rotation,  during  the  motion  of 
thefyftem,  defcribes  the  common  cycloid. 

For  the  motion  of  any  point  in  the  fyftem  is  compounded  of 
the  uniform  rectilineal  motion  of  the  centre  of  gravity,  and  of 
the  angular  motion  generated  round  that  centre:  but  (art.  322.) 
the  velocity  with  which  the  centre  of  fpontaneous  rotation 
would  move  round  the  centre  of  gravity,  if  there  only  exifted  a 
rotatory  motion  in  the  fyftem,- would  be  equal  to.  that  with 
which  the  centre  of  gravity  would  move  round  it,  if  the  centre 
C  were  fixed  :  confequently,  fince  the  centre  C  has  both  a 
rotatory  and  progreflive  motion,  each  of  which  is  equal  to  that  of 
the  centre  of  gravity,  it  will  defcribe  a  cycloid. 

326.  Prop.     In  the  body  or  fyjlem  B  (fig.  15,.)  to  which,  when 

quiefcent,  motion  has  been  communicated  by  the  impulfe  of  a  force  (p 

nvithout  inertia,  that  is,  reililinear  motion  to  the  centre  of  gravity 

meafured  by  the  fpaCe  V  which  that  centre  nvould  defcribe  uniformly 

in  any  given  time,  and  angular  motion  meafured  by  the  revolutions  V, 

tr  parts  of  a  revolution,  which  it  would  defcribe  uniformly  round  G 

in  the  fame  time;  then,  if  the  notation  in  the  preceding  propoftlions 

be  retained,  and  Q^be  the  principal  centre  of  gyration  -when  the 

fyftem  revolves  about  its  centre  <f  gravity,  the  perpendicular  dtftance 

from  the  centre  of  gravity  at  which  the  impelling  force  miift  aEl  fo  as  ■ 

-to  have  generated  thefe  progrejive  and  rotatory   motions  will  be 

Let  ^  S  be  the  direftion  of  the  impulfe,  and  let  ip  be  e^ual  to 
the  momentum  of  an  evanefcent  body  b  moving  with  the  velo-. 
city  v,  B  being  the  weight  of  the  fyftem  ;  then  (art.  324.  cor.) 
the  velocity  communicated  to  the  centre  of  gravity  will  be  zi: 

—  ;  and  the  angular  velocity  generated  in  the  fyftem  (art.  325. 
.cor.  I.)  =  — tT"^!  ■  ^u'^j  I'y  ^^  prop,  the  velocity  communi- 
cated to  the  centre  of  gravity  is  V,  and  the  angular  motion,  that 
is  the  number  of  revolutions,  or  parts  of  a  revolution,  defcribed 
while  the  centre  of  gravity  pafles  over  the  fpace  V,  is  U :  fo  that, 

from  the  conditions  there  arifes  this  equation,  U=       J  ^^x  =* 

V.GS  •      ,  .        -.T  r      .  1  io     TT  /~,o       2ffU.G2» 


a  ir  "Gli '  ^^  P""i"g  V  for  its  equal—.  Hence  GS=-~ — :, 

Cor.    If  the  body  B  be  a  fphere  whofe  radius  is  r,  then, 
art.  312.  GQ^=^  r%  and  if  u  be  the  abfolute  velocity  of  rotation 

of  an  equator  of  the  fphere,  we  have  U= ;    whence  the 

preceding  value  of  GS  is  transformed  to  this,  GS  =f  >• .  ~. 
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327.  This  propofition  may  be  applied  to  the  double  motion 
of  the  •  planets.  The  earth  revolves  about  an  axis  palling 
through  its  centre  of  gravity,  •while,  by  a  motion  of  tranflation, 
that  centre  is  carried  on  in  free  fpace  in  an  orbit  nearly  circular. 
And  a  fimilar  kind  of  double  motion  has  been  difcovered  ia 
feveral  of  the  planets ;  and  analogy  leads  us  to  believe  it  obtains 
in  the  others.  Now,  fuppofing  the  bodies  of  the  planets  to  be 
fpherical,  as  they  are  nearly,  the  ufe  of  this  propofition  at  once 
appears.  Having  given,  for  inftance,  the  magnitude  of  an  im-^ 
pulfe  with  refpeft  to  the  mafs  of  the  earth,  and  the  dire£lion  9  S- 
in  which  it  was  applied,  at  any  given  diftance  SG  from  the 
centre  of  gravity,  the  angular  motion  round  G  would  be  in- 
ferred :  and,  converfely,  if  the  aftual  rotatory  velocity  of  the 
earth's  equator  and  the  velocity  of  its  orbit  be  afcertained,  the 
diftance  GS  from  the  centre  at  which  it  may  have  received  a 
fingle  impulfe  ^  S,  adequate  to  produce  the  double  motion, 
may  readily  be  found. 

Thus,  any  point  in  the  earth's  equator  pafles  over  250201. 
miles  by  rotation  in  a  fidereal  day  ;  and,  if  the  mean  diftance  of 
the  earth  from  the  fun  be  95  millions  of  miles,  the  earth  will 
pafs  over  nearly  596904000  miles  by  its  orbital  motion,  in  a 
year,  or  about  366  fidereal  days:  hence  59(5904ooo-f-366  = 
16308852,  will  be  =V  in  our  theorem,  while  25020— k.    Con- 

W  T 

fequently  GS=f  r  .  V  "163^-     ^^  *^^*  *^  ^"  impulfe  be  im- 

prefled  on  a  quiefcent  fphere,  and  the  direftion  of  the  force 
ftiould  be  at  a  diftance  GS  from  its  centre  of  gravity  of  about 
-j-l-j-  part  of  the  radius,  the  angular  motion  of  that  fphere,  and 
the  abfolute  motion  of  its  centre,  will  have  the  fame  relation  t© 
each  other,  as  thofe  which  aflually  obtain  in  the  earth. 

The  time  of  the  rotations  of  Mercury,  Venus,  Herfchel,  and 
tlie  other  planets,  is  unknown  ;  but  for  the  following  planets  it  is 
afcertained  ;  fo  that  by  the  fame  theorem  we  obtain  thefe  values 

of  GS.     Mars-^;  Jupiter — ^- — ;  Saturn  — -  j  the  moon-—. 

195  i-'i-iT-S  2588  ^  55J 

We  have  not  fufEcient  data  to  determine  this  for  the  fun.  "  But 
(as  Dr.  Robifon  remarksj  the,very  circumftance  of  his  having 
a  rotation  in  27  d.  7h.  47  m.  makes  it  very  probable,  that  he, 
with  all  his  attending  planets,  is  alfo  moving  forward  in  the 
celeftial  fpaces,  perhaps  roUnd  fome  centre  of  ftill  more  general 
and  extenfive  gravitation  :  for,  the  perfeft  oppofition  and  equa- 
lity of  two  forces,  neceffary  for  giving  a  rotation  without  a  pro- 
greffive  motion,  has  the  odds  againft  it  of  infinity  to  unity. 
This  corroborates  the  conje£l:ures  of  philofophers,  and  the  ob- 
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fervati6ns  of  Herfchel  and  other  aftronomers,  who  think  that 
the  folar  fyftem  is  approaching  to  that  quarter  of  the  heavens  in 
"which  the  conftellation  Aquila  is  fituated."  ^ 

>  •  32S.,  Prop.  If  a  bedy  revolves  about  an  axis  pqjjing  through  its 
centre  of  gravity  luith  the  angular  velocity  U,  luhile  this  axis  is 
carried  round  another  axis,  alfo  pajjing  through  its  centre  of  gravity, 
with  the  angular  velocity  U,  thefe  tiuo  motions  compofe  a  motion  of 
every  particle  (^  the  body  round  a  third  axis  lying  in  the  plane  of  the 
ether  two,  and  inclined  to  each  of  the  former  axes  in  angles  njuhofe fines 
are  inverfely  as  the  angular  velocities  round  them  ,v  and  the  angular 
iielocity  v  about  this  neia  axis  is  to  that  about  one  of  the  primitive 
exes,  as  the  fine  of  the  inclination  of  the  latter  axis,  to  the  fine  of  the .. 
inclination  of  the  new  axis  tp  the  other  primitive  axis. 

Thus,  if  a  body  turns  round  an  axis  AG  a  (fig.  i.  pi.  XV. ) 
pafling  through  its  centre  of  gravity  G  with  the  angular  velo- 
city U,  while  this  axis  is  carried  round  another  axis  BG  b  with 
the  angular  velocity  a,  and  if  GD  be  taken  to  GE  as  U  to  u, 
(the  points  B  and  E  being  taken  on  that  fide  of  the  centre  where 
they  are  moving  towards  the  fame  fide  of  the  plane  of  the  figure,) 
and  the  line  DE  be  drawn,  the  whole  and  every  particle  of  the- 
body  will  be  in  a  ftate  of  rotation  about  a  third  axis  CG  c, 
parallel  to  DE,  lyi'ng  in  the  plane  of  the  other  two  ;  and  the 
angular  velocity  v  about  the  axis  CG  c,  will  be  to  U,  and  to  «,, 
as  DE  is  to  GD  and  to  GE. — For,  let  P  be  any  particle  of  the 
body,  and  fuppofe  a  fpherical  furface  whofe  centre  is  G  to  pafs 
through  P.  Draw  PR  perpendicular  to  the  plane  of  the  figure  : 
then  is  PR  the  common  fecStion  of  the  circle  of  rotation  IP  i 
round  the  axis  Ka,  and  the  circle  KP  k  of  rotation  round  the 
axis  B  b.  Let  F  and  O  be  the  centres  of  thefe  circles  of  rota- 
tion, and  1  /,  K  k,  their  diameters.  Draw  the  radii  PF,  PO, 
and  the  tangents  PM,  PN  :  thefe  tangents  are  in  a  plane  MPN 
which  touches  the  fphere  in  P,  and  cuts  the  plane  of  the  axis  in 
a  line  MN,  to  which  a  line  drawn  from  G  through  R  would  be 
peirpendicular.  Suppofe  PN  to  reprefent  the  velocity  of  rota- 
tion of  the  point  P  about  the  a>  is  B  b,  while  P/reprefents  its 
velocity  of  rotation  about  A  a ;  'and  complete  the  parallelogram 
PN  tf:  then  is  P  t  the  direftion  and  velocity  of  the  refultant 
of  the  compofition  of  PN  and  Py,  and  it  is  manifeftly  in  the 
fame  plane  as  the  conflituent  lines.  Let  perpendiculars /F, 
t'V,  be  drawn  to  the  plane  of  the  axis,  and  the  parallelogram 
PN  tfw\\\  be  orthographically  projefted  on  that  plane,  its 
pro].edion  being  alfo  a  parallelogram  RNTF,  (art.  68.)  *. 
Draw    the   diagonal  RT.     1  hen,  fince  PR  is  perpendicular 

*  The  coincidence  of  F  with  the  centre  of  the  circle  IP  i  is  purelf 
accidental. 
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to  Ae  plane  of  the  primitive  axis,  PR  <  T  is  fo  likewife  :  and, 
confequently,  the  compound  motion  P  ^  is  in  the  plane  of  a 
circle  of  revolution  about  fome  axis  fituated  in  the  planq  of  the 
other  two.  Produce  TR,  and  draw  GC  inttrfedling  it  perpen- 
dicularly in  H  ;  and  let  LP  /  be  the  circle  of  rotation,  its  diatne- 
ter  being  L  /=2  LH  :  then  is  P  ^  a  tangent,  and  perpendicular 
to  PH  5  and  it  will  meet  RT  in  fome  point  Qj)f  the  line  MN»  , 
The  particle  P  is  in  a  ftateof  rotation  about  the  axis  CG  c,  and 
its  velocity  is  to  the  velocities  round  A  a,  or  B  ^,  as  P  ^  to  PF  or 
to  PN.     Now  PN  the  tangent  is  perp.  to  OP,  and  PR  is  perp, 

to  ON  :  therefore,  OP  :PN  :  :  PR  :  RN,  and  RN  =  -^^^- 

.But  the  velocity  of  P  about  the  axis  B  J  is  u  .  OP  :  whence 
RN  =  Hjl£?^^  =  «  .  PR.     Jn  like  manner  RF  =  U  .  PR. 

OP 

Confequently  RF  :  RN  :  :  U  :  a  :  :  GD  :  GE.  But  NT  : 
RN  :  :  fin.  NRT  :  fin.  NTR,  and  GD  :  GE  :  :  fin.  GED  :  fin. 
GDE  ;  hence,  fin.  NRT  :  fin.  NTR  :  :  fin.  GED  :  fin.  GDE. 
Now  fince.NR  is  perpendicular  to  EG,  and  NT  (parallel  to  IF) 
perpendicular  to  I3G,  we  have  RNir=EGD.  Hence  TR  is 
perpendicular,  and  C  c  parallel  to  ED,  and  the  rotation  of  the 
particle  P  is  about  an  axis  parallel  to  ED.  Alfo,  Cnce  RN, 
RF,  RT,_  are  as  the  velocities  a,  U,  v,  about  thefe  different 
ax€s,  and  vary  refpedively,  as  EG,  DG,  DE,  we  have  v:\J  : 
u  : :  ED  :  GD  :  GE,  which  was  to  be  denionftrated. 

CpR.  I.  Hence,  if  every  panicle  of  a  body,  whether  foUd  or 
fluid,  receives  at  the-fame  inftant  two  feparate  impulfes,  the  one 
competent  to  the  produGion  of  a  motion  of  the  particle  round 
an  axis  with  a  certain  angular  velocity,  and  the  other  competent 
to  the  produftion  of  a  rotatory  motion  about  another  axis  with 
a  certain  velocity,  the  combined  efFefl:  of  all  theife  impulfions 
will  be  a  motion  of  the  whole  fytlem  about  a  third  axis  given  in 
pofition,  with  an  angular  velocity  which  is  alfo  given  ;  and  this 
motion  will  obtain  without  any  fe-paration  or  difunion  of  parts,  .ex- 
cept fuch  as  may  be  bccafioned  by  the  a£tion  of  the  centrifuga^ 
forces  refulting  from  the  rotation. 

Cor.  2.  Hence,  alfo,  if  a  body  be  turning,  round  any  a«ia, 
and  every  particle  in  one  inflant  get  precifely  fuch  an  iippulfe 
as  is  competent  to  produce  a  given  angular  velocity  round  an., 
other  axis,  the  body  will  turn  round  a  third  axis  given  in  pofition 
with  a  given  angular  velocity, 

Cor.  3.  Laftly,  when  a  rigid  body  acquires  a  rotation  about 
an  axis  by  an  impulfeo'n  one  part  of  it,  and  either  at  the  fame 
.time  or  afterwards  receives^  an  impulfe  on  any  part,  which, 
alone,  would  have  produced  a  certain  rotation  about  another 
axis,  the  joint  «fFe<^  of  thefe  impulfes  will  be  a  rotation  ^bout  9i 
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tKird  axis,  In  conformity  with  this  propofition.  For  when  a 
rigid  body  acquires  a  motion  about  an  axis,  not  by  the  fimulta- 
neous  impulfe  of  the  precifely  competent  force  on  each  particle, 
but  by  an  impulfe  on  one  part,  there  has  been  propagated  to 
every  particle  (by  means  of  the  cohefive  forces)  an  impulfe 
precifely  competent  to  the  produftion  of  that  motion  which  the 
particle  aftually  acquires ;  and  when  a  rigid  body  already  turn- 
ing round  an  axis  A  a  receives  an  impulfe  which  makes  it 
aftuallyturn  about  another  axis  Cc,  there  has  been  propagated 
to  each  particle  a  force  precifely  adequate  to  the  produftion, 
not  of  the  motion,  but  of  the  change  of  motion  which  takes 
place  in  that  particle,  that  is,  a  force  which,  when  compounded 
with  the  inherent  force  of  its  primitive  motion,  produces  the 
new  motion  ;  that  is,  (by  the  prop.)  a  force  which  alone  would 
have  caufed  it  to  turn  about  a  third  axis  B  b,  with  a  rotation . 
making  the  other  component  of  the  adlual  rotation  about  C  f. 

This  elegant  theorem,  the  enunciation  of  which  is  due  to 
P.  Frifi,  is  very  important,  and  gives  a  great  extenfion  to  the 
doftrine  of  the  compofition  of  motion.  It  is  of  great  ufe  in 
many  curious  problems,  and  particularly  that  of  the  preceffion 
of  the  equinoxes.  Such  as  wifti  for  further  information  on 
various  points  connedled  with  the  fubjefts  of  this  chapter,  may 
Cpnfult  Simpfotis  Trails,  Frijt's  Cofmographia,  Mr.  Vinci s  Paper 
in  the  Phil.  Tranf.  1780,  Landeri  s  Memoirs,  Atnuood  on  the  Ro- 
'iatory  Motion  of  Bodies,  and  the  article  Rotation  in  the 
^ncyclopisdia  Britannipa. 
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CHAPTER  V. 


PhysicO'Matherhatlcal  Theory  of  Percifffion. 


3lg.  Defs.  In  the  ordinary  theory  of  percuflion,  or  coilifion, 
bodies  are  regarded  as  either  hard,  foft,  os  elaJUe.  A  hard 
body  is  that  whofe  parts  do  not  yield  to  any  ftrokeor  percuflion, 
but  retains  its  figure  unaltered.'  Ayj/f  body  is  that  whofe  piafts 
yield  to  any  ftroke  or  impreflion,  without  reftoring  themftlves 
againj  the  (hape  of  the  body  remaining  altered.  An  elaj}ie  body 
is  that  whofe  parts  yield  to  any  ftroke,  but  prefently  reftore 
themielves  again,  fo  that  the  body  regains  the  fame  figure  as 
before^e  ftroke.  '  When  bodies  which  have  been  fubjecSed  to 
a  ftroke  ^  a  preflure  return  only  in  part  to  their  original  form^ 
the  elaflicity  is  thbn  imperfeli :  but  if  they  reftore  themfelves  en- 
tirely to  their  primitive  fiiape,  and  employ  juftas  macbtime  in 
the  reftoration  as  was  occupied  in  the  compreflion,  then  is  the 
elafticity^fr/^(f?. 

It  has  been  cuftomary  to  treat  only  of  the  coilifion  of  bodies 
perfectly  hard  or  perfeiSly  elaftic  :  but  as  there  do  not  exift  in 
nature  any  bodies  (which  we  know)  of  either  the  one  or  the 
other  of  thefe  kinds,  the  ufual  theories  are  of  no  fervice  in  prac- 
tical mechanics.  In  faft,  if  theefFefts  which  are  experienced 
in  the  mutual  impaft  of  fuch  bodies  as  nature  furnifties  were 
the  fameasthofe  which  would  refult  from  bodies  perfedlly  hard, 
it  would  appear  impoffible  to  oppofe  to  the  moving  bodies 
any  prefTure  capable  of  deftroying  their  effe£ls.  For  the 
quantity  of  motion,  or  momentum  of  a  moving  body,  beipg 
valued  by  the  produfi:  of  its  mafs  and  velocity,  while  the  efi^ecSE 
produced  by  a  body  which  merely  prefles  is  eftimated  by  the 
produft  of  its  mafs  into  a  velocity  denoted  by  o  ;  one  of  the 
faftors  of  the  latter  product  will  be  nothing,  while  both  faftots 
of  the  former  will  be  finite,  and  of  confequenc6  the  magnitudes 
are  fuch  as  cannot  be  compared. 

Yet  we  nlay,eafily  be  convinced  by  daily  experience,  that  the' 

»  advantage  which  bodies  moving  fwiftly  have  over  thofe  which 

oppofe  merely  a  refiftance  of  preflure,  though  very  great,  is  by 

u  a 
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no  means  infinite.  Numerous  circumftances  which  will  be 
fuggefted  to  every  mind  prove  that, 'phyficallyfpcaking,  we  may 
balance  a  percuffive  force  by  one  of  mere  preflure,  and  even  that 
the  latter  may  overcome  the  former  and  produce  a  greater 
efFeft  *.  It  argues  nothing  to  afcribe  any  part  of  this  io friBiott; 
for  friftion  itfelf  is  a  fpecies  of  preffive  force,  or  is,  certainly, 
more  analogous  to  preflure  than  to  percufllon. 

The  caufes  to  which  we  fliould  attribute  the-difFerence  which 
fubfifts  between  the  effefts  of  impact  and  of  fimple  prefl"urc 
may  be  readily  traced.  When  a  body  fuppofed  perfe£i:ly  hard 
in  the  courfe  of  its  motion  flirikes  another  body,  perfeftly  hard 
alfo,  the  variation  pf  motion  ought  to  be  produced  in  an  indivi- 
fible  inftant  in  fiich  fort,  that  between  the  initial  velocity  and 
the  velocity  after  the  fliock  there  fliall  not  be  any  intermediate, 
-velocity.  But  if  .the  motion  of  the  body  were  modified  by,  a 
prefliire,  or  by  a  conftant  force,  as  gravity,  then  it  would 
>  change  by  fenfible  degrees,  and  have  undergone  a  determinate 
variation  at  the  end  of  a  certain  time. 

It  is  therefore  the  law  of  continuity  which  diflinguiflies  the 
efi^efts  of  preflioh  and  thofe  of  impa£i:,  when  the  hardnefs  is  infi- 
nite :  but  as  fuch  hardnefs  no-where  exifls,  fince  matter  always 
pofleflTes  a  certain  degree  of  elafticity,  and  a  litnited  cohefiori 
of  particles  which  may  be  furmounted,  we  may  enquire  if  per- 
cullion,  confidered  f  hyfically,  conforms  to  the  law  of  continuity; 
Now  when  a  body  ftrikes  another,  two  effects  have  place  in 
?ach.  .ift.  The  parts  in  contaft  yield  to  the  aftion  of  the 
ftrokc,  and  become  compreffed,  fo  that  the  figure  of  the  bodies 
is  altered  by  a  flattening  or  impreffion,  which  obtains  in  the 
parts  in  contaft,  and  in  the  neighbourhood  of  thofe  parts.  2d. 
When  the  flattening  or  impreflion  has  arrived  at  the  greateft 
degree  of  which  thev bodies  are  fufceptible,  then  their  inherent 
elaflicity  tends  to  deftroy  the  impreffion,  and  effaces  it  either 
wholly  or  in  part ;  this  produces  a  mutual  aflion  and  rea£l:iori 
of  the  bodies,  which  is  continued  till  they  are  no  longei^in  con- 

*  Thus,  in  driving  the  piles  for  the  foundation  of  the  bridge  of 
fome  mills,  where  the  foil  upon  which  the  bridge  was  to  be  eresSed  was  a 
pure  fand  of  uniform  denfity  to  the  depth  of  4.7  feet,  no  piles  could 
be  driven. lower  than  15  feet,  although  the  raramersi  in  the  engines  enir 
ployed  were  enormoufly  great.  So  that  percuffion  is  brought  into  a 
ftate  of  equilibrium  witli  mere  preffiire,  and  cannot  therefore  be 
infinitely  greater.  Indeed  it  is  not  alittle  inconfiftent  that  many  authors', 
while  they  admit  that  impact  and  preffiire  are  comparable  in  the  theory 
of  Hydrodynamics,  and  Pneumatics  (as  when,  for  example,  they  aflume 
the  iveight  of  a  column  of  water  equal  to,  the  force  of  impaa  of  that 
fluid  on  a  wheel),  fhould  deny  the  fame  thing  when  writing  on  Dy- 
namics. -',••/- 
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taa  *.  Hence  it  appears,  that  the  law  of  continuity  is  followed 
aftually  in  the  impadt  of  bodies ;  and  that  no  alteration  in  their 
motion  takes  place,  without  the  previous  taking  place  of  all  the 
intermediate  alterations.  It  is  true  this  alteration  is  always  pro- 
duced during  an  extrern.ely  fliort  interval  of  time,  and  this 
occafions  the  great  difpfoportlon  whjch  is  obferved  between  the 
effefts  of  impaft  and  thofe  of  preffiire  :  but  it  is,  notwithftand- 
ing,  inconceivable,  as  Mr.  Atwood  remarks,  "  that  any  really 
exifting  body  fliould  pafs  from  quiefcence  into  finite  motion,  or 
from  one  degree  of  finite  motion  to  another,  without  having 
poflefled  all  the  intermediate  degrees  of  velocity  :"  and  hence  it 
follows  that  the  phenomena  of  coliifion  may  be  confidered  of  a 

*  A  very  diftinft  view  of  this  proceFS  has  been  given  by  Dr.  Robifon 
in  the  article  Impulsion,  Supp.  Ency.  Britan.  from  which  the  foUovtring 
is  extradted : 

"  As  foon  as  the  bodies  come  into  fenl^ble  contaiS,  compreffion  mu^ 
begin  ;  for  we  may  fuppofe  the  bodies  to  be  two  balls,  which  will  there- 
fore touch  only  in  one  point.  The  mutual  preffure,  which  is  neceffary 
n  der  to  produce  the  retardation  of  A,  and  the  acceleration  of  B,  is 
exerttd  only  oh  the  foremoft  particle  of  A,  and  the  hindmoft  particle  of  B; 
but  no  atom  of  matter  can  be  put  in  motion,  or  have  its  motion  any  way 
changed,  unlets  it  be  afted  on  by  an  adequate  force.  The  force  urging 
iny  individual  particle  muft  be  precifely  competent  to  the  produdlion  of 
the  very  change  of  motion  which  obtains  in  that  particle.  Except  the 
two  particles  which  come  into  contaft  in  the  coliifion,  all  the  other  par- 
ticles are  immediately  actuated  by  the  forces  which  conneft  them  with 
each  other ;  and  the  force  adling  on  any  one  is  generally  compounded  of 
many  forces  which  conneift  th^t  particle  with  thofe  adjoining.  There- 
fore, when  A  overtakes  B,  the  foremoft  particle  of  A  is  immediately  re- 
tarded :  the  particles  behind  it  would  move  forward,  if  their  mutual  con- 
nedtion  were  diffolved  in  that  inftant ;  but,  this  remaining,  they  only 
approach  nearer  to  the  foremoft  ftriking  particles,  and  thus  make  a 
compreffion,  which  gives  occafion  for  the  inherent  elafticity  to  exert  it- 
felf,  and,  by  its  reaction,  retard  the  following  particles."  Thus  each 
ftratum  (fo  to  conceive  it),  continuing  in  motion,  makes  a  compreffion,. 
which  occafions  the  elafticity  to  reaft,  and,  by  reafting,  to  retard  the 
ftratum  immediately  behind  it;  This  happens  in  fucce'ffion  :  the  com- 
preffion and  elaftic  readtion  begin  in  the  anterior  ftrat.um,,and  take  place 
in  fucceffion  backward,  and  the  whtJle  body  gets  into  a  ftate  of  com- 
preffion. Things  happen,  in  the  fame  manner  in  B,  but  in  the  eontrSry 
^iredtibrij  the  foremoft  ftrata  being  the  latf  which  are  compreffed.  All 
this  is  done  in  an  inftant  (as  we  commonly,  but  inaccurately,  fpeak), 
that  is,  in  a  very  fmall  andinfenfible  moment  of  time;  but  in  this 
fnoment  there  is  the  fame  gradual  compreffion,  increafe  of  mutual  adtion, 
greateft  compreffion,' common  velocity,  fubfequent  reftitutidn,  and  final 
feparation,  as  in  the  cafe  of  bodies  with  a  Render  fpring  interpofed,  or 
even  in,the  cafe  of  mutually  repelling  magnets.  In  all  the  cafes,  the 
changes  of  motion  are  produced  by  the  elafticity  or  the  repulfion,  and 
hot  by  the  transfufion  of  the  force  of  motion.  The  changing  force  is 
indeed  inherent  in  the  bodies,  but  not  becaufe  they  are  in  motion  ;  the 
ttfe  of  the  motion  is  to  give  occafion,  by  continued  compreffion!  for  the, 
continued  pperation  of  the  inherent  elafticity.'' 
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tindred  clafs  to  thofe  which  are  occafioned  by  accelerating  of 
retarding  forces,  and  a£l  by  infeniible  degrees  in  order  to  pro- 
duce a  finite  effeft. 

After  thefe  preliminary  obfervations,  we  ftiall  now  prefent  the 
reader  with  a  phyfical  theory  of  percuffion,  which  will  com- 
prbhend  all  the  circumftances  of  the  motion,  both  during  and 
after  the  ftroke.  From  the  fame  fource  the  laws  of  the  collifion 
of  hard,  foft,  and  perfectly  or  imperfeftly  elaftic  bodies,  will  be 
deduced.  All  that  we  fliall  give  which  is  different  from  the 
ufual  theory-  we  wifli  to  be  confidered  as  originally  due  to  Den 
George  Juan,  a  Spanifli  author,  and  publifhed  in  177 1,  a  work 
entitled  •ipxamen  Maritimo.  The  fame  theory  has  been  lately 
adopted  by  M.  Prony,  and  fome  other  French  authors.  As 
the  mode  of  inveftigation  is  analytical  throughout,  it  fhall  be 
prefented  nearly  in  its  original  ftate,  without  announcing  the 
various  particulars  as  they  arife,  in  feparate  propofitions. 

330.  Def.  By ^he  Depth  of  the  impre^on -we  mean  its  greztelt 
lineal  meafure  in  the  direftion  of  the  motion  ;  as,  if  the  whole 
imprefhon  were  a  fpheric  fegment  the  depth  would  be  its  verfed 
fine.  The  Amplitude  of  the  impreffion  is  the  greateft  feftion 
which  can  be  taken  perpendicularly  to  the  direction  of  the 
motion :  in  the  cafe  of  a  fpherical  body  it  would' be  the  circular 
bafe  of  a  fegment; 

Through  the  whole  of  this  inveftigation  the  various  quantities 
will  be  thus  reprefented  : 

»jand   \J',  the  two  bodies  which  ftrike  each  other  ; 

b  and  ^,  the  amplitudes  of  impreffion  ; 

r  and  f ,  the  comparative  hardnefs  of  the  bodies  ;' 

X  and  z,  the  depths  of  the  impreffions  ; 

y  and  ^,  the  quantities  of  motion  which  the  bodies  acquire  in  a 
unit  of  time,  in  virtue  of  the  aftion.  of  the  c&nftant 
powers;  .   \    ,\,!'.   . 

Wand  w,  the  velocities  with  which  the  fhock  commences  } 

K  and  V,  the  velocities  in  any  inftant  of  the  ftiock-;  -    ' 

,1  and  (T,  the  fp^ces  defcribed  in  the  fame  time  ; 

/.that  time.  ^       '-n'r 

Any  other  charaiElerS  tliat  may  be  adopted  "ViriU  be  explained 
as  they  firft  occur. 

331.  Let  it  be  fuppofed  that  the  body  m  follows  and  ftrikes 
tlje  body  ft,  and,  of  confequence,  that  th?  velocity  W  is  greater 
than  tu  ;  without  this  tli*  impa£t  can  never  take  place,  unlefs 
the  velocity  nv  be  negative,  or  contrary  to  W :  but,  for  the 
greater  facility,  we  fhall  fuppofe  all  along  (except  it  be  other- 
wife -expreffed)  that  the  powersjTand  (j5,  as  well  as  the  Velocities 
W  and  w,  are  poCtivei  for  it  will  be'eafy  to  render  either  fi£ 
the  quantities  negative  in  the  refult  of  the  computation.. 
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Let  it  be  fuppofed,  moiieower,  that  the  two  bodies  are  moving 
in  the  fame  direftion,  and  that  the  impa£l:  is  fo  effedled  that  it 
does  not  produce  any  gyratory  motion ;  otherwift  we  Ihould 
render  the  inveiligation  very  intricate  and  perplexing. 

Finally,  let  the  bodies  m  and  [i-  be  conljdered  as  fo  lat'ge  tha,t 
the  impreffions  made  upon  them  by  the  fhock  (hall  not  produce 
any  fenfible  change  in  the  place  of  the  centre  of  gravity,  or  that 
the  motions  of,  thefe  centres  fhall  not  be  fenfibly  afFe£ted  by 
the  relative'  change  of  fituation  in  the  various  moleculse  of  the 
bcJdies. 

322.  All  the  quantities  mentioned  in  art.  330.  may  be  readily 
introduced  into  the  calculus,  fince  each  of  them  has  a  certain  re- 
lation to  determinate  units ;  the  quantities  r  and  ^  only,  which 
reprefent  the  degrees  of  hardnefs,  appear  to  prefent  fome  little ' 
difficulty.  Now  to  form  an  idea  of  hardnefs  in  that  poinf  of 
view  under  which  we  muft  confider  it,  that  is  to  fay,  as  % 
.  meajurahle  objeft,  we  may  obferve,  that  fince  this  prqperty  is  one 
of  the  moft  intimate  and  hidden  properties  of  bodies,  and  fince 
to  meafure  is  to  compare,  we  cannot  (properly  fpeaking) 
meafure  hardnefs,  becaufe  in  an  unknown  objeo:  we  can  make 
J30  comparifon.  But  as  hardnefs  is  only  interefting  to  us  by  its 
eiFefts,  it  is  the  meafure  of  thefe  efFe£ls  which  it  is  important  for 
us  to  know  j  and  this  meafure  for  the  lefpedtive  bodies  we  de- 
note by  r  and  f . 

If  aperfedlly  hard  body  ftrikes  anothSV  whifh  is  not  perfeftjy 
hard,  and  if  the  furface  of  contadl  to  which  the  direftion  of  the 
motion  is  fuppofed  perpendicular  is  plane  and  conftantly  equal  to 
a  given  furfaqe,  aj  a  foot  fquare  (the  foot  being  the  unit),  the 
refiftance  of  the  body  (Isuck  will  take  from  the  impinging  body, 

during  an' eVanefcent  inftant  of  time  t,  a  quantity  of  motion  infi-' 
nitely  fmall,  which,  let  be  called  cu.  If  a>  be  multiplied  by  the 
fra£liOn  expreiling  the  ratio  of  the  unit  of  time  to  the  element  of 

tiriie,  the  produft  w  -7  will  be  precifely  equal  to  the  quantity  ^, 

which  denotes  the  hardnefs  of  the  bodyftruck  during  the  inftant 

,  which  Qorrefponds  to  the  value  of  e8)  or  father,  which  demotes 

the  effeft  that  this  hardnefs  would  produce  by  continuing  its 

action  for  a  unit  of  time. .  "We  l^ave,  therefore,  -^=f,  or  cu=gi. 

Thus  it  appears  that  ui  is  independent  of  the  mafies  and  of  the 

Velotities,  whether  abfolute  or  relative  (12.  15.);  it  reprefents  a 

Quantity  of  motion  which  may  refult  from  an  infinite  number .,of 

■  ddmbinations  of  mafles  and  velocities  ;  w,  therefore,  -depends 

-'felely  on  the  nature  of  the  bodyftruck :  and*fioughthe  maffes 
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and  the  velocities  of  the  two  bodies  enter  into  the' value  of  f, 
they  do  fo  merely  as  caufes  producing  the  impreflion,  and  we 
determine  §  from  experiments  by  the  relation  which  they  bear  to 
this  impreflion, 

A  fimilar  reafoning  will  apply  to  the  quantity  r,  by  fuppofing 
that  the  body  ftruck  is  perfedlly  hard,  while  the  impinging  body 

is  not ;  and  hence.will  arife  the  analogous  equation  uj'=r  t. 

If  the  furface  of  contaft  be  not  plane,  we  mufb  fubftitute  for 
it  the  amplitude  of  the  impreflion  :  but  this  fubfl;itution  will 
change  nothing  ;  for  all  the  points  fl;ruck  in  the  dire£lion  of  the 
motion  being  contained  in  the  ^mplitXide  of  impreflion,  it  may 
feprefent  the  fum  of  all  thofe  points. 

333.  To  find  the  quantities  of  rnotion  loft,  viz.  the  values  of  ui 
and  iu ,  which  anfwer  to  any  amplitudes  of  imprefliion  whatever 

b  and  ^,  we  mufl:  make  thefe  proportions  ;   i  :  ^  :  :  p  t ;  ^  ^  t  = 

oj,  and   I  :b::rt\  hrt^=oo  ;  then  will  the  equations  ui—Bp  t, 

and  00  ^=b  rt  obtain,  whatever  are  the. amplitudes  of  impreflion. 

In  confequcnce  of  the  equality  of  aflion  and  reaftion,  the 

values  cxi—^pi,  and  co'zz:brt,  of  motion  loft  by  the  impinging 
bodies,  are  likewife  thofe  of  the  niotim  gained  by  the  bodies Jlruck. 
'  334.  To  find  the  value  of  the  motion  loft  by  the  body,  or  of'the  per- 
ctifti'ue  force,  when  neither  of  the  two  bodies  is  perfeftly  hard. 
In  this  cafe  both  are  compreflible,  and  if  Fbe  the  fluxion  of  the 

I  F 

quantity  of  motion,  we  fliall  have  to  determine  t"  F  or  ^.  Now 

it  is  njanifeft  that  F  will  be  always  the  greater,  as  i3  p  and  b  r  are 

greater;  and  thence  (fuppofing  t  conftant)  ^- will  vary-as  Bpbr. 

So  that  when  f  =  qo  ,  or  is  infinite,  we  mufl;  have  Y=rlit  ^333 ), 
and  whenr=cc  ,  we  have  F=f  (3;  :  let  us,  then,  multiply_/3  p.^r 

by  fuch  a  quantity  „  1  r~^^  '^ill  fatisfy  thefe  two. conditions, 
^nd  there  will  refult  — =-„    ^1  !  .     And  if  -.-,  or  the  force  of 

t        ^g  +  4r  t 

percuflion,  be   denoted  by  P,   we  haVe  P  =  „    [  [    ;    an  ex- 

p  S  -r  °  >" 

preflion  for  the  percuffive  force  in  any  infliant  whatever. 

335.     The  fiuxions  of  the  imprefftons  are  reciprocally   as   the 

degrees  of  hardnefs.     The  fiuxions  b  x,  /S  z,  of  the  impreflions 

are  produced  at  every  infl:ant  by  the  fame  power  P  t  adding 
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equally  on  the  two  bodies ;  and  to  produce  thefe  elementary  im- 

preffions  the  force  P  t has  to  avercome  the  powers  r t,  and  §t% 

thus  the  effe£ts  b  x  and  fS  z  are  the  greater  as  the  powers  r  t 

and  o  t  are  the  lefs ;  and  as  thefe  efFefts  are  produced  by  the 
fame  caufe,  they  will  be  'uy  the  invarfe  ratio  of  the  obftacles 

r  f  and  j  ?,  which  oppofe  them ;    we  have,    therefore,    b  x : 

(2  z  : :  of  :r  t :  :  p -.r;  whence  ^  r«=/3  f  z. 

336.  Since  the  body  ?«  follows  the  body  ;ti.,  and  by  the  im- 
paft  caufes  impreffions  in  both  whofe  depths  are  x  and  z,  the 
fpace  s  run  over  by  the  body  m  muft  be  equal  to  the  fpace  a- 
defcribed  by  the  hody  jj,  plus  the  fum  x+z  of  the  depths  of  im- 
preffion  :  hence  J=:cr +  *■-!- z.    '  - 

Elaflic  bodies  aiTume  again  at  the  end  of  the  (hock  the  figures 
which  they  had  at  its  commencement ;  fo  that  in  this  cafe  the 
impreffions-  vanifh,  and  at  the  end  of  the  Jljoch  of  elajlic  bodiet 

337.  From  the  equation  s—a--\-x  ]-z,  or  j  — cr  =  x+z,  we 
deduce  s  ~  a-=  x  -{-z:  but  the  property  of  variable  motion 
(232- 1.)  gives  u  t=s,  and  vt=a-;  we  have,  therefore,  («  —  v)  t, 
=s  —  ar::^x-\-z,  and  t  =  ^L±^,  the.  value  of  the  element  of  the  time. 
.  When.the  impreffions  arrive  at  their  greatell  value  we  have 
x-\-z=:a  max.  or  «-|-z^o,  and  the  equation  u  —  v='  .  ^'  be- 
comes u  —  v=:o:    confequehtly,  iu  the  pifant  when  the  greateji 

,  imprefftom  are  produced  the  velocities  of  the  two  bodies  are  equal. ,   , 

338.  The  accelerating  forces  which  acl  upon  the  body  ware 
yand  P ;  and  as  P  tends  to  retard  its  motion,  the  accelerating 
force  refulting  from  the  joint  operation  of  the  two  will  bey"— 
P :  for  the  fame  reafon,  contrarily  applied,  the  accelerating 
force  of  |U.  will  be  ^|-P,  Recollefting,  therefore,  that/,  (p, 
and  P,  may  reprefent  the  produffcs  of  mafles  and  velocities,  we 

have,  by  the  nature  of  variable  motion  (art.  232.)  m  u  —  ff—V)  tj 

and^'u  =  ((p+P)  f  ;  the  fum  of  thefe  equations, is  ^-f-^)  f= 

tn  u-\-[ji,v,  the  fluent'of  v^hich  iiff-{-^)t=mu-i-[^v-\-C.  To  de- 
termine the  conftant  quantity  C,  it  may  be  obferved  that  when 
t=o,  u=:^'W,  and  ■u=w„  and  then  the  equation  reduces  to 
7mW-|  (X'w+G=o;'fo  that  C=  —  mW  — fiw,  and  the  cor- 
re<3:ed  fluent  is  (/+<?)  t=m  [u  -  W)  •+  ij.  {v-iv);  whence  it  15 
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eafy  to  obtain  v—  '    ' '''     '^' -,  an  equation  .mihich  ex- 

frefes  the  relation  belween  the  velocities,  in  any  injlant  luhatever  of 
thejhock  of  bodies,  whether  elajlic  or  non-elaftic.    - 

339.  If  the  bodies  are  not  elaftic  the  fliock  ceafes  at  the  in- 

~  ftant  when  the  impre'fEon  is  greateft ;  but  in  this  inftant  the 

velocities- are  equal  (art.  337.)-     Therefore,  in  the  preceding 

equation,  we  muft  make  «  =  v,  and  there  will  arife  u'=-  v 

=  — —• — .    '  ,  an  equation  expreihng  the  common  velocity 

after  thejhock  of  non-elaflic  bodies. 

240.  in  like  manner  we  might  deduce  from  the  final  equa-, 
tion  in  art.  338.  the  velocities  of  elaftic  bodies  after  thfe  fliock. 
But  as  we  would  ftate  the  queftion  generally,  we  muft  deter- 
mine the  velocities  of  both  bodies,  whether  they  are  elaftic  or 
not,  in  any  inftant  of  the  fhock. 

The  equations  (f—'2)t—mu  and  (p+P)  f=;j«, -y  (art.  338.) 
give  K  =-^~^ ,  and  v  =i2i-L'.     Taking  the  latter. of  thefe 

from  the  former,  we  have  «  — «={ ?±_^  ^.  and  this,  mul- 

.\    m  fi,    I     ' 

tiplied  by  m  jw.,  gives  nip'(u  —  v)=:{(*-f—  m(p  —  [^P  —  mP)  t. 
Subftituting,  in  this  equation)  for  /  its  value  in  art.  337.  and 
for  P  and  *■  their  values  in  art.  334-  335.  it  will  be  trans-  y 
formed  tothis, »jf<.  (u  —  v).  (a  — v)— (/*_/"— w^)-^^^z  — (»«  + 

^)p§z.     Taking  the   fluents,  we  have  4-w>(m^^  — W— a.'= 
^l,f-m^)f-^z-{m+i.)f0SZ-     Now,/Ai±^'-i=^+ 

/    i&o+idr'        /Spa        •  •         •    ,  r     '       ^k"     e      - 

z;  tor    '       2  =  -^ — \-z  =  x +z,hcczme  >f  =  -J~%  from  art.  ■ 

or  or  ''  or 

35.5: —Cdufeq.  we  have,  by  fubftitution,  4.  m  /a-(m  — „^  —  w^_a,=) = 
h^f-m  <P) ..  («?+z)  -  (ot +/x)yi3  f  i.     Henpe  u  —  v=±  [w-w 

obtal|i^ .previous  to  the  inftant  of  the  greateft  iniprefTion,  and 
the  negative  fign  after  that  inftant:  for  at  the  inftant  of  the 
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greateft  impreflion  we  have  «=■»  (art.  337.);  ^^^  ^fter  that 
inftant  the  re-eftabliftiing  of  the  comprefled  parts  accelerates 
the  motion  of  ft  and  retards  that  of  m,  and  confequently  makes 
u  fmaller  than  v. 

If  the  value  of  v  in  art.  338.  be  fubftituted  for  it  in  the  pre- 
ceding equation,  we  (hall,  after  a  little  reduftion,  find 

_m  W+^ a4- //-l-ip)  t  _^      ,x      I— ^    ,    s(^^-B»ip).(j-f-g) 

u  — 1 3:  — j —  I  W — »  i 

jn-(-/A  »t-j-fA  V  mfi.  ,      ^ 

And,  by  a  fimilar  mode  of  proceeding,  we  find 

V  =  —  — -j— --i ; — I  W^oi  -1 ■ — 

W-h*  m-\-fi.\  m  ij. 

a  (»!-)- fx)y|3DeS-5: 

In  thefe  two  equations  for  the  velocities  the  fuperlor  fign 
ferves  for  any  inftant  of  the  (hock  before  that  of  the  greateft 
impreiBlon,  and  the  inferior  fign  after  that  inftant.  Thus,  at 
the  moment  of  the  greateft  impreiEon  the  quantity  afFefted 
with  the  double  fign  i  or  :p  vanifhes,  becaufe  it  is  then  pafl- 
ing  from  pofitive  to  negative,  or  from  negative  to  affitmative. 
Thefe  equations  manlfeftly  apply  for  any  inftant  of  the  fhock, 
whether  the  bodies  be  f  lallic  or  not.     »    :     ' 

In  non-elaftic  bodies  the  values  of  «  and^-y  .reduce  to  the  com- 
mon value  "^ — X-f^  ""r  Ji-y       nyhjch  is  the  fame  as  we  found 

in  the  preceding  article. 

341.  Bodies  perfeftly  elaftic,  on  the  contrary,  re-eftablifli- 
jng  themfelves  in  th«ir  primitive  ftjJte  at  the  end  of  the  fhock,  we 

have  for  that  inftant  *•,  z,  andy  |3  f  z,  each  equal  to  zero,  and 
thus  the  values  of  «  and  w  for  elaflic  bodies  become 

U —  i ;       IVY         WJ — —  j  '  « 

If  we  fuppofe  y+f  =0,  we  may  eafily  deduce  from  thefe 
values  of  «  and  v  that  of  m  u^-\-^  v^;  for  by  carrying  through 
the  calculus  we  have  wa'+ju,'u^=»2  W  + ju,  w''.  Hence,  in 
perfeStiy  tlajik  \iodies  the/urns  if  the produEls  of  the  niajjei  into  the- 
Jiptaifes' of  their  refpeBive  velocities,  before  and  after  impAB,  are 
equal. 

This  equality  was  denominated  by  Bernoulli  Confervatie  V'h- 
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rium  Vivarum,  and  was  confidered  as  a  general  law ;  but  it  is 
ebvious  from  what  is  done  here  that  it  holds  only  in  the,  cafe 
of  perfeftly  elaftic  bodies.  ,  And,  indeed,  it  is  a  confequence  in 
hfelf  eafily  deducible  from  the  third  law  of  motion,  according 
to  the  Newtonian  meafure  of  momentum. 

342..  If  the  bodies  are  not  perfeftly  elaftic  they  will  not  re- 
ftore  themfelves  entirely  to  their  firft  eftate,  but  there  •wrill  i;e- 
main  an  impreffion  at  the  end  of  the  fhock  :  to  find  the  final 
velocities  of  fuch  forts  of  bodies  we  muft  fubftitute'  for  /,  x,  z, 
0,  and  p,  their  proper  values.  Of  thefe,  the  laft'  four  may  be 
afcertained  by  experiment  and  the  calculus  ;  but  the  value  of  t 
feems  more  difficult  to  appreciate :  neverthelefs,  this  value  is 
not  incalculable,  as  will  foon  be  feen.  But  it  may  be  obferved, 
beforehand,  that  wheneveryand  ^  are  not  extremely  great,  or 
are  not  modifications  of  gravity,  the  value  of  t  being  very  fmall 
indeed,  the  quantity  ff-\-<p}  t  maybe  neglefted  without  fenfible 
ttxox.  This  quantity  was  made  to  enter  the  preceding  formulae 
in  order  to  give  them  all  poffible  ftridtnefs,  and  that  none  of 
the  phyfical  circumftances  of  the  motion  might  be  neglefted; 
Now,  dropping  (f-\-'f)  t  from  the  expreffion  for  the  final  velo- 
city of  the  body,  we  have,  for  non-elaftic  bodies  «=- — ^pr"; 

and  for  bodies  perfeflly  elaftic  u= — ""^ol — ^~~j  ^^^  '" — 
■  "^    "    '    — — .     Thefe  are  the  values  of  the  final  velocities 

which  are  commonly  given  by  writers  on  mechanics,  and  frorrf 
which  the  ufual  theorems  readily  flow. 

343 .  The  gfenetal  theorem  for  non-elaftic  .bodies  may  Be  thiis 
exprelTed  : 

1  m  W  -I-  jT^  Zf; 

In  this  we  confidet  'zt>  =  o  for  the  cafe  where  the  body  ftruck 
is  at  reft  :  the  fuperior  fign  muft  be  taken  for  the  cafe  in  which 
the  bodies  both  move  the  fame  way,  and  the  inferior  fign  for . 
the  cafe  in  which  they  meet  each  other, 

HenCe  we  deduce-  thefe  conclufions  : 

I.  If  we  fuppofe  ft  to  be  at  reft,  the  equation  becomes  u= 

■ — ,—,  in  which  it  is  obvious  u  will  dec'reafe  as  to  incifeafes ;  id 

that  when  ju.  =  oc ,  infinity,  wehave«=ov 

II.  If  bodies  of  equal  maiTeS'  are  moving-  m  oppofite  direct 

tions^   our  equation  becomes  a=  — ^^ :  thus  the  t-wo    hodi^ 
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move  on  together  ht  the  direEiion  of  that  which  is  moving  mo^jwijily, 

•with  a  velocity  equal  to  half  the  difference  of  the  primitive  velocities. 

Ill:  liF  the  velocities  of  the  two  bodies  are  equal,  we  have' 

"•ztf^  '  ,  .  ' 

«=W  .  — ; — .     In  the  cafe  where  both  bodies  move  in  the 

fame  direftion,  the  fuperior  fign  being  taken,  we  have  a='Wj 
as  is  evident  enough,  fiiice  there  can  be  no  fhock.  '\ 

IV.  The  centre  of  gravity  of  a  fyftem  of  two  globules,  or 
phyfical  points,  which  ftrike  each  other,  has  an  interefling  pro- 
perty of  great  ufe  in  various  mechanical  difquifitions.  The 
diftance  X  of  this  centre  from  any  one  of  the  points  of  the  line 

defcribed  is  X=  — -j- —  (art.  lo?.),  d  apd  4  denoting  the  re- 

fpedtive  dillances .  of  the  moveables  from  that  point.  Novsr 
when  thefe  bodies  are  animated  by  the  velocities  W,  iv,  we 
have  for  thefe  velocities  (art.'  232. j  the  correfponding   values 

-.-  and  -r-  J  confequently  that  of  the  centre  of  gravity  will  be 

This  expreffion  being  conftant,  juftifies  the  conclufion  that 
the  centre  of  gravity  of  a  fyltem  of  two  bodies  ftriking  each 
other  has,  both  before  and  after  the  fhock,  a  uniform  motion* 
This  anfwers  to  what  the  foreign  mathematicians  call  the  con' 
fervation  of  the  centre  of  gravity.  And  it  is  certainly  of  import- 
ance to  know  that,  whether  bodies  mutually  attrah  each  other, 
(295.  cor.  2-)}  or  whether  they  impinge  upon  each  other,  their 
commofi  csntre  of  gravity  will,  if  in  .  motion,  continue  .  to  move  on 
uniformly  in  a  right  line.  '  '  - 

344.  The  general  equations  for  perfeilly  elaftic  bpdies  may 
be  flated  thus : 

(m  —  ix)  W±  i  li  11)                                             rp(m— ;x)w-!-2  mW 
«=  -^- -:-—      ....       V—  — j-^ 

The  moft  important  confequences  they  furnifh  are  thefe. 
I.   If -one  of  the  two  bodies  is  at  reji,  then  making  w=c>  wc 
find,  -  '  ■ 


2mW 


I.  If  the  bodies  are  equal,  that,  which  impinge^,  remains  at  /rejl.,^ 
and  the  body  Jiruck  mbves  with  the  velogity  which  the  other  ^had. 
For  w=;u.  gives  «=o,  and  'd=W. 

Cor.  Hence  it  follows,  that  if  feveral  perfefHy  elafticliodies 
^,  B,  C,  D,  gfc.  pf  equal  mafles,  are  placed  in  juxta-pofition 
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and  at  reft,-  aria  if  a  Body  M  of  equal  mafs  ts  made  to  ftrike  A, 
all  the  bodies  remain  at  reft  except  the  l^ft,  which  goes  off 
with  the  velocity  of  M :  for  the  body  A  transfers  all  its  velocity 
to  B,  B  its  to  G,  and  fo  on. 

2.  If  the  bodies  decreafe  in  magnitude,  each  luill  goforward  after 
thejlroie. "  For  ii  m  7  (a,  u  and  v  are  pofitive. 

3.  If  they  increafe  in  magnitude  each  nuill  be  reflelfed  bad,  ex- 
cept the  lafl,  land  the  quantity  of  motion  will  continually  increafe. 
For  m  Z,  (I,  renders  u  negative,  and  the  laft  i>  pofitive. 

4.  Here  too  we  might  fhew  that  the  increafe  of  motion  will 
be  a  maximum  when  the  bodies  increafe  in  geometrical  pro- 
portion ;  and  if  the  number  of  bodies  be  increafed  without  limit, 
the  ultimate  ratio  of  the  velocities  of  A  and  Z  (the  firft  and 
laft)  will  be  that  of  v^  Z  to  VA.  But  fuch  theorems,  though 
undoubtedly  curious,  are  of  too  little  utility  to  tempt  us  to 
digrefs  widely  from  the  main  purpqfe  of  this  chapter. 

II.  If  the  bodies  both  move  the  fame  way,  then  we  conclude 
from  the  theorems : 

1 .  The  bodyflruch  moves  tvith  a  greater  velocity  after  the  firoke. 

2.  If  the  maffef  are  equal  the  bodies  change  their  •uetocittks  during 
thefhock,  and  continue  to  move  in  the  fame  direBion.  For  m^=iJ. 
gives  u=iv,  and  v=W. 

III.  If  the  bodies  move  in  contrary  direSlions  the  inferior  figns 
muft  be  taken,  and  then 

1.  If  the  majfes  and  velocities  are  equal  the  bodies  go  back  wHh 
the  fame  velocities  that  each  had  before  the  fhock.  For  ff»=|ii,  and 
■W=w,  give  K=:  — W,'  and  v=iv. 

2.  If  the  velocities  are  equal  we  have  «=  ^— W,  and  v= 


W.     Whence  we  conclude  thai  f(-  luill  flop  a  body  of  a 


3»B — fA. 

triple  mafs,  but  tuill  recoil  with  a  double  velocity  :  For  if  »j=3fA, 
»=0,  and  'y=2W.  But  \S  (i^  7  '^m,  the  mafs  m  does  not 
ftop,  but  recoils. 

3.  If  the  maffes  are  equal  the  bodies  will  both  recoil,  after  having 
fxchanged  velocities.     For  then  u=:  —iv,  and  ^;=W. 

4.  Thi  impinging  body  is  flopped,  continues  its  route,  or  recoils, 
according  asW  {m  —  fi)  is  equal,  greater,  or  lefs,  than  21',  w.  And 
the  fame  thing  holds  with  regard  to  the  body  ftruck. 

Many  other  theorems  might  readily  be  deduced  from  the 
equations  at  the  head  of  this  article;  but  it  is  time  to  return  to 
the  general  inveftigation  which  we  have  brought  down  to  art. 

342- 

345.  When,  in  the  equation  given  in  art.  340.  namely, 
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we  fuppofe  the  hardnefs  p  invariable,  we  thence  find 

But  |8  z  being  the  element  of  the  imprefllon,  J  j3  z  will  be 
the  total  impreffion  of  which  this  equation  will  furnifli  the  va- 
lue for  any  inftant  whatever  of  the  ihock,  the  hardnefs  being 
conftant. 

In  this  equation  making  u=v,  we  liave 

And  this  value  of  Jj3  z  anfwers  to  the  inftant  of  the  greatcft 
impreffion. 

When  the  hodyjlruck  is  Immoveable,  we  have  only  to  fuppofe 
fi  =  ou  ,  TO=0,  and  ip—o,  and  the  preceding  equation  will  be- 

r  „  •         im\V»4-/(.j>f-2) 

comey  j3  z  =  '- ^i-^^^. 

346.  Since/is  the  quantity  of  motion  which  the  accelerat- 
ing force  will  produce  in  the  body,  m  in  the  unit  of  time,  if  we 
fuppofe  that  f  is  gravity,  and  the  fecond  is  the  unit  of  time, 
the  Englifli  foot  being  thaf  of  fpace,  we  fhall  have_/=32|«f, 
and  the  latter  equation  will  become 

J  /3z  — ^ — ^ -  — {4W*+32-s-*+zJ 

If  h  be  the  height  due  to  the  velocity  W,  we  have"W^=: 
62^  h,  and 

P  z=32|  Jl^  [h+x+z). 

When  x-^-z  is  very  fmall  with  refpefl  to  W^  or  to  h,  which 

commonly  happens,  even  in^  bodies  which  are  ,  not  very  hard, 

'  the  value  of  y  /3  z  will  be  fenfibly  proportional  to  W^  or  to  A ; 

fo  that  the  impreffions^  will  be  nearly  as  the  fquares  of  the  velo- 
cities, or  as  the  heights  due  to  thofe  ■velocities.     This  will  be  ftill 

nearer  the  truth  when  ;f=o  andy  ^  z=  —  (|W^-K32|z)z= 

3?i~  (^  ^^)'-  whence  we  conclude, .that  when  a  hard  bodyfalU 

en  another  body  -which  is  immoveable  the  imprejfion  made  in  the 
latter  isinverfely  as  its  hardnefs  or  rejtjiing  force,  anddifeBly  as  tha 
height  due  to  the  velocity  and  the  mafs  of  the  impinging  body  con- 
Jointly. 

This  concliifipn  correlponds  with  thofe  deduced  from  very 
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different  procefTes,  at  pa.  i8o  of  Pr.  ilutton's  SeleEl- .Exercife'Sy 
and  pa.  52  of  Mr,  Atwood's  Treatife  on  the  Mqt'wn  of  Bodies. 

From  the  equationy^i  —  —  (4  W^ +  32,-5-2)  it  appears  that 

however  fmall  the  initial  velocity  W  may  be,  provided  it  be  a 
finite  quantity,^  it  will  always, make  an  impreflioii,  unlefs  j  is  in- 
finite.    It  will  not  be  the  fame  if  Yv'':;=o  ;  for  from  thence  will 

refult/,3  k  =  n^  o^^-  =  3H7  =  f  ;  whJn  //3  .'  =  0, 
the  depth  of  the  impreffion  will  be  alfo  nothing,  dnd  the  equa- 
tion will  become—  =  521—=-^:    now  —  being  equal  to 


o 


^yhat  we  pleafe,  tlie  impreffion  may  confequently  be.,=:o,  whil* 
m,  f,  and  j,  are  any  quantities  whatever.  ,  _  '  '    . ; 

In  fa£l,  werriay  fee,  h  priori,  that  y  and  ^  being  quantities" 
of- the  fame  nature,  the  effe£l  of  eath  being  a-prefiure,  may 
deftroy  each  other  at  the   firft   inftant ;   and  tb.it  it  is  not  the 
fame  with  regard  to  W,  which,  occafioning  a  fhock,'  can  only 
be  deftroyed  after  it. has  produced  ari  impfeflion. 

The"  preceding "forrtiulse  accord  very  accurately' with  expeil- 
ments;  as  will  be  fufficlently  obvious  to  thofe  who  will  com- 
pare them  with  the  experiments  de-fcribed  in  s'Gravefande's 
Phyjices  Ekmenta  Mathtmatica,,  §  833,  gcc,,  and  Mr.  Atwood's 
treatife  iuft-  referred  to,  pajjim.  ,  '  ,  . 

If  the  twp.'llriking  maffes. are  equal,  and  during  the  fhock 
are  not  fubjefled  to 'the  a£!:ion  of  any  pdw^r  (but  their  mutual 

refinances  only)  we  have  r,i  =  \j,,  f=o.y  is  — o^  and /'(3'z=-^ 

■    .    ■      .        4.e..'-' 

("W-w)-;    and  when  ','u)-=^Q,  /$z=~\     Which  again  is 

confirmed  by  many  experiments.        '  -    "        ''      .    ' 

Now  fince   experiments  correfpond  with  thefe  formula,  not 
only  in  the  cafe  of  foft .  bodies,  as  clay,  but  even  In  thofe- of 
bodies   imper'feftly  hard  and   elaftic,  when  the   hardnefs  o  is 
fuppofed  c6nftant ;  it  is  .evident  that  in  thefe  cafes,  the  hardnefs. 
is  very  iiearly  conftant,  and  that  we  may  f^fely  fuppofe  it  fuch    ' 
as  we  {hall  henceforth  do.  "  .      '  ' 

347.  The  hypothefis.bf  inyarijible  hardnefs  transforms  the 
equation  in  art.  340.  repeated  at;  the  beginning  of  art.  345.  to 
this:  ■•         ,   .  '      , 

whence  \ve  get  ?=  ■.  i.  _■  j LJUi:i zciLif). 
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and,  in  the  cafe  of  tjie  greateft  impreffion, 

_  jmfx(W— w)--|-.(.^/— my)  ■  (J-|-^), 

Though  the  firft  of  thefe  equations  contains  variables  which 
do  not  enter  the  fecond,  theywiji,  notwifhftanding,  give  al- 
ways the  fame  refult,  provided  there  be  fubftituted  the  proper 

values  of  u,  v,  x,  z,  and^  /3  Z,  at  any  inftant  of  the  fhock. 
This  naturally  refults  from  the  hypothefis  of  invariable  hard- 
nefs,  which  we  fee  fo  much  reafon  to  adopt. 

348.  If  tl)e  tody  Jiruck  he  immoveable^  then  ju,  =  00 ,  and  «)=o, 

and  the  preceding  .value  of  f  will  become  j  =  ?"  .  . 

Now  if  h  be  as  before  the  height  due  to  the  velocity  W,  we 
have  '^^=^b/if\h  —  X gh  (art.  243.)  g  being  =32^.-  Subftitut- 

ing  this  value  of  W^  for  it,  we  have  e  =  ^^-^-—^^ :    and  if 

the  body  falls  vertically,  then  is  f=g  m  ;    whence  arifes  j  = 


thus  the  hardnefs  or  riftfling  force  0 

•will  be  to  gravity  f,  as  h-\-x-{-zto  f  ^  z,  or   as    i   to-/-C^ 

Here,  however,  we  muft  hot  lofe  fight  of  the  circumftance 
that  it  is  not  the  relation  of  thefe  powers  confidered  in  their 
nature,  but  folely  in  their  effefts,  that  may  be  afcertained ;  and 
thatyis  the  produft  of  a  mafs  and  velocity. 

After  we  have  found  the  value  of  f,  we  may  readily  find 

that  of  r,  from  the  equation  3  r  a; =j8  f  z  (art.  335.):  for  this 

gives  rf  b  x=sf^  z,  and  confequently  r=f  -y^'=  ?f'jl- 

Formulae  fuch  as  thefe  may  be  rendered  very  ufeful  in  deter- 
mining the  relative  hardnefs  or  refifting  force  of  different  bo- 
dies, A  table  of  the  relative  hardnefs  of  materials  united  with 
a  table  of  .their  relative  denfities  (or  fpecific  gravities)  would  be 
of  great  utility ;  and  particularly'  in  the  conftruftion  of  arches, 
fluices,  &c. 

We  have  all  along  taken  ni  as  the  capacity  of  a  fphere,  be- 
caufe  in  bodies  of  the  fame  matter  'the  capacities  vary  as  the 
weights :  in  bocfies  of  diflferent  matter  in  order  to  obtain 
a  conftant  value  of  f ,  we  muft  make  m  0?  cube  of  diameter  X 
denfity. 

349.  At  the  inftant  of  the  greateft  impreffion  the  fluxion  of 

VOL.1.  ,  X 
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P  or  of  its  equal  d    \ir  ^^^^'  334*) '®  equal  to  notliilig ;  that  is| 

.r^(t4+^^-)-(;e+f;)--.^-gfUi±:i)^^,    Performing  the  multi- 

I  plications  at  length,  fuppteffing  the  quantities  which  deftroy 

■  each  other,  and  dividing  by  tj— jfj7T7>  we  have  f  /3'  i+»-  i*  /3  = 

o :  now  this  quantity  cannot  =o  except  the  fluxions  b  and^ 
are  likewife  =o,  that  is,  unlefs  the  amplitudes  i  and  /3,  and 
confequently  the  impreffions,  have  received  all  the  augmentation 
of  which  they  are  fufceptible.  Therefore,  tie  greateji  force  of 
■percuffton  is  that  which  obtains  at  the  moment  iiihen  the  imprejfwi  is 
a  maximum. 

350.  The  force  of  percuflion  in  any  inftant  of  the  (hock  is 

p  ^  _Ai*£_.  Making  then  /"/S  « =1,  and//3  a  =/,  which  will 
maker  (art.3450  =f  A->  ^""^  introducing  this  value  of /"for 
it  in  the  value  of  P,  it  becomes  P=  ,-„"/■■'.  .;=-s-^,-f-f-- 

Laftly,  fubftituting  for  f,  in  this  equation,  its  final  value  ia 
art.  347.  we  thenceobtain 

_j_.        4 /S  j-m  (X.  (W— a))'-}-(l^/— '"<')  •  {"-V^") 

Here  it  muft  be  remarked,  that  although  we  have  ufed  that 
value  of  J  which  fuits  the  greateft  imprefllon,  yet  as  f  is  con- 
ftant,  the  value  of  P  would  refer  not  lefs  to  any  other  inftant 
of  the  ftiock.  As  x  and  z  are  introduced  by  the  fubftitution, 
of  f.,  they  are  coftftant,  and  exprefs  the  greateft  depths  of  im- 
preffion :  thus  there  are  no  other  variable  quantities  in  the  value 
of  P  than  )3  and  b.  / 

351.  When  the  body  ftruck  is  immoveable  we  have  /*  =  ooj 
w=o,  and  ^=0.  And  if  we  fuppofe  moreover  that  the  body 
ftruck  is  fufficiently  hard  to  receive  no  impreffion,  then  will 
1=6,  and  x—O  ;  whepce  we  (hall  find  in  this  cafe 


i 

:aking  h  the  height  du 
f  for  the  gravity,  o'cf- 

value  of  P  become  P=Agm  {h+z)  —  ■.^^"'  (&+zJ;yhence 


35^2.  Here  alfo,  taking  h  the  height  due  %q  the  velocity  W, 
or  W^=2j-/5,  and  f  for  the  gravity,  oxf=gm;  then  will  the 
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flows  this  proportion,  P  :/:  :^-^  {h-\-z)  -.gm  •.:  —  {h+z)  :  i. 

jiiftd  this  is  the  relation  of  the  pereujftve  to  the  gramtafing force. 

353.  Retaining  always  the  immobility  of  the  body  ftrucfcj.if 
the  impinging  body  is  fufceptible  of  impreffion,  the  equation 
which  furnifhes  the  value  of  die  force  of  percuffion  will  be 


^=^gm-y^l-j^{h+.^^) 


whence  it  appears  that/:  P  :  :  i  :      _f^ .  (A+aj+z}. 

If  when  the  body  ftruck  is  immoveable  we  have  very  nearly 
^  =  /3, 1  =  f,  and  Ar=z,  then  will  P  =  f7(4ff«W='+2/z);  upA 
when/ is  gravity,?  =  ^-^  {h-\-2z):  fo  that,  in  this  cafe,  the 
'  percuffion  will  be  to  gravity  as  ^  (A+a  z)  to  unity. 

354.  When  two  very  hard  bodies,  as  two  of  iron,  for  ex- 
ample, are  made  to  flrike  one  another,  the  impreffion  i  which 
is  made  in  each  is  nearly  infinitely  fmall  with  refpe£fe  to  4  ^ 
((6  +  2  z) ;  therefore,  in  this  cafe,  the  force  of  percuffion  is 
almoft  infinite  with  refpeft  to  gravity.  Take,  for  example,  the 
Jlroke  of  a  hammer  on  an  anvil:  fince  /'  reprefents  the  magnitude 
of  the  impreffion,  which  muft  vary  as  the  produft  of  ^  into  a 
quantity  proportional  to  its  depth,  which  we  know  by  experi- 
ence to  be  extremely  fmall ;  we  may  fuppofe  i=&—,  ai  expreff- 
ing  any  number  whatever,  fuch  that  —  is  lefs  than  the  depth 

of  the  impreffion,  fuppofed  lefs  extended  at  the  bottom  than  at 
the  furface.-  This  depth  when  it  is  at  the  greateft  cannot  fairly 
exceed  the  tto^^  °^  -12-5^^  of-a  foot.  Subftituting,  therefore,  for 

i,  its  value  — ,  the  force  of  gravity  will  be  to  that  of  percuffion  as 

I  :  /3  (A  +  2  2)  -; ,  or  as  I  :  ^  (-^"ha  ==}>  or,  fihailly  (neg- 

le£ting  2  z  becaufe  of  its  extreme  minutenefs),  as  i  :  ^uh. 
i^ow  if  the  velocity  of  the  hammer  be  equivalent  to  that  which 
would  be  acquired  by  falling  freely  10  feet,  we  fliall  have  h  — 
10,  and  making  w=  1 2000  only,  there  will  refult  4  cti h—6ooooi 
that  is,  the  weight  of  the  hampier  will  be  to  the  force  of  per- 
cuffion as  I  to  60000.  Thus  the  efiedl  of  the  hammer  is  at 
leaft  equivalent  to  what  would  be  caufed  if  at  the  fame  point 
where  tbeJalow  was  directed  a  weight  were  laid  Jixty  theufiind 

X  2 
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times  as  great  as  that  of  the  hammer.  This  will  fufBce  to  fliow 
the  prodigious  effefts  of  the  force  of  percuffion,  even  with  fo 
moderate  a  velocity  as  that  due  to  a  free  defcent  through  lo 
feet. 

355.  The  duration  of  the  _^ock  is  an  interefting  particulai*,  to 
the  determination  of  which  we  may  now  proceed  :    Now  we 

found  (artr  337.) /= -i^,  and  (art.  340.)  the  equation  u  — 
v=±  C  wTlT.  +  »(f^/-"'^)-,C^+^).  _  iWnU/My,  And 
if  we  put  for  k  — v  in  the  lirll  equation  its  value  in  the  fecond, 
at  the  fame  time  making  '^  t^TtH  _  ^^  fyf  _  ^^y  __  ^^  ^^^j 

LM^:ifl=l  we  fhall  have  i  =  — ^±4 ;=-^x  :  att 

equation  the. integration  of  which  will  depend  upon  the  value 
-  of  j3,  and  the  relation  of  x  and  z. 

We  may  at  firft  fuppofe  x—o,  and  x=-o ;  then  will  the  equa- 
tion become  t  = ^-, .     We  may  alfo  imagine  x  = 

±(y+ia-E/i2a)i:  ,  * 

z,  and  then  will  i  — — —.      Now  it  is  manifeft 

that  by  finding  the  fluents  in  this  fecond  hypothefis  folely  we 
may  readily  infer  the  valiie  of  t  in  the  firft  ;  it  will  merely  be 
neceflary  to  take  half  the  term  which  contains  5,  and  after  that 
to  take  half  the  value  oi  t. 

The  value  of  /3  depends  on  the  figure,  the  difpofition,  and 
the  reciprocal  hardflefs  of  the  ftriking  bodies.     So  that  we  may 

conceive  J  ^  z  equal  to  any  funiEtion  of  z  with  conftant  quanti- 
ties ;  for  although  it  is  not  poffible  that  this  fuppofition  can 
fuit  all  bodies,  yet  wc  may  always  determine  to  what  bodies  it 
may  be  accommodated. ,   ^ 

Suppofing  then  J  j3  z^  =  Cz';C  being  a  conflant  quantity,  we 
have  t  =      -  ~2  ~  ,   /  y       s'       S'      zTk       \1  • 

in  which  we  have  added  --7-  —  ^— „  =  o,  to  the  denominator,  iii 
order  that  its  three  laft  terms  with  their  figns  changed  fhould 
form  a  complete  fquare.    Making  "7^+77;^  =  R-S  we  obtain 
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after  a  little  reduaion  i=^^ , "\        =  ~~  .. 

L        ^  R      RtC''  J 

Now  it  is  known  that  if  a?  be  an  arc  of  a  circle  wliofe  radius 

il- 
ls unity,  and  s  its  fine,  we  have  lUniverfally  x  =  — =r=r  j   and 

that  the  fluxion  of  the  fupplement  of  *•  is  equal  to  - 


-V'  I  —  *» 

Hence,  the  laft  value  of  t  exprefles  the  produfl:  of  -7~^  into 

the  fluxion  of  an  arc  of  a  circle  whofe  radius  =  i ,  and  fine  = 

*R  "~  rTc'  ^^  ^"^°  '^^  fluxion  of  the  fupplement  of  that  arc, 

according  as  the  denominator  of  the  fecond  member  ha$  the 
pefitive  or  the  negative  fign.     Thus  then,  the  fluentS'  of  this 

equation  will  be  *  =  -r-^  arc  fin.  (,-^  ~'r7c)-  +  ^• 

To  determine  the  conftant  quantity  M  it  muft  be  remarked 
that  when  ^=o  the  depth  of  impreflion  z=o  alfo  •■,  in  this  cafe, 
therefore,  obferving  that  negative  fines  anfwer  to  negative  arcs, 

we  havp  -7-7;  arc  fin.  -5-r7;+M=o,  or  ]^I=— ^  arc  fin.  -^r-^' 

Thus  the  value  pf  t  is 

•    t=^   ,    „.  fare  fin.  (  —  —  -——)+ arc  fin. -1. 

5  v/  '  c     L  \  R       R  t  c '  K  I  c  J 

Hence,  reftoring  the  values  of  y,  §,  and  f,  we  have 
*  =    1 7^~, — JL — r  '  fare  fin.  {-^  —  „  ,7  ,     ,    J  +  arc  fin. 

ixf—mif.  r, 
,  RCjCm+^O-l' 

This  is  the  valjie  of  t  when  the  pofitive  fign  is  taken  to  the 
denominator  of  the  fecond  memter  of  the  preceding  fluxional 
equation  ;  and  it  then  exprefles  any  time  elapfed  from  the  com- 
mencement of  the  {hock  to  any  inftant  previous  to  the  greateft 
impreflion.  To  have  the  time  which  elapfes  from  the  com- 
'/  mencement  of  the  fliock  up  to  the  inftant  after  the  greateft  im- 
reflion,   we    muft   tak,e,   inftead    pf  the  expreffion  arc  fin. 

Clr~^cf(^l.))'  »'*  fupplement,  that  is,  -g  -  arc.  fin.  {y^  - 


'-J-^ 
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k c"  (w4-   i^*  *  reprefenting,  as  heretofore,  yi^\l<)2  the  fferal- 
circumference  to  radius  i.    Hence,  for  the  latter  cafe,  we  have 

lj.f—m  ip 
R  C  g  (?n  -|-  (u.) ' 

Thefe  two  exprcflions  for  the  time  ought  to  be  equal  for  the 
inftant  of  the  greateft  impreffiori  :  we  have,  thttefore,  for  tha.t 

inftant 4  .r  =  arc  fm.  (-r -RCe(.»  +  f.)  )• 

Subftituting  this  value  in  either  of  the  preceding  equations 
for  t,-We  fhall  have  for  the  time  from  the  commencement  of  the 
fhock  to  the  inftant  of  greatef  impreffton 

^    ,   T-T  .  (4-  ir  +  arc.  fin.  -stt-t — i — n  )• 

In  bodies  perfeBly  elq/lie  the  impreflion  diminiflies  till  2=0  ; 
fubftituting,  therefore,  this  value  of  z  in  the  fecond  equation  for 
the  time,  we  have  for  the  whole  duration  ofthejhoch  in  fuch  bodiei 

/      zmu.  ij.f—m.if 

f^    I TT-, — i — ^     v'l-T'l  arc  fin.  tttt-; — t~-t)- 

^  CjCm  +  ^t)      \.      1  *  ^      RCe(m  +  ^)'' 

Whence  it  appears  that  the  whole  time  is  doiMe  that  which 
elapfes  from  the  commencement  of  the  fliock  to  the  inftant  of 
greateft  impreflion  :  thus  fhewing  the  exaftnefs  of  the  laft  con- 
dition in  the  definition  of  perfe£i:  elafticity  (art.  329.) 

In  bodies  -uoid  of  elafticity,  the  total  duration  of  the  fliock  is 
equal  to  the  time''  which  elapfes  between  the  commencement  of 
the  fliock  and  the  inftant  of  greateft  impreflion. 

If  the  bodies  are  not  fubjedted  to  the  operation  of  .any  a£live 
power,  we  havey=o,  and  (p=o  :  whence  the  tvhole  duration  oi 

the  fliock,  for  non-elaflic  bodies  will  be  t=i  it     f  -pr-7—T—x  >   and 

for  elallic  bidies  tz=.i(     I  -      '"^, — - . 

The  quantity  R  which  contains  the  initial  velocities,  not 
entering  either  of  thefe  expreflTions,  we  fee  that,  when  no  a£live 
power  animates  the  bodies,  the  time  of  duration  »f  the  pock  is 
always  the  fame  {c2£t.  par.),  tvhaieverare  the  initial  velocities. 

The  value  of  R  is,  as  we  have  feen, 

R=     /  y  ■!_      ^'        _  fimi4.(,W-w)'        fH-f-'"<fy\^ 

Now  if  W  be  =  o,  and  w  =  0,  that  is,  if  the  bodies  are 
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merely  aftuated  by  powers,  the  value,  of  R  will  become  R  =; 
c^(m+  )'  Subftitutirig  this  value  in  the  exprefljons  for  the 
whole  time,  th^y  will  become. 

For  non-elastic  bodies  /:=  */  — -— — ; — -  (I'li+arc  sin,  (i)  )  =  b  »/  — - — —■ : 

For  elastic  bodies  <  =  a  ir  a/  -t; — ; — \ — r . 

Here  it  will  be  obferved  that  fin.  (i)  =  radius,  and  arc.  fin. 
(i)  =  90°.  Hence  it  follows,  ifl:,  That  the  duration  of  the 
fliocks  when  the  bodies  are  only  aftuated  by  powers,  or  acce- 
lerating forces,  without  initial  velocities,  is  double  the  duration 
©f  the  (hock  when  they  only  move  with  certain  velocities.  2dly, 
That  the  value  of  thefe  powers  or  accelerating  forces,  not  en- 
tering the  equations  abpve,  the  duration  of  the  ftiock  is  the 
fame,  whatever  are  the  powers  or  accelerating  forces  which  aft 
upon  the  bodies.  It  muft  be  recolledted  though,  that  the  acce- 
lerating forces  are  fuppofed'cbnftant. 

3C6.  The  quantities  C  and  p  which  enter  the  preceding 
equations  being  embarrafiing  in  the  computation,  it  Will  not  be 
improper  to  find  values  of  /  which  do  not  contain  thofe  quanti- 
ties, and  by  means  of  which  we  may  deduce  the  value  of  t 
immediately  from  experiments. 

Let  X  be  the  greateft  depth  of  impreffion;    then,  becaufe 

y"|3  z=C  2',  we  have  CX^=i ;  and  from  the  hypothefis  of  «  = 
z  we  have  d  =  - — '— — — ;    .Ay, — - — ■—  ;  wlience  we  find 

(m+^)  giC=2— ^-^ '-^^ .    We  have  alfo 

Multiplying  the  two  terms  by  C  j  (/w  +  f<,)V,  fubllitutihg  for 
C  §  {m  +JM,)  its  value,  reducing  the  whole  to  a  fra<£iion,  and 
extracting  the  roots,  we  fliall  have  at  length 

RC  f  («+^)=->iii5^^t!^>. 

Subftituting  thefe  values  of  RC  g,  and  of  C  f,  in  the  pre- 
ceding values  of  /,  we  have,  for  non-eliiftic  bodies, 

X(m/-mti \ 
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And  for  petfeHly  elajiic  bodies, 
'=    /  -, Tzr, n — ^rr-7 x  ■  K'^  +  2  arc  fin. 

^  m  IX  (_W-mf-\-X  it^f-m  9)/ ' 

In  t}iefe  equations  neither  C,  0,  nor  R,  is  to  be  found ;  fo 
that  they  comprife  merely  fuch  quantities  as  refult  at  once  from 
experience. 

When/'=o,  and^=o,  the  preceding  equations  become,  for 

■v 

non-ela/iic  bodies  t=      _    ;  for  elaJlic  bodies  t 


It  rauft  be  obferved  that  in  the  equation  t=T^ —  the  differ- 
ence W  —  w  may  remain  the  fame,  though  the  abfolute  values 
of  W  and  i«"vary-,  fo  that  this  equation  by  no  means  contra- 
difts  the  obfervation  made  in  the  preceding  article,-  that,  when 
th?  accelerating  forces  vanifli,  the  times  are  independent  of  the 
initial  velocities. 

If  the  bodies  are  only  animated  by  ppvi^ers,  or  only  aft  by  mu- 
tual prefTure,  then  are  W  ^oand'zt^^O;  and  the  values  of/  become 

t—tt  ——- — ,  and  t  =  z  'n:  /-^^ —  :  if  the  body  ftruclt 
is  immoveable,  thefe equations  become  t  =t  /~7~  j  and  t  = 
^Tf     /  ~Y'     ^^  ^^  fuppofeytobe  gravity,  then  f=gm,  and 

i='f    /—,  or  t  —  zif  I  —,  in   the  refpeftive    cafes  of  non- 

elaftic  and  elaftic  bodies. 

Retaining  the  hypothefis  of  the  immobility  of  the  body  ftruok, 
we  have  /i=:  so  ,  and  of  confequence  w=o  ;  then  virill  the  ex- 
preflion  for  the  time  of  greateft  impreffion  become 

y2  m  X'  /  /x         \ 

If  the  ftriking  body  is  moved  by  gravity,  h  being  the  height 
due  to  the  velocity  W,  we  have  "^=2-^  h,  Sind/=:^  m.  Sub- 
ftituting  thefe  values  ,ofW"  and/for  them,  there  will  refult 

^~   /-r— ^": ■  (■^Ti'+arc  fin.  ,  .  „Y 

When  X  is  extremely  fmall  with  refpe£b  to  h,  this  equation 

will  become  /  =  j^^ .      This  theorem  would  apply  to  the 

cafe  of  a  hammer  ftriking  on  an  anvil. 
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-  357.     In  a  fimilar  manner  we  may  find  thd  time  in  which 
the  greateft  impreflions  are  formed,  on  the  fuppofition  that 

»;=o,  and  x—o:  for,  we  have  feen  (art.  355.)  that  in  order  to 
this   we  muft  take  the  half  of  the  term  multiplied  by  J  ^ 

—, , .  and  then  to  take  half  the  value  of  / ;  thus  we  fliall 

have 

/=    / -psr ^i''^--7 — 1 — -■ — r^  •  Tt  *  +  arc  fin- 

(ft/— m  ip)  X  N 

mn.(W-  a,)'4-(f*/— mi),)Xy' 

Theraethod  will  be  the  fame  for  every  other  cafcj  by  find- 
ing the  fluents  of  the  general  equation, 


^=- 


\^^Xf     .^Y^    (>^/-""l')'^+^)-('"+(^)g/^»  -1^' 


,     We  have  found  (art.  340.)  the  equation 

m  It-  {u—  v)—{y,f—m  f  —  m-\-f^  •  P)  t; 
if  in  this  equation  we  fuppofe  P  conftant,  its  fluent  will  be  »«  ft 
{u  —  v)=[^Lf—m  (p—m^  •  F).t-\-F ;  when/  =  o,  «  =  W, and 
v=iu,  whence  we  have  then  w  jo.  {W  —  iv)  =  F,  and  confe- 
quently  m  fi^  (u—v  —  W— w) = (]«./- mf  —  m+^  .  P)  /,  or, by  divi- 

Con,  t="'i^^"-''~^-''K  Attheinftantofthcgreateftimpref- 

fi/— miji— >n-(-(A.P 

mfi  (W— ?ti) 

Son  u  —  v=:o,  and  the  equation  becomes  t= — p- >— — — . ;- 

If  the  body  {iruck  is  immoveable,  p  =  «> ,  w=o,  and  tp—o ; 

wherefore  /  =  ■p_  .. 

When/=o,  and  ip=o,  then  t  =    ^^^^^  p     :  and  if  f^  =  m  , 

and  TV  =0,  t=-^. 

In  thefe  equations  the  value  of  P  may  be  found,  as  in  arts. 

350  —  355. 

358.  The  application  of  the  preceding  calculus  depends  prin- 
cipally on  the  determination  of  the  impreflion  :  and  this  deter- 
mination is  fometimes  attended  with  difficulties.  For,  not- 
wifhUanding  that  many  authors  have  fupp'ofed  that  the  figure 
of  the  impreflion  is  generally  thefame  as  that  of  the  impingmg 
body,  it  is  manifeft  that  this  fuppofition  will  not  be  accurate 
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with  regard  to  hard  and  tenacious  bodies.  In  a  grest  nomber 
of  thefe  latter  the  amplitude  of  the  impreffion  is  always  much 
'  the  largeil  -,  for  the  parts  contiguous  to  the  furface  of  eonta£i, 
being  not  eafily  detached  from  the  neighbouring  parts,  yield  to 
the  impulfion  at  the  fame  time  that  this  furface  carries  before  it 
thofe  which  touch,  and  fo  on  fucceffively.  Hence  the  diameter 
of  the  aSual  impreffion  is  always  greater  than  the  diameter  of 
tlie  firrface  of  contact ;  fo  that  it  is  dificult  to  obtain  an  exafX 
meafure  of  the  real  impreffion. 

This  remark,  however,  true  as  it  is,  cannot  be  applied  to  a^ 
cafes  without  fome  r^jodification  j  becaufe  there  are  fome  forms, 
ofthe  impinging  body,  fuch  as  the  fpherical,.and  cor^vax  forms, 
in  general,  which  greatly  diminifh  this  excefs  of  the  diameter  of 
the  impreffion  over  that  of  the  furface  of  conlaft:  indeed  this 
ejjcefs  may  often  be  confidered  as  entirely  vanifhed,  when  the 
body  ftruck  is  not  of  an  extreme  hardnefs  and  tenacity. 

359.  It  will  appear,  from  the  pejrufai  of  this  chapter,  that  the 
theory  is  made  to  flow  from  fa(3:s  adverted  to  in  art.  329.  and 
ferves  for  their  explication.  We  hence  fee  that  when  we  knovtr. 
the  pbyfical  circumftances  of  a  percaffion  we  may  always 
affign  an  equivalent  preilure,  which  will  put  it  in  equiltbrio. 
it  is  not,  therefore,  abfurd  to  fay  that  we  can  weigh  or  balance 
the  blow  of' a  mafs,  or  the  ftroke  of  a  hammer;  it  is  folely  ne- 
CefTary  to  obferve  that  the  ftroke  of  a  hammer  or  other  mafs  is 
not  an  abfolute  weight,  but  that  fuch  weight  depends  on  the 
bardnefi,  the  form,  and  the  nature  of  the  bodies  ftriking  ancj 
ftruck.  Thus,  in  geaeralj  when  a  reflflance  of  prefTure  is  equi-< 
valent  to  a  very  confiderable  weight,  it  will  refift  the  ftiock  of  a, 
mafs  whofe  weight  is  fmall  in  comparifon  v/ith  the  former)  anci 
of  which  the  velocity  is  that  due  to  a  moderate  height. 

360.  It  has  been  all  along  fuppofed  that  the  direflion  of  the 
ftroke  is  the  fame  as  that  of  the  motion  :  but  this  is  far  from  be- 
ing always  the  cafe ;  and  when  it  is  not  the  impadl  is  called 
oblique.  To  confider  this  in  its  utmoft  extent  would  carry  ns 
very  far  indeed  :  but  we  have  not  room  for  a  particular  invefli- 
gation.  We  fiiall,  therefore,  juft  mention  two  or  three  general 
iads  already  proved  ;  and  from  them  deduce  a  few  eafy  cafesa' 
Thefe  fafls  are :  ift.  That  the  a6tions  of  bodies  on  each  other 
depend  upon  their  relative  motions,  zdly.  That, the  motiori  of 
the  common  centre  is  not  changed  by  the  collilion.  By  thef^ 
■we  can  reduce  all  to  the  cafe  of  a  body  in  motion  ftrikitig 
another  at  reft.  Now  the  relative  motion  may  be  deter-' 
rained  by  the  conftruGion  in  art.^a  19.  and  to  this  muft  be  fuper- 
added  the  common  motibn  which  changes  the  relative  into-  the; 
true  motions.    , 

If,  for  example,  two  bodies  A,  B,  (fig.  2-  pi.  XV.)  defcribe 
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the  lines  AD,  BD,  and  mjeetin  D,  the  collifion  is  the  fame  as 
if  B  had  remained  at.  reft,  ?nd  A  had  ftruck  it  with  the  direc- 
tion and  velocity  AB.  In  the  mean  time,  the  common  centra 
of  inertia  has  defcribed  CD  with  a  uniform  velocity,  which  at 
the  end  of  an  equal  portion  of  time  will  carry  it  to  c,  CD  being 
=D  c.  If  the  bodies  are  non-elaftic  they  remain  together,  and 
will  proceed  along  D  f ;  their  common  velocity  being  reprefented 
byPf,  while  AD,  BD,  reprefents  the  individual  velocities  of 
A  and  B  previous  to  the  impafl:.'  If  the  bodies  pre  imperfe£t:l-jr 
elafliic,  draw  through  c  the  line'  a  h  parallel  to  AB ;  make  AG 
tooc,  as  the  force  of  compreffibn  to  the  force  of  reftitution, 
with  regard  to  the  body  A;  and  make  BC  to  if  as  the  force 
of  compreflion  to  the  reftitutive  force,  relatively  to  B;  join 
Da,  D  ^,  and  thofe  lines  will  be  the  paths  of  the  bodies  after 
collifion.  If  the  bodies  are  perfc£Uy  elaftic,  make  f  i=;CB,  ac 
= AC ;  and  D  a,  ij)^,  will  be  the  paths  of  the  bodies.  If  AB 
be  perpendicular- tjb  Cc,  then  will  angle  ADC=aDr,  and 
BDC=^Df.  And  in  a  fimilar  way  it  naturally  follows,  that 
if  a  body  A  perfeftly  elaftic  impinges  upon  a  perfe£Hy  hard 
plane  C  c^  in  the  direction  A  D,  it  will  rebound  from  D  in  fuch 
a  line  D  a,  that  the  angles  of  incidence  and  rejleiiian  ADC,  a  D  f, 
Jhall  be  equal, 

361.  On  this  Jatter  principle  depends  the  folution  of  the  proi- 
blems  often  propofed  relative  to  the  game  of  billiards :  the 
reader  may  take  the  following  as  a  fpecimen. 

To  find  in  -what  points  C,  D,  on  the  tivojides  KL,  LI,  sf  a  rect- 
angular billiard  table,  an  elaflic  ball  placed  at  B  mujl  Jlrike,  fa 
that  it  may  hit  a  ball  placed  at  A,  after  a  double  reflexion. 

From  the  point  A  (fig.  3.  pi.  XV.)  draw  AH  perpendicular 
to  IL,  and  produce  it  till  IH=IA  :  parallel  to  LI  draw  HF, 
and  make  it  equal  to  2GH,  the  point  G  being  in  KL  produced. 
Join  the  points  F,  B,  by  a  right  line  cutting  KL  in  C,  and 
join  the  points  C,  H,  by  a  right  line  ^cutting  LI  in  D ;  then 
fhall  C  and  D  be  the  points  required,  '  For  the  angles  ADI, 
CDL,  are  each  equal  to  IDH,  and  the  angles  FCG,  GCH, 
each  equal  to  BCK ;  whence  the  truth  of  the  conftriiftion  is 
obviou-s. 

After-  methods  flightly  varied  might  feveral  entertaining 
problems  be  folved:  but  fuch  great  limplicity  is  not  to  be 
expelled  in  many  of  the  cafes  of  oblique  collifion  which  ac- 
tually occur.  We  fhall,  therefore,  conclude  this  chapter  with 
a  general  propofition  (from  Dr.  Robifon),  by  means  of  which 
the  different  motions,  whether  progreffive  or  rotatory,  may  in 
general  be  determined  without  much  trouble ;  and  which,  in 
fadl,  requires  merely  a  combination  of  fome  of  the  principles 
already  exhibited  in  the  preceding  and  prefent  chapters. 
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36a.   Let  the  body  A  (fig.  4.  pi.  XV.),  niavlfig  ivith  the  velocify 

V  in  the  direSlion  AD,  Jfrihe  the  body  B  at  rejl  ;  to  determine  the 
cireumjiances  refultitig  from  thejhock. 

Let  F  be  the  point  of  mutual  contaft,  and'AFH  a  plane  , 
touching  both  bodies  in  F.  .Draw  AFP  perpendicular  to  this 
tangent  plane,  and  through  G,  the  cetitre  of  pofition  of  B, 
draw  PGC  perpendicular  to  FP,  and  GI  parallel  toFP.  Let 
C,  in  the  line  PG,  be  the  fpontaneous  centre  of  tonverCon 
correfponding  to  the  point  of  percuffion  F.  Join  CF.  Let  the 
dire£l:ion  cut  the  tangent  pl^ne  in  JI,  and  PF  in  A ;  and  let 
AH  reprefent  the  velocity  V,' 

The  impulfe  is  made  at  the  point  F,  in  the  direftion  AF  or 
FP  ;  and  the  centre  of  inertia  of  the  body  B,  will  ^advance  in 
the  direftion  GI,  parallel  to  FP,  the  dire(^ion  of  the  efFeftive 
iftipulfe.  But,  becaufe  this  does  not  pafs  through  the  centre 
G,  the  body  will  advance,  and  will  alfo  turn  round  an  axis 
paffing  through  G,  perpendicular  to  the  plane  of  the  lines  GP, 
PF,  and  the  fpontaneous  axis  of  converfion  will  pafs  through 
fome  point  C  of  the  line  PG,  and  will  alfo  be  perpendicular  to 
the  fame  plane.  Complete  the  parallelogram  AFHE.  It  is 
plaia  that  the  motion  AH  is  equivalent  to  AE  and  AF.  By 
'  thd-'motion  AE,  A  only  Aides  along  the  furface  of  B  without 
preflin'g  it,  or  csfufing  any  tendency  to  motion  in  that  direftion, 
except  perhaps  a  little  arifing  from  fri^ion.  It  is  by  the  mo- 
tion AF  alone  that  the  impulfe  is  made.     Therefore  let  n  be  = 

V  X  -7^,  J  and  then  A  x  ■e'  may  be  called  the  efficient  impulfe  of  the 

body  A  in  the  prefent  clrcumflances,  and  v  the  eff.cient  vekcity. 
This  will  be  diminifhed  by  the  coUifion.  Let  x  be 'the  unknown 
velocity  remaining  in  A  after  the  collifion,  or  rather  in. the  in- 
,flant  of  the  greatefl  compreflion  and  common  motion  of  the 
touching  points  ai  A  and  B,  eftimated  in  the  diredtion  FP.  The 
efteftive  momentum  loft  by  A  muft  therefore  be  Ax  [v  —  x); 
but  the  fame  muft  be  gained  by  B,  arid  its  centre  G  muft  move 
in  the  direQioh  GI,  parallel  to  FP,  with  this  momentum ;  and 

therefore  with  the  velocity 1 — —.      That  this  may  be  the 

cafe,  the  point  of  percuffion  F  muft  yield  with,  the  velocity  x, 
becaufe  the  bodies  are  in  contadl.  But  becaufe  C  is  the  fpont 
laneous  axis  of  converfion,  every  particle  is  beginning  to  defcribe 
an  arch  of  a  circle  round  this  axis.  Therefore  F  is  beginning 
to  move  in  the  direftion  F  g^  perpendicular  to  the  momentary 
radius  veftor  CF.  Let  F^  be  a  very  minute  arch,  defcribed 
in  a  moment  of  time.  Draw  gf  perpendicular  to  FP.  Then 
F_/  is  the  motion  V  g  reduced  to  the  diredion  FP,  and  will  ex- 
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prefs  the  yielding  of  B  in  the  direftion  of  the  impulfe,  while  G 

defcribes  a  fpace  equal  to 1~   >  ^nd  A  defcribes  a  fpace  x. 

Therefore  F^  will  exprefs  x.  LetP/>  he  the  fpace  defcribed 
in  the  fame  time  thatFg-  is  defcribed.  Draw/i  C,  cutting  GK 
in  the  point  I.    GI  is  the  yielding  of  the  body  B  to  the  impulfe, 

and  muft  therefore  be  equal  to ^. — —. 

The  triangles  F/^  and  CPF  are  fimilar;  for  the  angle  CFP 
'is  the  complement  of  jT F^  to  a  right  angle :  it  is  alfo  the  com- 
plement of  PCF  to  a  right  angle.  Therefore  F^ :  F/: :  FC  r 
CP,  But  F^:P/>::Fq:CP;  becaufe  the  little  arches  F^, 
V  p,  have  the  fame  angle  at  C.  Therefore  P/)=F/,  —x.  It 
is  plain,  that  C  Q :  C  P  :  :  G I :  P/>.      Therefore  C  G  :  G  P  :  : 

AX(o— *)  J  AxCo-j-VxCP  AxCP 

— T—  = "'  ^^  "= ^BlTcS— '  or  ^  =  ^  X  ^-  -  - 

4.XCP 

X  X  ',^,;-';  wherefore  xx  Bx  CG  +  ArxAxCP=^x  A 
xCP,  and  xxBx,  CG  +  A x CP  =  w x  A x CP,, and  x=vx 

AxCP  .  * 

BxCG+AxCP  ~  the  velocity  remaining,  ill  A,  eftimated  in  the 

direction  FP. 

And  «,  the  velocity  with  which  G  will  advance,  is*-;^  ; 

for  CP  :  CG  :  :P/>  :  GI  : :  AT  :  «.  It  is  evident  that  A  will 
change  its  dire£tion  by  the  collifion  :  for  in  the  inftant  of  greCat- 
eft  compreffion  it  was  readied  on  by  a  force  =A  .  {v  —  x)  in  the 
direSion  FA.  This  muft  be  compounded  with  A  x  V,  in  the 
direction  AH,  in  order  to  obtain  the  new  motion  of  A ;  or  It 
may  be  found  by  compounding  x,  which  is  retained  by  A,  with 
FH,  which  has  fulFered  no  change  by  the  collifion-  The  bodies 
will,  therefore.,  feparatcy  although  they  be  unelaflic.  If  they  ax? 
perfeftly  elaftie  we  double  thefe  changes  in  each. 

If  B  was  alfo  in  nuition  before  the  colIiGon,  the  motion  of  A 
muft  be  refolved'into  two,  one  of  which  is  equal  and  parallel 
to  the  motion  of  B ;  and  the  other  muft  be  employed  in  the 
iiXDS.  manner  as  AH  in  the  preceding  part  of  this  article. 


(     SI8     ) 
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On  the  Motion  of  <Machmes^    and  their  Majnimum 

EffeBs, 

363.  When  forces  afting  in  contrary  direftionsj  or  in  any 
fuch  diredlions  as  produce  contrary  efFe<9:s,  are  applied  to  ma- 
chines, there  is,  with  refpeft  to  every  fimple  machine  (and 
of  confequence  with  refpeft  to  every  combination  of  fimple 
machines)  a  tertain  relation  between  the  powers  and  the  di- 
ftances  at  which  they  aft,  which,  if  fubfifting  in  any  fuch 
machine  when  at  reft,  will  always  keep  it  in  a  ftate  of  reftj  or 
of  7?a^?Vflr  equilibrium  (art.  28;);  and  for  this  reafon,  becaufe 
the  .efforts  of  thefe  powers,  when  thus  related,  with  regard  to 
magnitude  and  diftance,  being  equal  and  oppofite,  annihilate 
each  other,  and  have  no  tendency  to  change  the  ftate  of  the 
fyftem  to  which  they  are  applied.  So  alfo,  if  the  fame  machine 
have  been  put  into  a  ftate  of  uniform  motion,  whether  reftili:- 
near  or  rotatory,  by  the  aftion  of  any  power  diftin£b  from  thofe , 
■<ye  are  now  confidering,  and  thefe  two  powers  be  made  to  adl 
upon  the  machine  in  fuch  motion  in  a  fimilar  manner  to  that 
in  which  they  aded  upon  it  When  at  reft,  their  fimultaheous 
aftion  will  preferVe  it  in  that  ftate  of  uniform  ipotion,  6r  of 
dynamical  equilibrium  (art.  28.)  -,  and  this  for  the  fame  reafon 
as  before,  becaufe '  their  contrary  eiFefts  deftroy  each  other, 
and  have  therefore  no  tendency  to  change  th&Jiate  of  the  ma- 
chine. But,  if  at  the  time  a  machine  is  in  a  ftate  of  balanced 
reft,  any  one  of  the  oppofite  forces  be  increafed  while  it  con- 
tinues to  a£t  at  the  fame  diftance,  this  excefs  of  force  will 
diftnrb  the  ftatical  equilibrium,  and  produce  motion  in  the 
machine ;  and  if  the  fame  ejccefs  of  force  continues  to  adl  in 
the  fame  manner  it  will,  like  every  conftant  force,  produce  aa 
accelerated  motion ;  or,  if  it  ftiould  undergo  particulir  modi- 
fications when  the  machine  is  in  different  pofitions,  it  may  oc- 
cafion  fuch  variations  in  the  motion  as  will  render  it  alternately 
accelerated  and  retarded.  Or  the  different  fpecies  of  refiftance 
to  which  a  moving  machine  is  CubjeSed,  as  the.  rigidity,  of 
lopes,  fridion>  refiftance  of  th«  air,  &c.  may  fo  niodify  a 
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motion  as  to  chaiige  a  regutar  or  irregular  variable  motion  into 
one  which  is  uniform. 

364,  Hence,  then,  the  motion  of  machines  may  be  confi- 
4ered  as  of  three  kinds,  i.  That  which  is  gradually  accelerated, 
which  <:&tains  commonly  in  the  firft  inilants  of  the  communi- 
cation. 12.  That  which  is  entirely  uniform.  3.  That  which 
is  alternately  accelerated  and  retarded.  Pendulum  clacks,  and 
machines  which  are  moved  by  a  balance,  are  related  to  the 
third  clafs.  Moft  other  machines,  a  fliort  time  after  their 
motion  is  commenced,  fall  under  the  fecond.  Now  althougli 
the  motion  of  a  rhachine  is  alternately  accelerated  and  retarded, 
it  may,  notwitiiftMiding,  be  meafured  by  a  uniform  motion^ 
b€cai4«  of  the  periodical  and  regular  repetition  which  may  exift 
in  the  acceleration  and  retardation.  Thus  the  motion  of  a 
fecond  pendulam,  confidered  in  relation  to  a  (ingle  ofcillation, 
is  accelerated  during  the  iirfl:  half  fecond,  and  retarded  during 
the  fecond:  but  the  fame  motion  taken  for  many  ofcilktions 
may  be  conddered  as  uniform.  Suppofep  for  example,  that 
the  extent  of  each  ofcillation  is  five  inches,  and  that  the  pen- 
dulum has  made  ten  ofcillations :  its  total  effei^  will  be  to  have 
run  over  50  inches  in  10  feconds ;  and,  asnhe  fpace  defcribed 
in  each  fecond  is  the  fame,  we  may  compare  the' effect  to  <that 
produced  by  a  moveable  which  moves  for  10  feconds  with  a 
*efc»city  of  5  inches  per  fecond.  We  fee,  therefore,  that  the- 
theory  of  machines  whofe  motions  are  uniform  conduces  na- 
turally to  the  eftimatlon  of  the  efFefts  produced  by  machines 
whofe  motion  is  alternately  accelerated  and  retarded :  fo  that 
the  problems  comprifed  iij  this  chapter  will  be  direfted  to  thofe 
Knachines  whofe  motions  fall  under  the  firft  two  heads  ;  fueh 
problems  being  of  far  the  greateft  utility  in  pra<£l:ice. 

365.  Defs.  I.  When  in  a  machine  there  is  a  fyllem  of 
forces  or  of  powers  mutually  in  oppofiti&n,  thofe  which' pro* 
duce  or  tend  to  produce  a  certain  effe£l  are  called  movers  or 
moving  powers ;  and  thofe  which  produce  or^  tend  to  produce 
an  eSsCt  which  oppofes  thofe  of  the  movihg' powers  are  called 
refinances.  If  various  movers  aft  -at  the  .fame  time,  their  equi» 
Talent  (found  by  the  theorems  in  book  L  chap,  i.)  is  called  in- 
dividually the  moving  force  s  and,  in  .like  mariner,  the  refultant 
of  all  the  refinances  reduced  to  foiiie  ohe  point  the  refifldnce'. 
This  reduftion  in  all  cafes  fimplifies  the  iHveftigation. 

2.'  The  if»pel/ed  poifit  of  a  machine  is  that  to  which  the 
ai^ion  of  the  moving  power  may  be  confidered -as  immediately 
applied;  and  the  nvorking  point  is  that  where  the  refiftance  aril^ 
ing  from  the  work  to  be  performed  immediately  a£is,  /jr-to 
Which  it  ought  all  to  be  reduced.  Thus  in  the  wheel  and  axle 
{&g.6.  pi,  V.)  vdicrc  the  meving -power.  P  is  to  overcome  the 
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weight  or  reCftance  W,  by  the  application  of  the  cords  to  the 
wheel  and  to  the  axle,  A  is  the  impelled  point,  and  B  th,e- 
working  point. 

.  3.  The  velocity  of  the  moving  power  is  the  fame  as  the  velocity 
of  the  impelled  point ;  the  velocity  of  the  refjlanee  the  fame  as 
that  of  the  working  point. 

4.  The  performance  or  effeB  of  a  machine,  or  the  work  done, 
is  meafured  by  the  produdt  of  the  refiftance  into  the  velocity  pf 
the  working  point ;  the  momentum  of  impulfe  is  meafured  by  the 
produ£l  of  the  moving  force  into  the  velocity  of  the  impelled 
point. 

.  Thefe  definitions  being  eftabliflied,  we  may  now  ^xhibit  a 
few  of  the  moft  ufeful  problems,  giving  as  much  vaViety  in 
iheir  folutions  as  may  render  one  or  oth'er'of  the  methods  of 
eafy  application  to  any  other  cafes  which  may  occur. 

366.  Prop.  If  "S^  andr  he  the  diJtancesofthepoiuer'P,  and  the 
mreight  or  refiftance  "W  from  the  fulcrum  F  of  a  firaight  lever 
(fig.  i.  pi.  IV.),  then  will  the  velocity  of  the  power  and  of  the 

'j^2p Rt-W  RrP J'^W 

weight  at  the  end  of  any  time  t  b'-^^;ryf-  %  '.  ""^  k-P+t'W^  *' 

refpeHively,  the  weight  and  inertia  of  the  lever  itfelfnot  being  con- 
Jidered.  / 

If  the  effort  of  the  power  balanced  that  of  the  refiftance,  P 

woord  be  equal  to  - — -.  Confequently,  the  difference  between 
this  value  of  P  and  its  a£tual  value,  or  P  —  -5-  W  will  be  the 

force  which  tends  to  move'the  lever.  And  becaufe  this  power 
applied  to  the  point  A  accelerates  the  maffes  P  and  W,  the 

mafs  to  be  fubftituted  for  W  in  the  point  A  miift  be  —  W 

(art.  310.  cor.  4.)  in  order  that  this  mafs  at  the  diftance  R  may 
be  equally  accelerated  with  the  mafs  W  at  the  diftance  R. 

Hence  the  power  P  — ^  W  will  accelerate  the  quantity  of 
niattet.P+^Wj  and  the  accelerating  force  F  =  (P- -^W) 
^(P+S-W)^^!^.     But  (art.  228.)  v^Ytoxh  = 

g  f  F  i  which  in  this  cafe  =  ^ii'P-|-r'W  '  ^  ^'  *^^  velocity  of  P. 
And,  becaufe  veloc.  of  P  :"veloc.  of  W : :  R :  r,  we  have  veloc. 

of  W  =  —veloc.  of  P  =  —  X  ■  ,-  ,   ,  ■     gf^      .    ,  ..  P-  (. 
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GoR.  I.  Tlie  fyace  defcribed  by  the  pbSwer  in  the  time  t  v^U 

^  ~  R'p'4l,TW  'iS^'  ^^®  ^P^^®  defcribed  by  W  in  the  fame 

■11  u  RrP-»MV     ,     ,, 

time  will  be  =  ^,p^^,^.ig/-. 

CiR.  2.  If  R  :  r : : » :  I,  then  will  the  force  which  aeceler^tea 

A  be  =    „  , .' ,,  . 

Cor.  %  If  at  the  fame  time  the  inertia  of  the  moving  force 
P  be  =  o,  as  in  mufculaf  a(Stion,  the  force  accelerating  A  will' 

be  =  - — -^ . 

w 

Cor.  3.  If  the  mafs  moved  have  no  weight,  but  poflefles.  in* 
ertia  only,  as  when  a  body  is  moved  along  a  horizontal  plane,  the 

fofce  which  accelerates  A  will  be  =  ^  .".^ .     And  either  of  . 

P  n'-j-W 

ihefe  values  may  be  readily  introduced  into  the  inveftigatibrt. 
Cor.  4.  The  work  done  in  the  time  /,  if  we  retain  the  orl- 

gmal  notation,  will  be  =  -grpip^ gtxW=  ■  ^^■^_^,.,^^- g  t- 

Cou.  J.  "When  the  wprk  done  is  to  be  a  maximum,  afld'wfe 
wifli  to  know  the  weight  when  P  is  given^  we  muft  njakc 
the  fluxion  of  the  laft  expreflion  —  o.    Then  w6  fhall  have 

»'R3P^-2r'R^FW-r'W==oandW=Px{  V^  +  -^- 

■  fi  I  •  ' 

CpR.  6.  If  R  :  r :.:  K :  I,  the  preceding  expreiffioii  will,  be- 
come W=Px  (^^4|:^3—«"). 

Cor.  7,  When  ..the  arm^s  of  the  lever  are  equal  in  lengcji, 
thatis,  when  «= I,. then-is  ■W=Px  (v'2- i)  =  '4J42i4Pj  or, 
nearly  .j-V  of  the  moving  force. 

SCHOLIUM. 

3157.  If  we  compare  the  values  of  s  and  v  in  diis  propofition 
andfirft  corollary  with  ihofe  in.  the  fourth  example,  ayL-ady. 
which  rfelates  to  motion  on  the  axis  in  peritrochio,  it  will  be 
feea.  that  the,  exprelBons  correfpend;  e^a£Hy..    Henc&--it-;^caj-   - 
lows,  that  when  it  is,  required  to  proportion  the  power  and 
weight  fo  as  to  obtain  a  maximumeffea  pii.  the  wheel  and  axle-,  -^ 
-(-the  weight  of  J^e. machinery  not'  being  confidered),  we  m^y  ^ 
adopfthe  condufions  ofcors.  S  and  6  of  this  prop.     And  m'*'- 
the  extren^e  cafe  where  the  w;Ke_el'  and  axle  becomes,  a  pulleyjf ,  ^ 


322  .    :•      I)YNAMICS.  -[BookH. 

the  expreffion'm  cor.  7.  maybe  adopted..  The  like  cohcIu- 
*fions  may  be  applied  to  machines  in  general,  if  R  and  r  re- 
jrefent  the  diftances  of  the  impelled  and  working  points  from 
the  axis  of  motion  ;  and  if  the  various  kinds  of  refiftance  arif- 
ing  from  fri£l;ion,  flifFnefs  of  ropes,  &c.  be  properly  reduced 
to  their  equivaleiits  at  the  working  points,  fo  as  to  be  compre- 
lihended  in  the  charafter  W  for  refiftance  overcome. 

368.  Prop.  Given  R  and  r,  the  arms  of  ajiraight  lever  M  ani 
ra,  their  reJpeEiive  •weights,  and  P  the  power  aSiing  at  the  extre- 
mity of  the  arm  R,  to  find  the  •weight  raifed  at  the  extremity  of  the 
tther  arm  when  the  effeSl  is  a  maximum. 

In  this  cafe  —  is  the  weight  of  the  fliorter  end  reduced  to  B 
(fig.  I.  pi. IV.),  and confequently  —is  the  weight  which,  ap- 
plied at  A,  would  balance  the  fliorter  end:   therefore,  — + 

— Wi  would  fuftain  both  the  fliorter  end  and  the  weight  W  in 
cqwlibrio.  But  P+-i  M  is  the  power  really  afting  at  the  longer 
end  of  theleve^;  confequently  P  +  ^  M  -  (--+-^w),  is  t!^ 
abfolute  «m«^  power.  Now  by  art.  312.  the  diftance  of  the 
centre  of  gyration  of  the  beam  from  F  is  =    /  T^^-t  which 

let  be  denoted  by  j ;  then  (by  cor.  4.  art.  310.)  ^  .  {M+»») 

will  reprefent  the  mafs  equivalent  to  the  beam  or  lever  when 
reduced  to  the  point  A ;  while  the  weight  equivalent  to  W, 

%'heB  referred  to  that  point,  will  be  ll  W.     Hehce,  proceeding 

as  in  the  laft  prop,  we  fliall  have  ^1: .  (M  -|-  ?»)  +  P  -\-£-^  W  for 

the  Inertia  to  be  overcome  ;  and  (P  4-iM  — ~  — —W)  — 

--[-\M-[-m)  +P  +  ^W=  the  accelerating  force  of  P,  or  of  W 

reduced  to  A.      Multiply  this  by  W,  and,  for  the  fake  of 

t.':   Amplifying  the  procefs,  put  j  forP  +  iM- -i-^,  and«  forP  + 

^  W  -  r  W 

~7  (M+ff«)  then  we  fli^ll  have    ■■    ^,  \  a  quantity  which  va- 
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lies  as  the  efFe£fc  varies,  and  which,  Indeed,  when  multiplied 
by  gi,  denotes  the  efFedl  itfelf.  Putting  the  fluxipn  of  thiss 
equal  to   nothing,    and   reducing,  we   at  length  find  W=; 


Cor.  When  R=r,  and  M=»2,  if  we  reftore  the  values  d£ 
n  and  q  the  expreffion  will  become 'W=  v'aP'+zmP+^m*-- 
(P+|».).  ■  '  .  _ 

369^  Prop.  Given  the  length  I  and  angle  e  of  elevation  0/"  Ori 
inclined  plane  BC  (fig.  5.  pi.  XV.),  to  find  the  length  L,  of  anothet 
inclined  plane  AC,  along  nvhich  a  given  nueight'^  fhall  be  raifeJL 
from  the  horizontal  line  AB  to  the  point  C,  in  the  leajl  time  paJftbUt 
by  means  of  another  given  weight  P.  defcending  along  the  given  plane 
CB  :  the  two  -weights  being  comieiled  by  an  inextenjible  thread 
"SC^  running  always  parallel  to  the  two  planes. 

Let  the  angle  of  elevation  CAD  be  denoted  by  E,  and  let  th'a 
expreffion  for  the  fpace  paffed  over  in  a  given  time,  found  aft* 
267.  11.  be  accommodated  to  the  prefent  notation ;  it  will  theai 

oe  J  = 5-,-s; ig  f  .  This  gives  f  =  ,    ,^  .    — ~. — ^,.' 

P-J-W  ^°  °  jg(Psin.  e— Wsinrf) 

But  in  the. triangle  ABC  we  have  AC  :BC:  :fin.  B:fin.  A, 
that  is,L:/::fin.«:fin.E;  hence  ^L=  fin.  *,  ands^/=fin;E5 
m  being  a  conftant  quantity  always  determinable  from  the  datst 

feiven.      And  t'  becomes  ^ — /,i,     ;.^,^  •     Now  when  any 

quantity,  as  t,  is  a  mimmum,  its  fquare  is  manifeftly  a  mini- 
xnum :  fo  that  fubftituting  for  .r  its  equal  L,  and  ftriking  out 

T  a 

the  conftant  faflors,  we  have         ..  „=  a  min.  or  its  fluxioB' 

~ rTp.xZwn' ~°*    Here,  as  in  all  fimilar  cafes,  fihCe 

the  fraftion  vaniflies,  its  numerator  muft  be  equal  to  o ;  con- 
fequently  2  PL' -  2"W/L-PL^=o,  PL'=2W/,  or  L:/;; 
2W:P. 

■  Cor.  I.  Since  neither  fin.  e  nor  fin.  E  enters  the  final" equa- 
tion, it  follows^  that  if  the  elevation  of  the  plane  BC  ia  not 
given  the  problem  is  unlimited. 

•  Cor.  2.  When  fin.  e=i,  BC  coincides  with  the  perpendi- 
cular CD,  and  the  power  P  a£ii  with  all  its  intenfity  upon  tih,e 
weight  W.  This  is  the  cafe  o|  the  prefent  problem.  whic&  has 
tommbdly  been'confidered; 

SCHOLIUM. 
370.  This  propofition  admits  of  a  neat  gesmetricel  ds^^u- 
j^fation*    Thusj^  let  CE  (fig-i-  pi.  XV.)  be  the  plane  upoa 
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which,  i|  W  were  praeed^  it  would  be  ftift^ned  m  eqmSihtkt 
by  the  power  P  upon  the  plane  CB,  or  the  power  P'  haflgiftg 
freely  in  the  vertical  CD  ;  th«n  (art.  154.  cor.  5,  6.)  BC  :  CD  t 
CE  : :  P  :  P' :  W.  But  "W  is  to  the  fotce  with  which  it  tendis 
to  defcend  along  the  plane  CA  as  CA  to  CD  ;  confe^uently, 
the  weight  P'  is  to  that  force  as  CA  :  CE ;  or  the  weight  P 
6pon  the  plane  BC  is  to  the  fame  force  in  the  fame  ratio,  ^  be- 
caufe  either  of  thefe  weights  in  their  refpedtive  pofitions  wouH 
fuftain  W  on  CE.  Therefore  the  excefs  of  F  above  that  force 
(which  excefs  is  the  power  accelerating^  the  motions  of  P  and 
W)  istoP,as  CA-CE  to.CA;  or,  taking  CH=CA,  as  EH 
to  CA.     Now,  the  motion  being  uniformly  accelerai:ed>  we 

haveSoc^T^  orT^cc-^:    conf^qaently,    the  fquare  of  the 

time  in  which  AC  is  deferibed  by  W  will  be  as  AC  direftlyi 

and  as  -— ^  inverfely  j  arid  will  be  leaft  when  -^  is  a  mnimumj 


EiT 


that  is,  when  =rTf-+EH+2  CE^  or  (becaufe  2  CE  is  iihrariable) 


when— —+ EH  is  a  minimum.     Now,  as  when  the  fum  of 

two  quantities  is  given  their  pr-oduft  is  a  maximum  when  they 
arc  equal  to  each  other ;  fo  it  is  majlifeft  that  when  their  pro- 
dufb  is  given  their  fum  muA  be  a  minimum  when,  they  are  equ^ 

But  the  prqJufl:  of  -^  and  EH  is  CE-,  and  confctjuently  given  , 

therefore,  the  fum  of -prrr,.  and  EH  is  kaft  when'thofe  part& 

are  equal;  that  is,  when  EK=CE,  or  CA  =  2CE.  So  that 
the  length  of  the  plane  CA  is  double  the  length  of:  that  on 
tBhicht  tfie,  weight  W  woi*ld  be  kept  in,  equilibsiO'  by  P  acting 
along  CB. 

When  CD  and  CB  coincide  the  cafe  beconMS  the,  fame  as 
that  confidered  by  that  admirable  mathematician  Mr.  Maclau- 
riti,  in.  his,  Vi^w  of  Newtotis  Phihfophical  Difcoveries,  pa,  183, 
8vo.  ed.  Whence,  with  a  very  ffight  variatioOy  the  method  i« 
this  fcholium  was  deduced. 

371.  Prop.  Let dhe  given  weight  P  (fig.  5.)  defeend  alcfng  CB, 
Bn¥by  means  cf  the  thread  "PCW  (running  paraUd  to  the  plajies) 
drai<>  a   weight   W  up  the  plane  AC  .•    it  is  required  to  find  thf 
value  of  W,   tuhen-itj  momentum  is  a  maximum,  the  lengths  ana- 
pofitions  of  the  planes  being  giveri,. 

The  general  eipreffion  for  the  velocity  is«i>=  '^'"'p  . -^,y       i^ 
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(art.  267.  ex.  II.) ;  whidi,  by  fiibftitating  ^  L  fer  fin.  t,  an4 
'i-/  for  fin.  E,  becomes  v=  ^^^^^\  t.    This  mulflplKd  into 

W  gives  ^^ — fTljf g '  >  wflKflj  by  the  prop,  is^o  be  a  max- 
imum. Or,  ftriking  out  the  Goiiftant  fa£lo):Sj  J; ,  ^  ^,  we  h^ve 
— pj  y-  =  a  max.    Putting  this  into  fluxfohsj  and  reducingi 

wehaveP'L-2PW/-W*f=o,  orW=P    /i.  +  i  -P. 

Cos..  When  the  inclinations  of  the  planes  are  equal,  L  and 
/  are  equal,  and  W^P^/  2  -P=Px  {^/  2  -  1)  =  -4142? 5 
agreeing  with  the  conclufion  of  the  levef  of  equal  arms,'  or  the, 
extreme  cafe  of  the  wheel  and  axle,  i.  e.  the  pulley.  Art.  366. 
cor.  7.  art.  367. 

372.  Prop.  Given  theradius  R  ^  a -wheel,  and  the  radius  r 
of  its  axle,  the  ivei^t  of  hoth,  w,  and.  the  diftance  cfihe  c.entre  of 
gyration  from  the  axis  of  motion-,  g  ;  alfg  a  given  power  P  aBing  at 
the' circumference  of  the  wheel;  to  find  the  weight  W  raifed  by  a 
tordfolding  about  the  axle,  fo  that  its  momentum fhall  be  a  maximum. 

The  force  which  abfolutely  impels  the  point  A  (fig.  6.  pi.  V.S 
is  P,  while  W  afts  in  a  dire&ion  contrary  to  P,  with,  a  force = 

-j^ ;  this,   therefore,   fubdudted  from   P,   leaves  P  — -5- = 

— - — ,  for  the  reduced  force  impelling  the  point  A.  And 
„  the  inertia  which  refills  the  communication  of  motion  to  the 
point  A  will  be  the  fame  as  if  the  mafs  ^  '^^  ^^  -  -  were  conr 
centrated  in  the  point  A  (art.  310.  cor.  4.  5.).  If  the  former 
of  thefe  be  divided  by  the  latter,  the  quotient  .a-    -^~^^^^p  is 

the  force  accelerating  A:    mttltiplying  this  by-^,  we  have 

^^  for  the    force   which    accelerates    the    weight 


W  in  its  afcent.     Confequently  the  velocity  of  W  will  be 

_  RrP-r^W' 

~     f^ai  +  r^  W  +  E^P 

ErPW-r' W' 


gt:    which   multiplied   into  W  gives 
.    I  r„ri  »a5g^  f®r  the  momentutn.     As  thi?  is    to  be  a 
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BSaxI^aum,  its  fluxion  will  =  o;  whenc«^  we  fliall  obtain  W  = 

y' BA V'+z  R' P  f  m+;» a>'+P  tvRr  f-\-V' R^ r"  —  R'P—  ('  w 

Cor.  I.  When  R=r,  as  in  the  cafe  of  the  fingle  fixed  ipulley|. 

jthen  W=^aI^>R3+aRPg'a.+-^a)'+P»R5A-  :£-  iv-?. 

CoR.  2.  When  the  pulley  is  a  cylinder  of  uniform  matter 
B^=4  R%  and  the  exprefljon  be.comes  W  =  v^R3(aPi-|-|Pn-4-|->)^  ' 

CoR.  3.  If  in  the  firft  general  expyeffioiji  for  the  moipentujiv 
pf  W  we  put  .Q=R'  P+f>^  w,  we  fhall  have  .,■,  a+i-'W-  ■  ^  * 
max.    Which  fluxed  and  reduced  gives  W  =^ \/' n .  [^-\-Rr7]~ 

CoR.  4, '  If  the  moving  force  b^  deftitute  of  Jnertia,  theij 
will  Q^p"  Wj  and  W,  as  in  the  laft  corollary. 

373.  Let  a  given  power  V  be  applied  to  the  circumference  of  ti 
•wheel,  its  radius  R,  to  raife  a  •weight  W  at  its  axle,  ivhofe  radius' 
is  r,  it  is  required  to  find  the  ratio  ofR.  and  r  when  W  is  raife4_ 
tvith  the  greatejl  momentum  ;  the  charaflers  w  and  g  denoting  'the 
fame  as  in  the  left  propofition.  '  ' 
•     Here  we  fuppofe  r  to  vary  in  the  cxpreflion  for  the  mo- 

WR  r  P r^  W* 

Biientjim  of  W, ',,  ,  ^...^y^p^  g  t.     And  we  fuppofe  that  by  the 

conditions  of  any  fpecified  inftance  we  can  afcertain  what 
quantity  of  matter  q  fhall  make  r^  q  =z  0-  tv,  which,  in  faftj 
iiaay  always  be  done  as  foori  a?  we  can  determiine  §.     The 

p«pr,effion  for  the  work  will  then  become  „,p,^, ,    ,,f^,^gt.  The 

jBuxion  of  which  being  made  =  o,  gives,  after  a  little  reduftion, 

R  \/  P' W-J-PJ  (^-f-W)  —  P  W  '  '■ 

jCoR,     When    the   inertia    of    the  njachine  is  evane&enti 

with  refpefb  to  that  of  P+W,  then  isr=R    / 1  -\-  —  —  j. 

374.  Prop.  In  any  machine  •whfe  motion  accelerates,  the  weight 
mifll  b^  mfiiued  •with  the  greatejl  velocity  when  the  velocity  of  the 

toiler  is  to  that  of  the  weight  as  i  t|-P    /  i  -|-  _  /a   i  ;  the  in-r 

frtia  of  the  machine  being  difregarded.  ,  '  ' 

■'  ^f^T  ,^Py  fl^f^  jnachine  may  be  cpnfi4pred  a§  reduced  to  i^ 
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lever,  or  to  a  wheel  and  axle  whofe  radii  are  R  and  r ;  in  which 

the  velocity  of  the  weight  r'  p+r'w"  S  *  (^'^*-  %^^)  '^^  *°  ^^  * 
maximum,  ^  being  confidered  as  variable.  Hence,  then,  fol- 
lowing the  ufiial  rules  we  ftiall  find  PR=r  (W  +  v^w'+pw). 
From  which,  fince  the  velocities  of  the  power  and  weight  are 
refpeftively  as  R  and  r,  the  ratio  in  the  propofition  imme- 
diately flows. 

Co  a.  Wien  tie  -weight  moved  is  equal  to  the  power,  then  is  R  :. 
r  :  :  i  +v/2  :  i  :  :  2*4 142  :  i  nearly, 

375.  Pitop.  -If  in  any  machine  nvhofe  motion  accelerates,  the 
dejcent  of  one  weight  caufes  another  to  afcend,  and  the  defcending 
•weight  be  given,  the  operation  being  fuppofed  continually  repeated,  the 
effeif  loUl  be  greatejl  in  a  given  time  -when  the  nfcending  lueight  is 
to,  the  defcending  weight,  as  I  to  I '6 1 8,  in  the  cafe  of  equal  heights  } 
arid  in  other  cafes,  when  it  is  to  the  exaEl  counterpotfe  in  a  ratio 
•which  is  .alnvays  bet-ween  I  to  l~  and  l,ta  2. 

.Let  the  fpace  defcended  be  i,  that  afcended  s;  the  defcend- 
ing weight  I,  the  afc'ending  weight  ^  :  then  would  the  equili- 
brium require  w=s  {art.  363.) ;  and  i  — —  will  be  the  force 

a£ling  on  i.     Now  the  mafs  ^  reduced  to  the  point  at  vvhich 

I  .1^ 

the  mafs  i  acts  will  be  =  —  j'  =  —  ;  confequently  the  whole 

mafs  moved  is  equivalent  to  i+~>  and  the  relative  force  is 

(i  -  -^)  -^  (1+—)  =  l^-     But,  the  fpace  being  given, 

the  time  is  as  the  root  of  the  accelerating  force  inverfely,  that 

Is,  as     /-~-~'  a"d  the  whole  effe£t  in  a  given  time  being, 

dire^ly  as  the  weight  raifed,  and   inverfely  as  the  time  of 

^fcent,  will  be  as  J     /  ™  .  *  ;    which  muft  be  a    maximum. 

Confequently  its  fquare    °~^'^_-  muft  be  a  maximum  likewifc. 

This  latter  expreflion  fluxed  and  reduced  gives  w  = 
:^  (v's=-|-ioS+9-a+3)- 

Here  if  J  =1,  TO=^^'^^:   but  if  x  be.  diminiflied  withput 

limit,  w  =  I  J ;  if  it  be  augmented  without  limit,  theri  will 
V'  *'-j-K3  s+9-  approach    ind^nitely  near  to  s  +  5,  and  con- 
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fequently  w^2  s:     Whence  the  truth  of  the  ,prop(i)fi.tion« iS' 
manifeft. 

,  376.  PjROP.  Let,  p  denote  the  ahfolute  effort  cf  anfmoving farce^ 
mihen  it  has  no  vekcfty,  and  fuppofe  it  not  capable  of  an^  ^ort  when 
the  velocity  is  IV" ;  let  V  be  the  effort  anfwering  'to  the  velocity  V, 

V 
then,  if  the  force  be  uniform,  F  %uillhe=  (p  ( I  "-^)''' 

For  it  is  the  difference  between  i3ie  velocities  W  and  V 
whiqh  is  eificient,  and  the  a£lion  being  conftant  will  vary  as  the 
fquare  of  the  efficient  velocity,  Hence  we  ftiall  have  thi^ 
analogy,  ^  :  F  : :  (W-p)' :  (W-V)'  :  confequently,  F  =9' 

Although  the  preflure  of  an  animal  is  not  aiSlually  uniform 
during  the  whole  time  of  its  aftiqn,  yet  it  is  nearly  fo  :  fo  that 
in  general  we  may  adopt  this  hypothefis  in  order  to  approxi- 
mate to  the  true  nature  of  animal  aftion.  On  which  fuppofi- 
tion  the  preceding  prop,  as  well  as  the  Temaiiiing  one,  in  this 
chapter,  will  apply  to  animal  exertion. 

Cor.    Retaining  the  fame  notation  we  have  W=='^  ^/1?  ■ 

This,  applied  to  the  motion  of  animals,  gives  this  theorem: 
ne  utmojl  velocity  with  -which  an  animal  not  impeded  can  move,  is 
to  the  velocity  nvith  which  it  moves  •when  impeded  by  a  given  reftjl- 
ance,  as  the  fquare  root  of  its  ahfolute  force,  to  the  difference  of  the 
fquare  roots  of  its  ahfolute  and  efficient  forces. 

377T  Prop.  To  invefigate  exprefftons  hy  means  of  which  the 
maximum  effeff,  in  machines  whofe  motion  is  uniform^  may  be  de^ 
termined. 

I.  It  follows,  from  the  obfervations  made  in  art.  363.  and 
tiie'  definitions  in  art.  ^6^.  that  when  a  machine,  whether 
fimple  or  compound,  is  put  into  motion,  the  velocities  of  the 
impelled  and  working  points  are  inverfely  as  the  forces  which 
are  i^n  equilibrio  when  applied  to  thofe  points  in  the  direSion 
pf  their  motion.  Confequently,  ify denote  the  refiftance  when 
reduced  to  the  working  point,  and  v  its  velocity ;  while  F  and 
V  denote  the  force  afting  at  the  impelled  point,  and  its  velocity  j 
wefhallhave  FV=/'-y,  or  introducing  t  the  time,  FV^  =fvt. 
Hence,  in  all  working  machines  -which  have  acquired  a  Uniform 
motion,  the  performance  of  the  machine  is  equal  to  the  momentum  of 
iptpulfe.  ..... 

II.  Let  F  be  the  effort  of  a  force  upon  the  impell^sd  point  of 
j(  piachine  when  it  moves  with  the  velocity  V,  the  velocity 
heiag  W  wheq  F=  o,  and  let  the  relative  velocity  "W  -  V  =  « 
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Then  fince  (art.  376.)  F  =  ?>  (    ~   V,  the  momentuin  of  im- 

pslfe  FV  will  become  V^  {~y  =  (^.—   (W  — m)^    beciufe 

V  =  W-^  K.  Making  tfcis  expreflion  for  FV  3  maximutra* 
or,  fuppreffing  the  conftant  quantities,  and  making  u'  (W— «) 
a  max.  or  its  Siixion=:o,  when  u  is  variable,  we  find  2  W  = 
3«,  or«=iW.     Whence  V=W-«=:W-|.W=:^W. 

Confequently,  ivhen  the  ratio  efY  te  v  is  given  by  the  canjiruEtion 
if  the  machine,  and  the  reftflance  is  fufceptiile  of  variation,  'we  muji 
had  the  machine  more  or  tefs  till  the  velocity  of  the  impelied  point  it 
erne-third  of  the  grtateji  velocity  of  the  force  ;  then  luill  the  •work 
dine  be  a  maximum. 

Or,  the  tuork  done  hy  an  ammai  is  greateft  •when  the  velocity  ivith 
lohich  it  moves  is  one-third  of  the  great-efi  velocity  ixiithiohich  it  is 
sapable  of  moving  iuhen  not  impeded. 

IL    Since  F  =  p  iji^=  <?  Vvn)~^  ^'  ^^  ^^  ^^^  °^  ^^ 

maximum,  we  have  FV  =4.  ^  Y=-^  ip.y'W=^<p  W,  for  the 
momentum  of  impulfe,  or  for  the  work  done,  when  the  machine 
is  in  its  befl  ftate.  Confejiuenfly  when  the  refinance  is  a  givem 
quantity  ive  mujl  make'V  :  v  :  :  i^f:  4  ^  ;  and  this  JlruHure  of  the 
machine  •will  give  the  maximum  effeB  :=  ^^  ^  W. 

III.  If  we  enquire  the  greateft  efFedl  on  the  fuppoStion  tJiat 
f  only  is  variable,  we  mufl:  make  it  infinite  in  the  above  expref- 
fion  for  the  work  done,  which  would  then  become  WF,  or 

V  V 

*W  ~  fi  or  W  ~fti  including  t!ie  time  in  the  formula.    Hehce 

we  fee,  that  the  fum  of  the  agents  employed  to  move  a  machine  may 
be  infinite,  %uhile  the  ^eEl  is  finite  :  for  the  variations  of  <p  which 
are  proportional  to  this  fum  do  not  influence  the  above  expref- 
Hem  for  the  efFedt. 

SCHOLIUM. 

378.  The  propofitions  now  delivered  contain,  it  is  Loped, 
the  moft  material  principles  in  the  theory  of  machines.  The 
manner  of  ap'plying  feveraJ  of  them  is  very  obvious  :  the  appli- 
cation of  fome,  being  lefs  manifeft,  may  be  briefly  illiaf^ 
trated,  and  the  chapter  concluded  with  two  or  three .  obferva- 
tions. 

The  laft  theorem  may  beapplied  to  the  adlion  of  men  aftd  of 
horfes,  with  more  accuracy  than  might  at  firft  be  fuppofed. 
Obfervations  have  been  made  on  men  and  horfes  drawing  a 
lighter  along  a. canal,  aijd  working  feyeral  days  together.    The 
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force  exerted'  was  mcafured  by  the  curvature  and  weight  of 
tTie  track-rope,  and  afterwards  By  a  fpring  fteelyard.  The  pro- 
duft  of  the  force  thus  afcertainedj  into  the  velocity  per  hour, 
was  confidered  as  the  momentum.  In  this  way  the  adlion  of 
men  was  found  to  be  very  nearly  as  (W  — V)':  the  afilion 
o£  hoirfes  loaded  fo   as  not  to  be  able  to  trot  was  nearly  as 

(W  — V)  ,  or  as  (W-V)"^.  Hence  the  hypothefis  we  have 
adopted  may  in  many  cafes  be  fafdy  aflumed- 

According  to  the  beft  obfervations,  the  force  of  a  man  at  reft 
is  on  the  average  about  70  pounds ;  and  the  utmoft  velocity  with 
■which  he  can  walk  is  about  6  feet  per  fecond,  taken  at  a  me-, 
<Jlum.  Hence,  in  oiir  theorems,  <p  =  70,  and  W=::6.  Confe- 
quently  F=4  9=31-^  lbs.  the  greateft  force  a  man  can  exert, 
■«^hen  in  motion :  and  he  will  then  move  at  the  rate  of  -f  Wj  or 
2  ieet  per  fecond,  or  rather  lefs  than  a  mile  and  a  half  per 
hour.  •  ■  '  . 

The  ftrength  of  a-horfe  is  generally  reckoned  about  fix  times 
that  of  a  man;  that  is,  nearly  420 lbs.  at  a  dead  puH.  His 
utmoft  walking  velocity  is  about  10  feet  per  fecond.  There- 
fore his  maximum  aftion  will  be  ^  of  420=  i86y  lbs.  and  he 
•will  then  move  at  the  rate  of  4  of  10,  or  2\  feet,  per  fecond,  or 
nearly  2-|-  miles  per  hour.  In  both  thefe  inftances  We  fuppofe^ 
the  force  to  be  exerted  in  drawing  a  weight  along  a  horizontal 
plane ;  or  by  raifirtg  a  weight  by  a  cord  running  over  a  pulley 
which  makes  its  diredlion  horizontal.  Other  methods  of  exert- 
ing animal  force  will  be  fpoken  of  in  the  fecond  volume,  art. 
66,  &c. 

379.  The  theorems  juft  given  may  ferve  to  fl^ew  in  what 
points  of  viev/  machines  ought  to  be  confidered  by  thofe  who 
would  labour  beneficially  for  their  improvement. 

The  firft  objeft  of  the  utility  of  machines  confifts  in  furnifh- 
ing  the  means  oi  giving  to  the  moving  force  the  moji  commodious 
direElion  ;  and,  when  it  can  be  done,  of  caufing  its  aftion  to  be' 
applied  immediately  to  the  body  to  be  moved.  Thefe  can  rarely 
be  united  :  but  the  former  can  be  accomplifhed  in  moft  in- 
ftances •,  of  which  the  ufe  of  /the  \fimple  lever,  pulley,  and 
wheel  and  axis,  furnifli  many  examples.  The  fecond  objeft 
gained  by  the  ufe  of  machines  is  an  accommodation  of  the  velocity 
efthe  luork  to  be  performed  to  the  velocity  with  -which  ahne  a  natural 
"power  can  a^.  Thus,  whenever  the  natural  power  a£l;s  with  a 
certain  velocity  which  cannot  be  changed,  and  the  workmuft, 
be  performed  with  a  greater  velocity,  a  machine  is  interpofed 
moveable  round  a  fixed  fupport,  and  the  diftances  of  the  im- 
pelled and  v/orking  points  are  taken  in  the  proportion  of  tjie 
two  given  velocities. 
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But  the  eflential  advantage  of  machines,  thatj  in  faft,  which 
properly  appertains  to  the  theory  of  mechanics,  conGfts  iii 
augmenting,  or  rather  in  modifying,  the  energy  of  the  moving 
power,  in  fuch  manner  that  it  may  produce  effe£ts  of  which  it' 
would  have  been  otherwife  incapable.  Thus  a  man  might  carry 
up  a  flight  of  fteps  twenty  pieces  of  ftone,  each  weighing  39 
pounds,  (one  by  one)  in  as  fmall  a  tiftie.  as  he  could  (with  the 
fame  labour)  raife  them  all  together  by  a  piece  of  machinery, 
that  would  have  the  velocities  of  the  impelled  and  workihg 
points  as  ,20  to  i  ;  and,  in  this  cafe,  the  inftrument  would  fur-  - 
nifli  no  real  advantage,  except  that  of  faving  his  fteps.  But  if  a 
large  block  of  20  times  30,  or  6oolbs.  weight,  were  to  be  raifed 
to  the  fame  height,  it  would  far  furp'afs  the  utmoft  efforts  of  thtf 
man,  without  the  intervention  of  fome  fuch  contrivance. 

The  fame  purpofe  may  be  illuftrated  fomewhat  differently  ; 
confining  the  attention  all  along  to  machines  whofe  motion  is 
iiniform.  The  produft^'y  reprefents,  during  the  unit  of 
time,  the  e^ft  which  refults  from  the  motion  of  the  refiftance^ 
jhis  motiorl  being  produced  in  any  manner  whatever.  If  it  be 
produced  by  applying  the  moving  force  immediately  to  the  re- 
'  fiftance,  it  is  neceflary  not  only  that  the  produtts  FV  and  fit 
ftiould  be  equal ;  but  that  at  the  fame -time  F  —f,  and  V  =  ^ : 
jf,  therefore,  as  moft  frequently  happens,  y  be  greater  than  F, 
it  will  be  abfolutely  impoflible  to  put  the  refiftance  in  motion 
by  applying  the  , moving  force  immediately  to  it.  Now  ma- 
chines furnifli  the  means  of  difpofing  the  produft  FV  in  fuch  a 
manner  that  it  may  always  be  equal  tofv,  however  much  the 
fadlors  of  FV  may  differ  from  the  analogous  faftors  inyi; ;  and,' 
confequently,  of  putting  ^the  fyftem  in  motion,  whatever  is  the' 
excefs  of jf  over  F. 

Or,  generally,  as  M.  Prony  remarks  ( Archi.  Hydraul.  art* 
504.),  machines  enable  us  to  difpofe  the  faftors  of  ¥V  t  m 
fueh  a  manner,  that  while  that  produdl.  continues  the  fame  its 
faftors  may  have  to  each  other  any  ratio  we  defire.     Thus,  to 
give  another  example  :  Suppofe  that  a  man  exerting  his  ftrength 
immediately  upon  a  mafs  of  25  lbs.  can  raife  it  vertically  with  a 
velocity-  of  4  feet  per  fecond  ;  the  fanie  man  a£l:ing  upon  a  mafs- 
of  looolbs.  Cannot  give  it  any  vertical  motion  though  he  exerts 
hi^  utmoli  ftrength,  unlefs  he  has  recourfe  to  fome  machine;' 
Now  he  is  capable  of  producing  an  effect  equal  to  25  X4  x  / : 
the  letter  t  being  introduced  becaufe  if  the  labour  is  continued' 
the  value  of  t  will  not  be  indefinite,  but   comprifed   within 
aflignable limits.     Thus  we  have  25  x  4  x  i=:iOoo xvxt ;  and' 
consequently  i;  =  -j^  of  a  foot.     This  man  pnay,  therefore,' 
■  ^if.h  a  machine,  as  a  lever,  or  axis  in  peritrochio,  caufe  a  raafe' 
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of  ioooUss«  to  rife  T^  of '  a  foot,  in  the  fame  time  that  iie  could 
raife  25  lbs.  four  feet  without  a  machine  ;  or  he  may  raife  the 
greater  weight  as  far  as  the  lefs,  by  employimg  40  times  as  much 
dme. 

From  what  has  been  faid  on  the  extent  of  the  efFefts  which 
may  be  attained  by  madhines,  it  will  be  feen'that  fo  long  as  a 
moving  foiwe  esercifes  a  determinate  effort  with  a  velocity  iike- 
wife  determinate,  or  fo  long  as  the  produft  of  thefe  is  conftant, 
the  £ffe£t  of  the  machine  will  remain  the  fame :  thus,  undee 
this  point  of  view,  fuppofirig  the  preponderance  of  the  effort  of 
the  moving  power,  and  abftrafting  from  inertia  and  friftion  of 
materials,  the  convenienoe  of  applicatrori,  &c.  all  machines  are 
equally  perfefit.  But,  from  what  has  been  fliewn,  (arts.  376. 
377.)  a  moving  force  may,  by  diminifliing  its  velocity,  augment 
its  effort,  and  reciprocally.  There  is,  therefore,  a  certain  effort 
of  the  moving  force,  fuch  that  its  produ£i  by  the  velocity  which 
comports  to  that  effort  is  the  greateft  poffibte  Admitting  the 
truth  of  the  law  affumed  in  the  articles  juft  referred  to,  we 
have,  when  the  effetS:  is  a  maximum,  V  =  ^  W,  or  F  =  ^  ^  5 
and  thefe  two  values  obtaining  together  their  produ£t  ■^i^  ^  W 
expreffes  the  value  of  the  greateft  effeft  with  refpeft  to  the  unit 
of  time.  In  pra^ice  it  will  always  be  advifeable  to  approach 
as  nearly  to  thefe  values  as  circumftances  will  admit  j  for  it 
cannot  be  expe;6led  that  they  can  always  be  exaftly  attained. . 
But  a  fmall  variation  will  not  be  of  riiuch  confequence :  for,  by 
a  well-known  property  of  ^thofe  quantities  which  admit  of  a 
proper  maximum  and  minimum,  a  value  affumed  at  a  moderate 
diftance  from  either  of  thefe  extremes  will  produce  no  fenfible 
change  in  the  effect. 

If  the  relation  of  F  to  V  followed  any  other  law  than  that 
which  we  have  affumed,  we  fliould  find  from  the  expreffioh  of 
t/iat  law  values  of  F,  V,  &c.  different  from  the  preceding. 
The  general  method,  however,  would  be  nearly  the- fame. 

With  refpe£t  to  praftice,  the  grand  obje6t  in  all  cafes  Ihould 
be  to  procure  a  uniform  motion,  becaufe  it  is  that  from  which 
( cateris paribus )  the  greateft  effect  always  refults.  Every  irre- 
gularity in  the  motion  waftes  fome  of  the  impelling  power ; 
and  it  is  the  greateft  only  of  the  varying  velocities  which  is 
equal  to  that  which  the  machine  would  acquire  if  it  moved 
uniformly  throughout :  for,  while  the  motion  accelerates,  the 
impelling  force  is  greater  than  what  balances  the  refiftance  at 
that  time  oppofed  to  it,  and  the  velocity  is  lef«  than  what  the' 
machine  would  acquire  if  moving  uniformly;  and  when  the 
machine  attains  its  greateft  velocity,  it  attains  it  becaufe  the 
power  is  not  theii,a£ting  againft  the  whole  refiftance.    In  bpth 
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thefe  fituations,  therefore,  the  performance  of  the  machine  is  lefs 
than  if  the  power  and  reliftance  were  exa£tly  balanced ;  in  which 
cafe  it  would  move  uniformly  (art.  363.).  Befides  this,  when 
the  motion  of  a  machine,  and  particularly  a  very  ponderous 
one,  is  irregular,  there  are  continual  repetitions-  of  ftrains  and 
jolts  which  foon  derange  and  ultimately  deftroy  the  whole 
ftrufture.  Every  attention  fliould,  therefore,  be  paid  to  the 
removal  of  all  caufes  of  irregularity.  Some  of  the  moft  fub- 
cefsful  methods  of  enfuring  a  uniformity  of  motion  will  be 
given  in  the  fecond  volume.  We  muft  now  turn  to  other 
fubjefts. 
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introdu8,Qry  Definitions  and  Remarks. 


380.  According  to  the  general  divifion  marked  out  in 
art.  20|  we  now  proceed  to  the  fubjeft  of  Hydrostatics, 
which  comprifes  the  dbftrine  of  the  preflure  and  the  equili- 
trium  of  non-elaftic  fluids,  as  water,  mercury,  &c.  and  that  of 
the  weight  and  preflure  of  folids  immerfed  in  them.  , 

Def.  a  fluid  is  a  body  whofe  parts  are  very  minute,  yield  to 
any  force  iitiprefled  upon  it  (however  fmall),  and  by  fo  yielding 
are  eafily  moved  among  themfelves. 

I'his  is  nearly  the  fame  as  the  definition  given  by  Newton, 
in  the  Principia,  book  2-  feft.  5.  and  is  adopted  here  becaufe, 
in  conjunftion  with  two  or  three  eftabliflied  fa£i:s,  it  may  ferve 
as  abafis  for  all  which  diftinguifhes  the  doftrines  of  hydroftatics 
from  thofe  of  pure  mechanics.  The  writers  on  the  continent, 
however,  though  they  admit  that  the  minutenefsof  fluid  mole- 
culse,  and  their  exceffive  mobility,  are  charafiteriflics  common  to 
all  fuch  bodies,  yet  they  have  recourfe  to  a  different  definition. 
Thus  the  celebrated  Euler  in  the  New  Commentaries  of  St. 
Peterjburgh,  vol.  13.  takes  for  the  bafis  of  his  analyfis  the  fol- 
lowing corifideration :  "  The  diftinguifhing  nature  of  fluids 
confifts  in  this  property,  namely,  that  when  it  is  fubjefted  to 
any  preflure  whatever  that  prefl~ure  is  fo  diftributed  throughout 
the  mafs,  that  while  it  remains  in  equilibrio  all  its  parts  are 
equally  prefled."  And  M.  D'Alembert  in  his  Traite.  de  l^Equi- 
libre  et  du'^Mouvement  des  Fluides,  as  well  as  M.  Prony  in  his 
ArchiteElure  Hydrauli^ue,  adopt  the  fame  property  as  a  defini- 
tion. It  is  fl:ri£l:ly  confiftent  with  experiment  (though,  as  will 
foon  be  feen,  it  is  rather  a  propoGtion,  capable  of  proof,  than  a 
definition),  and  furpifhes  a  natural  foundation  for  an  algebraical 
calculus,  by  which  the  whole  doftrine  of  hydroftatics  may  be 
exhibited  in  a  few  equations.  But  this  method,  though  it 
pofleflTes  fomc  advantages,  is  not  entirely  purfued  here,  from  a 
nrhi  convidlion  that  a  judicious  combination  of  the  geometrical 
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and  algebraical  methods  is  far  more  likely  to  coflvey  diftindX 
ideas  to  the  ftudent  than  the  modern  analyfis  merely. 

Perfedl  .fluidity,  according  to  the  Newtonian  fyftem,  arifes 
from  a  want  of  any  fenfible  cohefion  between  the  conftituent 
particles  of  the  fluid  ;  and  this  want  of  cohefion  is  commonly 
attributed  to  the  fpherical  figure  of  the  particles.  The  nature  of 
this  work  does  not  require  that  we  ihould  enter  into  minute 
difquifijions  on  the  formal  caufe  of  fluidity.  We  fhall  merely 
ftate  that  the  late  Dr.  Black,  of  Edinburgh,  fpeais  of  fluidity 
as  an  efFeft  of  heat:  and  before  him  Boerhaave  pleaded  ftrenu-^ 
oufly  for  the  fame  opinion.  According  to  this  view  of  the 
matter,  fluidity  may  be  caufed  by  a  certain  degree  of  fee,  which, 
when  employed  for  this  purpofe,  feldom  manifefts  itielf  by  any 
other  perceptible  effeO. :  not  dilating  the  volume,  but  refifling 
the  particular  attachment .  of  the  parts.  Some  ftrive  to- give 
mechanical  ideaS  of  a  fluid  body,  by  comparing  it  to  a  heap 
of  fand:  but  the  impolfibility  of  giving  fluidity  by  any  kind  of 
.  mechanical  comminution  will  appear  by  confidering  two  of  the 
circumftances  neceffary  to  conftitute  a  fluid  body  :  i.  That  the 
parts,  notwithflanding  any  comprelSon,  may  be  moved  in  rela- 
tion to  each  other,  with  the  fmalleft  conceivable  folrce,  or  -will 
give  no  fenfible'  reftflance  to  motion  within  the  raafs  in  any  difeo. 
tion.  2.  That  the  parts  fhall  gravitate  t-o  each  other,  whereby 
there  is  a  conftant  tendency  to  arrange  themfelves  about  a  com>- 
mon  centre,  and  form  a  fpherical  body;  which,  as  the  parts  do 
not  refill  motion,  is  ^afily  executed  in  fmall  bodies.  Hende  the 
appearance  of  drops  always  takes  place  when  a  fluid  is  in  proper 
circumliances.  It  is  obvious  that  a  body  of  fand  can  by  no 
means  conform  to  thefe  circumftances. 

Different  fluids  have  different  degrees  of  fluidity,  according 
to  the  facility  with  which  the  particles  may  be  moved  amonglt 
each  other.  Water  and  mercury  are  clafTed  anoong  the  moft 
perfefi  fluids.  Many  fluids  have  a  very  fenfible  degree  of 
tenacity,  and  are  therefore  called  vifcous  or  hnperfeB  fluids. 

33  r.  Def.  Fluids  may  be  divided  into  comprejftbb  and  incom- 
prefftUcf  or  elajiic  and  non-elaftk  fluids.  A  comprejfible.  or  elajlk 
fluid  is  one  whofe  apparent  magnitudic  is  dirainifhed  as  the 
prefTure  upon  it  is  increafed,  and  increafed  by  a  diminution  of 
prefTure.  Such  is  air,  and  the  different  vapours.  An  incompref- 
ftbie  ox  non-elaftic  fluid  is  one  whofe  dimenfions  are  not,  at  leaft 
as  to  fenfe,  atfefled  by  any  augmentation  of  prefTure.  Watei, 
mercury,  wine,  &c.  are  generally  ranged  under  this  clafs. 

Although  the  ufc  of  that  well-known  inftrument  the  thermo~ 
meter  is  founded  upon  the  circumftance  of  difierent  degrees  of 
beat  and  cold  caufing  a  corrcfponding  dilatation  or  condenfation 
in  fpirits  of  wine,  mercury,  and  fome  other  fluids-;  a  hSc  vMch 
it  might  be  fuppofed  would  have  led  to  the  opinion  that  fucb 
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fluids  were  compreffible  by  other  means  j  yet  has  it  been  uni- 
verfally  believed  and  afferted  till  within  the  laft  half  century, 
that  after  the  fluid  was  freed  from  all  air  no  art  or  violence 
could  prefs  it  into  lefs  fpace.  This  opinion  has  been  grounded 
chiefly,  if  npt  altogether,  on  a  grofs  and  inadequate  experiment 
made  by  the  Academi  del  Ciments,  at  Florence  ;  in  which  Water 
when  violently  fqueezed  made  its  AS^sy  through  the  fine  pores  of 
a  globe  of  gold,. rather  than  yield  to  the  cbmpreflion.  Even  fo 
lately  as  1790,  fo  fkilful  a  mathfeiliatician  and  philofopher  as 
M.  Prony  fpeaks  of  the  incompreflibility  of  water  with  an  ob* 
vious  alluflon  to  the  Florentine  experiment,  as  though  he  was 
not  at  all*confcious  of  its  infufiiciency.  and  feeming  quite  igno- 
rant of  any  contrary  experiments.  For,  fays  he,  "  Si  une  quan- 
tite  d'eau.eft  renfermee  dans  un  vafe  de  capacite  fet  de  formft 
quelconque,  et  qu'on  I'y  comprime  avec  toute  la  force  qU'Ott 
voudra,  jamais  on  ne  pourra  la  reduire  a  occuper  un  efpace 
moindre.que  eelui  qu'elle  occupoit  d'abord.  Tout  le  monde 
connoit  les  experiences  qu'on  a  faites  pour  confl:ater  cette  pro- 
priete ;  on  fait  que  I'eau  etant  renfermee  dans  des  globes  de 
metal,  quelque  percijffion  ou  quelque  preflion  qu'on  emploie 
pour  le  ,faire  diminuer  de  volume,  on  n'y  parvient  jamais,  et 
que  lorfque  la  refiftance,  qu'elle  oppofe  a  de  pareils  eflbrts  ne 
lui  fait  pas  brifer,  fon  enveloppe,  elle  fe  fait  jour  a  travers  les 
pores  du  metal,  d'ou  elle  fort  eii  forme  de  rofee." 

But  our  ingenious  countryman,  Mr.  Canton,  attentively  con- 
iidering  this  exp;2rtment,  fpund  that  it  was  not  fufficiently  ' 
laccurate  to  juftify  the  conclufion  which  had  always  been  drawn 
from  it ;  fihce  the  Florentine  philofophers  had  no  method  of 
determining  that  the  alteration  of  figure  in  their  globe  of  gold 
occafioned  fuch  a  diminution  of  its  internal  capacity  as  was 
exaftly  equal  to  the  quantity  of  water  forCfed  into  its  pores. 
To  bring  this  matter  therefor-e  to  a  more  accurate  and  decifivc 
trial,  he  procured  a  fmajl  glafs  tube  of  about  two  feet  long,  with 
a  ball  at  "one  end,  of  an  inch  and  a  quarter  in  diameter.  •  Having  . 
filled  the  ball  and  part  of  the  tube  withmercury,  and  brought  it 
exaftly,  to  the.  heat  ,of  50°  of  Fahrenheit's  thermometer,  he 
marked,  the  place  where  .the.  mercury  ftood  in  the  tube,  which 
was  about  fix  inches  and  a  half  above  the  ball';  ,he  then  raifed 
the  mercury  by  heat  to  the  top  of  the  tube,  and  there  fealed  the 
tube  hermetically';  then  .upon  reducing  the  mercury  to  the 
fame  degree  of  heat  as  before,  it  flrood  in  the  tube  -^-^  of  an 
inch  higher  than  the  mark.  The  fame  experiment  was  re- 
jieated  with 'water  exhaufted  of  air,  inftead  of  mercury,  and 
the  water  ftOod  in  the  tube  -^  of  an  inch  above  the  mark. 
Since  the  weight  of  the  atmofphere  on  the  outfide  of  the  ball, 
without  any  counterbalance  from  within,'wijl  comprefs  the  ball, 

von.  z 
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and  equally,  raife  both  the  mercury  and  water,  It  appears  that 
the  water  expands  -i^  of  an  inch  more  than  the  mercury  by 
removing  the  weight  of  the  atmofphere.     Having  thus  deters 
mined  that  water  is  really  compreffible,  he  proceeded  io  eftimate 
the  degree  of  pompreffion  correfponding  to  any  giv^n  weight.' 
For  this  piirpofe  he  prepared  3nothe;r  ball,  with  a  tube  joined 
to  it;  and  finding  that  the  mercury  in  -j^  of  an  inch  of  the 
tube  was  the  hundred  thoufandth  part  of  that  contained  in  the 
■  ballj  he  divided  the  tube  accordingly.  He  then  filled  the  ball  and 
part  of  the  tube  wifh  water  exhaufted  of  air  ;  and  leaving  fhe 
tube  open,  placed  this  apparatus  under  the  receiver  of  an  air- 
pump,  and  obferved  the  degree    of  expanfion   of  the   water 
anfwering  to  any  degree  of  rarefaftion  of  the  air :  and  again  by 
putting  it  into  the  glafs  receiver  of  a  condenfing  engine,  he 
noted  the  degree  of  compreflion  of  the  water  correfponding  to 
any  degree  of  condenfation  qf  the  air.     He  thus  found,  by  re- 
peated trials,  that,  in  a  temperature  of  50°,  and  when  the  mer- 
cury has  been  at  its  mean  height  in  the  barometer,  the:  water 
expands  one  part  in  2 1 740 ;  and  is  as  much  compreffed  by  the 
weight  of  an  additional  atmofphere;  or  the  compreflion  of  water 
by  twice  the  weight  of  the  atmofphere,  is  one  part  in  10870  of 
its  whole  bulk.     Should  it  be  objefted  that  the  compre'flibility 
of  the  water  was  owing  to  any  air  which  it  might  be  fuppofed 
to  contain,  he  anfwers,  that  more  air  would  make  it  niore  com- 
preffible ;  he  therefore  let  into  the  ball  a  bubble  of  air,  and  found  , 
that  the  water  was  not  more  comprefled  by  the  fame  weight 
th^n  before. 

In.fome  further  experiments  of  the  fame  kind,  Mr.  Canton 
found  that  water  is  more  compreffible  in  winter  than  in  fummer; 
but  he  obferved  the  contrary  in  fpirit  of  wine,  and  oil  of  olives. 

The  following  table  was  formed,  when  the  barometer  was  at 
29  inche?  and  a  half,  and  the  thermometer  at  50  degrees* 

Cionipression  pf  Millionth  parts.  Spec,  pfav, 

Spirit  of  wine  .  .  .  6(>y .  .  •  .  S46 
Oil  of  olives,  ...  48  ...  .  918 
ll^m  water  ....  46  .  .  ,.,,.  ^  1900 
Sea  water  .  .  .  .•  40  .  .'."'.  1028 
JVIercury  ....  3  .  .  .  .13595 
See  PM.  yra»/oc.  for  1762  and  1764. 

Indeed  it  feems  reafpnable  to  conclude,  ifldependent  of  all 
experitnents,  that  no  fluids  are  abfolutely  ineompreffible :  for 
all  bodies  being  porous,  their  parts  may  be  brought  nearer  to 
fiach  other  ;  and  a  liquid  being  an  affemblage  of  folid  bodies, 
fhould,  therefore,  be  compreffible.  Hence,  then,  the  ufual 
diftin£tion  of  fluids  into  compreffible  and  incompreffible  is, 
(Iriaiy  fpeaking,  inacturatc.     Neverthelefs,  as  the  compr,effion 
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of  the  liquids  in  the  preceding  table  is  very /mall  compared  wltli 
their  mafs,  it  may  fafely  be  negle£ted  in  moft  praftical  cafes,  fd 
that  the  fluids  ufually  confidered  as  incompreflible  may  ftill  be, 
reckoned  fo  in  the  inveftigations  we  are  about  to  enter  upon  ; 
and  the  confideration  of  air,  and  other  eafily  compreflible  and 
elaftic  fluids,  may  be  properly  referred  to  the  feparate  head  of 
Aeroftatics  or  Pneumatics. 

382.  ,We  know  fo  little  of  the  efl"ential  naturp  and  conftitu* 
tion  of  fluids,  that  it   would  be  by  no  means  advifeable   tb 
.  apply  to  them  the  principles  of  equilibrium  and  of  motion,  as 
they  have  been  flated  in  the  preceding  part  of  this  work,  with- 
out firft  enquiring  whether  there  is  not  fome  other  general 
law  which    appertains    to    fluids  only,    and    from  which,  in 
conjun£J:ion  with  the  principles  juft  adverted  to,  the  doflrlnes 
of  hydroftatics  may  readily  be  deduced.      For  the  adtion  of 
fluids  upon  each  other  difi^ers  fo  eflentially  in  fome  particulars 
from  the  mutual  a£):ions  of  folid  bodies,  that  fome  diftinft  prin- 
ciple muft  be  fought,  to  account  for  fuch  varying  efi"e£ts.     The 
parts  of  a  folid  are  fo  connefted  together  as  to  form  but  one 
and  the  fame  whole ;  their  effort  is,  according  to  its  naturei 
concentrated  into  one  point  (as  the  'centre  of  gravity,  centre  of 
gyration,  &c.) ;  which  is  by  no  means  the  cafe  with  fluids,  their 
particles  being  extremely  moveable,  and  entirely  independent 
of  each  other.     Again :  no  ftatical  eijuillbrium  can  take  place 
between   two  bodies  of  different  weights,  unlefs   the  lighted 
body  adls  at  fome  mechanical  advantage,;  whereas  a  very  fmall 
weight  of  fluid  may,  without  a£king  in  fo  advantageous  a  pofi- 
tion,  be  made  to  balance  any  weight  However  large.     Solid 
bodies,  again,  when  left  to  themfelves,  prfefs  only  in  the  direc- 
tion of  gravity ;   while  fluids  prefs  equally  in  all  direftionis. 
This  property  indeed  is  one  of  the  moft  extraordinary  which 
we  meet  with  in  fluids,  and  from  it  moft  of  the  other  propeir- 
ties   may  be  readily  inferred ;    on   which  account  the   con- 
tinental philofophers  aflTume  it  as  a  kind  of  definition.    The 
Newtonian  definition  is  more  fimple,  and  naturally  leads  to  this 
property,  which  can  only  be  conceived  to  arife  from  the  ex- 
treme freedom  with  which  the  particles  move  amongft  each 
other.     But  the  moft  fatisfafllory  proof  refults  from  experi- 
ment ;  to  which  it  is  proper  to  have  recourfe  in  the  eftablifh- 
ment  of  the  firft  principles  of  Hydroftatics,  and  which  will 
at  once  furnifti  the  general  law  neceflary  to  be  combined  with 
the  received  principles  of  proper  mechanics. 

383;  Def.  The  fpecific  gravity  oi  any  folid  or  fluid  body 
is  the  abfolute  weight  of  a  known  volume  of  that  fubftance, 
namely,  of  that  wbith  we  take  for  unity  in  meafuring  the 
Capacities  of  bodies.  • 

7-.  2 
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Comparing  this  definition  with  that  of  denfity  (art.  lo.)  it 
will  appears  that  the  two  terms  d.eH/sty  za^  fpectfic  gravity  QX- 
prefs  the  fame  thing  undei'  different  afpe£ts ;  the  former  being 
more  accurately  reftrained  to  the  greater  or  lefs  vicinity  of 
particles,  the  latter  to  a  greater  or  lefs  weight  in  a  given  volume ; 
hence  as  weight  depends  upon  the  clofenefs  of  particles,  the 
derifity  varies  as  the  fpecific  gravity,  and  the  terms  may  in  moft 
cafes  be  indifcriminately  ufed. ,  The_  fpecific  gravities  Of  fluids 
are  ufually  confidered  without  any  regard  to  the  empty  fpaces 
between  the  particles ;  though,  if  the  particles  of  fluids  ar? 
fpherical,  the  vacuities  make  at  leaft  \  of  the  whole  bulk.  ,  But 
It  is  fufiicient  that  we  know  precifely  in  whatfenfe  the  fpeciiBc 
gravity  of  fluids  is  underftood. 
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Om  the  Pressure  of  non-elastic  Fluids, 


584.  Prop.  T^  upper  furfaee- of  a  homogeneous  ieavyjluid  in 
any  vejfel,  or  idny  fyftm' of  communicating  vejjeh,  is  horizontal,  • 

This  is  a  matter  of  univerfol  experience  ;  and,  as  it  is  -eafily 
obferved,  may  be  taken  for  the  diftinguifliing  property  of  fluids: 
Thusj  if  ABCDEF  (fig.  7;  pi.  XV.)  be  a  veiTel  in  which  the 
branches  CDH,  EFG,  have  a  free  communication  with  the 
part  AB ;  then,  if  Water,  or  mercury,  or  wine,  or  any  othei? 
fluid  commonly  reckoned  non-elaftic,  be  poured  in,  either  at 
A,  C,  or  E,  and  when  the  whole  is  at  reft,  the  furfaee  of  thd 
fluid  ftands  at  IK  in  the  larger  trunk ;  if  the-  line  LIKM'  be 
drawn  parallel  to  the  horizon  the  furfaee  of  the  fluid  will  ftand 
at  L  in  the^aranch'EF,  and  at  M  in  the  branch  CD  ;  and  this 
whatever  are  the  inclinations  of  thofe  branches,  or  the  angles 
atFandD,  Gand  H. 

■  Remark.  This  is  ufually  explained  by  faying,  that,  fince  the 
parts  of  a  fluid  are  eafily  moveable  iii  any  direftion,  the  higher 
particles  will  defcend  by  reafon  of  their  fuperior  gravity,  and 
raife  the  lower  parts  till  the. whole  comes  to  reft  in  a  horizontal- 
plane.  Now  what  is  called  the  horizontal  plane  is,  in  faft,  a 
portion  sof  a  fpherical  furfaee  whofe  centre  is  the  centre  of  the 
earth:  hence  it  will  follow,  that  if  a  fuid  gr^aviiate  totvards  any 
centre  it  ivill  difpoje  itfelf  iiito  a  fpherical  figuri^  the  centre  of  which 
is  the  centre  of  force, 

385.  Prop.  If  a  fluid,  confidered  •without  lu eight,  is  coH' 
tained  in  any  vejfel  whatever,  and  an  orifice  beings  made  in  the  vejfel^ 
any  preJTure  whatever  be  applied  thereto,  that  prejfure  •will  he  dijlri" 
huted  equally  in  all  direBions,  -  • 

Through  any  point  N  (fig. 7.)  taken  at  pleafure  below  the 
furfaee  of  the  fluid  LIKM,  imagine  the  horizontal  plane  PNOQ__^ 
to  pafs.     It  is  obvious  the  weight  of  the  fluid  contained  in  the 
veflel  below  PNOQ_contributes  nothing  to  the  fUpport  of  the   , 
columns  LP,  lO,  rRJj  fo  that  the  equilibrium  vvould  obtain 
in  like  manner  if  the  fluid  contained  in  that  part  of  Uie  veflel 
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below  PNOQJjad  loft  its  weight  entirely.  We  may,  thferefore, 
regard  this  fluid  as  being  folely  a  mean  of  communication  be- 
tween the  columns  LP,  lO,  and  MQ_i  in  fuch  manner  that  it 
will  tranfmit  the  prefliire  refulting  from  the  columns  LP,  MQ, 
to  the  column  lO,  and  reciprocally.  If,  now,  inftead  of  the 
columns  LP,  lO,  MQ,  of  the  fluid,  pjftons  were  applied  to 
the  furfaces  P,  NO,  and  Q,  and  were  feparately  urged  by 
prefllires  refpeftively  equal  to  the  prefliires  of  the  columns  LP, 
lO,  MQ,  the  equilibrium  would  manifeftly  obtain  iu'  like 
manner.  Or,  if  a  prefliire  vcqual  to  that  of  the  column  M() 
be  applied  at  Q,  while  the  columns  LP,  lO,  remain,  the 
equilibrium  will  ftill  obtain ;  and  this  whatever  are  the  direc- 
tions of  the  feveral  branches,  and  their  finuofities  at  D,  F,  &c. 
whence  the  propofition  is  evident. 

CoR.  Not  only  is  the  preflhre  tranfmitted  equally  in  a\\ 
direftions^  but  it  aBs  perpendicularly  upon  every  point  of  th.ejur- 
'face  of  the  vejfel  which  contains  the  fluid. 

For  if  the  prefliire  which  afts  upon  the  furface  were  not 
exerted  perpendicularly,  it  is  eafy  to  fee  that  it  could  not  be 
entirely  annihilated  by  the  rea£i:ion  of  that  fur,face ;  the  furplus 
of  force  would,  therefore,  occafion  frefh  adlion  upon  the  par- 
ticles of  the  fluid,  which  muft  of  confequence  be  tranfmitted 
in  all  direftions,  and  thus  neceflarily  occafion  a  motion  in  the. 
fluid :  that  is,  thfe  fluid  could  not  be  at  reft  in  the  veflel,  which 
is  contrary  to  experience. 

Cor.  2.  Hence,  alfo,  if  the  parts  of  a  fluid  contained  in  any 
vejel  ABCD  (fig.  6.  pi.  XV.),  open  towards  the  part  AB,  are. 
folicited  by  any  forces  whatever,  and  remain  naPivithflanding,  in 
equilibrio,  thefe  forces  mufl  he  perpendicular  to  the  furface.  hB.- 
For  the  equilibrium  would  obtain  in  like  manner  if  a  cover  or  a 
pifton  of  the  fame  figure  as  the  furface  AB  were  applied  to  it; 
and  it  is  manifeft  that,  in  this  latter  cafe,  the  forces  which  aft 
at  the  furface,  or  their  refultant,  muft  be  perpendicular  to  that 
furface. 

CpR;  3-  If,  therefore,  the  forces  which  aft  upon  the  par- 
ticles of  the  fluid  are  thofe  of  gravity,  we  fhall  fee  that  the 
direftion  of  gravity  is  neceflarily  perpendicular  to  the  furface  of 
a  tranquil  fluid  :  confequently,  the  furface  of  a  heavy  fluid  mu/h 
he  horizontal  to  he  in  equilibrio,  whatever  may  be  the  figure  of  the. 
veffel  in  which  it  is  contained.  '' 

Thus,  again,  we  fee  the  reafon  of  the  fadt  ftated  in  art,  383. 

-CV-  3-  If  a  veflel,  as,  ABCD  (fig.  6.  ph  XV.)  clofedl 
throughput,  ejccept  at  a  fmall  orifice  O,  is  full  of  i  fluid  vrithT, 
out  weight ;  then  if  any  preflure  be  applied  at  O,  the  refulting.- 
prefl!ure  on  the  plane  furface  or  bottom  CD  will  neither  depenS, 
tipo.n  the  (juaptity  of-  fluid  in  the  yeflel  wx  on  its  fliap?  j  bwln 


Chap.  I.]  )>re/ure  of  Fluids.  343 

fince  the  preiliire  applied  at  O  is  tranfmrttcd  equally  in  all 
direftions,  the  a£tual  preiBure  upon  CD  will  be  to  the  preflure 
at  O  as  the  area  of  CD  to  that  of  the  orifice. 

Cor.  4.  In  the  fame  manner  will  the  preflilre  applied  at  O 
be  exerted  in  raifmg  the  top  AB  of  the  veflelj. fo  that  if  the' 
top  be-a  plane,  of  which  O  forms  a  part,  the  vertical  preflure 
tending  to  forte  AB  upwards  will  be  to  the  force  applied  at 
O  as  the  furface  AB  to  the  area  O. 

386.  Prop.  The  prejjure  af  a  fluid  on  the  horizontal  hdfe  of.  a 
•oejjel  in  luhich  it  is  contained  is  as  the  hafe  and  perpendicular  .al- 
titude.^ "whatever  be  the  figure  of  the  vejfel  that  contains  it:  the 
upper Jurf ace  of  the  fluid  being  fuppofed  horizontal. 

Let  any  horizontal  plane  GH  (fig.  10.  pi.  XV.)  be  fuppofed 
drawn,  and  conceive  the  fluid  contained  in  the  part  GCDH  of 
the  veflel  to  be  void  of  weight;  then  is  it  evident  from  cor.  3, 
of  the  foregoing  propofition,  that  a^y  vertical  filament  what- 
ever, EI  of  the  heavy  fluid  ABHG,  exerts  at  the  point  I  a 
preflure  which  is  difliributed  equally  through  the  fluid  GCDH; 
and  that  this  preflure  a£is  equally  upwards,  to  oppofe  the  action 
of  each  of  the  othW  filaments  which  ftand  vertically  above 
GH  ;  therefore,  the  filament  EI  alone  keeps  in  equilibrium  all 
the  other  filaments  of  the  mafs  AGHB :  confequently,  the 
inafs  GCDH  being  fl:ill  fuppofed  without  weight,  there  will 
not  refult  any  other  preflure  on  the  bottom  CD  than  that  of  a 
fingle  filament  EI,  which,  being  tranfmitted  equally  to  all  the 
points  of  CD,  will  make  the  prefliure  upon  CD  to  that  upon 
the  bafe  I  of  the  filament  EI  as  the  area  of  CD  to  the  area  I. 
If,  therefore,  we  imagine  (fig.  9.  pi.  XV.)  a  heavy  fluid  con- 
tained in  ACB  to  be  divided  into  horizontal  laminae,  the  upper 
lamina  will  communicate  to  the  bottom  CD  no  other  aftion 
than  would  be  communicated  by  the  fingle  filament  a  ^  :  and 
the  fame  thing  obtaining  with  refpeft  to  each  lamina,  the  bot- 
tom, therefore,  is  prefled  in  the  fame  degree  as  it  would  be  by 
the  combined  operation  of  the  filaments,  ab,  be,  c.d,  &c. 
Whence,  as  this  prefliiire  is  tranfmitted  equally  to  all  the  jjoiots 
of  CD,  it  will  be  equal  to  the  produft  of  CD  into  the  fumof 
the  prefigures  which  the  filaments  ah,  be,  cd,  are  capable  of 
exercifing  on  the  fame  point,  or  it  will  be  proportional  to  CD  x 
(a  i>+bc+cd +.&€.), 

CoR.i.  Hence,  if  the  fluid  contained  in  the  veffel  ABDC  is 
homogeneous,  the  prejjure  on  the  bottom  CD  "wdl  be  exprejed  ky  CD 
X  EC  ;  and  will  be  meafured  ^  the  weight  eftheprtfm  or  cj/Hnder 
•whofe  bafe  is  CD  and.  height  EC. 

QoR.  2.  Hence,  alfo,  when  the  heights  are  equ_al,' the  prejfuret , 
(of  the  fame  fluid)  are  as  the  bafes :  wfien  the'  bafes  are  equal  the 
freffures  are  as  the  heights  :  when  both  heights  and  bafes  are  equal 
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the  pnjjfures  on  the  hor[zontat'bctionis  are  equal  in  all,  hoiuever  ir- 
regular the  Jhape' and  different  the  capacities  of  the  vejj'eh  may  be. 

Cor.  3.  In  different  vcjfels  containing  different  Jltiids,  the  pref- 
fures  are  (is  the  areas  of  the  bottortis  x  depths  xfpecific  gravities. 

Cor.  4.  ]f  the  lamina  KR,  GK,  &c.  be  of  different  denfties, 
or  fpecific  gravities,  D,  d,  §,  &C.  -  then'  •will  the  prejfure  on  the: 
Idttom  CD  be  equal tii  CD  x-  (a  b  .  D+b  c  .  d+c  d  .  S  +  &c.). 
SCHOLIUM. 
"387.  Upon  the  two  principles  that  fluids  pre(s  equally  in  all 
direflions,  and  in  proportion  to  their  perpendicular  depths,  de- 
pends'the  explanation  of  the 'circumftarice  known  by  the  title  of 
tht.  hydrojlatic  paradx,  which  is  this:  any  quantity  of  water  or 
other  fluid,  how  /mall  fever,  way  be  made  to  balance  and  fuppor% 
aiiy  quantity,  or  ati'y  weight,  however  great :  a  circuipftance 
which  has  been  converted  to  a'  ufeful  purpofe  in  the  confthic- 
tion  of  fome  machines.  (See  BrAmah's  'Machine,  vol.  ii.)  A 
■well-known  ctsntrivance  to  illuftrate  this  principle  is  the  hydro- 
flatic  bellows.-  It  confifts  of  two  thick  boards  EF,  CD,  (fig.  8. 
pi  XV.)  about  16  or  18  inches  diameter,  covered  or  connefted 
firmly  with  pliable  leather  round  the  edges,  to  open  and  fhut 
like  common  bellows,  but  without' valves ;  but  there  is  a  pipe 
AB  about  3  feet  high  fixed  into  the  bellows  at  B.  Now  let 
w'ater  be  poured  into  the  pipe  at  A,  and  it  will  run  into  the 
bellows,  gradually  feparatiiig  the  boards  by  raifing  the  upper 
one.  Then,  if  feveral  wg^ghts  (three  hundred  weights,  for 
iiiftance)  be  laid  upon  the  upper  board,  the  Water  being' poured 
in  at* the  pipe  till' it  be  full,  Will  fuftain  all  the  weights,  though 
the  water  in  the  pipe  fhould  not  weigh  a  quarter  of  a  pound. 
For  the  narrower  the  pipe  the  better  (beyond  certain  limits), 
pirovided  we  make  it  long  enough,  the  proportion  being  always 
this: 

As  the  area  of  the  orifice  or  fedtion  of  the  pipe, 
To  the  area  of  the  bellows  board,  FE  :  '■ 

So  is  the  weight  of  water  in  the  pipe,  AG, 
To  the  weight  it  will  fuftain  on  the  board, 
^or  the  fiiiid  at  B^  the  bottom  of  the  tube,  is  prefled  with  a 
force  varying  as  its  altitude'  A'B  :  :ipd  this  preflure  is  communi- 
cated horizontally  to  all  the  particles  in  the  (pace  FE,  and  then 
diftributed  equally  throughout  the  fluid  in  the  bellows '.  con-j 
fequently,  the  prelTure  upward  at  FE  is  equal  to  th^  weight  of 
a  cylinder  of  the  flii-id  w'hofe  bafeis   FE  and  altitude  AB; 
while  the  aftual  weight'  of  water  borne  up  is  only  that  of  the 
cylinder  whofe  bafe   is    FE  and   height  BG;  and    hence  noi 
weights  laid  upon  CD  that  do  not  exceed  the  weight  of  a  c'yrs  ■ 
Under  of  the  fluid  vi^hofeb^fe  is  EF  i^ild  alti^wde  AQ  w'lU* 
difturb  the  equilibrium, 
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388'  Paoip,  If  two  immlfceaMe  fluids  are  Includsd  in  a  hnt 
tube,  and  balance  ccu:h  other,  their perpendicfdarvoltitudes,  ejiimated 

from-  an  horizontal  plane  dranun  thrtugh  the  comnrm  fiirfp.ce 
where  they,  are  in  contaff,  will  be  reciprocally  as  their  J'pecific  gra- 
vities. 

Let  ABCD  (fig.  i.  pi.  XVI.)  be  fuch  a  bent  tube,  its  form 
and  dimenGons  being  arbitrary  v  and  let  the  common  furface  of 
the  two  immifceable  fluids  be  GH  ;  one  fluid  occupying  the 
fpace  EFHG,  the  other  the  fpace  GJiBCKI.     hex  the  fpecifie 
gravity  of   the   fluid  in   EFHG  be   s,  that  of  the  other  S.' 
Through  the  furface  GH  draw  the  horizontal  plane  GHLOM, 
then  it  is  manifeft'(art.  384.)  that  the  part  GHBCML  is  na» 
turally  in  equilibfio :  in  orderj  therefore,  that  the  equilibriufji 
may  exift  in  the  whole,  the  prefl'ures  exerted  upon  GH  by  the 
Stiids  contained  in  EFHG,  IKML,  jnufl:  be  equal.    Now  (art, 
3S6»  coK  3.)  the  former  of  thefe  prefl'ures  is  denoted  by  GH  x 
FH  X  J,  and  the  latter  by  GH  X  NO  x  S.     Confequently  GH  X 
FHxi  =  GHxNOxS,   or  FHx/=NOxS;   whence  flows 
the  propofition,  /.  e.  FH  :  NO  : :  S  :  j-. 
SCHOLIUM. 
-  3'89.  Before  we  commence  the  inveftigation  of  the  preflure 
of  fluids  on  oblique  and  curvilinear  furfacps,  we  may  juft  re«  , 
mark  with  refpeft  to  preflhres  upon  the  horizontal  bottoms  of - 
veflels,  that  it  is  neceffary  to  diflrnguifh  between  the  preflure 
■which  the  plane  CD   (fig.  6.  pi.  XV.)  would  fuftain  as  ayifing 
from  the  fluid,  and  that  whith  it  -^ould'  have  to  fuftain  if  it 
carried  the  vefl'el.     If  the  bottom  CD  were  detached  from"  the 
veflTel,  in  order  to  prevent  the  efcape  of  the  water  there,  thg 
bottoni  CD  muft  be  prefled  upwards  with  a  fofce  equal  to  the 
weight  of  the  cylinder  CDEF  of  the  fluid  :  but  if  we  would 
fupport  the  veflet,  it  will  require  a  force  equal  to  the  weight 
both  of  the  veflel  and  the  fluid  it  contains.  ^  Thus,  when  the 
veflel  is  narroweft  at  bottom  it  will  requirfe  more  force  to  fup., 
port  the  veflel  than  to  keep  its  -bottom  from  falling  :.,while,  if 
the  veflel  is  wideft  at  bottom,  it  may  be  fupported  witha  lefs 
efibrt  than  would  be  neceiTary  to  prevent  the  bottom  from  fepa» 
rating  from  the  Tides  of  the  veflel.     Jiut  the  prefl'ure  of  the  flui4 
oft"  the    bottom  of  an  upright  prifniatic  veflfel  is  equal  to  its 
■weight. 
•  390.  Prop.'  Any  plane  furface  immerpd  in  a  hmvy  fluid,  of 

'  %(fhtch  the  upper  furface  is  horizontal,  if  perpendicularly  prejfed 
•with  a  force  equal  to  the  weight  of  a  column  of  that  fluid.  haJng 
the  furface  preffed for  its  bafe,  and  the  depth  of  its  centre  of  gravity' 
Utider  the  furface  of  the  fluid  for  its  attitude. 

Let  ABCD  (fig.  lo.  11.  pi.  XV.}  be  a  vertical  feftion  of  a 
ye^e}  terminate^  by  fi^rfows-  either  "^^XR  or  curyed,  and  an^ 
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way  inclined  to  the  horizon;  and  let  the  veffel  be  filled  with  a 
fluid  whofe  upper  furface  iiiterfedls  the  feition  ABCD  in  the 
hwizpntal  line  AB.  If  GH^^  be  an  indefinitely  thin  lamina 
of  the  fluid,  we  may  confidcr  i,t  abftrafledlyifrom  its  weightj 
and  then  conceive  this  lamina  as  prefled  by  the  fuperior  fluid. 
Now  this  preflure,is  diftributed  equally  through  all  the  par- 
ticles of  the  lamina,  and  acls-perpendicularly  and  equally  upon 
all  the  points  of  the  faces  G^,H^:  hence,  becaufe  this  force- 
is  the  fame  as  would  be  qccafioned  by  the  filaijient  EI  alone,  the 
preflure  which  is  exerted  perpendicularly  .upon  G^  will  be 
exprefled  by  G^x  EI :  and  the  fame  will  manifcftly  obtain,  if, 
inftead  of  regarding  G^  as  an  evanefcent  right  line,  we  confider 
it  as  an  evanefcent  furface.  Therefore,  in  general,  the  prefl'ure 
which  is  exerted  perpendicularly  upon  any  evanefcent  furface, 
by  a  heavy  homogeneous  fluid,  is  eftimated  by  the  continual 
produdl  of  that  furface,  its  diftance  from  the  horizontal  furface, 
and  the  fpecific  gravity  of  the  fluid. 

Hence  it  will  follow,  that  the  total  preflure  exerted  upon  any 
plane  furface  whatever,  whether  vertical  or  oblique,  is  equal 
to  the  produft  of  the  fpecific  gravity  into  the  fum  of  the  pro- 
dufts  of  the  evanefcent  parts  of  this  furface  into,  their  refpec- 
tiye  diftances  from  the  upper  furface  of  the- fluid  :  but  by  the 
nature  of  the  centre  of  gravity  (art.  io8.)  the  fum  of  thefe 
latter  produfts  is  equal  to  the  produS  of  the  whole  furface 
into  the  diftance  of  its  centre  of  gravity  from  the  horizon- 
tal furface  of  the  fluid :  fo  that  the  whole  piefllire  will  be  de- 
noted by  the  continual  produft  of  the  furface  preflTedi  the 
diftance  of  its  centre  of  gravity  from  the  upper  furface,  and 
the  fpecific  gravity  of  the  fluid ;  which  is  the  propofition  in 
other  words.  ,  • 

CoR.  J.  1'he  entire  lateral  prejfurt  of  a  veffel -whofe  Ji4es  are 
perpendicular  to  the  bafe  is  equal  to .  the  nveight  of  tie  fluid  con- 
tained in  a  reElangular  prifm,  whofe  altitude  is  that  of  the  fluid% 
and  bafe  is  a  parallelogram,  oneftde  of  "which  is  equal  to  the  altitude 
of  the  fluid,  and  the  other  to  the femiperinieter  of  the  -veffel . 

CoR.  2.  The  preffure  againjl  oneftde  of  a  cubical  veffel  filed  -with 
a  fluid  is  equal  to  half  the  preffure  agaiiif  the  bottotft.  And  the 
ixihole  preffure  againfl  theftdesand  bottom  is  equal  to  three  times  the 
weight  of  the  fluid  in  the  vejfel . 

CpR.  3.  |f  ABCD,  CDEF  (fig.  2.  pi.  XVI.),  are  two  reEian^ 
gles  -tvhofe  common  breadth  is  CD,  fianding  vertically  in  a  fluid, 
•whofe  upper  furface  is  SS  ,  then  -will  the  preffures  upon  the  reSan-^ 
gles  ABCp  flWCDEF  be  as  kC  and  AE^- AC\ 

For  if  G  and  g  be  the  refpedlive  centres  of,  gravity  of  the  . 
two  reftangles,  we  fhall  have  preflure  upon  ABCD  :  preflTure 
upon  CPJiF  : ;  Ai^QD  x  IG :  CDEF.  x  U : :  AQ  x  4AC  4  CE  Y. 
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<AC  +  iCE):.!ACxiAC;(AE- AC)  x  i(.AE  +  AC);; 
AC':AE^-Ae. 

Cor.  4.  Hence,  if  AE  be  to  AC  US'/  2  to  i,  thepreffures  upon 
A&CJXand  CDI.Y  wiU  be  e^ual.      *' 

391.  Dkf.  The  centre  of  prejj\ire  is  that  point  of  a  furface 
againft  which  any  fluid  preffes,  through  which  the  refultantof 
all  the  individual  preffures  pafles,  or  to  which,  if  a  force  equal 
to  the  whole  .preflure  were  applied  in  a  contrary  direftion,  it 
would  keep  the  furface  at  reft. 

392.  Prop.  If  a  plane  furface  which  is  prejfed  by  a  fluid  be  pra- 
duced  to  the  horizontal  furface  of  it,  and  their  common  interfecfioti 
be  made  the  axis^  of  fufpenfon,  the  eenfre  of  pereufflon  will  be  the 
centre  ofpreffure. 

Let  ABCD  (fig- 3-  pi.  XVI,)  be  the  horizontal  furface  of 
the  fluid  which  preiTes  upon  the  plane  EIF  :  produce  this  plane 
till  it  meets  the  furface  of  the  fluid  in  the  line  MN ;  and  let  O' 
be  the  centre  of  preflure.  From  any  point  p  of  t)ie  furface' 
pre&d  draw  the  vertical  p  m,  meeting  the  horizontal  furface  in 
m ;  and  in  the  plane  CB  draw  from  m  the  line  m  M  perpen- 
dicular to  MN.  The  preflure  upon/i  (.art.  390.)  is  ?is p  .pin^ 
and  its  efFeft  to  turn  the  plane  about  M  N  is  as  ^ ./» ?«  >^  M, 
by  the  nature  of  the  lever :  alfo,  its  effeft  to  turn  the  plane 
about  NI  is  as  ^, p?«  .  MN.  In  like  manner,  if  the'  plane 
EIF  be  fuppofed  to  revolve  about  the  axis  MN,  and  to  ftrike 
an  obftacle  at  O,  the  percuffive  force  of  the  particle  p,  by 
which  it  endeavours  to  move  the  plane  about  MN,  will  be  as 
p  .pm",  or  us  p  .pm  -p  Wi ;  and  its  force  to  turn  the  plane 
about  NI  will  be  as  />  .^  M .  MN,  or  2s  p  .  p  m  .  MN.  And  the 
like  correfpondence  between  the  percuflive .  and  the  preflive 
forces,  of  any  other  particles  in  the  plane  EF,  may  be  {hewn 
in  the  fame  manner.  Confequently,  the  percuilive  forces  of 
the  whole  of  the  particles,  whereby  they  endeavour  to  move  the 
plane  in  the  two  direfitions,  have  the  fame,  relation  as  the 
forces  of  prefTure,  and  therefore  the  centres  of  preflure  and 
percuflion  are  coincident. 

•  CoR.  I.  Hence,  the  theorems  given  for  the  centre  of  per-r 
cuffion  in  arts.  318.  319.  may  be  applied  to  the  determination 
of  the  centre  of  prefl'ure, 

CoR.  2.  Hence  alfo  appears  the  miftake  of  thofe  who  aflert 
that  the  centres  of  percuffion  and  of  preflure  do  not  coincide. 
They  are  the  centres  of  ofciltaiion  and  oi  freffure  which  do  not 
coincide  unjverfally.     See  art,  320. 
■       '  SCHOLIUM. 

393.  To  adopt  the  general  formulae  for  the  centre  of  per- 
quflion  to  the  inftance  of  the'centre  of  preffure,  it  will  be  pro- 
per to  make  a  flight  chs^nge  ^n  the  nqtation.    Let  d  be  the 
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diftance  from  J»IN  of  any  particle,  or  of  any  horizontal  lamina 
of  the  fluid  in  contadl  with  the  plane  EIF  ;  let'  /  be  the  length 

ef  fuch  lamina,  and  i/its  depth  (being  confidered  as  eyanefcent), 

then  will /J  be  its  area;  alfo,  let  §  be  the  diftance  of  the  centre 
of  gravity  of  the  plane  EIF  from  the  line  MN,  where  that 
plane  interfefts  the  furface  i  and  let  the  horizontal  diftance  of 

iditoxa  the  line  Nl  be  denoted  by  h :  then,  with  refpeft  to  the 
line  MN  the  formula  (art.  5i8.)  will  become  ;r- — :  or^,,^  .  ,| 

\  ^        •  J  I  d  d         -t-li'  X  4 

and  with  refpeift  to  the  line  NI,  the  formwlse  (aft.  319.)  will 

fmdk         flUdd 

become  ^-z r^  or  -e^tjt— .-< 

fl  dd  EIFXi 

A  few  examples  are  here  added  to  illuftrate  the  ufe  of  thefe 
theorems.  *    ' 

I.  Let  a  refervoif  which  contains  wdter,  or  any  other  fluid' 
(its  fpeclfic  gravitybeing  s),  have  one  of  its  fides  plane  and  ver- 
tical :  if  vie.  imagine  a  right  line  drawn  vertically  upon  this 
JjlartCj  its  length  being  A,  and  the  diftance  of  its  centre  of 
gravity  from  the  furface  of  the  fluid  §,  the  preflure  exerted 
upon-this  line  will  be.f  §X  (art.  39O.).  Let  the  diftance  of  the 
fuperior  extremity  of  the  line  7v  from  the  furface;  of  the  fluid 
be  tf,  and  make  a-\-K—e,  fo  fhall  e  be  the  diftance  of  the  lower 
extretnity  of  the  line  K  from  the  horizontal  furface  of  the 
fluid..  Then,  to  find   the  centre  of  prefllire   of  the  line  A, 

we  take  the  complete  fluent  of  the  exprefllon  -1 — ~   (I  being 

J  I  d  d. 

conftant)  which  is  ^i^z_^t)  \  or,  when  the  variable  J  becomes 
equal  to  y  we  have  ^,—^,,  for  the  diftance   of  the  centre  of 

preflure  from  the  horizontal  furface  of  the  fluid-  When  one 
of  the  extremities  of  the  line  A  coincides  with  this  furface  we 
have  a  =  o,  and  e=^K,  and  the  diftance  of  the  centre  of  preflTure 
becomes  4  A. 

II.  If  upon  the  verticalline  A  we  Conftruft  a  reftangle,  of 
which  the  horizontal  bafe  is  h,  the  whole  preflTure  upon  it  will 
hts  h^Ki  and  ,  the  diftance  of  the  centre  of  preflure  from  the 

furface  of  the  fluid  will  be  —rr — ^  the  fame  as  we  haVe  iufl; 

'.  '  3  («-«')  ,  •*  . 

found.  .And  this  centre  muft  evidently  be  found  upon  the 
Vertical  line  Which  dividfcS  tiie  parallelbgram  into  two^equai 

parts* 
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If  the  upper  Jiorizontal  fide  of  the  paraljejogram  coincide 
with  the  furface  of  the  fluid  (as  the  fide  AB  of  the  parallelo- 
gram  ABCD,  fig.  2.  pi.  XVI.)  its  tendency  to  turn  about  its 
bafe  will  be  ^skK^x^X  =\sh7\^,  and  its  tendency  to  turn 
about  one  of  its  vertical  fides  will  be  is  hX^  X  ih  —  ^sh^T^i 
thus  the  firft  of  thefe  eifbrts  will  be  to  the  fecond  as  4  ^f  A  A^ ; 
^sh'K;  or  as  2  A  :  3  -5 ;  which  reduces  to  2:3,  when  the 
teftangle  becomes  ajfquare. 

III.  To  determine  the  centre  of  preflure  in  the  triangle  CAB 
(fig.  4.  pi.  XVI.)  whofe  fide  AB  is  horizontal,  and  which  is 
placed  vertically  in  a  fluid  whofe  horizontal  jfurface  is'  SS'. 
Through  C,  the  fummit  of  the  triangle,  draw  the  vertical  line 
SCP,  alfo  the  line  CQ^bifeftjng  the  bafe  AB,  and  any  line 
TR  parallel  to  AB.  Make  CP=A,  AB=/i,,  C&=a,  SP=«-h 
A=^,  the  diftance  of  the  horizontal  line  in  which  lies  the  cen- 
tre of  gravity  of  the  triangle  from  S  =S  (that,  is,  if  C  ^  =  -f  CQ, 
the  diftance  between  SS'  and^=S),  the' angle  PCQ==/^,  SM^ 
d,T'Si=lyCNL=c=d-a. 

The  whole  preflure  upon  this  triangle  will  be  reprefentcd  by 
sx  ihXx'^=\s%Kh.  And  to  find  the  depth  of  the  centre  of 
preflure  below  SS'  we  muft  find  the  fluent  of  the  exprefljon 

f^"^'  ^    or-C^f-  •    In  order  to'this  we  have  CP  :  AB  ;  ;'CM : 


ABC-xJ'  iixA 

TR,  or  A :  /J :  :c :  /=  'i-  =  1-  {d-a),  which  fubftituted  for  /  in 

fid'd,  gives  ^fld'-ad'')d=^{id^-iad')+C.  The 

conftant  quantity  C  may  be  determined  by  confiderjng  that  ths 
fluent  muft  yanifli  at  the  point  C,  that  is,  when  l=o,  or  when 
//-fl=o,  that  is,  when  d=a.  Hence,  mjilfii^  the  fubftitBtion» 
we  have 

^(i«*-4«*)+C=o,whenceC==  ^  «* 
and  the  correa  fluent  is  ^Hd^-i^id^+^a'^), 

Hence  then,  fpr  the  whole  triangle,  in  which  SM=SP,  et 
d=e,  we  fuisftitijte -f  for  d  in  the  ^upt,  and  divide  by  the  de- 
nominator 4  S  A /5  of'tbe  general  exprefljon,  -which  gives  "for  thf 
depth  of  the  centre  of  preflure  of-^the  whole-  triangle  the  valus 

.iilzi?i!±ikfL,  which  is  evidently  jndepeijdent  pf  the  b^fe  b 

of  the  triangle. 

When  the  vertex  of  the  triangle  is  at  the  I)OxizqntaJ  furfaes 
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ef  the  fluid  essXf  a=o,  t—^K)  afid  the  exprefllon  becomes 
IV.  To  determine  the  diftanee  of  the  cehtte  of  preffure  froni 
the  vef tical  line  CP.     Here  we  muft  take  the  fbrmnlse    .,  ^  .  , " 

,  J  I-  a  a 

la  which  H  reprefents  MN=(r  tang.  k  =  {d-a)  tafig.  ^.  Sub^ 
ftituting  this  value  of  H,  and  —  {d^a}  for  /,  its  value  found 

above,  we  have  fllidd=  ^l±f{d^  -2ad'  +  a'd)  d  = 
*^*ilU  (^^d*-.^ad^  +  i  a-  d')  +  C.  Id  this  cafe,  alfo,  the 
fiuent  vanlflies  when  d==a;  whence  we  haye     "  ^^^  '  a*+ 

'c^a,^andC=-*-*""'^-*'' 


liTi 


fo  that  the  correa  fluent  is  ^^^*  (ii^-f  a  rf^+laV^-T-Va'). 

Hence,  makingV=:^,  and  dividing  by7/^/^=i  J  A  ^,  we  have 
for  the  diftanee  fought,  tang,  k  x ? — — "   -. 

1.  When  the  triangle  is  ifofceles  the  angle^=o,and  the  pre- 
ceding value  vanifties,  as  it  obvioufly  ought  to  do;  for  in  that 
cafe  the  triangle  is  fymmetrical  with  refpfeft  to  CP,  and  the  prcf- 
fures  are  in  equilibrio  about  that  line. 

2.  When  the  triangle  is  right-angled,  and  has  its  bafe  or 
horizontal  fide  AB=:/6  one  of  the  fides  about  the  right-angle, 
that  is,  when  CA  coincides  with  CP,  then  is  h=2K  •  tang,  k, 

Of  tang.  i=:  — ,  which  transforms  the  expreffion  for  the  centre 

of  preflure's  diftanee  from  SP 

3.  Finally f  w;hert  the  vertex  of  th^  triangle  is  at  the  furface 
SS'  of  the  fluid,  a =6,  e=i:X,  5=^  A,  and  the  expreflion  be- 
comes |  A  .  tang.  ^ ;  whkh,  for  the  right-angled  triangle,'  re- 
duces to  |  A. 

4.  When  the  triangle  has  its  vertex  at  the  horizontal  furfade 
of  the  fluid,  the  tendency  to  turn  about  the  bafe  is  to  that  to 
turn  about  the^perpendicular  let  fall  from  the  vertex  upon  ,th« 
bafe  as  i  to  3  tang.^;  and,  in  the  cafe  of  the  right-angled  tri- 
angle, as.  a  A  to  3  A ;  which,  when  the  legs  of  the  triangle  are 
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equal,  reduces  to  the  ratio  of  2  to  3.  As  in  the  cafe  of  the 
reftangle  and  fquare. 

If  C  an4  AB  lie-in  diflFerent  fides  of  SS',  that  is,  if  part  of 
the  triingle  is  out  of  the  fluid,  no  other  change  will  be  necef- 
fary  in  the  preceding  exprellions  than  a  change  of  figns  in  thofe 
terms  which  contain  uneven  powers  of  a.  So  that  this  fimple 
transformation  will  accommodate  the  preceding  general  the- 
orems to  the  cafe  of  trapezoids. 

V.  If  the>  radius  of  a  circle  be  r,  and  S  th^  diftance  of  its 
centre  below  the  furface  of' the  fluid  in  the  plane  of  the  circle, 
then  is  the  diftance  of  the  centre  of  preflTure  from  the  upper 

furface,  in  the  fame  plane,  exprefled  by  d  H — -;   which  when 

the  upper  part  of  the  circle  juft  touches  the  furface  becomes 

if  r.     The  inveftigation  of  this  is  left  for  the  ftudent's-  exercife. 
It  is  hardly  neceffary  to  remark,  that  the  refults  of  the  oper-, 

ations  in  this  fcholium  may  be  fafely  applied  in  the  analogous 

enquiries  relative  to  the  centre  of  percufliOn. 

394.  Prop.  To  enquire  generally  into  the.  refults  of  all  the  pref- 

fures,  upon  any  furface  plane  or  curved,  regular  or  irregular,  both 

in  the  vertical  and  the  horizontal  dire^ion. 

This  is  ufually  performed  by  foreign  authors,  by  means  of 
the  cakulus  of  partial  diiFerences.  But  another  mo'de  of  in- 
veftigation is  purfued  here,  as  we  thinli  it  likely  to  carry  more 
'  convidiion  to  the  mind  of  a  learner.  Had  the  vertical  prefliire 
alone  been  the  objeft  of  inveftigation,  it  might  be  determined^ 
far  more  concifely. 

I.  Whatever  the"  figure  of  a  body  may  be,  we  may  always 
imagine  it  to  confift  of  an  aflemblage  of  an  infinite  huthber  of 
indefinitely  fmall  laminse  refpeftively  parallel,  and  the  furface 
of  each  lamina  as  an  aflemblage  of  many  trapezoids,  their 
number  indeed  being  infinite  likewife,  when  the  furface  in  con- 
tafl:  with  the  fluid  is  curved.  Hence,  to  eftimate  the  refultof 
the  preffures  of  a  fluid,  whether  upon  the  interior  furfiice  ' 
of  a  vefTel  which  contains'  ir,  or  upon  the  exterior  furface  of 
a  body  immerfed  in  it,  we  muft  firft  eftimate  the  refult  of 
the  preflure  upon  the  furface  of  a  trapezoid  whofe  height  i$ 
cvanefcent. 

Conceive^  therefore,  abed  (fig.  5.  pi.  XVI.)  a  trapezoid 
whofe  two  parallel  fides  are  ab,  cd,  and  whofe  height  HK  is 
infinitely  fmall  with  regard  to  thofe  fides.  To  refift  the  pref~ 
fure  upon  this  furface  we  muft  apply  to  the  centre 'of  gravity^ 
pi  the  trapezoid  a  force  P  perpendicularly  to  its  plane,  the  va- 

•Jue  of  which  is  exprefled  by  the  produ6t  of  the  &irface  of  tb« 
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frapezoid  into  tlie  difiiance  G^  of  its  centre  of  gravity  front 
the  horizontal  furface  A  BCD  of  the  fluid. 

To  determine  the  efFe£t  of  this  force  P'both  in  the  vertical 
and  the  horiaontal  dire£tion,  conceive  a  vertical  plane  cdFEto 
pafs  through  the  line  c  d,  and  a  horizontal  plane  a  b  EF  through 
the  line  a  by  the  common  interfeftion  of  thefe  planes  being  ET" : 
then,  having  drawn  the  vertical  lines  cE,  dF,  meeting  the 
horlziontal  plane  in  Eand  F,  join  b  E  and  a  F :  again,  through 
the  direftion  P^.of  the  force  P,  conceive  a  plane  KIH  perpen- 
dicular to  c  d,  and  of  which  H  ^  K  and  HI  are  the  interle^ions 
with  the  two  planes  abed  and  FE  c  ^:  this  plane  will,  be  per- 
pendicular to  the  planes  abed  and  FE(r^,-becaufe  c^  is  their 
common  interfeftion  :  finally,  from  the  point  K,  where  ab  and 
H^  meet,  draw  KI  perpendicular  to  the  plane  FE  c  d,  this  line 
ftiuft  neceflarily  be  perpendicular  to  HI. 
-  The  conllru£tion  effe^ed,  refolve  the  force  P  (reprefented 
tvy  g  N)  into  two  others  which  are  alfo  in  the  plane  KIH,  of 
which  the  horizontal  one  is  g  L,  and  the  vertical  one  g  M.  Call- 
ing thefe  cotnpoiient  forces  Land  M,  we  have,  by  the  nature 
of  the  parallelogf  am  of  forces  P:L:M::g^N:^L:^M::p-N 
:  g  L  ;  LN  : :  HK  :  HI  :  IK,  the  triangles  ^  L  N,  -Hlli,  being 

evidently  fimilar.     Multiplying  the  three  latter  terms  by  ——^ 

X  G^,  which  will  not  change  the  ratio,  we  (hall  have  P  :L  : 

M::HKx"-^^xG^:HIx^xG^:IKx^xG^. 

Nottritniiy  be  obferved,  ift.  That  HKx°  ■  is  the  fur- 
face  of  the  trapezoid  abed.  adly.  That  fince  c  E  aiid  ^F  are 
parallel,  as  like  wife  cd  and  EF,  we  have  c  rf  =  FE,  therefore 

iKx  °  =:IKx  " '  '  '  )-  which,  of  confequence,  is  the  fur- 
face  of  the  trapezoid  a  b  EF.  3dly.  That,  becaufe  the  height 
of  the  trapezoid  a  b  e  d  is  evartefcent  with  refpeft  to  the  fides  a  b 
and  c  d  EF,  which  is  equal  to  e  d,  may  be  taken  both  for  c  4 

and  for  a  ^ ;  fo  that  HI  x    ■■    '' -  reduces  to  HI  x  EF,  which  is 

the  furface  of  the  re£langle  ErrfF.  We  have,  therefore.  Pi 
L:M::«i!'c(/xG^:EcrfFxG^:dFE^xG^.  But  we  have 
fuppofed  that  the  force  Pis  exprefled  hy  ahcdxGg;  confe- 
queiitly,  the  horizontal  force  L  is  denoted  by  Ec^FxG^, 
and  the  vertical  force  M  by  o  FE  3  x  Gg-. 

As  the  triangle  may  be  confidered  as  a  trapezoid,  of  which  ■ 
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fetie  of  the  parallel  fides  variiihes,  the  fame  thiftg,  therefore, , 
ohtains  for  any  evanefcent  triaiigle. 

Conceiving,  now,  that  from  the  angles  a,  d,  c,  h,  lines  are 
drawn  to  fall  perpendicularly  upon  the  plane  ABCJ))  thefe  pen*- 
pendiculars  will  be  the  edges  of  a  prifmatic  frullrurh,  of  which 
the  horizontal  bafe  is  equal  to  aFEb,  and  the  inclined  ba(fe; 
abed;  or,  as  a  3  and  cd  are  fuppofec^  indefinitely  near,  the  fo- 
lidity  ofthe  prifmatic  fruftrum  will  not  differ  fenfibly  from  that 
of  the;  prifm  which  has  the  fame  horizontal  bafe,  and  whofe 
height  is  G^  :  but  this  latter  is  'equal  to  a  FE  b  x  G^,  which  is 
precifcly  the  expreffion  above  found  for  the  vertical  force  M» 
Henc.e  it  appears,  that  this  force  js  eqmttothe  nueight'  of  a  prif- 
matic frufrum  of  the  fluid  luhofe  inclined  bafe  w  a  b  c  d,  and  horli- 
%ontal  bate  the  projeBion  of  abed  upon  the  horizontal  furface 
ABCD.  •"         ^  -^  ■>  ^  -^  •' 

II.  Let  us  next  confider  any  folid  whatever  cut  into  art  in- 
definite number  of  horizontal  laminse,  fuch  as  ABDEfl3(/^ 
(fig.  6.  pi.  XVI.),  and  that  perpendicularly  to  the  centre  of 
gravity  of  the  furface  of  each  trapezoid  into  which  the  contour 
of  the  lamin2e  is,divlded,  forces  are  applied,  each  reprefented 
by  the  produiSt  of  the  furface  of  the  correfponding  trapezoid 
into  the  diftaHce  of  its  centrd  of  gravity  from  the  horizontal 
furface  A'D',  Thefe  forces  are  the  preffures  of  a  heavy  fluid, 
fuftained  by  the  interior  furface  of  the  lamime  ABDE  abd e  oi 
a  veflel  which  contains  it ;  they  are  alfo  the  preffures  of  fuch 
a  fluid  which  would  be  fuflained  by  the  exterior  furface  of  a 
folid  whofe  contour  is  the  fame,  and  which  is  immerfed  to  the 
fame  depth.  But  it  is  manifeft  that  if  each  of  thofe  forces  P, 
P'  P',  &c.  were  decoihpofed  into  two  others,  the  one  vertical, 
the  other  horizontal,  each  vertical  force  would  be  reprefented 
by  the  weight  of  a  prifmatic  fruftrum  of  the  fluid  whofe' inclined 
bafe  is  one  of  the  trapezoids  in  the  contour  of  the  lamina,  and 
its  horizontal  bafe  the  projeflion  of  that  trapezoid  upbn  the 
'  upper  furface  of  the  fluid.  Therefore  the  fum  of  thefe  vertical 
forces,  or' the  fingle  vertical  refulting  force,  will  be  reprefented 
by  the  fum  of  the  weights  of  all  thofe  prifmatic  fruftrums :  and 
the  fame  property  may  obvioufly  be  extended  to  every  other 
horizontal  lamina,  we  may  conclude, 

1.  That,  if  a  ve0,- of  any  figure,  be  fitll  <if  a  fluid,  and  have 
oper  every  part  tf  the  fides  and  bottom  a  perpendicular  column  of  the 

fluid  reaching  to  the  furfaie,  the  -whole  vertical  prejfure  of  the  fluid 
upon  the  bottom  and  fides  of  that  vejfel  will  be  equal  to  the  tveight 
of  the  whole  fluid.     ' 

2.  That,  if  a  body,  as  AEDBM  (fig.  7.  pi.  XVI.)  of  which 
AIBF  is  the  greatefi  horivu)ntal  feBion,  is   immerfed  in  a  fluid  to 

Mfty  depth  whatever,  and  ifwc  drop  the  co^fidcration  cfthe  preffuvjt 
VOL,  I.  A  k 
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fu/lainedby  the  upper  part  AMB,  tjje  vertical  effort  of  the  fluid  to 
raife  the  body  is  equal  to  the  lueight  of  the  volume  of  fluid  which  is 
eomprifed  betiveert  thefurface  A'  D',  the  furface  AIBFE,  and  the  coni- 
vex furfaceflirmed  by  perpendiculars  let  jiall  from  all  the  points  of 
the  pfrimeter  AIBF  upon  the  plane  A'D' ;  that  is,  equal  to  the 
ftitn  of  the  nueights  of  fluid  in  the  prifm  a  i  b  f  AIBF,  and  thefpace 
AIBFCE. 

III.  If  we  would  now  eftimate  the  preffure  fuftained  by  tbe 
fuperior  furface  AMBFI  of  the  body,  we  fhall  fee,  by  the  fame 
kind  of  reafoning,  that  the  refult  in  the  vertical  direction  tend- 
ing to  force  the  body  downwards,  is  an  effort  equal  to  the  weight 
of  the  volume  eomprifed  between  the  horizontal  proje£tion 
a  i  bf,  and  the  upper  furface  AMBFI  of  the  body.  If,  then, 
from  the  firft  of  thefe  efforts  we  dedu£l:  the  fecond,  it  will  ap- 
j^ear  that  the  body  is  puftied  vertically  upwards,  Tvith  an  effort 
Si^ual  to  the  weight  of  a  volume  of  the  fluid  equal  to  that  of  the 
body  immerfed.  We  conclude  therefore  that,  if  a  body  is  im- 
merj'ed  in  any  fluid  whatever,  it  -will  lofe  (relatively )  as  much  of  its 
•weight  as  is  equal  to  the  weight  of  the  quantity  of  fluid  it  difplaces, 

,  IV.  With  regard  to  the  refiiltant  of  all  the  vertical  forces 
whofe  magnitude  we  have  juft  determined,  it  is  eafy  to  fee  that 
it  mud  pafs  through  the  centre  of  gravity  of  the  volume  of 
fluid  difplaced.  For,  if  we  conceive  this  volume  decbmpofed 
into  an  infinite  number  of  evanefcent  vertical  filaments,  the 
effort  made  by  the  fluid  to  pufli  each  filament  vertically  will 
be  exprefled  by  the  weight  of  a  quantity  of  fluid  equal  to  that 
filament.  Therefore,  to  obtain  the  diftance  of"  the  refult'ant 
from  any  vertical  plane  whatever,  we  mull  multiply  the  mafs 
of  each  filament  (confidered  as  of  the  fame  nature  with  the 
Buid)  by  its  diftance  from  this  plane,  and  divide  the  fum  of 
the  produ£l:s  by  the  fum  of  the  .filaments ;  which  is  precifely 
the  rule  that  muft  be  followed  to  find  the  centre  of  gravity  of 
the  volume  difplaced.  Therefore,  univerfally,  a  body  immerjed 
either  wholly  or  in  part  in  a  heavy  fluid,  and  at  refl,  receives  from 
the  fluid  prejfures  which  are  together  equivalent  to.  a  "bertical f ore's, 
direffed  upwards  through  the  centre  of  gravity  of  the  fluid  difplaced 
by  the  body,  and  equal  to  the  weight  of  a  quantity  of  the  fluid  fo  dif- 
placed by  the  immerfed  part  of  the  body. 

.  Indeed  we  may  readily  affign  a  reafon,  h -priori,  of  this :  for, 
fuppofing  a  force  adding  on  a  body  without  heavinefs  retains 
it  in  equilibrio  when  immerfed  either  wholly  or  partly  in  a 
heavy  fluid;  if  wfe  fubftitute  for  the  immerfed  part  of  the  body, 
that  is,  for  the  fluid  it  difplaces,  an  equal  and  fimilar  portion  of 
the  fame  fluid  become  foljd  (as  ice,  and  the  denfity  unchanged),, 
the  equilibrium  will  ftill  obvioufly  fubfift:  confequently,  the 
piefiire  of  jthe  fluid  upon  the  immerfed  body  will  be  altogether 
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equal  and  direftly  oppofed  to  the  weight  of  this  folld ;  and 
muft,  therefore,  pafs  through  its  centre  of  gravity  in  order  to 
fuftain  it  in  equilibrium. 

V.  It  now  remains  for  us  to  confider  how  the  horizontal 
forces  are  difpofed  of. — If  we  take  any  one  of  the  horizontal 
laminae  into  which  either  the  fluid,  or  the  folid  immerfed  in  the 
fluid,  may  be  imagined  to  be  divided,  and  through  the  fides  a  Ir, 
be,  cd,  &c.  (fig.  6.  pi.  XVI.)  of  the  inferior  fe£lion  conceive 
vertical  planes,  to  pafs,  and  to  be  terminated  by  the  fuperior 
feftion ;  thefe  planes  will  fortn  the  contour  -of  a  prifm  whofe 
height  is  that  of  the  lamina,  and  each  face  of  the  prifm  will 
have  (L)  the  meafure  of  its  furface  proportional  to  the  value 
of  the  horizontal  force  to  which  it  is  perpendicular.     But,  as 
all  thefe  faces  are  of  the  fame  altitude,  their  furfages  are  pro- 
•portional  to  their  bafes  ab,  be,  &c.  and  confequently  the  ho- 
rizontal forces  are  refpeftively  in  the  ratio  of  the  fides  a^,^f,&c. 
And  as  the  altitudes  of  thefe  faces  are  evanefcent,  we  may  re- 
gard all  thefe  forces  as  applied  in  the  fame  horizontal  plane 
ubcdef,  and  to  be  each  refpeftively  proportional  to  the  length 
of  the  fide,  on  the-  middlf  of  which  it  aits  perpendicularly, 
Now'it  has  been  fhewn  (art.  53.),  that  if  any  number  of  forces 
reprefented  in  magnitude  and  dire£tion  by  the  fides  of  a  poly- 
gon taken  in  order,  a£t  fimukaneoufly  upon  the  fame  point,  they 
will  be  mutually   deftroyed,  and  the  point  continue  at  reft : 
alfo  (art.'85.),  that  when  any,number  of  forces  are  in  equilibrio 
when  applied,  to  different  points  of  a  body^  they  are  the  fame  as 
would  be  in  equilibrio  about  a  fingle  point ;  and,  fince  the  di- 
'  reftions of  the  feveral  forces P,  P  ,  P',  &c.  in  the  prefettt  cafe 
would,  if!  produced,  form  a  polygon  •fimilar  to  nbcdef,  the 
Confeque)ices  juft  referred  to  will  apply  to  them  likewife  :  and, 
in  like  manner,  to  the  preflures  upon  any  other  horizontal  la- 
minse.    '  Confequently,  the  efforts  which  refult  in  the  horizontal 
direfliott,  from  the  prejfure  of  a  heavy  fluid  upon  thi  furface  of  any 
body  immerfed  in  ity  are  mutually  deflroyed, 
SCHOLIUM. 
395.  From  the  preceding  doftrine  of  the  prelTure  of  fluids, 
an  important  practical  maxim  may  be  deduced.     We  have  feen. 
that  in  any  veflel  containing  a  heavy  fluid,  the  parts  that  are 
deepeft  below  the  furface  fuftain  a  proportionally  greater  pref- 
fure.     If,  therefore,    we  have  to  conftru£t  an  aStmblage  of 
vertical  pipes  or  tubes,  to  elevate  water  or  any  other  fluid,  we 
inay  run  into  a  fuperfluous  expence,  by  giving  the  fame  thick- 
befs  to  the  material  in  every  part..    For,  if  the  fubftance  be 
uniformly  thick,  and  the  lower  parts  are  fuflliciently  ftrong, 
the  upper  parts  are,  of  confequence,  much  thicker  than  necef- 
fary.    The  method  fuggefled  by  theory  is,  while  we.  give  to 

A  A  2 
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the  whole  affemblage  the  fame  interior  diameter,  to  give  a  fafe 
and  fufficient  thicknefs  to  the  material  at  the  lowefl:  part,  and 
let  it  gradually  diminifli  to  the  top,  in  the  fame  ratio  nearly  as 
the  diminution  in  the  depth  of  the  fluid.  The  fame  maxim 
may  alfo  find  an  application  in  the  conftruiStion  of  fluice-gates, 
dams,  banks,  &c.  And  in  all  fuch  cafes  it  is  advifeable  to  de- 
termine, firft,  the  adequate  flrength  to  refift  the  prelTure  at  the 
greateft  depth  •,  as,  by  this  means,  fafety  may  always  be  en» 
fured  without  any  wafte  of  n^aterials. 


.[    3S7    1 


CHAPTER  II. 


On  the  Determination  of  the  Specijic  Gravities  of  Solid 
and  Fluid  Bodies. 


396.  The  term  ffedfic  gravity  has  already  been  defined  in 
art.  383.  The  objeft  of  the  prefent  chapter  is  to  explain  the 
principles  on  which  the  different  methods  of  afcertaining  the 
fpecific  gravities  of  folids  and  fluids  are  founded,  and  to  give, 
fbme  account  of  the  beft  of  thofe  methods.  Previous  to  vi'hich. 
it  may  be  proper  to  make  a  few  obfervations,  naturally  deduced 
from  the  definition  of  fpecific  gravity  and  the  nature  of  bodies 
in  general.  , 

1.  The  fpecific  gfavities  of  bodies  are  in  the  fame  proportion 
as  their  weights,  when  the  magnitudes  of  the  bodies  are  equal. 

2.  Where  the  weights  of  the  bodies  are  equal,  the  fpecific 
gravities  are  inverfely  as  their  magnitudes. 

3.  When  the  fpecific  gravities  are  equal,  their  weights  are 
direftly  as  their  magnitudes.  '■ 

4.  When  neither  the  magnitudes  nor  the  fpecific  gravities 
are  equal,  the  weights  of  bodies  are  as  their  magnitudes  and 
fpecific  gravities  conjointly. 

To  exprefs  thefe  relations  algebraically,  let  —  reprefent  the 

ratio  of  the  weights  of  two  fubllances,  —  the  ratio   of  their 

magnitudes,  and  —  that  of  their  fpecific  gravities ;  then  will 

the  general  relation  of  thefe   quantities  be  expreffed  by  the 

equation  V  ~  "^  ^  T'     ^"^  eftimating  the  weights,  magnitudes, 

and  fpecific  gravities  of  fubftances,  fome  ftandard  quantities 
are  always  affumed  to  which  other  bodies  are  referred :  the 
letters  w,  m,  arid  s,  may  reprefent  thefe  ftandards,  and  each  of 
them  might  be  afliimed  equal  to  i  j  but  fuch  affumption  would 
liot  correfpond  with  the  meafures  and  weights  now  in  ufc.  It^ 
will,  therefore,  be  more  eligible  that  m  Ihould  reprefent  the 
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piagnitude  of  fome  known  meafure  which  may  be  aflumed  for 
unity,  as  a  cubic  inch,  a  cubic  foot,  &c.  and  /  any  convenient 
number  in  the  geometrical  progreffion  i,  lO,  loo,  looo,  &c. 
Now  it  has  been  found,  that  the  denfity  of  rain-water  is  more 
nearly  uniform  in  different  circumftances  of  time  and  place, 
than  any  other  fubflance,  whether  folid  or  fluid  ;  and  by  a 
fortunate  coincidence  it  happens,  that  the  weight  of  a  cubic  foot 
of  rain-water  is  exa£Hy  looo  ounces  avoirdupoife.  If,  then,  we 
niake  w=  looo,  m=i,  and  j=iooo,  we  fhall  obtain  W=:Mx 
S,  that  is,  the  iveight  of  any  body  in  avoirdupoife  ounces  will  be 
tqual  to  the  produii  of  the  magnitude  in  cubic  feet,  into  thefpecific 
gravity  taken  from  that  fcale  in  luhich  the  fpecific  gravity  of  rain- 
•water  is  lOOO.  Hence  it  appears,  that  a  knowledge  of  the  fpe^. 
cific  gravities  of  homogeneous  bodies  will  enable  us  to  deter- 
mine their  weight,  without  aftually  weighing  them,,  provided 
we  can  afcertain  their  magnitudes :  and  converfely,  however 
irregular  tlje  fhape  of  bodies  may  be,  if  we  know  their  weights 
and  fpecific  gravities  we  may  readily  determine  their  magni- 
tudes in  feet,  namely,  by  dividing  the  iveight  in  avoirdupoife  ounces^ 
by  the  fpecific  gravity,  or  by  the  -weight  of  a  cubic  foot  in  avoirdupoife 
ounces. 

But  in  philofophical  fubjefts  the  weights  of  bodies  being  for 
the  moft  part  fmall,  are  eftimated  in  Troy  ounces  or  grains,'  the 
magnitudes  being  referred  to  a  cubic  inch  as  a  ftandard.  Now 
a  troy  ounce  is  to  an  avoirdupoife  ounce  as  480  to  437-1:  •  con- 

•  ,     1000     4574  ^     r  I 

fequently  ^ — |X^g^  =  '5274o  of  an  ounce  troy,  or  253'i8i 

grains,  the  weight  of  a  cubic  inch  of  water.     And  hence  the; 

niagnltude  of  a  folid,  eftimated  in  cubic  inches,  is  zz r-;  , 

■when  the  weight  W  is  in  grains  ;   or  =  ; 7-5  ,    when   the 

weight  is  known  in  troy  ounces.  And  converfely,  the  vfeight 
eftimated  in  grains  =  253-i8i  x  M  x  S,  wherf  the  magnitude  M 
is  in  cubic  inches ;  and,  if  eftimated  in  troy  ounces,  "Wi= 
■52746  X  M  X  S.  In  all  thefe  cafes  S  being  the  fpecific  gravity, 
in  terms  correfponding  to  1000,  for  that  of  rain-water. 

Hence  aNb  wei  may  fhew  how  to  determine  very  accurately 
the  diameter  Dof  any  fmall  fphere,  whofe  fpecific  gravity  is  S' 
(to  that  of  water  ipoo),  its  weight  W  being  known  in  grains. 
For  the  content  of  a  fphere  whole  diameter  is  i  being  •523398^ 
■we  hav^  i  ;  0-523598  :  :  253-181  gr.  (the  weight  of  a  cubic' 
inch  of  water)  :  132-5(548  gr.  the  weight  of  a  fphere  of  water 
■whofe  diameter  is  i  inch.'  Therefore,  fince  the  weights  are  a^ 
the  magnitudes  ^d  fpecific  gravities  conjointly ;  and  the  mag-{ 
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nitudes  of  fpheres  are  as  the  cubes  of  their  diameters,  we  have 
131-564^  •  D^ =  W;   whence  we  find  D  =  1-961208 

s  • 

After  a  manner  not  very  widely  dii&rent,  may  various  other 
ufeful  rules  and  theorems,  applicable  to  the  admeafurement  of 
bodies  either  regular  or  irregular,  be  eafily  deduced.  What  is 
done  above  is  intended  chiefly  as  a  fpecimen  of  the  method  ; 
but  it  ferves  at  the  fame  time  to  fliew  the  importance  of  an  ac- 
quaintance with  the  fpecific  gravities  of  different  fubftances. 
We  now  proceed  to  exhibit  the  moil  ufeful  propofitjons  in  this 
branch  of  our  fubje^. 

397.  Prop.  '  A  body  immerfed  in  afiuid  ivillt  vihen  left  to  itfelf, 
ftnk,  if  its  fpecific  gravity  be  greater  than  that  of  the  fluid :  it  luill 
rife  to  the  furface  and  float  there,  if  itf  fpecific  gravity  be  left  than 
that  of  the  Jltiid :  but,  if  the  fpecific  gravities  ofthefolid  and  fluid 
be  equal,  the  body  will  refl  in  any  part  wherever  it  happen f  to  be 
placed. 

1.  For  the  body  endeavours  to  defcend  by  its  own  weight,  and 
is  fupported  by  a  force  equivalent  to  the  weight  of  an  equal 
bulk  of  fluid,  or  of  as  much  fluid  as  will  fill  the  fpace  occupied 
by  the  body.  If,  therefore,  the  body  be  heavier  than  the  fluid, 
bulk  for  bulk,  its  weighfwiU  be  greater  than  the  upward  preflure 
pf  the  fluid  which  is  to  countera£l:  it,  and,  confequently, 
this  latter  prefigure  is  not  fufficient  to  prevent  the  body  from 
finking, 

2.  If  the  body  be  fpecifically  lighter  than  the  fluid,  its  pref-^ 
fure  downwards  will  be  lefs  than  the  upward  preflure  of  the 
water  at  the  fame  depth  ;  Confequently,  in  this  cafe  alfo  the 
greater  force  will  overcome  the  lefs,  and  the  furplus  caufe  the 
body  to  rife, 

3.  When  the  body  and  the  fluid  are  of  the  fame  i^ecific 
gravity,  equal  mafl"es  of  each  are  of  the  fame  weight,  ^nd  con- 
fequently the  force  with  which  the  body  endeavours  to  defcend, 
and  the  force  which  oppofes  the  defcent,  are  equal  to  each 
other ;  and  as  they  a£t  in  contrary  dire£lions,  the  body  will  reft 
between  them,  fo  as  neither  to  fink  by  its  own  weight,  nor  tq 
afcend  by  the  upward  prefliire  of  the  fluid. 

Cor.  I.  If  by  any  contrivance  the  fpecific  gravity  of  a  folld 
can  be  fo  varied,  as  to  be  one  while  greater,  another  lefs,  and  then 
equal  to  the  fpecific  gravity  of  the  fluid  wherein, it  is  immerfed^ 
the  bp3y  yfill  fink,  or  rife,  or  remain  fufpended,  Jiccording  ta 
the  variations  of  its  fpecific  gravity. 

This  is  the  cafe  in  the  experiment '  with  thofe  little  glafs^ 
images   (which  feme  philofo|>hers  exhibit  19  thc^r  le£l\ires) 
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which  are  made  to  afcend  or  defcend,  or  remain  fufpended,  at 
pleafure. ■ . 

;  Cos..  2.  If  a  folid  fpecifically  heavier  than  a  fluid  be  immerfed 
to  a  depth  which  is  to  its  thicknefs,  as  the  fpecific  gravity  of  the 
foHd  to  that  of  the  fluid,  and  the  preflure  of  the  fluid  from  above 
be  removed,  the  body  vifill  be  fuftained  by  the  fliiid.  For  the 
preffure  from  above  being  removed,  the  body  is  in  the  fame 
ftate  with  refpefl  to  the  contrary  preffure,  as  though  with  the 
fame  height  it  filled  the  whole  fpace  to  the  furface  of  the  fluid ; 
that  is,  as  though  its  fpecific  gravity  and  that  of  the  fluid 
were  equal.  ^ 

This  fcrves  for  the  explication  of  the  common  experiment  of 
making  le-kAfivim,  in  confequence  of  being  fitted  to  the  bottom 
of  a  glafs  tube. 

Cur.  3.  Hence  alfo  we  fee  the  meaning  of  the  propofition, 
that  all  bodies  when  immerfed  in  a  fluid  lofe  the  lueight  of  an  equal' 
hulk  of  that  fluid  [Mt.  394.  III.).  The  weight  is  not  otherwife 
loft  than  as  it  is  fuftained  by  the  a£lion  of  a  coritrary  force, 
i^nd  it  therefore' becorries  obvious,  why  the  weight  of  a  bucket 
of  water  is  not  perceived  while  it  is  in  the  water;  it  is  not  be-' 
caufe  that  weight  is  deflroyed,  but  becaufe  it  is  fupporied ;  not 
becaufe  fluids  do  not  gravitate  when  they  are  in  fluid?  of  the 
fame  fort,  but  becaufe  there  is  a  prefliire  in  a^contrary  direftioQ 
which  is  precifely  equal  to  their  gravity. 

CoR.  4.  1  he  weights  thus  loft,  by  immerging  the  fam?  body 
in  different  fluids,  are  as  the  fpecific  gravities  of  the  fluids- 

CoR.-  5.  Bodies  of  equal  weight,  but  different  bulk,  lofe  in 
the  fame  fluid  weights  which  are  reciprocally  as  the  fpecific 
gravities  of  the  bodies,  or  direftly  as  their  bulks. 

Co  a.  6-  The  whole  weight  of  a  body  which  will  float  in  a 
fluid,  is  equal  to  the  weight  of  as  much  of  the  fluid  as  the  im- 
merfed part  of  the  body  difplaces. 

Cor.  7.  Hence  the  magnitude  of  the  whole  body  is  to  that 
of  the  part  immerfed,  as  the  fpecific  gravity  of  the  fluid  to  that 
of  the  body.  And,  if  the  body  be  any  prifm  with  its  bafe  kepi; 
horizontal,  the  altitude  of  the  prifm 'will  be  to  the  depth  imr 
merfed,  as  the  fpecific  gravity  of  the  fluid  to  that  of  the  body. 

Cor.  8.  And  becaufe,  when  the  weight  of  a  body  taken  in  a 
fluid  is  fubtradted  from  its  vi^eight  out  of  the  fluid,  th?  differ- 
ence is  the  weight  of  an  equal  volume  of  the  fluid ;  this,  there- 
fore, is  to  its  weight  in  the  air,  as  the  fpecific  gravityof  the  flui4' 
is  to  that  of  the  body. 

Confequently,  if  W  be  the  weight  of  a  bpdy  in  air, 

W  its  weight  in  water,  or  any  other  fluid  j 
S  the  fpecific  grayity  of  the  body, 
s  the  fpecific  gravity  of  the  flui4, 
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ve  fliall  have  "W  -  W  :  W  : :  ^  :  S  5  whence 

S  =:^r—T- J,  the  fpeclfie  gravity  of  the  body, 

and  s— — ^-^  S,  the  fpeeific  gravity  of  the  fluid- 

So  that  the  fpeeific  gravities  of  bodies  are  as  thpir  nmeights  in  thi 
mr  direffly,  and  their  lofi  in  one  and  th^  fame  fluid  inverfely. 

Cor.  9.  Hence,  for  two  bodies  eonne£ted.  together,  or  mixed, 
together  into  one  compound  of  diiFerent  fpeeific  gravities,  we, 
may,  fuppofing  there  is  no  penetration  of  dimet^ons^  eafily  deduce 
the  necfeflary  equations. 

Let  the  refpedtive  vi^eights  and  fpeeific  gravities  be  denqtedl 
thus ;  ' 

IJ= weight  of  the  heavier  body, in  air,  7  c     •..  j'  •.. 

H'  =  weight  of  the  fame  in  v^ater,         5  ^='^^  ^^^"^  S^Vity  j 
L=v(?eight  of  the  lighter  body  in  air,    ?  c'     v  r 
L'=  weight  of  the  fame  in  water,  .         5  ^  =  Jts  fpec  gravity  5 
C— weight  of  the  compound  in  air,      7     r     v    r 
C'=wdght  of  the  fame  in  water,         j  7  =  '^^  *P^'='  S^'^^'ty; 
<=the  fpeeific  gravity  of  water.     Then, 

ift.  (H-H')S=Hj-. 

2d,  (L-L')S'=L5. 

3d.  (C-C)/=Ci. 

4th.  H+L=C. 

5th.  H'+L'=C', 

6th.  x  +  "s"  =  J- 

From  which  equations  any  pf  the- above  quantities  n?ay  be 
found  in  terms  of  the  reft;. 

If  the  body  L  be  of  lefs  fpeeific  gravity  than  water,  then  L' 
muft  be  confidered  as  negative,  and  to  find  its  fpeeific  gravity 
we  mu-ft  have  recourfe  to  a  compound  mafs,  as  C  :  thus,  becaufe 
from  equa.  4  and  5,  L  — L'  =  (C  — C)  —  (H-Ii') ;  and  from 

,*        Lj 

equa.  2.  S  =  ;   confequently,  fubftituting  for  L  — L'  its 

value,  we  have  S':^  (c-,c-)-(H-h')  '     ^'''  '^  ^^  deduce  the  va« 

lue  of  S'  from  the  laft  equa.  we  Ihall  thence  find  S'==^-      '  ^ , 
''  ^  '  cs-h/ 

398.  Prop.  Jf  a  veffel  contain  two  imrmfieaUe  fluids  (fuch  as 
water  and  mercury  J  i  and  afblid»ffow,e  intermediate  fpeeific  gravityx 
be  immerfed  under  the  furjace  of  the  lighter  fluid  and  float  on  the 
heavier  i  the  part  ofthef/Hd  immerfed  in  the  heavier  fluid  is  ta  the- 
^holefolidj  as  the  difference  bd'^ee.^  t^.  fpeeific  ^ravitifA  ofthefdii. 
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and  the  lighter  Jluid  to  the  difference  bettueen  the  fpecific  gravities  of 
the  two  fluids. 

Let  the  fpecific  gravity  of  the  heavier  fluid  be  /,  the  part  of 
the  body  immerfed  in  it=B;  the  fpecific  gravity  of  the 
lighter  fluid  =  /,  the  part  of  the  body  immerfed  in  it  =  B' ; 
and  let  the  fpecific  gravity  of  the  body  be  S.  '  Let  alfo  the 
area  of  the  horizontal  feftion  of  the  folid  coinciding  with 
the  contiguous  furfaces  of  the  two  fluids  be  =  A,  and  its 
perpendicular  diftance  from  the  Upper  furface  of  the  lighter 
fluid  be  =  ^  Then  (art.  394.)  the  preflure  againft  the  fe£tion 
A  from  the  lighter  fluid  will  be  A  «?  — B'/;  which,  added  to 
the  weight  of  the  folid  (B-|-B')  S,  will  give  the  whole  force  by 
which  this  feftion  of  the  folid  is  urged  downwards.  And  the 
preflure  upward  againft  the  fame  feftion  is  A  ^+B  /.  But  as 
the  folid  is  fuftained  in  equilibrlo  by  thefe  contrary  forces,  they 
muft  be  equal;  that  is,  A J-B' f' +  (B+B')  S='A^+Bi: 
whence  we  find  BS-rB'-S  =  B  j  -;  B'/,  or  B  :  B'  : :  S  — /  :  J'  — Sy 
or  laftly,  B  :  B  +B' : :  S  -/  :  ^  -  /. 

CoR.  I .  The  analogy  B  :  B  :  :  S  —  /  :  ^  —  S,  may  be  thuS 
exprcfled  in  words  :  As  the  part  of  the  folid  -within  the  heavier 
fluid,  to  the  part  within  the  lighter ;  fo  is  the  difference  between  the 
fpecifc  gravities  of  the  folid  and  lighter  Jluid  to  the  difference 
between  the  fpecifc  gravities  of  the  heavier  fluid  and  the  folid. 

CoR.  2.  When  the  fpecific  gravity  of  the  lighter -fluid  is  very 
fmall,  compared  with  that  of  the  heavier  or  that  of  the  folid,  then 
we  may,  vrithout  any  fenfible  error,  ufe  the  proportion  B : B  -|-B : ; 
S  :  s.  Thus,  if  the  lighter  fliiid  be  air,  the  heavier- water,  and 
the  folid  elm-wood,  their  fpecific  gravities  being  i|.,  1000,  and 
600  refpeftively ;  then  would  the  ratio  of  600—  i|-  :  iooq  — i|- 
or  58 8|-  :  98 8 1-  be  very  nearly  equal  to  that  of  600  :  looo. 

CoR.  3.  Hence  alfo  it  appears,  that  the  common  rule  for 
afi:ertaining  the  fpecific  gravities  of  a  fluid  and  a  fighter  folid  by 
the  ratio  of  the  part  immerfed  to  the  whole,  is  not  accurately^. 
though  nearly,  true  ;  becaufe  the  aii-  is  a  heavy  fluid,  and  there- 
fore every  folid  floating  on  a  fluid  and  in  iir,  is  in  fa^  a  folid  of 
intermediate  fpecific  gravity  floating  between  two  immifceable- 
fluids.  We  may,  however,  render  the  rule  accurate,  h-^fuhduH-^ 
ing  the  number  exprefftng  the  fpecific  gravity  of  air  from  the  tv^d 
numbers  exprejfitig  the  fpecific  gravity  of  the  folid  and  the  fluid 
en  which  it fioats ;  the  remainders  will. exprefs  the  aftual  ratio 
between  thofe  fpecific  gravities,  and  may  be  reduced  to  the  v.fual 
ftandard  by  a  fimple  and  obvious  analogy. 

399.  Prop.   Tofindthe  fpecific  gravity  of  a  body. 

'Ihis  may  be  done  generally  by  means  of  the  hydroflatic  balance^ 
which  is  a  kind  of  balance  contrived  for  the  exaft  and  eafy  de, 
^eimir|ation  of  the, weight  of  bodies,  either  in  the  airj  or  y/^heji 
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jmmerfed  in  water ;  (fee  vol.  II.  p.  92,  for  a  defcriptlon  of  this 
inftrument).  The  problem  may  be  divided  into  three  cafes,  as 
below. 

I.  When  the  body  is  heavier  than  water :  weigh  it  both  in 
■water,  and  out  of  water,  and  the  difference  of  thefe  Weights 
will  exprefs  the  weight  loft  in  water.  Then  if  B  reprefent  the 
weight  of  the  body  out  of  water,  B'  its  weight  in  water,  S  its 
fpecific  gravity,  and  s  the  fpecific  gravity  of  water,J:he  firfl; 
equation  in  cor.  9.  art.  397,  will  become  (B  — B)   S  =  B  j, 

whence  we  find  S=  ^_^i  confequently  the  general  rule;  in  . 

words  at  length  is  this  : 

^s  the  weight  loft  in  water 
Is  to  the  whole  or  abfolute  weight  j. 
So  is  the  fpecific  gravity  of  water 
To  the  fpecific  gravity  of  the  body. 

II.  When  the  body  will  notftnk  in  water,  being  fpecific  ally  lighter. 
In  this  cafe  attach  to  it  a  piece  of  another  body  heavier  thaa 
water,  fo  that,  the  mafs  compounded  of  the  two  may  fink  toge- 
ther. "Weigh  the  denfer  body  and  the  compound  body  fepa- 
rately,  both  out  of  the  water  and  in  it ;  and  find  how  much  each 
lofes  in  water,  by  fubtrafting  its  weight  in  water  from  its  weigh? 
in  air ;'  and  fubtradl"  the  lefs  of  thefe  remainders  from  th$ 
-greater.     Then  ufe  this  proportion  : 

As  the  laft  remainder 
Is  to  the  weight  of  the  light  body  in  air ; 
So  is  the  fpecific  gravity  of  water 
To  the  fpecific  gravity  of  the  body. 
This  alfo  follows  from  cor.  9.  art.. 397,  where  it  was  Ihewril 

that  8'=-^ ^ 

tC-C')^CH-H') 

III.  When  the  fpecific  gravity  of  a  fluid  is  required.  Take  a 
piebe  of  fome  liody  of  known  fpecific  gravity  ;  weigh  it  both  in 
?(nd  out  of  the  fluid,  and. find  the  lofs.  of  vveight  by  taking  the. 
difFerence*of  thefe  two  ;  then  fay, 

As  the  whole  or  abfolute  weight 
Is  to  the  lofs  of  weight ; 
So  is  the  fpecific  gravity  of  the  folid 
To  the  fpecific  gravity  of  the  fluid.   , 
This  rule  flows  evidently  from  dor.  4.  art.  397. 
On  the  fame  principle,  likewife,  depends  the  ufe  of  the hydror 
pieter,  as  will  foop  be  feeh  (art.  401.). 

400.  Pjiop.    To  find  the  refpeBive  weights  of  two  inoiun  ingre- 
dients in  a  givei}  compound. 
'   J^  w^.^ppt  tlie  p.otati0^n.in  cor.  9.  art.  397.  and  make  ufe  of 
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■the  4til  and  6th  equations  there  given,  namely,  H4-L=C,  and 

■g-  +  gr=-/^,we  fhall  thence  find  H  =  ^—3777  C,  and  L  — 

(S—f)  s' 

f— —--,■ .     Ffom  whence  we  deduce  the  following  rule  in  Words 

at  length :  ^ 

Take  the  three  differences  of  every  patr  of  the  three  ipe>- 
Cific  gravities,  viz.  the  fpecific  gravities  of  the  compoijnd,.and  bf 
each  ingredient ;  and  multiply  each  fpecific  gravity  by  the  differ- 
ence of  the  other  tvi/o :  then  fay, 
,As  the  greateft  produdi 
Is  to  the  whole  weight  of  the  compound  ;  , 
So  is  each  of  the  other  two  pfodufts 
To  each  refpeftive  weight  of  the  two  ingredients. 

Cor.  If,  inftead  of  finding  the  weights,  we  were  to  find  the 
magnitudes  M  and  M'  of  the  two  ingredients,  the  fpecific  gra- 
vities being  as  above  ;  we  fhould  have  the  weight  of  M=SiV[j 
and  the  weight  of  M'=S'  M',  while  the  weight  of  the  coihpound 
■would  hefx  (Mj<  M').  Hence  we  fliould  have  SIMM- 
S' M'  =  f.  M  +y .  M',  an  equation  fimilar  to  that  in  art.  398. 
and,  confequently,  fimilar  analogies,  viz.  M  :  M' :  :  f—  S' '. 
S  -fy  and  M  !  M +M' : :/~  S' :  S  -  S'. 

It  is  here  fuppofed  that  the  magnitude  M+M'  of  the  com- 
pound is  equal  to  the  fum  of  the  magnitudes  of  the  two  parts 
when,  feparate.  But  it  very  frequently  happens  that  the 
magnitude  of  the  mixture  is  lefs  than  this  fum ;  a  cir- 
cumftance  which  is  prqbahly  occafioned  by  two  caufes,  the 
different  magnitudes  of  the  conflituent  particles  of  the  two 
bodies,  and  their  chemical  affinity.  But  this  rule  is,  notwith- 
ftanding,  of  ufe  in  determining  the  quantity  of  penetration  or 
farefaftion,  by  comparing  the  computed  magnitudes  or  denfi- 
ties  with  thofe  which  are  difcovered  by  obfervation. 

On  the  Hydrometer. 

401.  The  Hydrometer,  or  Areometer,  is  an  inftrument  con- 
trived to  meafure  the  fpecific  gravity  of  water  and  other  fluids  ; 
and,  indeed,  has  fomet-imes  been  made  ufe  of  to  determine  the 
fpecific  gravity  of  folid  bodies.  1  he  general  principle  on 
which  the,  conflruGion  and  ufe  of  the  hydrometer  depends  is 
contained  in  cor.  4.  art.  397.  from  which  it  follows  that  a  body 
fpecifically  lighter  than  feveral  fluids  will  ferve  to  find  out  their 
fpecific  gravities,  becaufe  it  will  fink  deepefl  in  the  fluids  whofe 
:^ecific;  gravity  is  the  leaft.    Thus,  if  AB  (fig.  9.  pL  X\^I.)  be  a 
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fmall  uniform  glafs  tube,  hermetically  fealed,  having  a  fcaje  of 
equal  divifions  marked  upon  it,  with  a  hollow  ball  of  about  an 
inch  in  diameter  at  bottom,  and  a  fmaller  ball  C  under  it,  com- 
municating with  the  firfl: ;  into  the  little  ball  is  piit  mercury  or 
fmall  (hot,  before  the  tube  is  fealed,  fo  that  it  may  finli;  in  water 
below  the  ball,  and  float  or  ftand  upright,  the  divifions  on  the 
ftem  (hewing  how  far  it  finks.  If  this  inftrument  be  dipped  in 
common  water,  and  fink  to  D,  it  will  fink  only  to  fome  lower 
point  E  in  fait  water ;  but  in  port  wine  it  will  fink  to  fame- 
higher  point  F,  and  in  brandy  perhaps  to  B. 

It  is  evident  that  an  hydrometer  pf  this  kind  will  only  fhew 
that  one  liquid  is  fpecifically  heavier  than  another ;  but  the 
true  fpecific  weight  of  any  liquid,  cannot  be  determined  without 
a  calculation  for  this  particular  inftrument,  the  tube  of  which 
fliould  be  truly  cylindrical.  Befides,  thefe  inftruments  will  not 
ferve>for  fluids  whofe  denfities  are  much  different. 

402.  Mr.  Clarke  conftrufled  a  new  hydrometer,  fliewing 
whether  any  fpirits  be  proof,  or  above  or  below  proof,  and  in 
what  degree.  This  inftrument  was  made  of  a  ball  of  copper 
(becaufe  ivory  imbibes  fpirituous  liquors,  and  glafs  is  apt  to 
break),  to  which  is  foldered  a  brafs  wire  about  a  quarter  of  an 
inch  thick  ;  upon  this  wire  is  marked  the  point  to  which  '\% 
exa£Hy  finks  in  proof  fpirits ;  as  alfo  two  other  marks,  one 
above  and  one  below  the  former,  exaftly  anfwering  to  one» 
tenth  above  proof  and  one-*enth  below  proof.  There  are  alfo 
a  number  of  fmall  weights  made  to  add  to  it,  fo  as  to  anfwer  to 
the  other  degrees  of  ftrength  befides  thofe  above,  and  for  de- 
termining the  fpecific  gravities  of  different  fluids,  Philof, 
Tranf.  Abr.  vo\.  y\.  ip.  2'i6,  '  -, 

403.  Dr.  Defaguliers  contrived  ah  hydrometer  for  deter- 
mining the  fpecific  gravities  of  different  waters  to  fuch  a  degree 
of  nicety,  that  it  would  ■fheW  when  one  kind  of  water  was  but 
the  40,000th  part  heaviei:  than  another.  It  confifts  of  a  hollow 
glafs  ball  of  about  3  inches  in  diameter,  charged  with  fliot  to  a 
proper  degreie,  and  having  fixed  in  it  a  long  and  very  flender 
wire,  of  only  the,  40th  part  of  an  inch  in  diameter,  and  divided 
into  tenths  of  inches,  each  tenth  anfwering  to  the  40,000  part, 
as  above.     See  his  Exper.  Philaf.  vol.  2.  p.  234. 

404.  Mr.  Nicholfon  has  made  an  improvement  by  which 
the  hydrometer  is  adapted  to  the  general  purpofe  of  finding  the 
fpecific  gravity  both  of  folids  and  fluids,  (fig.  8.  pi.  XVI.).  A  is 
a  hollow  ball  of  copper  ;  B  a  difli  affixed  to  the  _ball  by  a'fljort 
flender  flem  D  ;  C  is.  another  diih  affixed  to  the  oppofite  fide  of 
the  ball  by  a  kind  of  ftirrup.  In  the  inftrument  aftually  made, 
the  ftem  D  is  of  hardened  fteel,  -^  of  an  inch  in  diameter,  'and 
the  dijli  C  is  fo  heav^y  as  in  all  ci^fes  to  keep  the  ftet»  vertical 


36S  HYDROSTATICS.  [Book  III. 

when  the  inftrumenfis  made  to  float  in  any  liquid.  The  parts 
are  fo  adjufted  that  the  addition  of  looo  grains  in  the  upper  difh. 
B,  will  juft  fink  it  in  diftilled  water  (at  the  temperature  of  60" 
of  Fahrenheit's  thermometer)  fo  far  that  the  furface  fhall- 
inteirfeft  the  middle  of  the  ftem  D.  Let  it  now  be  required  to 
find  the  fpecific  gravity  of  any  fluid.  Immerfe  the  inftrument 
in  it,  and  by  placing  weights  in  the  difh  B  caufe  it  to  float,  fo 
that  the  middle  of  its  ftem  D  fhall  be  cut  by  the  furface  of  the 
fluid.  Then,  as  the  known  weight  of  the  inftrument,  added  to 
looo  grains,  is  to  the  fame  known  weight  added  to  the  weights 
ufed  in  producing  the  lall:  equilibrium,  fo  is  the  weight  of  a 
quantity  of  diftilled  water  difplaced  by  the  floating  inftrument,. 
to  the  weight  of  an  equal  bulk,  of  the  fluid  under  examination. 
And  thefe  weights  are  in  the  direft  ratio  of  the  Tpecific  gravities. 

Again,  let  it  be  required  to  find  the  fpecific  gravity  of  a  folid 
body  whofe  weight  is  lefs  than  looo  grains.  Place  the  inftru-- 
ment  in  diftilled  water,  and  put  the  body  in  the  difh  B.  Make' 
the  adjuftment  of  finking  the  inftrument  to  the  middle  of  the- 
ftem,  by  adding  weights  in  the  fame  difti.  Subtrafl  thofe  weights 
from  1000  grains,  and  the  remainder  will  be  the  weight  of  the 
body.  Place  now  the  body  in  the  lower  difh  C,  and  add  more 
weight  in  the  upper  difli  B,  till  the  adjuftment  is  again  obtainedi 
The  weight  laft  added  will  be  the  lofs  the  folid  fuftains  by  im- 
merfion,  and  is  the  weight  of  an  equal  bulk  of  \yater.  Confe-. 
quently  the  fpecific  gravity  of  the  folid  is  to  that  of  water,  as- 
the  weight  of  the  body  to  the  lofs  occafioned  by  the  immerfion. 
Mr.  Nicholfon  fays,  "This  inftrument  was  found  to  be  fuifici- 
ently  accurate  to  give  weights  true  to-  lefs  than  one-twentieth 
of  a  grain."  Nicholfon' s  Philofophy,  vol.  II.  p.  16.  See  alfo. 
the  art.  Gravimeter  in  our  fecond  volume. 

405.  The  Areometer  invented  by  M.  de  Parcieux  in  1766,. 
and  prefented  to  the  Academy  of  Sciences,  is  very  fimple  iii  itSi 
ftrufture,  and  at  the  fame  time  very  convenient  in  application^, 
and  furniftiing  very  accurate  refults.  This  inftrument  confifts 
of  a  fmall  glafs  phial,  about  two  inches,  or  al  moft  two  inches 
and  a  half,  in  diameter,  and  feven  or  eight  inches  long.  Its 
bottom  muft  not  be  bent  inwards  (as  bottles  and  phials  com'». 
monly  are),  left  air  fliould  be  lodged  in  the  cavity  when  it  is 
immerfedin  any  liquid.  The  mouth  is  clofed  with  a  very  tight 
cork  ftopper,  into  which  is  fixed,  without  paffing  through  it,  a' 
very  ftraight  wire  (of  iron  or  of  brafs)  about  a  line  in  diameter 
and  twenty-eight  or  thirty  inches  long.  The  bottle  is  then 
loaded  in  fuch  a  manner,  by  introducing  into  it  fmall  grains  of 
fhot,  that  the  inftrument  when  immerfed  in  the  lightcft  of  the! 
liquids  to  be  compared,  finks  fo  as  to  leave  only  the  end  of  the 
wire  above  its  furface,  vtrhile  in  the  heavieft  the  wire  is  immerfed 
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fome  Inches.  This  may  be  propetly  regulated  either  by  augment- 
ing or  ,diminiQiin'g  the  weight  in  the  bottle ;  or  by  attaciiing 
a  little  ciifli  or  bafin  to  the  top  of  the  wire,  and  changing  the 
weights  in  it ;  or  by  varying  the  thicknefs  of  the  wire  To 
perform  experiments  of  this,  kind  it  will  be  neceffary  to  have 
a  veflel  for  the  reception  of  the  fluid  to  be  tried  ;  a  convenient 
fize  would  be  a  cylinder  of  3  or  4  inches  in  diameter,  and/iS  many 
feet  in  length :  it  may  be  made  of  tin  plate;  and  a  fcalc  divided 
into  inches  and  lines  may  be  carried  up  above  one  fde  of  the 
veflel,  which  will  ferve  to  meafure  the  difi^erent  depths  of  im- 
merflon  in  the  fluid,  by  noting^  the  divifion  on  the  fcale  againft 
which  the  top  of  the  wire  ftands.  M.  de  Parcieux  recommends 
the  ufe  of  two  inftruments  of  this  kind  at  once,  n  order  that 
two  fluids  may  be  compared  at  the  fame  inftaftt. 
'  The  areometer,  when  thus  oonftrucled,  will  exhibit  very 
fenfibly  the  lead  difference  in  the  fpe'cific  gravities  of  different 
liquors,  or  the  changes  which  the  fame  liquor  miy  experience, 
in  this  refpedJ, '  under  difi^erent  circumftances.  Indeed  M. 
Montucla  fays,  "  we  have  feen  an  inftrument  ofthis  kind,  the 
motion  of  which  was  fo  fenfible,  that  v/hen  imnerfed  in  water 
cooled  to  the  ufual  temperature. ;  it  funk  fevaal  inches  while 
the  rays  of  the  fun  fell  upon  the  water,  and  immediately  role 
on  the  rays  of  that  luminary  being  intercepted.  A  very  fmall 
quantity  of  fait  or  fugar  thrown  into  the  witer  made  it  alfo. 
4:ife  fome  inches."  Hutton^s  Montucla  s  Recreaions,  vol.  ii.  p.  26. 
406.  We  here  add  a  few  articles  refpeftng  the  theory  of 
this  areometer ;  obferving,  by  the  bye,  that  the  fame  theory 
may,  with  flight  and  obvious  modifications,  be  applied  to  tho 
examination  of  any  other  inftrument  of  a  nea'ly  flmilar  kind: 
Let  .f  .denote  the  fpecific  gravity  of  the  flud, 

c  the  capacity  or  volume  of  the  phial, 

"ux  the  total  v/eight  of  the  areometer, 

/  the  length  of  the  part  of  the  wire  inmerfed,. 

y.its  femidiameter, 

ff  the  multiplier  3'i4ii;'Q3. 
Then  will  k  r^  reprefent  a  feftfon  of  th<  wire  parallel  to  its 
axis,  and  t?/"' /the  content  of  the  wire.  And  when  the  areo- 
meter is  in  equilibrio,  if  we  confider  that  t  difpUces  a  portion 
of  the  fluid  whofe  weight  is  equal  to  its  own,  we  Ihall  have  w= 
/  (tf+sT  r^  I) ;  whence  we  deduce 

i—  -7 — — ,  and/  =  -^-. 


Cs 


407.  Let  US  fkft  confider  the  e<|Uatior/  =  -^— •    Here  thd 
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quaatity  'zi*  — f  jexprefles  the  difference  between  the  weight  of 
tht  ifeometerjOf  that  of  the  liquor  difplacedj  and  the  weight  of 
the  i^uantity  difplaced  by  the  phial  only:  it  is  therefore  the 
Weight  of  the  fluid  difplaced  by  the  part  of  thte  wire  which  is 
ifiimeifed  in  it.  Btit,  confidering  the  mirfutenefs  of  the  dia-- 
ttieter.indconfequently  of  the  radius  r,  the  difference  iv~c  sis  a 
very  fm^U  quantity^  equal  perhaps  to  a  few  grains  ;  fo  that  i 
Very  iticijjfiderable  variation  in  j  or  in'  iv  muft  caufe  a  great  one 
in  /,  whi<h  is  the  length  of  the  portion  of  the  wire  plunged  in 
the  fluid.    .  ■ 

The  variations  of  /  are  more  efpecially  fenfible  when  r 
Varies,  bec\ufe  it  is  the  fquare  r^  which  is  a  divifor  in  its  value: 
thus,  then,  ^-e  may  fee  how  it  happens  that  this  areometer  is  fo 
■well  calculaWd  to  render  manifeft  the  flighteft  differences  in 
fpecific  gfavtieSi     >  '  - 

•  Suppofig  tlat  when  the  fpecific  gravity  j-  beconfjes  s',  thi 
J6ftgth  /  of  wife  immerfed  is  changed  to  /',  and  we  (hall  have 

/'±:i  w__£^  ,  fibtrdiSting  the  value  of/'  from  that  of/,  and  mak- 

irig  the  neccffarydedu£l:ions,  we  fhall  have  /— /'=  —  -rr  »  this 

is  the  difference \n  the  depth  immerfed,  occaiioned  by  the  dif- 
ference of  denfityv  which,  ceteris  paribus,  is  proportional  to  iv. 

Thus  we  may  iugment  the  fenfibility  of  the  inftruraent,  re- 
lative to  the  variation  of  fpecific  gravity,  either  by  augmenting 
w,  the  weight  of  fluid'  difplaced  by  the  areometer  (which 
IMay  be  accorripliflied  by  enlarging  the  phial,  or  by  putting  in 
more  fliot,  or  by  Ibading  the  difli  at  the  top),  or  by  diminifli- 
ing  the  diartieter  oithe  wire;  and,  in  general,  all  other  thhigs 

being  equal,  ■^-^  will  exprefs  the  fenfibility  of  the  inftrumerit 

With  regard  to  the  (lecific  gravity  of  the  fluid.  ■ 

408.  But  when  trie  fpecific  gravity  remains  the  fame,  the. 
fenfibility  of  the  inflpnment,  the  quantity  by  which  it  finks  by 
the  addition  of  a  I^ttl  weight,  depends  only  upon  that  little  iveight 

arid  r^     To  prove  ths,  refjime  the  Equation  /=  ^^^^-  :  if  the 

areometer  be  chargeiwith  thfe  little  weight  w,  /becomes'/', 

ahd  we  haVe  /'=  -^^I"'     Taking  the-  firfl;  of  thfefe' equations 

from  the  feeond,  there  Will  reiiiain  /'-/=-^:  fo  that  the  vaTi- 
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ation  in  the  immerfion  P  —  /  is  proportional  to  -^  when  j-  Is  con- 

ftant  *.  '^ 

We  fee,  therefore,  that  two  areometers  may  be  equally  fen^ 
fible  when  the  fpecific  gravity  varies,  and  that  the  one  of"  them 
may  have  need  of  an  additional  Wiight  to  defcend  an  eqtial 
quantity  when  the  fpecific  gravity  remains  the  fanle.  Thofe, 
however,  which  have  the  little  bafin  at  top  are  preferable,  be- 
caufe  they  are  more  folid,  the  wire  being  made  thicker;  but 
chiefly  becaufe  by  means  of  them,  we  may  afcertain  more  pre- 
cifely  the  difference  of  fpecific  gravities. 

409.  If  the  fpecific  gravity  j-  becomes  /,  and,  in  order  to 

*  In  ufing  the  areometer  it  is  often  requifite  to  know  tlie  diameter  of 
the  wire  :  to  thofe  who  have  not  a  micrometer  M.  Pnny  recommends 
the  following  method : 

Meafure  the  length  of  the  wire  exaftly  ;  weigh  it  both  in  water  and 
in  the  air,  and  take  the  difference  of  thefe  two  weights,  Calling  L  the 
whole  length  of  the  wire,  ^the  difference  between  its  weight  in  air  and 
in  water,  s  the  fpecific  gravity  of  water,  and  D  the  diameter  of  the  wire  ; 

then  is  D=2\/ — =r.    This  may  be  done  very  expeditioully  by  means 

of  logarithms. 

To  find  the  thicknefs  of  the  wire  in  an  a.reometer  already  conftrudled, 
we  muft  charge  the  little  bafin  at  the  top  of  the  wire  with  a  certain 
weight,  and  examine  how  far  this  caufes  the  inftrument  to  defcend : 

then  we  muft  put  in  the  formulae  D=2  ^ — -,  for  d  the  little  weight 
with  which  the  areometer  was  charged,  and  for  L  the  depth  of  immer- 
fion itoccafioned.    This  follows  from  the  equation'— ^=—^,  which 

gives'2  A=:D=2  ^ — ^_.  . 

This  may  not  be  an  improper  place  to  defcribe.a  method  of  finding 
the  radii  of  fmall  cylinders  (fuch  as  axles  in  fine  machinery),  firft  given, 
we  believe,  by  Mr.  Atwood ;  which  is  this. — Having  fixed  to  the  ex- 
tremity of  a  very  fine  and  flexible  hne  a  weight  fufficient  to  keep  it  ftretcK- 
ed,  fafteii  the  other  extremity  to  the  axle  whofe  radius  is  required ;  the 
line  being  ftretched  by  this 'weight,  meafure  by  a  fcale  of  equal  parts 
any  convenient  length,  6  inches,  for  example,  and  mark  the  extremities 
of  the 'length  fo  meafured.  Then  holding  the  axle  horizontally,  let  the 
meafured  part  of  the  line  be  wound  round  it  in  the  form  of  a  helix,  the 
circumferences  being  every-where  contiguous.  Count  the  number  of 
revolutions,  and  parts  of  a  revolution,  and  reprefent  this  number  by 
n  ;  alfo  meafure  the  length  of  the  cyhnder  occupied  by  the  helix,  and 
let  this=«;  and  the  length  of  the  helix,  or  line  firft  mentioned,  :=x ; 

then  will  the  radius  of  the  cylinder  =  zJ^;-£_.    "  The  exadtnefs  of  this 

2  w  a 

method  may  be  known,"  fays'Mr.  Atwood,  "by  obferving  that,  if  the 
cylinder  be  truly  made,  and  the  procefs  carefully  repeated  with  different 
values  of  a,  n,  and  a,  the  radius  deduced  will,  however,  always  come 
out  the  fame,  to  the  fourth  or  even  the  fifth  de«imal  place." 
TOL,  I.  B  B         ' 
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Tetaia  the  areometer  at  the  fame  depth,  it  be  neceflary  that  the 
weight  "TO  become  w-jroo,  we  have  {art.  406.)  s  =  iT ij'  ^'* 
ylding  this  equation  by  the  equation  s=  .  ^^^,  there  re- 
fults  —  =  — t-,  a  formula  expreffirtg  tie  ratio  efthc  fpecific  gra- 
vities- 

This  equation  ffated  as  an  analogy  gives  s'-.s-.iiv  +  cxi'.ijb, 

whence  s'  —  s  is  :'.  co:  tv,  and  s'  —  s  —  -^,  a  formula  which 

TO 

gives  the  difference  if  the  fpecific  gravities. 

When  this  theorem  is  applied  to  different  waters,  we  may 
always  fuppofe  one  of  them,  as  j-  =  igoo  ounces  averd.  without 
apprehending  any  fenfible  error  in  the  value  of  /  —  /  :  for  the 
quantity  w  .being  only  a  few  grains,  s  may  undergo  variations 

of  6  or  7  units,  without  the  produ£t  — w  undergoing  any  fuch 

change  as  to  affe£t  the  accuracy  of  the  refult.  So  that  in  find- 
ing the  difference  between  the  fpecific  gravities  of  two  waters 
it  is  not  abfolutely  neceffary  to  know  one  of  them  with  great 
precifion. 

When  we  would  make  experiments  with  an  areometer  whofe 
weight  is  exa£tly  known,  it  will  be  proper,  by  means  of  the 

equations  —  —  — - ,  and  s  ~s  =  —■■,  to  eonftru(£l:  a  table  which 

may  contain  the  ratios  and  the  differences  of  fpecific  gravities, 
anfwering  to  the  different  values  of  w  between  i  and  40  or  50 
grains ;  fuch  a  tabl«j  but  little  extended,  will  be  eafy  to  calcu- 
late, and  will  fave  the  labour  of  a  dillinfl:  computation  for 
every  individual  experiment. 

410.  Previous  to  giving  a  table  of  medium  fpecific  gravities, 
we  fliall  juft  remark,  that  all  bodies  of  homogeneous  or  unor- 
ganifed  texture  expand  by  heat,  and  contra£t  by  cooling.  The 
expanfion  and  contra£tion  by  the  fame  change  of  temperature 
is  very  different  in  different  bodies.  Thus,  water  when  heated 
from  60"  to  100°  increafes  its  volume  nearly  -j-^  of  its  bulk; 
mercury  only  ^~,  and  many  fubftances  much  lefs.  Hence  it 
follows,  that  an  .experiment  determines  the  fpecific  gravity 
only  in  that  very  temperature  in  which  the  bodies  are  exa- 
mined. It  will .  therefore  be  proper  always  to  note  this  tem- 
perature ;  and  it  will  be  convenient  to  adopt  fome  very  ufeful 
temperature^  for  fuch  trials  in  general :  perhaps  about  60°  of 
Fahrenheit's  thermometer  is  as  convenient  as  any.     It  may  al- 
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ways  be  procured  in  thefe  climates  without  inconvenience.  A 
temperature  near  to  freezing  would  have  fome  advantages,  be- 
caufe  water  changes  its  bulk  very  little  between  the  tempera- 
ture 32°  and  45°.  But  this  temperature , cannot  always  be  ob- 
tained. It  will  much  conduce  to  the  facility  of  the  comparifon 
to  know  the  variation  which  heat  produces  on  pure  water. 
The  following  table,  taken  from  the  obfervations  of  Dr.  Blag- 
den  and  Mr.  Gilpin  (Phil.  Tranf.  1792),  will  anfwer  this  pur- 
pofe. 


Temper- 
ature of 
Water. 

Bulk  of 
Water. 

Specific 
Gravity. 

30 

35 

99916 

1,00090 

40 

99070 

1,00094 

45 

99914 

1,00086 

50 

99932 

1,00068 

^5 

99962 

1,00038 

60 

lOO'OOO 

1,00000 

,  ^5 

100050 

0,99950 

70 

IOOI06 

0,99894 

75 

I00J7I 

0,99830 

80 

100242 

°>991^9 

85 

100320 

0,99681 

90 

100404 

0,99598 

9S 

100501 

0,99502 

100 

100602 

0,99402 

Thofe  gentlemen  obferved  the  expanfion  6f  water  to  be  very 
anomalous  between  32°  and  45°.  This  is  diftin£Hy  feen  during 
the  gradual  cooling  of  water  to  the  point  of  freezing.  It  con- 
trafts  for  a  while,  and  then  fuddenly  expands.  But  we  feldom 
have  occafion  to  meafure  fpecific  gravities  in  fuch  tempera- 
ture. ., 

Liquor-merchants  often  avail  themfelves  of  this  eircumftance 
of 'the  expanfion  of  fluids  by  heat,  by  contriving  to  make  their 
chief  purchafes  in  the  winter.  M.  Homberg  and  M.  Eifenfehmld 
*^  found  the  abfolute  weight  of  a  cubic  inch  of  brandy  to  be 
4  drs.  42  grs.  in  the  winter,  and  only  ,4  drs.  32  grs.  in  the  fum- 
mer;  and  in  fpirits  of  nitre  the  difference  was  greater  ftlH. 
And,  taking  the  average  with  refpefl:  to  (pirits  in  general,  it  is 
found  that  32  gallons  in  the  winter  wilt  expand  to  33  gallons 
in  the  height  of  fummer. 

B  E  2 
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OJth£  Specific  Gravities  of  different  Bodies. 


Mdds. 

AntinwKy,  crade, 4064 

,  glais  of, 494^ 

,  molten 6702., 

Arsenic,  glass  of,  nataral, 3594 

. .molten, 5763 

,  native  oipiment,    5451 

Bismuth,  molten,    9843 

— ,  native 9020 

■, .o'e  of,  in  plumes 4371 

Brass,  cast,  not  hammered,    , . . .  8396 

— — ,  ditto,  wire-drawn, 8544 

,  cast,  common, 7824 

Cobalt,  molten,    78i» 

,  blue^'lass  of, 2441  ' 

Copper,  not  hammered, 7788 

,  the  same  w.re-drawii,  . .  8878 
,  ore  of  soft  copper,  or  na- 
tural verdigr. 3572 

Gold,  pure,  of  24  carats,  melted, 

but  not  hammered,   192J8 

. ,  the  same  hammered,  ....  19362 

, ,  Parisian  standard,  22  car. 

not  hammered, 17486 

,  the  same  hammered,  ....  17589 

_^—,  guinea  of  Geo.  II 17150 

. .guinea of  Geo.  Ill 17629 

— ;-,  Spanish  gold  coin, 17655 

._— ,  Holland  ducats,  1935^ 

. ,  trinket  standard,  20  car. 

not  hammered, 1 5709 

,  the  same  hammered, ....  15775 

Iron,  cast,    7207 

.  ^. ,  bar,  either  hardened  or  not,  778S 

Steel,  neither  tempered  nor  hard- 
ened,     7833 

. ,  hardened,  but  not  tempered,7840 

. ,  tempered  and  hardened,  ..78 18 

: ,  ditto  not  hardened, 78 16 

li^n,  ore  prismatic 7355 

. ditto  specular,   5218 

-r- — ,  ditto  lenticular,     5012 

Jtgad,  molten,   "35* 


lead,  ore  of,  cubic, ,...',,..,,,,  y;Zj 

,  ditto  homed 6074 

,  ore  of  black  lead 6745 

,  ditto  white  lead,    4059 

,  ditto  ditto  vitreous, 6558 

,  ditto  red  lead 6027 

, -,  ditto  saturnite J925 

Manganese,  striated, 4756 

Molybdena, 4738 

Mercury,  solid,  or  congealed,  , ,  15632 

,  fluent, J3568 

,  natural  calx  of, 9230 

,  precipitate,;;erse,. . . .  10871 

,  precipitate  red, 8399 

,  brown  cinabar,    ....  10218 

— — ,  red  cinabar 690a 

Nickel,  molten,   ..............  7S07 

. ,  ore  of,  called  Kupfer- 

nickel  of  Saxe, 6648 

,Kupfer-nickel  of  Bohemia,66o7 

Platina,  cmde,  in  grains, 1560* 

,  purified,  not  hammered,  19500 

,  ditto  hammered, 20337 

,  ditto  wire-drawn,. .....  2104Z 

r,  ditto  rolled, 22069 

Silver,  virgin,  12  deniers, fine,  not 

hammered, 10474 

,  ditto  hammered,   ......  10511 

,  Paris  standard, 10175 

,  shilling  of  Geo.  II loooo 

,  shilling  of  Geo.  Ill 10534 

— — ,  French  coin, 1040? 

Tin,   pure  Cornish,  melted,  and      n^i 

not  hardened 7291 

— ,  the  same  hardened, 7299 

— ,  of  Malacca,  not  hardened, . .  7296 

— ,  the  same  hardened, 7307 

— ,  ore  of,  red,    6935' 

— ,  ore  of,  black, 6901 

— ,  ore  of,  white,   6008 

Tungstea 6066 

Uranium, , 6440. 

.  Wolfram, •  7119 

Zinc, molten,  r<  •<:'••  v  ••>•  "7^9^ 
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Precious  Stones. 

Bei-yl,   OT    aqua  -  maiine    ori- 
ental,      3549 

— — ,  ditto  occidental, ........  2723 

Chrysolite,  of  the  jewellere,   . , , .  2782 

,  of  Brazil, 269s 

Cbrystal,  pvire  rock  of  Madagascar 

2653 

,  of  Brazil,   2653 

,  European 2655 

,  rose  coloured, 2670 

,  yellow,   3654 

,  violet,  or  amethyst,  . .  2654 

,  white  amethyst,    . . . ,  265 1 

— — ,  Carthaginian,    ......  2657 

,  black,, 2654 

Diamond,  white  oriental, 352 1 

,  rose-coloured  orient.,  .3531 

,  orange  ditbj, 355° 

,  green  ditto, 3524 

■ ,  blue  ditto, 3525 

,  Brazilian, 3444 

■ ,  yellow,  3519 

JSmerald,  of  Peru,    S77Jf 

Garnet,  of  Boheinia, 4189 

,  of  Syria, 4000 

— — — ,  dodecaedral, 4063 

,  volcanic,  24  faces,. 2468 

Girasol,    . . . .' 4000 

Hyacinth,  oommoD,    3687 

Jargon  of  Ceylon,    4416 

Quartz,  crystallised, 265J 

— — ,  in  the  mass 2  647 

— — — ,  brown  crystallised,   ....  2  647 

, fragile,   .' ». . .  2640 

,  milky,    265a 

,  fat,  or  greasy,    2646 

Baby,  oriental,    4283 

-,  Spinell, 3760 

. ,  Ballas, 3646 

.Brazilian 3531 

Sapphire,  oriental, <  3994 

-,  ditto  white, 3991 

. ,of  Pays, 4077 

",  Brazilian 3131 

Spar,  white  sparkling,     , .  2J9J 

,  red  ditto, 2438 

— — ,  green  ditto,    2704 

,  blue  sparkling, 269J 

,  green  and  white  ditto,  ....  3105 

,  transparent  ditto, S564 

,  adamantine 3873 

Topaz,  oriental, 40H 

,  pistachio  ditto,    406 1 

.Brazilian,    353^ 

,  of  Saxe, 3564 

— ~-,  white  ditto, 3554 

Vermilion,  ,..>#.....  4^30 


Siliciom  Stones. 

Agate,  oriental, 2590- 

,  onyx,     2638 

■ ,  cloudy 2645 

,  speckled, 2607 

,  veined, 2667 

, stained,. ..... 4632 

Calcedony,  common, 2616 

;  transparent, ........  a664 

.,  veined, 160** 

: -,  reddish,. 966S 

^,  bluish, 2587 

,  onyx,    2615 

Camelian,  pale^ 263° 

>speckled,   2618 

,  veined,    , 2623 

,  onyx, 4643 

,  stalactite, 259* 

.simple,  jg 

Flint,  while, ,,^ 

black         '^94 

.black,    g 

— — ,  vemed, A 

'  T,         J..  • 2012 

,  Egyptian,  , -* 

Jade,white. jn 

— 'Sf.^^"' '•'.'.'.'.'.:'.  Jiit 

.olive, ..2qS 

Jasper,  clear  green, !  i  * " "    ? 

— ,  brownish  green, ! !  X  ! !  i !  all? 

'f*^' .'.'2661 

,  brown. ,  *■ 

=::;sSr-:;:;r-----T° 

,        ,'        27H 

,  cloudy,    ' 

'"^"'^ '•'•'.'•'.'.'.  zlli 

.onyx,  ^jjS 

.  red  and  yellow, „.„ 

— '-.bloody.    [[111° 

Opal, ....I, 

Pearl,  virgin  oriental ! ,k9* 

,ofRennes. ^5* 

r,  English ^gf* 

~~—'T"^'^^ *«'* 

' ,siaiuea, 2rgt 

Prasium, , !!'"2cg 

Sardonyx,  pure, ..'.'.'.'.  z6ol 

'P"'^'...". 2606 

—,  speckled,    ,g 

'   '        — ,  vemed,  , -,., 

.onyx 4" 

.blackish,    4^1 

Schorl,  black  prism. hexaedra},..  ,«g. 

— — , octaedral,    •....3226 

— — ,  tourmalin  of  Ceylon, ....  3054 

———.)  antique  basaltes,. j™? 

——,  Brazilian  emerald, jijg 

—     -.cruciform, ••.•3285 

'Pa^'oS. • 341$ 
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Stone,  cutlers, 21 1 1 

,  grind, 2 143 

,mill, 1484 

Various  Stones,  Earths,  S^c, 

Alabaster,  oriental  white, 2730 

,  ditto  semi-transpar-ent,J762 

,  yellow,   2699 

,  stained  brown, 2744. 

,  veined,  2691 

,  of  Piedmont, 2693 

,  of  Malta,    2699 

,  Spanish  saline, 2713 

,  of  Valencia, 2638 

,  of  Malaga 2876 

Amber,  yellow  transparent,  ....  1078 

Ambergris,     926 

Amianthus,  long 909 

= ,  short 2313 

Asbestos,  ripe, 2578 

. ,starry,    ...., ,3073 

Easaltesfrom  Giants'.  Causeway,  2864 

Ejtumen,of  Judea, 1104 

Erick, '. 2000 

Chalk,  Spanish,    2790 

I        -,  Coarse  Brian^on, 2727 

,  British,.. 2784 

Gypsum,  opaque, 2168 

■ ,  semi-transparent,  ....  2306 

— ,  fine  ditto, , 2274 

— — — — ,  rhoinboidal, 23ri 

— — yditto  10  faces, 231a 

,  cuneiform  crystallised,  2306 

Glass,  green,    „ 2642 

' ,  white , 2892 

,  bottle, 2733 

,  Leith  crystal,. 3189 

,  fluid 3329 

Granite,  red  Egyptian, 2654 

Hone,  white  razor, 2876 

Lapis  nephriticus, 2894 

Lazuli, 3054 

Haematites, 43^0 

Calaminaris, 5°°° 

Judaicus, 2joo 

Manati,  •  '!.i.T:i 

Limestone, 3 '  79 

' ,  white  fluor, 3 156 

,  green,   3 182 

Marble,  green  Caropanian, ^744 

■— ,  red 2724 

,  white  Caesara, 2717 

,  white.  Parian, 2838 

— ,  Pyrenean, 2726 

,  black  Biscayan, iSpj 

<— — ,  Brocatelle, 2650 

— — ,  Castilian,   2700 

.  Valencian, 2710 

— ' ,  white  Grenadan,  ......  2705 


Marble,  Sienniefi,    ..".'. . . ,  jfijg 

; ,  Roman  violet,    275J 

,'  African ; ; 2708 

,  vioiet  Italian,. 2858 

• ,  Norwegian,   2728 

',  Siberian,     2718 

r-,green  Egyptian, 2668 

',  Swisserland, *7I4 

— . ,  French, 2649 

Obsidian  stone,    2348 

Peat,  hard,  1329 

Phosphorus,   . ' 17141 

Porcelaine,  Seves,  2146 

'■ — ,  Limoges, 2341 

,  China 2385 

Porphyry,  red, 2765 

,  green,    2676 

',  red,  fromDauphiny,. , . .  2793 

' ■ — ,  rod,  from  Cordone,  ....  2754 

-^ — — — ,  green,  from  ditto,. ......  2728 

Pyrites,  coppery,. . , . . .  4954 

— ,  feraginous  cubic, 3900 

,  ditto  round 4101 

— — ■ — ,  ditto  of  St.  Domingo,. . . .  3440 
.Serpentine,  opake,  green  Italian,  2430 

-,  ditto,  veined  black  and 

olive,    *594. 

,  dittOj^red  and  black, . .  2627 

,  semi-transpar.  grained,2586 

,  ditto  fibrous, 3000 

,  ditta,  from  Dauphiny,  2669 

Slate,  common,    , .  .\ 267a 

,  new,   i  2^J4 

,  black  stone,    2186 

',  fresh  polished,    2766 

Stalactite,  tran.spar^nt, 2324 

- — ——_ — ,  opake, 2478 

Stone,  pumice, 915 

— — ,  prismatic  basaltes,    ......  2722 

,  touch 2415 

,  Siberian  blue,    2945 

,  oriental  ditto,    2771 

,  common,    2520 

— — ,  Bristol, 2510 

,  Burford, 2049 

— — ,Portland,    , 2496 

.  ra^,     2470 

,  rotten,    1981 

,  hard  paving 2460 

,  rock  of  Chatillon 2122 

,  clicard,  from  Brachet,  ....  2357 

•—^,  ditto,  from  Ouchain, ai74 

,  Notre-Dame, 2378 

,  St.  Maur,    2034 

,  St.  Cloud 2201 

Sulphur,  native, 203  J 

,  molten, 1991 

Talc,  of  Muscovy, 2792 

I ,  black  crayon, 2o89 

I     I   ,  ditto  German,  .  -, 
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Talc,  yeHoTT, 3655 

,  black,.. ,. .,. 2900 

—..white, 2704 

Liquors,  Oils,  SfC. 

Acid,  sulphuric,. iS^i 

,  ditto,  highly  coBcentiated,  3125 

,  nitric, 127 1 

, ditto,  highly  concentrated,  1580 

,  mnriatic,    1194 

,  red  acetoHS,  ............  1035 

• ,  white  acetous,    1014 

,  distilledditto,. icio. 

' jfliioric,    ijoo 

,  acetic, 1063 

.phosphoric, ..1J58 

,  formic, 1)54 

Alcoliol,  commercial,    ....837 

-.highly  rectified, ... ..  gaj 

AlcohoJ ,  mixed  with  water 

ij-i6ths  alcohol    85J 

i4-i6thsditto    ...^....867 

i3-i6th&ditto    8&2. 

i2.-i6thsdittOi    '  ^9$ 

]i-i6ths  ditto   90S 

io-i(Sths ditto  .........920 

9-i6ths  ditto   5^32 

8-2  6ths  ditto    .........943 

7-i6thsditto   95a 

€-i6ths  ditto    960 

5-p6thsditto  967 

4-l6ths  ditto   97s 

3-i6thsditto    •.,., 979 

2.-i6thsditto    9S5 

i-i6th  ditto 992. 

AmmoniaCjliquid, 897 

Beer,p?le,   1025 

,  brown, 1034 

Cyder, lOiS 

Ether,  sulphuric, Ji^ 

.nitric,..  > 909 

,  muriatic, 730 

.acetic,     ', 86& 

Milk,  woman's,    ...1020 

,  cow's, iD3a 

,  ass's, ., ..1036. 

,  ewe's, 1041 

,  goat's '03$ 

— — ,  mark's, 1034. 

..I      f,  cow's  clarified, 1019 

Oil,  essential,  of  turpentine, 870 

— .essential, of  layender,    ..  ....  894 

— ,  ditto,  of  cloves,, 103d 

— .ditto, of cinoamon, 1044 

— ,  of  olives, 915 

^.,  of  sweet  almonds, •  •  ?i7 

— .offflberts, 916 

-•—.linseed, ..••  ....940 

—,  of  walnuts, i^....>9i3; 


03  of  whale,  .,.,....,.  .,.,..^,  .92J 
—  ofhempseed,  ..,,......  ....gzA 

ofpoppieg, 1 944; 

— .rapeseed,   ......gigf 

Spii-itof  wine.    Se^  Alcohol. 

Tui'pentine, liquid, ..^. ..  ..  ..,..998 

Urine,  humaB, .. ». som 

Water,rai», 1000 

.distilled,. ....loco 

,  sea.  (aiveragej   ........  1026 

,  of  Dead-sea, 1240 

Wine, Burgundy,  ..............  99s 

^.Bourdeaux,,... ......  ....99;^ 

.Madeira, ...1038 

,  Port, 997 

.Canary,.. ..............  1033; 

JResirn,   Gums,  and  Animal 
Subitances,  4^. 

Aloes. socotrine,  .............. isStt 

— — ,  hepatic, .....'.  I35<> 

Asafostida. .  137,8 

Bees-wax,  yellow, 965 

,  white. 969 

Sonte  of  anox„ 165& 

Butter 94a 

Calculus  humanus, ............  1700 

ditto, ....1240 

ditto... ..1434 

Camphor. 989 

Copal. opake, 114a 

,  Madagascai',. ......1 060 

,  Chinese,  ..............  }o6j 

Crassamentum.  human  Uood^   . .  1 226 
Sragmi'&blood,   ..............  1205 

Elemi...  .' 101$ 

Fat,  beef. 923; 

— .  heg's, 937 

— .mutton, ......934. 

.veal,   .: 934 

Galbaniiim,,  .., . ..  .. ......  ..  ..I2XX 

Gamboge,,. 122a 

Gum,  ammoniac,. . 1207 

— -,  Arabic-, ..  H5* 

,  Euphorbia„ •  1 1 24 

, seraphic,. .......  ........  1201 

- — ,  tragacanth,  1316 

—,  bdellium,,   ............  ..137* 

,  scammony  of  anyrnai, ....  12174 

,  ditto  of  Aleppo,.... J235 

Gunpowder.shaken,....  .. ..  ..  ..  93a 

,  in  a  loose  heap,..  ..  ,.  S3& 

,  solid,.   ........  ....  ^745 

Houeyv "  •  '45°' 

Indigo,  .....j6» 

Irory, t%z& 

Juice  of  liqiiome, 172J 

— .ofAeaeia,,  H^S 
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Labdanum, : . . . .  1186 

Lard, 948 

Mastic 1074 

Myrrh 1360 

Opium 1336 

Scammony.     See  Gum. 

Serum  of  human  blood, 1030 

Spermaceti,    943 

Storax, 1 1 10 

Tallow, 94* 

Terra  Japonica, 1398 

Tragacanth.     See  Gum. 

Wax.     See  Bees'-wax. 

,  shoemaker's,    , . . . , 897 

Woods. 

Alder, ' 800 

Apple-tree,    ; 793 

Ash,  the- trunk, 845 

Bay-tree, 822 

Beech, 852 

Box,  French, 912 

,  Dutch,    1328 

,  Brazilian  red, 1031 

Campechy  wood, ^13 

-  Cedar,  wild, 596 

■ — — -,  Palestine,    . . . . : 613 

,  Infhan,' ^3  '5 

,  American, 561 


Citron,   726 

Coco-wood, 1040 

Cherry-tree, 715 

Cork, 240 

Cypress,  Spanish, 644 


Ebony,  American, ■~.'< . .  133X 

,  Indian, IS09 

Elder-tree, 695 

Elm,  trunk  of, .....671 

Filbert-tree, 600 

Fir,  male, 550 

— ,  female,   498 

j^azel, 60a 

Jasmin,  Spanish,    770 

Juniper-tree, 556 

Lemon-tree, 703 

Lignum  vitae, 1333 

Linden-tree, ' 601). 

Logwood.     See  Campechy. 

Ma!itick-tree 849 

Mahogany, 1063 

.  Maple,    750 

Medlar 944 

Mulberry,  Spanish, , 897 

Oak,  heart  of,  60  years  old,    ....  1 170 

Olive-tree, 927 

Orange-tree, 705 

Pear-tree, 661 

Pomegranate-tree, 1354 

Poplar, 383 

,  white,  Spanish,    529 

Plum-tree,.. 785 

2uince-tree,  705 

Sassafras, ^ . . .  482 

Vine,    1327 

Wahmt, 671 

AVillow, S^S 

Yew,  Dutch, 788 

,  Spanish, , -807 


Weight  and  Specific  Gravities  of  different  Gases. 

Fahrenheit's  Thermom.  55"  Barometer  30  inches.    ' 

Spec.  Grav.  Wt.  Cub.  Foot. 

Atmosphoric air, . ..  i-2 525-0 grs. 

Hydrogenous  gas, . .  o-i 4375  , 

Oxygenous  gas,.. ..  1-435 627'8i2    ' 

Azotic  gas,    1182 SJ-T^^S 

Nitrous  gas, 1-4544  •  • »' 636'333 

Ammoniac  gas '7311 3i9'832 

Sulpbu'reousacidgas,276ii 1207-978 

In  this  table  the  weights  and  specific  gravities  of  the  principal  gases  are 
given,  asfhey  correspond  to  a  state  of  the  barom^eter  and  thermometer  whtch  may 
be  chosen  for  a  medium.  The  specific  gravity  of  any  one  gas  to  that  of  another 
will  not  conform  to  exactly  the  same  ratio  under  different  degrees  of  heat  and 
other  pressures  of  the  atmosphere,  because  the  vafious  expansions  by  no  means 
fcUow  the  same  law. 
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CHAPTER  III. 


Hquilihrium,   Stability,  and  Oscillations  of  Floating 

Bodies. 

411.  Among  the  different  bodies  which  float  on  the  furfaoe 
of  a  fluid,  the  moft  important  are  fliips  and  other  veffels  em- 
ployed on  feas,  rivers,  and  canals,  in  commerce.  It  is  of 
much  confequence  to  determine  the  ftability  of  fuch  veffefe, 
and  the  pofitions  they  affume  when  they  float  freely  on  the 
water.  The  principles  on  which  the  ftability  of  the  different 
pofitions  depend  flow  naturally  from  what  has  been  alreadv 
done,  and  may  be  here  illuftrated  and  explained.  Two'  or 
three  definitions  are  premifed. 

Defs.  I.  The  plane  of Jloatation  is  thfe  horizontal  furface  of  the 
fluid  in  which  the  veffel  floats. 

2.  The  line  offupport  is  thp  vertical  line  pafling  through  the 
centre  of  gravity  of  the  part  of  the  folid  or  veffel  immerfed. 

3.  The  metacentre  is  the  point  of  interfe£tion  of  the  axis  paiS^ 
ing  through  the  centre  of  gravity  (round  w^hich  the  body  re- 
volves through' an  indefinitely  fmall  angle)  and  the  line  of  fup- 
port. 

412.  That  a  body  floating  upon  a  quiefcent  fluid  may  be  in 
equilibrio,  fomething  more  is  neceffary  than  that  the  weigJit  of 
the  body  fliould  be  equal  to  that  af  the  fluid  difplaced ;  for  this 
condition  only  enfures  an  equality  of  the  upward  pufli  of  the 
fluid  and  the  weight  of  the  body ;  and  thefe  two  vertical  forces 
cannot  deftroy  each  other  unlefs  they  are  direflly  oppofed; 
they  mull  therefore  pafs  through  the  fame  point;  that  is  to 
fay,  the  right  line  'which  joins  the  centres  of  gravity  of  the  fioatir^ 
body  and  of  the  fluid  difplaced  mtfl  be  vtrtical.  Without  this  con- 
dition the  two  vertical  forces,  though  equal,  cannot  annihilate 
each  other's  effefts ;  and,  of  confequence,  the  body  will  have 
about  its  centre  of  gravity  a  rotatory  motion,  as  if  that  point 
were  fixed. 

Indeed,  pofitions  may  be  affumed  in  which  the  circumftances 
juft  recited  concur,  and  yet  the  folid  will  take  fome  other  po- 
fition  in  which  it  will  permanently  float.  If  a  cylinder,  for  ex- 
ample, having  its  fpecific  gravity  to  that  of  the  fluid  on  vhich 
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ft:  ftoats  3S  J  to  4,  and  its  axis  to  the  diameter  of  its  bafe  a* 
2  to  I,,  be  placed  on  the  fluid  with  its  axis  vertical,  it  will 
ink  to  a  depth  equal  to  a  diameter  and  a  half  of  the  bafe  ;  and 

•  ■whife  its  axis  is  preferved  in  a  vertical  pofition  by  external 
force,  the  centres  of  gravity  of  the  whole-  folid  and  of  the  im- 
merfed  part  will  remain  in  the  fame  vertical  line :  but  where 
the  external  force  that  fuftained  it  is  removed  it  will  decline 
from  its  upright  pofition,  and  will  permanently  float  with  its 
aods  horizontal.  If  the  axis  be  fuppofed  to  be  half  of  the  dia- 
meter of  the  bafe,  and  be  placed  vertically,  the  fohd  will  fink 
to  the  depth  of  three- eighths  of  its  diameter;  and  in  that  pofi- 
tion it  will  fkiat  permanently.  If  the  axis  be  made  to  incline 
to'  the  vertical  line,  the  folid  will  change  ita  pofition  until  it 
fettles  pesmanently  with  the  axis  perpendicular  to  the  horitonj 

Uef.  Whether  a  folid  floats  permanently,  or  overfets  Vi^hea 
jrlaced  on  the  furface  of  a  fluid,  fo  that  the  centre  of  gravity 
©f  the  folid  and  that  of  the  part  iminerfcd  fhall  be  in  the  fame 
■wertical  line,  it  is  faid  to-  be  in  a  pofition  of  equilibrium ;  anj 
©f  this  equilibrium  there  are  three  fpecies,  viz.  the  equilibriura 
@£  Jlability,  in  which  the  folid  floats  permanently  in  a  given 
f  ofition, ;  the  equilibrium  of  injlability^  in  v/hich  the  folid» 
though  the  two  centres  of  gravity  already  mentioned  are  in  the 
feme  vertical  line,  fpontaneoufly  overfets,  unlefs  fupported  by 
external  force ;  and  the  equilibrium  of  indifference,  or  the  in- 
fenfible  equilibrium,  in  which  the  folid  refls  on  the  fluid  indif- 
ferent to  motion,  without  tendency  to  right  itfelf  when  ia- 
clined,  or  to  incline  itfelf  further. 

Thefe  ftates  of  a  floating  body  are ,  alfo  thofe  in  which  the 
ilability  may  be  faid  to  be  pojitkie,  negative^  and  nothings  rC" 
%ieQ;ively. 

413.  From  the  properties  invefl:igated  in  the  chapter  on  the 
centre  of  gravity,  it  follows  that  the  right  line  which  joins  the 
centres  of  gravity  of  a  body  and  of  a  fegm«nt  of  that  body 
formed  by  any  plane  whatever,  muft  pafs  through  the  centre 
©f  gravity  of  the  other  fegment :  in  the  cafe  which  we  propofe 
to  treat  here,  the  plane  cutting  the  body  is  the  upper  fUrface  of 
the  fluid,  or  the  plane  of  floatation ;  and  we  conclude  that,  ia 
order  that  a  body  may  be  in  equilibrium  upon  a  ^uid  which 
k  fpecifically  heavier  than  itfelf,  the  right  line  which  paffes 
through  the  centres  of  gravity  of  the  body  and  either  of  the 
fegments  formed  by  the  plane  of  floatation  muft  be  perpen- 

.  dicular  to  that  plane.  Thus  the  general  problem  of  the  deter- 
mination of  the  poGtions  of  equilibrium  with  regard  to  a  homo- 
geneous body  in  a  fluid  is  reduced  to  the  following. 

Pro^.  To  cut  by  a  plane  aiody  of  given  figure  infuch  manner 
thai  the  capacity  of  either  of  the  fegments  fhalL  be  ta  that  of  tbt 
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nuhole  body  in  a  given  ratio  ;  and  that  the  right  line  which  pajfes 
through  the  centre  of  gravity  of  the  body  and  thofe  of  its  fegments  ' 
[hall  be  perpendicular  to  the  interfeBing  plane. 

The  ratio  of  the  fegments  into  which  the  body  muft  be  cut, 
or  of  either  of  them  to  the  whole  body,  will  depend  upon  the 
ratio  of  the  fpecific  gravities  of  the  body  and  the  fluid  :  and  the 
pofitions  of  equilibrium  of  any  body  will  be  given  by  the  roots 
deduced  from  the  equations  of  equilibrium,  and  the  equation 
defining  the  nature  of  the  body.  We  cannot  here  enter  muck 
into  the  detail :  but  fhall  merely  prefent  a  few  obvious  ex- 
amples. ' 

414.  It  is  manifeft  then, -that  right  prifms  and  cylinders  of 
any  bafe  whatever,  if  homogeneous,  will  have  two  pofitions  of 
equilibrium ;  viz.  when  the  generating  axis  is  placed  vertically, 
and  when  it  is  placed  horizontally.  The  equilibrium  obtains 
alfo,  with  regard  to  folids  of  revolution,  and  fymmetrical  bodies 
relative  to  any  line,  when  that  line  is  placed  vertically.  Hence, 
a  floating  fphere  will  continue  at  reft  in  any  pofition ;  becaufc 
it  is,  in  every  pofition,  fymmetrical  with  refpciSl:  to  the  line  of 
fupport  pafling  through  its  centre  of  gravity. 
.  Moreover,  prifmatic  or  cylindric  bodies,  and  in  general  thofe 
which  are  fymmetrical  with  regard  to  a  plane  (as  are  all  which 
need  be  confidered  in  the  theory),  have  their  pofitions  of  equi- 
librium, when  that  plane,  relatively  to  whifh  they  are  fym- 
metrical, is  vertical.:  in  which  cafe  we  have  only  to  afcertain 
the  pofitions  of  equilibrium  for  an  area  or  vertical  fe.Qion  of 
the  body,  perpendicular  to  that  with  tefpeft  to  which  the 
whole  is  fymrnetrical.. 

■415.  "Let  us  propofe  an  inftance  for  more  particular  examin- 
ation, in  the  calculus  of  which  it  will  appear  in  what  manner 
different  pofitions  of  equilibrium  of  a  body  will  be  furnilhed  by 
the  fame  equation. 

Suppofe  that  the  body  is  a  triangular  prifm,  -which  floats  with  its 
ends  -uertical,  and  its  edges  horizontal. 

Here  we  muft  confider  two  cafes:  ift.  That  where  the 
bafes  of  the  prifm  have  an  angle  F  immerfed  in  the  fluid,  and 
the  other  twfo  E,  H,  out  of  it  (fig.  10.  pi.  XVI.).  2d.  The 
reverfe  of  this,  where  the  two  angles  E,  H,  are  immerfed  (fig. 
II,).  The  two  cafes  may  be  treated  at  the  fame  time ;  for  the 
method  in  each  is  the  fame. 

Let  XX'  be  the  plane  of  floatation-  To  determine  the  line 
MN,  in  which  this  plane  fliould  interfedl  the  triangle,  we  muft 
find  FM,  and  FN.  '  Call  the  firft  of  thefe  x,  the  fecond  j^ :  and 
taking  P  in  the  middle  of  EG  we  may  reprefent  the  data  thus  : 
FE=^,  FH=i,  FP=i^,  angle  PFE=?«,HFP=«;  and  let  the 
ratio  of  the  fpecific  gravities  of  the  folid  and  fluid  =r  to  i. 
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Then,  fhat  the  weight  of  the  foHd  may  be  equal  to  that  of  the 
fluid  difplaced,  we  muft  have, 

In  the  firft  eafe(fig.  lo.) .  .r  .FEH=rMN; 
In  the  fecond  cafe  (fig.  ii.)..r.  FEH=HEMN'. 

Now  the  triangles  FMN,  FEH,  having  the  angfe'F  common, 
have  their  areas  proportional  to  the^reftangles  of  the  fides  about 
that  angle  :  that  is, 

FEH  :  FMN  : : FH  xFE  : FM X FN  : : «  ^ : * j; ; 

whence  F£  H  -  FMN,  or  HNME  ■.FEU-.-.ab-xy.ab;. 
confequently  x y=r  a  b,  and  xy=a  b{i  —r)  . .  .  (i); 

Thefe  two  equations  include  the  condition  of  the  equality  of 
the  vertical  preffures,  upwards  and  downvpards. 

Let  us  next  find  equations  to  f^tisfy  the  fecond  condition  of 
the  centres  of  gravity  refiding  in  the  fame  vertical  line.  Now 
if  PR  be  takni-  — ^  PF,  R  (art.  114.)  will  be  the  centre  of 
gravity  of  the  triangle  FE  ;  in  like  manner,  if  QJs  the  middle 
point  of  MN,  and  QG>=4  QF,  G  will  be  the  centre  of  gravity 
of  the  triangle  FMN :  the  right  line  RG,  or  its  parallel  PQ, 
will  therefore  be  vertical  in  'the  cafe  of  the  equilibrium ;  and 
this  condition  will  evidently  be  exprefled  by  the  equation  PM=: 
PN,  in  both  figures.  From  the  point  P  demit  upon  the  fides 
FE,  FH,  the  perpendiculars  PA,  PD  :  then  will  PA =i&  fin.  ot, 
PI>=j^fm.  7;,  FA=/l'Cofw  »«,  ^T}=kco{.n.  Therefore  ND= 
k  coi.n—y,  and  AM=y^cof.  m—x.  But  PM=PN  gives 
AP^+AM^,=PD'-+DN^:  that  is,  F  fin.  ^m=  (k  cof.  «-*•); 
=P  fin.  ^«+ (^  cof.  »—;l^)'^i  from  which,  by  reduGion,  we' 
&tid 

y^  —  2ky  cof.  ?r=«:^  —  lix  cofi  m. 

If  for  j;  in  this  equation  wefubftitute  feparately  each  of  i;tj 
values  deduced  from  the  two  equations  No.  i .  there  will  refult 
two  equations  containing  only  x  and  known  quantities,  and 
which  will  exprefs  the  conditions  of  equilibrium  for  the  re- 
fpe£iiive  cafes  of  figs.  10.  and  11.     They  are  as  follows : 

art  —  zhx^  cos.  m-\-i.  abkr  x  .  cos.  n  —  r'  a^h'  .  . .  .  =0  7  ,,.  . 

a;*^  2  i  i^  COS.  ni-j-a  ( I — r)ahkx.cos.n — (i — r)'a'J'=:o)   ••••\    •! 

Thefe  equations  being  of  the  fourth' degree,  and  having  the 
l!affi  term  negative,  have  at  leaft  Hm-  real  roots  (Lacroix's  Alg. 
No.  219.)  :  but  the  roots  may  be  all  four  real,  and  then 
the  difpofition  of  the  figns  indicate  that  three  of  the  roots  are 
pofitive,  and  the  fourth  negative.  This  latter  root  is  obvioufly 
ttfekfs  in  the  prefent  cafe,  becaufe  the  folicitation  of  gravity 
being  eonftantly  downwards,  the  right-lin?  FM  can  -only  be 
placed  on  one  fide  with  regard  to  the  point  F.  There  muft, 
confequently,  be  either  one  or  three  pofitions  of  equilibrium, 
which  will  be  determined  by  the  pofitive  roots  of  the  Equations 
marked  .(II, ).    The  correfponding  values  of  y  will  be  furnifhed 
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by  the  equations  (!.)•    We  muft  always,  however,  have  */«, 
and  y^b. 

416.  The  pTeceditig  reafonings  may  now  be  applied  to  the 
ifofceles  triangle,  as  the  moll  likely  to  occur  in  pradiice:  and 
to  prevent  the  calculus  from  being  very  complicated.  Jet  us 
merely  conRder  the  cafe  where  one  angle  only  of  the  triangle  U 
iramerfed  in  the  fluid  :  the  other  cafe  being  eafily  Reduced  by 
transforming  in  the  refults  r  into  i—r,  as  may  be  fliewn by 
comparing  together  either  the  equations  No.  fl.  or  thofe  of 
No.  I.  Here,  therefore,  we  have  /«=«,  and  /i=b,.  from  which 
there  arifes 

xy=a^r,  and  «*  — 2  Jx'  cof.  fn-\-za^rkx  cof. /»  —  >•'■  fl*=o. 

The  fafiors  of  the  fecond  degree  of  this  latter  equation  be- 
ing x'  —  a'^r=o,  and  x^  —  2kx  cof.  «z+aV=o,  we  thence  con- 
clude, taking  only  the  pofitive  roots,  that, 

x=at/r,  and  x=k  coC  mdz^ /c' cos. ''m— a' r 
•whence, y=x,  a.ndy=k  cof.  wjqf:  Va-^cos.  '„t~a^T~ 

The  firft  root  indicates  that  there  will  be  only  one  pofition  of 
equilibrium  when  EH  is  horizontal :  and  the  fame  applies  to 
the  cafe  of  fig.  11.  The  other  pofitions  are  given  by  the  other 
two  roots;  but  they  muft  be  fuqh  as  to  correfpond  with, the 
conditions  of  the  remarkable  limits :  for  we  ought  to  have  xZ-a^ 
and  every  root  real ;  and  from  this  we  find 

2  a  i  COS.  m  —  a'     ^_j    _    y  k^cos.'m 


r  7  1 ,  and  r  / 


a'- 


In  like  manner  wc  fliall  find  the  limits  for  the  fecond  cafe, 
by  changing  r  into  i—r;  -whence  there  refults 

,  %  a —  2  Tc  COS.  m  ,        _    a»—  i'  cos.  ';» 

r  / .,  and  r  7 

a  a?- 

If  we  fuppofe  the  triangle  equilateral  we  Ihall  have  j|=ay/^, 
and  cof.,»2=^|^;  therefore  eol.m=\a:  and  the  preceding 
limits  will  become- — 
Firft  cafe,  »■  7  4>  and  r  ^  -^'.  fecond  cafe,  r  ^\,  and  r  7  ^g. 

417.  Prop.  When  ajloating  body  is  ih  equilibrio  in  any  fluid, 

and  an  extraneous  caufe  as  an  impuljton  move  the  body,  it  ispropofed 

to  determine  whether  this  perturbation  will  permit  the  body  to  return 

.  to  its  firfi  pofition,  or  conjlrain  it,  on  the  contrary,  to  movejiill  fur' 

ther  from  that  of  equilibrium.  .  . 

As  the  inveftigation  of  this  problem  in  its  utmoft  extent 
would  lead  into  very  tedious  and  complex  difcuflions,  we  (hall 
premife  three  hypothefes,  in  order  that  we  may  obtain  compa- 
ratively fimple  refults. 

I.  We  fuppofe  the  floating  body  to  be  fymmetrical  with  re- 

-fped  to  a  vertical  plane  paffing  through  its  centre  of  gravity 

when  the  whole  is  at  reft ;  and  of  fuch  a  kind  that  we  need 


382  HYDROSTATICS.  [Book  III. 

only  refolve  the  problem  for  the  area  of  a  plane  feftion  of  the 
body.  • 

2.  We  conceive  the  derangement  to  he  indefinitely  fmall. 
Thus,  in  fig.  12.  pi.  XVI.  where  a  bis  the  plane  of  floatation, 
G  the  centre  of  gravity  of  the  floating  body  DFE,  and  O  the 
centre  of  gravity  of  AFB,  or  of  the  fluid  difplaced  yirhen  the 
line  AB  coincides  with  the  plane  of  floatation ;  the  inclination 
of  the  body  will  then  be  the  angle  GOV  formed  by  GO  and  the 
■Tertical  line  OV  pafliing  through  the  centre  of  a  F  ^ ;  and  we 
put  this  evanefcent  angle,  or  the  arc  which  meafures  it,  =A. 

3.  We  difregard  the  vertical  motion  of  the  centre  of  gravity 
of  the  body  as  indefinitely  fmall ;  and  fuppofe  that  the  new 
pofition  is  confident  with  the  equality  of  the  weights  of  the 
body  and  of  the  fluid  difplaced.  Thus  will  the  portion  AC  a, 
■which  is  moved  but  of  the  fluid,  be  equal  to  the  part  BC  &, 
which  has  entered  it,  in  confequence  of  the  motion. 

Granting  thefe  fuppofitions,  the  equal  areas  AC  a  and  BC  b 
may  be  regarded  as  ifofceles  triangles,  fince  we  may  fuppofe 
AC=aC  and  CB=C3:  hence  it  will  follow  that  aC=Cl>-, 
that  is,  the  interfeftion  C  of  the  two  lines  of  floatation  is  in  the 
middle  of  AB. 

The  upward  preflure'of  the  fluid  on  aY  b  is  equal  to  the 
weight  of  a  lamina  of  that  fluid  of  an  equal  magnitude;  and 
this  vertical  force  a£ts  at  the  centre  of  gravity  of  a¥ b.  So 
that  as  it  is  neceflary  to  know  this  centre,  we  fhall  proceed  to 
affign  its  pofition.  In  order  to  this,  it  may  be  obferved,  that 
a'F b  =  AFB-{-CBb—  ACa;  and  if  we  conceive  the  laminae  of 
the  fluid  equal  to  thefe  areas,  it  is  evident  that  the  moment  of 
the  upward  preflure  of  the  fluid,  taken  with  relation  to  any  ver- 
tical whatever,  is  equal  to  the  fum  of  the  moments  of  the  fluid 
lamina  of  which  the  volumes  are  AFB  and  CB^,  minus  the 
moment  of  the  lamina  AC  a.  Let  us  then  eftimate  thefe  mo- 
ments with  refpeft  to  the  vertical  G  /.     So  fhall  we  have 

I.  The  moment  of  the  weight  of  the  fluid  laminae  AFB  is 
W .  GV  ;  W  reprefenting  the  weight  of  the  body,  or  that  of 
thp  fluid  difplaced. 

II.  Reprefenting  by  w  [CB  b]  the  weight  of  a  volume  of  fluid 
equal  to  CB  b,  we  have  for  the  moment  of  this  weight  its  pro- 
du£l:  by  the  diftance  q  i :  the  point  q  being  the  foot  of  the  per- 
pendicular demitted  upon  C^  from  the  centre  of  gravity  of 
CEb,  that  is,  taking  Cj=r|-C^.  Thus  the  moment  of  CB4 
is  w  [CB  b']  xq  i. 

III.  Lailly,    the    moment   of  AC  a  is,    in   like    manner, 
' sy  [AC aj  X pi;  making /> C  =  -f  o C.     Whercj    as  this   latter 

force  tends  to  produce  a  motion  in  the  contrary  direftion  to  the 
former,   it  muft  be  taken    negatively;    and  fince,   moreover)- 
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■  it  ottght  to  be  fubtra&ed  from  the  two  othfers  it  becomes  poS- 
tive,  and  the  moment  M  of  the  prdTure  of  the  fluid  upon  nF§ 
is  (becaufe  CB  ^  =  AC  a)  expreffed  thus;  M  =  (Wx  GV)-f 
fzriC® &J  Xpq,  •         -  '  -    , 

.Now,  fince  the  fluid  is  fuppofed  lipmogeneows,  the  are^s 
AFB  and  BC  b  are  proportional  to  the  weights  of  the  quantities 
■of  fluid  to  which  they  are  refpeftively  equal ;  that  is  to  fay,  if 
<we  put  the  furface  AFB=S,  fince  CB=C^,  a'nd  moreovear 
B.f=CB  X  fin.  A  =  A.  CB,  we  have  the  .triangle  CBi=  J  A  - , 
CB  .  CB  4  therefore 

S :  W.: .:  i  A  (BCy :  wlCB  ^]==  -^  A  (BC)^ 

But  ji!.  g-  =  ^a%  and  GV=  A  .  GO, '  Putting  fherefore  GO 
=3,  and  AB=i=2B  C,  there  refults 

M  =  A. W(.+-^) -.,•;. (i.) 

418.  Since  we  confidetthe  body  ai:  if  it  were  ret^ned  by  a, 
fixed  axe  palling  through  G,  the  preceding  value  of  M  -will 
meafure  the  prefliire  of  the  fluid.  So  that,  if  we  would!  eoira- 
pare  together  thefe  prefTures  upon  diiFerent  bodies,  we  muft 
confider  them  in  reference  to  the  fame  angle  of  inclination  A, 
and  the  relative  liabilities  will  be  meafured  by 

Cor.  If  the  folid  be  of  ah  irregalar  form  the  fl;ability  will  be 
as  the  f um  of  all  the  W  ( -^--  ±  a  V  ,' 

VfY  JljiUlity  we  wo6ld  here  be  underftood  to  me^n  the  refin- 
ance which  a  body  i)ppofes  to  its  change  of  pofiiioli ;  that  is, 
the  effort -made  by  the  fluid  to  retain  the  body  in  its  pofition  of 
equilibrium,  or  to  carry  it  further  from  it.  In  fig.  12.  we  have 
placed  the  centre  of  gravity  of  the  body  belonv  that  of  the  fluid 
difplaced,  whence  it  follows  that  the  body  is  not  homogeneous: 
and  this  is  what  happens  moH  frequently  (fliips  of  war  being 
excepted),  becaufe  it  is  cullomary  to  difpofe,  in  the  inferior 
parts  about  F,  fome  fubftances  fpecifically  heavier  than  the 
materials  of  the  Abating  body.  If  the  centre  of  gravity  of  the 
body  were,  on  the  contrary,  higher  fhan  that  of  the  fluid  dif- 
placed, it  would  be  neceflary  to  take  a  as  negative :  on  this  ac- 
count we  have  put  in  the  formula  (ii.)  the  double  lign  ±  before 
the  quantity  a. 

419.,  The  value  ,ii.  may  (in  conformity  ^vith/art.  412.)  be 
either  pofitive,  nothing,  qr  negative.  lit.  When  the  centre 
of  gravity  of  the  body  is  lower  than  that  of  the  fluid  difplaced. 
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the  ftabilitjcwill  be  pofitive  fo  long,  as  a  retains  the  upper  fign : 
and  it  will  be  pofitive  in  the  contrary  cafe,  when  O  is  below  G, 

whenever  a  ^  — 5..  In  thefe  cafes  the  preffure  of  the  fluid 

tends  obvioufly  to  carry  back  the  body  to  its  firft  pofition.  This 
tendency  is,  befides,  the  ftronger,  as  the  value  (ii)  is  the  greater. 
We  fee  alfo  the  advantage  of  having  thfe  floating  body  narrower 
towards  the  bottom  than  towards  the  plane  or  floatation ;  and 
the,correfponding'advantage  of  miking  the  upper  parts  of  fuch 
materials  as  have  the  leaft  fpecific  gravity. 

zdly.  In  the  two  other  cafes  the  centre  of  gravity  of  the  body 

IS  higher  than  that  of  the  fluid  difplaced :  if  we  have  a  7  — -, 

the  liability  is  negative,  and  the  aggregate  prefl!jire  tends  to  move 
the  body  in  the  oppofite  diredlion,  or  fo  as  to  increafe  the  angle 
A ;  for  then  the  centre  of  gravity  oi  aY  h  being  on  the  other 
fide  of  G  i  muft  caufe  the  body  to  proceed  further  from  its 

firfl:  pofition  of  equilibrium.     If  a=  — ^j  the  liability  is  nothing 

qr  indifferent ;  and  the  total  preflure  does  not  exert  any'  fuch 
effort  calculated  to  turn  the  body,  becaufe  the  centre  of  gra- 
vity of  aY  b  is  then  upon  G «,  and  confequently  in  the  fame 
vertical  line  as  G. 

420.  If  the  quantity  (ii)  be  divided  byW,  the  weight  of  the 
fiuid  difplaced,  the  ,quotient  will  exprefs  the  diftance  from  the 
vertical  G  i  to  the  dire£tion  of  the  refultant  of  the  upward  prefl"- 
ure  of  the  fluid :  that  diftance  being  taken  =G  n,  we  have 

G-^^OV=A.(|^±.) (iii). 

If  b  is  pofitive,  the  vertical  G  i  falls  to  the  left  of  the  centre 
of  gravity  of  the  fluid  difplaced ;  in  this  cafe  G  n  muft  be  taken 
to  the  right  of  G  /:  the  fame  thing  obtains  in  the  contrary  cafe, 

provided  that  we  have  GV  /  — ^,  the  vertical  «  g  interfering 

the  right  line  GO  in  a  point  g  more  elevated  than  G.     But  if, 

A  .63 

in  the  latter  cafe,  GV=  ~^,  we  have  then  G  «=q,  and  g  falls 

upon  Gi.    Finally,  if  we  have  GV  7  ^-~,  and  G  conftantly 

higher  than  O,  the  line  G  «  muft  be  taken  to  the  left  of  G  i, 
and -the  point  g  will  fall  below  G.  To  find  the  ■  diftance  G  ^ 
it  may  be  obferved  that  Gj-.fin.  A  =  G «,  or, becaufe  an  eva- 
pefcent  arc  may  be  fubftituted  for  its  fine,  A  .  G^=G  «  ; 
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wherefore  .  .  .  Gg=:^—-±.a .....  (iv.) 

o         12  S  ^       ' 

The  point  g  correfponds  with  our  definitioii  of  metaeentte 
(art.  411.),  wje  may  therefore  announce  the  refult  of  this  in- 
veftigation  thusi  thejlability  of  a  body  or  vejfel  isp'ofttve,  nothirigy 
or  negative,  according  as  the  metacentre  is  mire  elepaied,  the  fame, 
»r  lower  than  the  centre ^  gravity  of  the  body. 

421,  Prop.  If  the  footing  body  be  a  homogeneous  reBangular 
^arallelopiped,  whafe  altiiude  is  perpendicular  to  the  furface  of  the 
fuid,  its f  ability  will  be  proportional  to  the  difference  between  the 
fxth  part  of  the  fquare  of  the  breadth  of  the  bafe  and  the  produEl  of 
tbefquare  of  the  altitude,  into  the  difference  between  the  number  ex- 
preffing  the  fpecific  gravity  of  the/olid  and  its  fquare,~that  of  the 
fluid  being  unity. 

■  Let  A, he  the  height  of  the  folid,  b  the  breadth  of  the  bafe, 
and  i  the  fpecific  gravity  of  the  folid ;  then  will  the  cube  of  the 
line  coinciding  with  the  plane  of  floatation =3'  as  before,  the 
height  of  the  part  immerfed  ~s  h,  and  S  the  fpace  proportional 
to  the  part  immerfed  =sbhi  GO  the  diftance  between  the 
centres  of  gravity^  of  the  whole  body  and  of  the  part  immerfed 

:=  ^h—^s  h= .     CoHfequently  the  ftability  which  varies 

_i3_  . .  JJ 

As  an  example  to  illuftrate  this  propofition,  fuppofe  the  height 
of  the  parallelopiped  equal  to  the'breadth  of  the  bafe,  or  h=:b, 
and  let  it  be  required  to  afcertain  the  fpecific  gravity  of  the 
folid,  when  it  will  float  in  the  equilibrium  of  indifference. 

Here  —  =A' .  {s  —  s^),  or,  fince  h  =  b,  we  have  s^  —s  =  — -Ij. 

whence  s=i±^  J^i  =  i ± I ^  3  =  '7 886S  or  -a 1 1 32  nearly, 
either  of  which  may  be  taken  for  the  fpecific  gravity  of  the 
folid,  that  of  the  fluid  being  unity.  If  the  fluid  wer 6  rain- 
water the  bodies  would  have  nearly  the  fame  fpecific  gravity  as. 
apple-tree  and  cork. 

^422.  Prop.  If  the  floating  body, be  anhontogenecms  ■cylinder\,whofe 
axis  is  vertical,  itsjiability  will  be  as  th^  quotient  of  the  fqudre  of 
the  rtfdius  of  the  hi^e  /dimded  by  four  times  the.height  of  the. part  im- 
merfed, dimini/hed  by  the  diftance  between  the  centres  of  gravity  of 
the  whole  folid  flnd  f he  part  immerfed.  .  :' 

Let  DEFG  (fig.  2,  pi.  XVII.)  be  the  feftion  of  the  cylinder 
coinciding  xith  the  plane  of  floatation,  AB  any  line  in  that 
fedtion,  or  tjie  breadth  of  any  variable  vertical  fedion  of  the 


as :rs ±GO,  varies  as ^^-^  -  —^ ^  ^    -\h-.s~s^). 
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cylinder;  CG=»',  CV^^c;  then  AB=  2  ^''^^^^'j  and  AB'^: 

8  .  {r^  -  x^f^.     But  {r" - x^)'^  =  (r^  -  a;^)  '^  x  r'- -  {r^ - x-)^  x  «^ 

I 
Alfo  r*  (r'  —  «^)  ^  =  r*  X  |.  of  the  circle  whofe  radius  is  r,  •when. 

'  ■  —  «4  a;8 

X  increafcs  from  o  to  r;  and  a*(r'  — atM  ^  ^rx^ — , 

&c.    and  the  quantity  generated   = ^ 7—3,   &c. 

which,    when    x    increafes     from    o    to    r,    beconles    r*  x 
{\~—  -r^  —  T^>  &c.)  =r*  X  4-  of  a    circle  whofe  diameter  is 
unity    (vide  -^«fl/.  per  Equationes,    pa.  .74.)  =  r^  x    i^  of  a 
circle  whofe  radius  is  r.     Confequently,  the  whole  quantity 

generated  by  (r^  —  x^)  "^  will  be  r^x  (^~  -f^)  of  a  circle  whofe 
radius  is  r  =  r^x-^  of  that  circle  =  r-  x  ~I^  if  r'-==  -^  it  if*. 
Hence  the  fum  of  all  the  AB^  in  one  femicircle  =  8  r^  x  i^ffp, 
=  4'tf»"*,  and  the  fum  of  all  the  AB' in  both  femicircles  = 
3  ff  >"* ;  while  the  volume  of  the  part  immerfed  is  equal  to  its 

depth  (d)  X  circle  DEFG  ^7td  r'.    Therefote  /—  =  -^ 

==  -^  ;  and  the  general  expreflion  for  the  ftability  (ii)  is  pro- 
portional  to  — ^  —  GO,  as  in  the  propofition. 

Cor.  If  s  be  the  fpeclfic  gravity  of  the  folid,  that  of  the  fluid 
being-  unity,  and  h  the  height  of  the  cylinder,  then  will  the 

depth  of  the  part  immerfed  =sh,  and  GO  =    ~^-:  fo  that 

the  ftability  of  the  cylinder  will  be  proportional  to  ~ ~  » 

and  will  vanifh  or  become  indifferent  when  -^  =  -^^ .  6t 

when  s'  -  s=  -  -^j  ors=i±/^-~:   where  the 

expreflion  under  the  radical  vanifhes  if  c  =  A  ^^  4,  or  2  i'^=h^. 

Ho  that,  if  the  fpecific  gravity  of  the  cylinder  be  half  that  of  the 

fiuidy  and  the  radius  of  the  bafe  be  to  the  height  of  the  cylinder  Its 

I  to  ^  2,  the  cylinder  mill  float  in  ajlate  of  infenfibk  equilibtiutn. 

Cos..  2.  i/"s=|,  then  in  the  cafe  of  infenftble  equilibrium  r  UoiH 

Te  tohas  v/3  ^»  2  ^Z  2.     And  ii  s=j-wefhallhave  the  fame  rtttio. 

423.  V-Rov.  Confdering  the  fluid  as  non^r.eftflingy  the  floating 

Body  iviirofcillate  incejjhtrtly-  about  a  hmHsntal  dxif  paJjiHg  throu^ 
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its  centre  of  gravity ,  according  to- laws  analogous  to  thofe  of  bodies 
in  a  vacuum  :  it  is  propofedto  examine  the  pafticular  nature  of  theft 
of  dilations,  regarding  them  as  indefinitely  f mall. 

Suppbfing  that  the  Vortical  h'ne  palling  through  the  centre  of 
gravity  of  the  bodyj  in  its  equilibrated  pofition,  has  been  in- 
clined by  the  quaritity/,  then  denoting  by  A  the  inclination  o£ 
the  body  at  the  ertd  of  the  time  t,  and  lay  a  the  arc  defcribed  by 
the  point  placed  at  the  unit  of  diftance  from  G  (fig.  12. 
pi.  XVI.),  we  fhall  have  A==/"— a.  Now  the  angular  accele- 
rating force,  as  has  been  feen  in  the  Dynamics',  is  the  quotient 
of  the  fum  of  the  momenta  of  the  moving  forces  divided  by  th^ 
momentum  of  inertia :  the  dividend,  being  the  total  vertical 
preffure  of  the  fluid,  is  given  by  the  value  art.  418.  i. ;  the 
divifor  is  M  ¥,  M  being  the  mafs  of  the  body,  and  k"-  the  quo- 
tient of  the  momentum  of  inertia  (wfith  refpeft  to  an  axfe  pafll 
ing  through  the  centre  of  gravity)  divided  by  the  mafs.  Hence, 
as  the  weight  W  of  the  body  is  equivalent  to  ^M  (art.  108.) 
we  have,  for  the  angular  aiccelerating  force, 

Or,  if  we  put  /  for  ia  +■7^)"^'^%  'here  will  arife-"-=: 

■y(/'— a).     Multiplying  this  by  a,  we  obtain  for  the  fluent 

\T}  =  "f"  (2/a  -  cC-)  +C,  a'conftant  quantity.    Here  ~  is  the 

angular  velocity;  fo  that  at  the  fame  time  that 4- =0,  «.=  o, 
and  C— Oj  which  gives 


t 


=yT- 


Taking  the  fluents  again,  we  have 


=y 


±.arc(cos.=-t5)  +  C'. 


To  correfi:  this  we  mull  corifider  that  when  /=o,  «=:0,  and 
C'=:p;  whence  we  find 

The  variables  comprifed  in  this  equation  are  the  arcs  «  and 
/    /  —'•  where,  if  we  attribute  fucceffively  to 

CC2 
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•Ji 


-|-  the  values . .  o,  i  tf,     "n't  I  r,  2  it,  &c. 

we  find  .  .  .  o,     /,  2/, '  f,      o,    &c.  for 

the  correfponding  values  of  «;  which  fliews  that  the  moving  body, 
after  defcribing  the  defcending  arc/,  will  defcribe  an  afcending 
arc/ in  the  fame  time,  then  return  and  rife  the  contrary  way* 
and  fo  on.  It  is  obvious  alfo,  that  the  time  of  making  a  com- 
plete ofcillatlon  is  given  by  taking  * =f  /.-|'-,  fince  that  hypo- 
thefis  gives  a  =  2/,  as  it  ought  to  do.  ■   Hence  there  refults 


'J, 


This  expreffion  for  the  time  does  not  comprife  the  quantity /i 
whence  it  follows,  that  the  vibrations  are  ifochronal :  and,  by 
comparing  the  above  with  the  value  of  t  for  the  fimple  pendiT- 
lum  vibrating  in^indefinitely  fmall  arcs  (art.  269.),  it  will  appear 
that  they  exadtly  agree :  confequently,  the  chief  circumftances 
traced  there  apply  immediately  to  the  prefent  cafe.  Now  if  we 
reftore  the  value  of  /  we  fhall  have' 

An  fxpreffion  which  fliews  the  length  of  the  fynchronal  fim- 
ple pendulum. 
,  And,  for  the  time  of  ofcillation, 

,        /         liS 

424.  By  way  of  applying  thefe  principles,  take  the  inftancd 
of  a  prifmatic  body,  fuch  that  the  tranfverfe  feftion  of  the  im-- 
merged  part  in  the  pofition  of  equilibrium  is  an  ifofceles  tri- 
angle, of  which  the  vertices  of  the  equal  angles  are  in  the  plane 
of  floatation :  the  upper  part  of  the  fe£lion  may  have  almoft 
any  variety  of  form.  Let  b  reprefent  the  femi-bafe  of  the  ifof- 
celes triangle,  which  is  the  tranfverfe  feftion  of  the  part  im- 
merfed,  h  the  height  of  this  triangle,  and  d  the  diftance  of  the 
upper  furface  of  the  fluid  from  the  centre  of  gravity,  of  the 
body. :  the  diftance  of  that  furface  from  the  centre  of  gravity  of 
the  triangle  immerfed  will  be  J-  A :  confequently,  the  diftance 
between  the  centres  of  gravity  of  the  body  and  of  the  fluid  dif- 
placed  will  be  a  =  d—  \  h ;  the  area  immerfed  will  be  S=^^» 
and  the  value  (418.  ii.)  of  the  ftability  will  be 
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which  may  be  either  pofitive,  nothing,  or  negative,  as  in  the 
various  cafes  before  fpecified.     The  length  of  the  fynchronal 

pendulum  will  be  =     ^ ,  \, ,  \  . 

We  may  here  remark,  that  the  ofcillations  of  a  floating  body 
mjitiite  angles  are  not  analogous  to  thofe  of  a  cycloidal  pendu- 
lum :  for  the  force  of  ftahJlity  varies  in  a  proportion  very  differ- 
ent from  that  of  the  diftance  from  quiefcence,  unlefs  the  arcs 
of  vibration  be  biF  evanefcent  magnitude. 
SCHOLIUM. 
425.  The  determination  of  the  ftability  and  the  time  of  of- 
cillation  of  floating  bodies,  a  fketch  of  wrhich  is  given  in  this 
chapter,  is  by  no  means  a  matter  of  mere  curiofity :  but  is,  when 
confidered  more  at  large,  of  confiderable  pradlical  importance. 
Thofe  ftiidents  who  wifh  to  purfue  this  fubjeft  may  read  with 
much  advantage  the  admirable  treatife  by  Leonard  Euler,  en- 
titled Theorie  Compktte  de  la  Conflruiiion  et  de  la  Manoeuvre  des 
Vaijfeaustt  or  the  Englifti  tranflation  by  colonel  Henry  Watfon; 
and  an  ingenious  paper  mlhe PhUofophtcalTranfaBions  ior  1796, 
by  Mr.  Atwood.  In  Ihips  of  war  and  merchandife  the  cakul3>- 
tions  are  very  complex  and  operofe,  and  not  always  fo  accurate 
as  is  defirable  ;  but  in  river  and  canal  boats  the  regularity  and 
fimplicity  of  the  form  of  the  veffel  itfelf,  together  with  the 
compaft  difpofition  and  homogeneal  quality  of  the  burden,  ren- 
der the  computations  far  more  eafy. 

In  that  valuable  mifcellany  Tilloch's  Philofiphical  Magazine 
there  is  a  paper  on  this  fubjeft  by*  Mr.  John  Englifli  j  from 
which  we  IhaJl  make  an  extrafl:,  (hewing  the  application  of  the 
principles  to  river  and  canal  boats. 

"  Veflelsof  this  kind,"  fays  Mr.  E.  "are  generally  of  the 
fame  tranfverfe  feflion  throughout  their  whole  length,  except 
a  fmall  part  in  prow  and  ftcrn,  formed  by  fegments  of  circles 
or  other  fimple  curves;  therefore  a  length  may  eafily  be  affigned 
fuch,  that  any  of  the  tianfyerfe  feftions  being  multiplied  there- 
by, the  product  will  be  equal  to  the  whole  folidity  of  the  veffeL 
The  form  of  the  fedlion  ABCD  is  Tor  the  moft  part  either  re£l:- 
angular,  as  in  fig.  13.  pi.  XVI.  trapezoidal,  as  in  fig.  i. 
pi.  XVII.  or  mixtilineal,  as  in  fig.  14.  pi.  XVI., 'in  all  which 
MM  reprefents  the  line  of  floatation  when  upright,  and  EF 
that  when  inclined  at  any  angle  MXE  ;  alfo  G  reprefents  the 
centre  of  gravity  of  the  whole  veffel,  and  R  that  of  the  part 
immerfed. 

"  If  the  veffel  be  loaded  quite  up  to  the  line  AB,  and  the 
fpecific  gravity  of  the  boat  and  burden, be  the  fame,  then  the 
point  G  is  fimply  the  centre  of  gravity  of  the  fe£tion  ABCD  i 
but  if  flot,  the  centres  of  gravity  of  the  boat  and  burden  m«ft 
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Jbe  found  feparatelyi  and  reduce^  to  one  by  the  common  me- 
thod,  namely,  by  dividing  the  fum  of  the  momenta  by  the  fum 
of  weights,  or  areas,  which  in  this  cafe  are  as  the  weights,. 
The  point  R  is  always  the  centre  of  gravity  of  the  fedlion 
JVIMCP,  which,  if  confifting  of  different  figures,  muft  alfo  be 
found  by  dividifig  the  fum  of  the  momenta  by  the  fum  of  the 
weights  as  common.  Thefe  two  points  being  found,  the  next 
thing  neceffary  is  to  determine  the  area  of  the  tvi^o  e_qual  tri- 
angles MXE,  MXF,  their  centres  of  gravity  o,  o,  and  the  per- 
pendicular projefted  diftance  «  n  of  thefe  points  on  the  water 
line  EF.  This  being  done,  through  R  and  parallel  to  EF 
draw  RT  =  a  fourth  proportional  to  the  whole  area  MMCD, 
either  triangle  MXE  or  MXF,  and  the  diftance  n  n  ;  through 
T,  and  at  right  angles  to  RT  or  EF,  draw  TS  meeting  thp 
vertical  axis  of  the  veffel  in  S  the  rpetacentre  ;  alfo  through 
the  points  G,  B,  and  parallel  to  ST,  draw  NGW  and  By,; 
moreover  through  S,  and  parallel  to  EF,  draw  WSV,  meeting 
the  two  former  in  V  and  Wi  then  SW  is  as  the  ftability  of 
the  vefl'el,  which  will  be  pofitive,  nothing,  or  negative,  ac- 
cording as  the  point  S  is  above,  coincident  with,  or  below, 
the  point  G.  If  now  we  fuppofe  W  to  reprefent  the  weight 
of  the  whole  veffel  and  burden  (which  will  be  equal  to  the 
feftion  MMCD  multiplied  by  the  length  of  the  veffel),  and  P 
to  reprefent  the  required  weight  applied  at  the  gunwale  B  to 
f^iftain  the  veffel  at  the  given  angle  of  inclination  ;  we  fhall  al- 
ways have  this  proportion":  as  VS  :  SW  :  :  W  :  P  :  which  pro- 
portion is  general,  whether  SW  be  pofitive  or  negative  -,  it  muft 
only  in  the  latter  cafe  be  fuppofed  to  a6t  upward,  to  prevent  an 
overturn. 

"  In  the  re<Sangular  veffel,  of  given  weight  and  dimenfions, 
the  whole  procefs  is  fo  evident,  that  any  further  explanation 
M'ould  be  unneceffary,  In  the  trapezoidal  veffel,  after  having 
found  the  jjoints  G  and  R,  let  AD,  BC,  be  prodpced  until 
they  meet  in  K.  Then,  fince  the  two  fedions  MMCD,  EFDC 
are  equal,  the  two  triangles  MMK,  EFK  are  alfo  equal ;  and 
therefore  the  redangle  £K  X  KF=KM  x  KM  =  km"^  ;  and  fince 
the  angle  of  inclination  is  fuppofed  to  be  known,  the  angles  at 
E  and  F  are  given.  Confequently,,  if  a  mean  proportional  be 
found  between  the  fines  of  the  angles  at  E  and  F,,  we  ftj^U  have 
the  following  proportions  : 

"  As  the  niean  proportional  thus  found :  fine  /  E  : :  KM :  KF, 
^nd  as  the  faid  mean  proportional  :  fine  4  F  :  :  KM  ;  ICE ; 
therefore  ME,  MF  become  known :  from  whence  the  area  of 
(Either  fnriangle  MXE  or  MXF,  thg  diftance  n  n,  3nd  ajl  the 
pthef  requifites,  may  be  found. 

«  Irx  the  mjxtilineal.fedion,  let  AB=?9  feet  =  ^o§  in<;h§fi 
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the  whole  depfh  ==  6  feet  =  72  inches,  and  the  altitude  of 
^M  the  line  of  floatEition  4  feet  or  48  inches  ;  alfo  let  the  two 
curvilinear  pa^ts  be  circular  quadrants  of  two  feet,  or  24  inches 
radius  each.  Then  the  area  of  the  two  quadrants  =  904*7808 
fqu^re  inches,  and  the  diftance  of  their  cpntres  of  gravity  from 
fhe  bottpii)  =  I3'8'77  inches  very  nearly ;  alfo  the  area  of  the 
included  reftangle  a  ^  i  ?  =  1440  fquare  inches,  and  the  altL- 
tu4e  of  its  centre  of  gravity  12  inches;  in  like  manner,  the 
area  of  the  reftangle  A^cd  will  be  found  =  5184  fquare 
inches,  and  the  altitude  of  its  centre  of  gravity  48  inches-: 
|;hereforp  we  fliall  have: 


""iTotZ  °'  ''^  \  =  90478ogx  13.817=  iz5or98966pi6 

""'Z^llT]-^^^^-      X"      =^7.80. 
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*'  Now  the  fum  of  the  momenta,  divided  by  the  fum  of  the 

.,,     .       2786i3Q8q66oi6  x   •      i  .         ,  .      , 

areas,  will  give ^r^-g^^g —  —  37'oo6  mches,  the  altitude 

of  G,  the  centre  of  gravity  of  the  feftion  ABCD  above  the 
'bottom.  In  like  manner,  the  altitude  of  R,  the  centre  of 
g;ravity  of  the   feftion    MMCD,  will  be  found  tq  be  equal 

■  ^^°r\  ^0%^  ~  ■^4*934  inches ;  and  confeq'uently  their  dif- 
ference, or  the  value  of  GR  =  1 2*072  inches,  will  be  found. 

"  Suppofe  the  veflel  to  heel  15°,  and  we  fhall  have  the  follow- 
ing proportion  ;  namely,  As  radius  :  tangent  of  15°  :  :  jMX=; 
54  inches  :  14'46^  inches  =  ME  or  MF ;  and  coniequently  the 
area  of  either  triangle  MXE  or  MXF=  390-66^  fquare  inches. 
Therefore,  as  4936'78o8  :  390"663  :  iji  —  n  n  ~  ^-  AB :  5*6975 
inches  =  RT;  and,  again,  as  radius  :  fine  of  15°  : :  12*072  = 
GR  :  3*1245  inches  =  RN;  confequently  RT'  — RN  =  5  6975 
—  3*1245  =2'573  inches  =  SW,  the  ftability  required. 

"  Moreover,  as  the  fine  of  15°  :  radius  :  :  5*6975  =  RT : 
22-013  =  RS,  to  which,  if  we  add  24*934,  the  altitude  of  the 
point  R,  we  fhall  have  461947  for  the  height  cf  the  meta-" 
centre,  which  taken  from  72,  the  whole  altitude,  there  re- 
mains 25*053;  from  which,  and  the  half  width  =  54.  inches, 
the  diftance  BS  is  found  =  59*529  inches  very  nearly,  and 
the  angle  SBV  =  80°  06'  42"  ;  from  whence  SV  =  58*645 
inches. 

"  Again :  Let  us  fuppofe  the  mean  length  of  the  veflel  to 
be  40  feet,  or  480  inches,  and  we  fhall  have  the  weight  of  the 
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-whole  veflel  equal  to  the  area  of  the  feilion  MMCD  = 
4936-7808  multiplied  by  480  =  2369654-784  cubic  inches  of 
watei-,  which  weighs  exaftly  85708  pounds  avoirdupoife,  al- 
lowing the  cubic  foot  to  weigh  62*5  pounds. 

"  And,  finally,  as  SV:SW  (i.  e.)  as  58-645  :  2*573  :  : 
85708  :  37604  the  weight  on  the  gunwale  which  will  fuftain 
the  veflel  at  the  given  inclination.  Thef'efore  a  veflel  of  the 
above  dimenfions,  and  weighing  38  tons,  5  cwts.  28  lbs.  will 
require  a  weight  of  i  ton,  13  cwts.  64  lbs.  to  make  her  in. 
cline  15°. 

"  In  this  example,  the  defle£l:ing  power  has  been  fuppofed 
to  a£i:  perpendicularly  on  the  gunwale  at  B  ;  but  if  the  veflel 
is  navigated  hy  fails,  the  centre  velique  *  muft  be  found ;  with 
which,  and  the  angle  of  defledtion,  the  projefted  diftance 
thereof  on  the  line  S  V  may  be  obtained ;  and  then  the  power, 
calculated  as  above,  neceffary  to  be  applied  at  the  projefted 
point,  will  be  that  part  of  the  wind's  force  which  caufes  the 
veflel  to  heel,  and  converfely,  if  the  weight  and  dimenfions  of 
the  veflel,  the  area  and  altitude  of  the  fails,  the  direftion  and 
velocity  of  the  wind,  be  given,  the  angle  of  diredion  may  be 
found." 

*  The  centre  <ve/ique  (a  term  firft  ufed  by  M.  Bougucr)  is  the  centre  of 
gravity  of  the  equi-palent  fell ;  that  is,  of  the  fail  whofe  pofition  ancl 
magnitude  are  fiich  as  caufe  it  to  be  afted  upon  by  the  wind  when  the 
vt-flel  is  failing,  in  a  manrter  equivalent  to  the  adtion  of  the  wind  upod 
all  the  fails  together  which  the  veflel  aftually  carries.  See  alfo  Euler 
on  Veflels,  gopklll,  Qhap.  ii.  J  10,  u. 
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CHAPTER  ;V. 
On  the  Phenomena  of  AttraBion  in  Capillan/  Tubes, 


426.  The  appellation  capillary,  in  a  general  fenfe,  is  given 
to  any  thing  on  account  of  its  extreme  fineness,  becaufe  it  ia 
that  refpe£l  refembles  hair.  In  f\xytics,  capillary  tubes  are  fmall 
pipes  of  glafs  whofe  canals  are  extremely  narrow.  The  inters. 
nal  diameter  of  thefe  tubes  may  vary  from  -^  to  -j^  of  an  inch: 
iiideed  Dr.  Hook  affirms  that  he  drew  tubes  in  the  flame  of  a 
lamp  much  fmaller,  and  refembling  a  fpider's  thread. 

If  feveral  capillary  tubes  of  different  diameters,  and  open  at 
both  ends,  be  immerfed  a  little  way  into  water^  the  fluid  will  he 
feen  to  ftand  higher  in  the  tubes  than  the  furface  of  the  water 
without,  and  this  is  in  a  greater  degree  as  the  tube  is  fmaller  j 
the  height  of  the  furface  of  the  fluid  in  the  tube  above  that  of 
the  fluid  in  the  refervoir,  being  nearly  in  the  reciprocal  ratio 
of  the  diameter  of  the  tube  :  fo  that  the  diameter  of  the 
tube  *  multiplied  into  the  altitude  of  the  fluid  in  it  (above  that 
in  the  refervoir)  is  nearly^  conftant  quantity  for  the  fame  fluid. 
This  conftant  quantity  is  found  by  experiment  to  be  about  -048 
of  an  inch  when  the  fluid  is  water ;  -036  of  an  inch  for  vinegar 
pr  0/.  tar.  per  deliquiunt:  and  '024  of  an  inch' for  fweet  oil. 

*Aji)ong  the  various  method!  of  determining  the  diameter  of  a  uniform 
capillary  tube,  the  following  feems  the  beft  and  moft  accurate.  Pour 
into  the  tube  a  certain  quantity  of  mercury  whofe  weight  in  troy  grains 
is  w,  and  meafure  careftiUy  the  length  /  of  the  tube  which  it  occupies  ; 

then  j?  the  diameter  </ =5  ■al9»5»jv -7-.    For,  the  fpecific  gravity  of 

mercury  being  13568,  a  cubic  inch  weighs  3435'i6  grains:  hence 
i:d'/x  .  785398  : :  3435'i6  :  »'•    Whenca,  by  multiplying  means  and 

extremes,  &c.  we  find  </  =  »/ — -— — .='oi9»5z3  \/— ' 

^  3435'«<i  X  785398  Xl  ^  ^  '^    I 

If  /  be  the  whole  length  of  the  tube  in  inches,  andi^j  th«  difference  in  troy 
grains  between  its  weight  when  empty  and  when  full  of  mercury,  the 
fame  theorem  will  obvioufly  afcertain  the  diameter. 
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When  quickfilver  is  put  into  the  tube,  the  contrary  to  all  this 
takes  place  ;  for  that  fluid  (lands  lower  within  the  tube  than  its 
furface  in  the  veffel,  and  the  lower  as  the  tube  is  fmaller. 

Another  phenomenon  of  thefe  tubes  is,  that  fuch  of  them  as 
would  naturally  only  difcharge  water  by  drops,  when  electrified 
yield  a  continued  and  accelerated  ftream ;  and  the  acceleration 
is  proportional  to  the  miftuteness  of  the  tube.  Nay,  the  effeft 
of  eleftricity  is  fo  confiderable  that  it  produces  a  continued 
ftream  from  a  very  fmall  tube,  out  of  which  the  water  would  not 
drop  at  all  previous  to  the  excita|:ion  by  ele£lricity.  But  vre 
fliall  not  attempt  here  any  explanation  of  this  phenomenon  ef 
the  continued  ftream  :  oar  prefent  obje£t  being  insidy  to  ftate 
the  moft  approved  method  of  accounting  fo:;  the  afcent  and  fuf- 
penfion  of  fluids  in  thefe  tubes,  according  to  the  principle  of  at- 
traction or  of  adhefion. 

In  accounting  for  thefe  phenomena  of  capillary  tubes  we 
mnft  deviate  frond  the  method  we  have  generally  followed 
hitherto,  of  demonftrating  a  feries  of  connefled  propofitions  ; 
for  the  mode  of  elucidation  wc  adopt  has,  at  moft,  only  proba- 
bility on  its  fide ;  and  we  would  not  willingly  delude  the 
ftudent  with  an  appearance  of  ftrift  demonftration,  when  that 
kind  of  proof  is  incompatible  with  our  prefent  knowledge  of  the 
fubjeft. 

427.  It  will  be  neceflTary  firljl;  to  premife  that  the  attra£i:iph 
tetween  the  particles  of  glafs  and  water  is  greater  than  the 
cohefive  attraftion  between  the  particles  of  water  itfelf.  For  if 
this  were  not  the  cafe,  the  leaft  quantity  or  drop  of  water  ap- 
plied to  the  tinderfide  of  a  glafs  tube  placed  horizontally 
t*ould  not  adhere  to  if,  but  fall  down  immediately  in  the  direc- 
tion of  gravity  :  whereas  this  does  not  happen  till  the  bulk  and 
■weight  of  the  drop  be  fo  far  increafed  as  to  exceed  the  attraftive 
power  of  the  glafs,  and  then  it  falls  off. 

Since,  then,  we  find  fuch  a  ftrong  attraftive  power  exerted  at 
the  furface  of  glafs,  it  will  be  natural  to  conceive  that  fuch  power 
muft  a£i:  fenfibly  on  the  .fu)rface  of  a  fluid  that  is  not  vifcid 
(water,  for  inftance)  contained  within  the  fmall  cavity  of  a  glaf^ 
tube,  and  that  it  will  be  proportionally  ftronger  as  the  internal 
diameter  of  the  tube  is  the  fmalier:  for  that  the  efficacy  of  the 
power  to  hold  up  the  fluid  in  'the  tube  will  follow  the  inverfe 
proportion  of  the  diameter  will  be  highly  probable,  if  we  con^ 
fider  that  only  fuch  particles  as  are  in  contaft  with  the  flyid, 
and  thofe  immediately  above  the  furface,  can  affe£l:  it. 

428.  Hence  moft  philofophers  aflert  that  the  fufpenfion  of  tM 
fluid  in  capillary  tubes  is  owing  to  the  gttraBion  of  the  narrow  ring 
of  glafs  contiguous  to  the  upper  furface  of  the  fluid.  The-reafoning 
adduced  is  of  this  kind  :  Every  ring  of  glafs  below  tHe  furface 
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attrafts  the  water  above  it  as  much  downwards  as  it  attrafts  thc' 
water  below  it  upwards,,  and  confequently  can  contribute 
norfiing  towards  the  fupport  of  the  column:  and  the  aftioa 
of  the  loweft  ring  upon  all  the  fluid  of  the  tube  within  its  fur- 
face  of  attraction  muft  either  concur  with  the  force  of  gravity 
to  bring  the  fluid  downwards,  or  afting  upon  it  at  right  angles 
can  have  no  efFeft  in  fufpending  it  within  the  tube.  'I'he  fluid, 
riierefore,  can  only  be  fu'pported  by  the  ring  of  glafs  contiguous 
to  its  upper  furface,  which,  attrafting  upwards,  oppofes  the 
action  of  gravitation  by  which  the  fluid  is  folicited  downwards- 
And  the  fame  kind  of  reafoning  may  be  applied  to  the  fluil 
raifed  between  parallel  planes  of  glafs. 

429.  The  preceding  reafoning  being  admitted,  it  will  follow,^ 
in  conformity  with  the  experiments,  that  in  capillary  tubes  the 
heights  to  which  the  jluid  rijts  by  virtue  of  the  attra£iion  are  in- 
■uerfely  as  the  intirnal  diameters.  For  the  fluid  being  fufpended' 
by  the  aftion  of  the  annulus  of  glafs  contiguous  to  the  upper 
furface,  and  the  diftance  to  which  the  attratlion  of  glafs  upoM' 
any  one  fluid  reaches  being  unvaried,  the  force  which  fuftains 
the  fluid  will  be  as  the  number  of  attrafting  particles,  that  is,  as 
the  circumference,  or  as  the  diameter  of  the  upper  ring,  or  of 
the  tube.  Let  Q?  ?>  then,  reprefent  the  quantities  of  fluid  to  he 
raifed  in  two  tubes  of  different  bores;  D,  rf,  the  refpeftive 
internal  diameters ;  and  H,  h,  the  heights  to  which  fluids  rife  ia 
the  tubes :  then,  becaufe  Qj_5',  reprefent  two  cylinders  of  the 
fluid,  we  have  Qj  q::Yi'ii.:dh;  and,  from  the  nature  of  this 
attraclion,  which  is  as  the  diameters  of  the  tubes,  D  :  J  : :  Q^:  q\ 
confequently  D^  H  :  ^'  A  :  :  D  :  </,  or  D  H  :  dh  : :  i  :  i,  or, 
finally,  B -.d  :  :  h -.H., 

Dr.  Jurin,  who  firft  offered  this  folution  of  the  phenomenon,! 
fays,  the  effeft  is  the  fame  in  vacuo  as  in  the  air  :  but  in  his 
time  the  air-pumps  would  not  exhauft  fufficiently  to  determine 
this  point :  the  pumps  which  are  now  made  may  perhaps  (hew 
that  the  water  will  not  be  fnpported  after  a  very  great  degree  of 
exhauftion. 

Mr.  Martin  fays,  the  power  by  which  the  fluid  is  raifed  wili 
keep  it  in  the  tube  for  any  tirne  without  exhaling  or  evapora» 
tion  ;  as  he  tried  by  hanging  feveral  capillary  tubes  thus  charged 
with  their  fluids  for  months  together  in  the  fummer  fun,  whofe 
heat  did  not  appear  to  diminifh  the  fluids  in  the  leaft  fenfible 
degree. 

430.  Another  curious  circumftance  afcribed  to  the  fame 
caufe  is  the  following :  Between  two  glafs  -plaices,  meeting  on  one 

ftde,  and  kept  open  at  a  fmall  dijiance  on  the  other,  water  will  rife 
iind[U(iUy  ;  and  its  upper  furface  will  form  a  hyperbolic  curve ,  in 
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•mbichthe  altitudes  of  the  feveral  pdnts  above  the  furface  of  the  fitnd 
in  the  refervoir  laiil  be  to  one  another  reciprocally  as  their  perpen- 
dieular  diftances  from  the  line  in  which  the  plates  meet.     This  was 
firft  obferved  fey  Dr.  Brook  Taylor,  and  is  thus  accounted  for  on 
tite  fame  hypothefis  as  before.      Let  AE  (fig.  3.  pi.  XVII.)  be 
the  horizontal  furface  of  the  fluid  in  the  refervoir,  AF  the  line 
in  which  the  plates  meet,  HGIKL  the  curve  formed  by  the  fur- 
face  of  the  fufpended  fluid  ;  GB,  IC,  KD,  LE,  perpendiculars 
to  AE,  fhewing  the  heights  of  the  refpedlive  points  G,  I,  K,  L, 
above  the  horizontal  furface  AE,  and  AB,  AC,  AD,  AE,  per- 
pendiculars to  AF,  meafuring  the  diftances  of  the  fame  points 
from  -the  line   in  which  the  planes  meet :  thefe  heights  and 
diftances  are  reciprocally  proportional.     For  let  the  lines  GB, 
IC,  KD,  LE,  reprefent  pillars  of  fluid  of  an  equal  evanefcent 
Ijreadth  :    thofe  portions  of  the  glafs  plates  which  -by  their 
attraflion  fupport  thefe  pillars,  being  of  equal  breadth,  will 
Ikftain  e^ual  quantities  of  fluid ;  that  is,  the  pillars  wiH  he 
equal;     But  the  pillars  may  be  confidered  as  parallelopipedsi 
■which  are  equal  when  their  bafes  and  altitudes  are  reciprocally 
proportional.     And  the  bafes,  being  of  equal  breadth,  are  as 
their  lengths  ;  that  is,  as  the  intervals  between  the  plates :  and 
£nce  thefe  intervals  continually  increafe  as  the  diftance  from 
the  line  AF  increafes,  thefe  intervals  at  the  points  B,  C,  D,  E, 
are  as  their  diftances  AB,  AC,  AD,  AE,  from  the  line  AF. 
Since,  then,  the  heights  of  the  pillars  are  reciprocally  as  thein- 
tervalsj.the  heights  GB,  IC,  &c.  are  reciprocally  as  the  diftances 
AB,  AC,  &c.  and  HGIKL  is  a  hyperbola  whofe  afymptotes  are 
AF  and  AE. 

43 1 .  If  two  long  glafs  planes  are  firft  fmeared  over  with  oil  and 
then  fet  together  at  their  ends,  and  inclined  to  each  other  under 
3  very  fmall  angle,  and  a  drop  of  the  oil  fo  placed  between 
them  as  to  touch  both  planes,  it  will  immediately  begin  to 
move  towards  the  touching  ends,  or  angles  of  the  planes  j  and 
that  motion  will  be  continued  with  an  accelerated  velocity,  by 
reafon  of  the  increafing  a£lion  of  the  planes,  on  account  of  the 
decreafing  diftance  between  them,  and  the  larger  portion  of 
touching  furf4ce  on  each  fide  of  the  drop. 

432.  If  glafs  be  applied  to  any  jother  fluid  whofe  particles  , 
attra£l  each  other  more  ftrongly  than  glafs  attrafts  them,  all 
the  phenomena  of  fuch  a  fluid  in  capillary  tubes,  and  between 
glafs  planes,  will  be  juft  the  reverfe  of  thofe  which  we  have 
Itated  as  taking  place  with  regard  to  water.  Now  quickfilver 
is  fuch  a  fluid,  and  therefore  it  will  ftand  lower  within  a  capil- 
lary tube  than  without  (art.  426.)  ;  the  furface  will  be  convex, 
»nd  not  JcoHcave,  as. in. water;  and  between  the  planes  it  will 
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move  the  contrary  way.  But  if  a  bafin  or  difli  be  made  of 
copper  or  brafs,  and  polifhed  well  within,  and  then  tinned  all 
over,  mercury  put  into  fuch  a  veflel  will  every-where  unit« 
with  the  till,  and  may  perhaps  be  faid  to  wet  it,  as  water  does 
glafs  i  and  the  mercury  put  into  this  mercurial  bafm  will,  if 
clean,  be  attrafled  and  rife  all  around  thfe  fides,  and  have  the 
fame  phenomena  with  water  put  into  a  wet  glafs,  tranfparency 
alone  excepted. 

433.  If  water  rife  in  any  capillary  tube  T  to  a  certain  height^ 
and  another  veiTel  be  put  into  the  water,  having  the  upper  end 
capillary  and  of  the  fame  diameter  as  the  tube  T,  but  the  lower 
part  of  any  greater  fize ;  then,  if  the  air  be  drawn  out  of  this 
veffel  by  fudion  until  the  water  enters  into  the  capillary  part,  it 
will  ftand  at  the  fame  altitude  as  in  the  tube  T  after  the  fu£tion 
ceafes  and  the  air  is  admitted  into  the  capillary  part.  In  this 
cafe  the  cylindrical  part  of  the  irregular  veflel  whofe  diameter 
and  height  equal  fhofe  of  the  capillary  tube  feems  to  be  fup- 
ported  by  the  fame  power  as  the  water  in  the  latter,  that  is,  by 
the  attraftion  of  the  glafs  annulus  contiguous  to  the  upper 
furface  of  the  fluid  :  and  the  other  part  furrounding  this  capil- 
lary cylinder  is  fupported  by  the  prefliire  of  the  air  upon  the 
furface  of  the  water  in  the  refervoir  ;  which  is  proved  hence, 
that  if  the  whole.be  placed  under  the  receiver  of  an  air-pump, 
and  the  air  exhaufted  from-  the  furface  of  the  veilel,  the  water 
^ill  not  be  fupported  as  before. 

434.  The  opinion  that  the  fufpenfion  of  the  fluid  in  capillary 
tubes  is  occafioned  by  the  attradion  of  the  glafs  annulus  conti- 
guous to  the  upper  furface  has  been  pretty  generally  acquiefced 
in  :  but  the  iflg-eniou?  Dr.  Hamilton  is  of  opinion,'on  the  contrary 
(fee  his  Eflays),  that  the  fluid  is  fupported  by  the  loiter  annulus 
contiguous  to  the  bottqm  of  the  tube  :  this  he  imagines  will 
firft  draw  up  a  plate  of  water  immediately  under  it,  and  then  a 
fucceffion  of  plates,  till  the  weight  of  the  whole  is  equivalent  to: 
the  attraftion  of  that  annulus.  A  fimilar  opinion  is  embiraced 
by  Dr.  Matthew  Young.  But  Dr.  Parkin/on  and  Mr.  Vince  ob- 
]t€t  to  Dr.  Hamilton's  folution.  Mr.  Vince  fays,  "  If  this  were 
the  cafe,  the  quantity  fupported,  and  confequently  the  altitude, 
of  the  fluid,  would  depend  upon  the  orifice  at  the  bottom  j 
whereas  experiments  fhow  that  the  altitude  at  which  the  fluid 
is  fupported  depends  upon  the  diameter  of  the  tube  at  the 
upper  furface  of  .the  fluid,  without  any  regard  to  the  forni, 
of  the  tube  below  it.  Again,  if  in  a  capillary  tube  water  will 
fland  at  the  altitude  of  an  inch  above  the  furface  of  the  fluid  in 
the  veflel,  and  you  deprefs  the  tube  till  there  be  only  an  inch  of 
it  above  the  Iwrface,  the  water  will  then  not  rife  to  the  top  of 
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the  tube,  and  if  you  deprefs  the  tube  ftill  lower  the  water  will 
not  rife  to  the  top.  Thus  there  will  always  be  an  annular  fur- 
face  of  the  tube  above  the  fluid,  which  is  a  flrong  argument  in 
favour  of  the  fluid  being  fupported  by  the  attraction  of  fuch  a. 
furface.  If  the  fluid  were  raifed  by  the  attra£lion  of  the  annulu^ 
at  the  bottom,  when  the  length  of  the  tube  above  the  furface  was 
kfsthan  an  inch,  the  fluid  ought  to  run  over,  and  thus  a  perpe- 
tual motion  would  be  formed."     Hydrojiatics,  p.  68. 

435.  Still,  though  the  attra£lion  of  the  glafs,  and  perhaps  of 
the  annulus  immediately  above  the  upper  furface  of  the  fluid  in 
the  tube,  be  the  chief  caufe  of  the  afcent  of  any  fluids,  yet  it 
muft  be  allowed  that  the  nature  and  quality  of  each  particular 
fiuid  is  to  be  regarded  in  moft  of  the  phenomena,  which  are  not 
proportioned  to  the  attrafting  power  of  the  glafs  folely,  but  to 
that  conjointly  with  the  various  dilpofition  of  fluids  to  yield  to 
it :  nor  is  the  denfity  of  the  fluid  of  primary  confideration ;  it 
being  manifeft  from  experiment,  that  fome  lighter  fluids  will 
rife  to  a  lefs  height  than  others  which  are  much  heavier.  Nor, 
again,  does  it  depend  on  the  vifcidity  or  tenacity  of  parts ;  for 
hard  white  varnifli  (very  thick  and  vifcid).  and  fpirit  of  wine 
afcend. nearly  to  the  fame  height.  From  experiments  it  liitewife 
appears  that  heat  and  cold  are  not  concerned  in  this  afcent  of 
^uids,  very  hot  water  ftanding  at  the  fame  height  as  cold.  And 
a  folution  of  any  fait  in  veater  makes  but  very  little  difference  iri 
the  heights. 

■   Mr.  Martin  made  and  repeated  freqiiently  a  feries  of  experi-" 
ments  on  feveral  ^uids,  to  afcertain  the  altitudes  at  which  they 
would  be  fuftained  in  a  tube  whofe  internal  diameter  was  about 
-j^,  or  more  accurately  -^  of. an  inch:  the  refults  are  giveti 
below : 

Alt.  Alt. 

Common  fpring  water  I  "2  W;5.     Red  wine    .     .     ,  o"]^inch» 

Spirit  of  urine    .     .  i-i  White  wine     .     .       -75 

Tinfliure  of  galls     .  I'l  Ale -^t; 

Recent  urine      .     .  it  Ol.fulp.percampanum-dj 

$pirit  of  fait       .     .  -g  Oil  of  vitriol     .     .       -65 

01.  tar.  per  deliq.    .  -p  Sweet  oil     .     .     .       -6 

Vinegar    ....  -95  Oil  of  turpentine  --      -55 

Small-beer    ...  'p  Geneva       .     .     .       -55 

$trong  fpirit  of  nitre  -85  Rum      ....       '5 

.Spirit  of  hartftiorn  .  -85  Brandy       ...       -5 

Cream    ,  .     .     .     .  -8  White  hard  varnilh      -5 

Skimmed  milk   .     .  -8  Spirit  of  wine    .     .     -45 

Aquafortis  ...  75  Tinfture  of  Mars   .     -45 
M.  Chirmftym  hia^excellent  work  On  the  figure  of  the  earth, 
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fays,  "  The  truth  is,  that  when  we  compare  the  elevation  of  the 
fame  fluid  in  two  different  tubes,  the  attra£tion  of  each  furface 
is  the  refult  of  all  the  particular  attradions  exerted  by  the 
different  n^oleculse  of  the  glafs  upon  all  thofe  of  the  liquid 
which  are  at  diftances  fmall  enough  to  be  fubjefted  to  the 
effe£l  of  thefe  attra£lions." 

.  The  Abbe  Ha'tiy,  in  his  Traite  Elementaire  de  Phyftque,  adopts 
the  fame  hypothefis,  and  ingenioufly  applies  it  to  the  elucida- 
tion of  various  phenomena.     As  we  are  not  willing  to  erhploy 
more  time  upon  a  topic  which  is  almoft  entirely  hypothetical, 
'  we  refer  the  reader  to  M.  Haviy's  work,  tome  I.  p.  154,  &(;. 
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.  '  IntroduBory  Rdmarks, 

436.  Hydf-odynattties  is  that  part  of  mechanical  fcieiic* 
which  relates  to  the  motion  of  non-elaftic  fluids,  and  the 
forces  with  \yhich  they  a£b  upon,  bodies. 

This  branch  of  hieChariics  is  the  moil  difficult,  and  the  leaft 

advanced  :  whatever  we  know  of  it  is  almoft  entirely  due.  to 

the  refearchesof  the  moderns  ;  for  the  only. worfc.on  the  jne"- 

chanifmof  fluids  which  has  reached' us  from  the  £(ncients  is."  the 

■ptpcs'oi  ../Irihinledes   in  two  books,  Delhjfdentibus.huipido,  in 

■which  the  only '  inquiries  refpefl:  the  finking  and.  .floating  of 

"bodies  in  fluids,  their  relative  gravities,  levities,  iBtuati6ns>  and 

'jft^ntions,  while  in  equilibrio.     Wc  find,  it  is, true,  fojpe, hints 

and  rules  uppn  the  motion  of  fluids  in  a  treatife  attributed  to 

Sextus  Julius  Frontinus,  infpeftor  of  public  fountains  at  Rome^ 

under  the  emperors  Nerva,  Cocceius,  and  Trajart,  entitled,  De 

Aqua  duBibus  urbis  Romee  commentarim  ;  but  they  are  not  of 

fufficient  importance  to  deferve  much  attention  by  a  ftadent  of 

this  fcience.     BenediEl  Cajlelli  was  the  firft   who  opened  the 

way  to  a  true  meafureof  the  flux  of  waters,  in  his  treatife  Delia 

mefura  dell'  Acque  Currenti ;  which  meafure  he  found  to  depend 

upon  the  area  of  the  fe£tion,  and  the  velocity  of  the  water, 

^onjointly.     The  moft  valuable  and  important  difcoveries  and 

theorems  in  this  department  of  fcience  are  given '  in  Sir  Ifaad 

Newton's  Principia,  book  XL  ;   the  Hjdrodynamique  of  Daniel 

Bernoulli  ;  the  Traite  des  Fluides  by  M.  D'Alembert  -,  the  Ex- 

amen  maritimo  Theorico  PraSico  oi  D.   George  Juan;  the   Hy- 

drodynamique  of  M.   Bojfut  i     Principes  d'  Hydraulique  by   M. 

Buati  and  the  Handbuch  der  Mechanik  und  der-  Hydrautik  by 

Mr.  Eyteltvein.     To  thefe  may  be  added  an  ingenious  paper  on 

the  Motion  and  Refiftance  of  Fluids  by  Mr.  Vince,  in  the  Phi- 

lofophical  Tranfa£tions  for  1 795  ;  and  thofe  by  the  late  Dr, 

Matthew  Toung  in  the  Irilh  Tranfaftiona. 
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437.  Could  we  know  with  certainty  the  mafs,  the  figure, 

and  the  number  of  particles  of  a  fluid  in  motion,  the  laws  of  its 

motion  might  be  determined  by  the  refolution  of  this  problem, 

viz.  to  find  the  motion  of  a  propofed  fyftem  of  fmall  free 

bodies  a£ling  one  upon  the  other  in  obedience  to  fome  giveji 

exterior  force.     We  are,  however,  very  far  from  being  in  pof- 

feffion  of  the  data  requifite  for  the  folution  of  this  problem :  and 

even  if  we  were  in  pofleffion  of  them  it  is  doubtful  whether  we 

Ihould  be  much  further  advanced ;  as  it  might  be  extremely 

difficult  to  deduce  any  convenient  pra£tical  refults  from  the 

intricate  and  complex  expreffions  which  might  ftand  at  the 

foot  of  the  inveftigation.    The  wifeft  philofophers  have  had 

their  doubts  with  regard  to  every  abftraft  theory  concerning  the 

motion  of  fluids  ;  and  the  greateft  geometers  and  analyfts  affirm 

that  thofe  methods,  which  have  direfted  them  to  fuch  curious 

and  ufeful  conclufions  in  the  mechartics  of  folid  bodies,  do  not 

furnilh  any  conclufions  with  refpeft  to  fluids  but  fuCh  as  ai*e 

too  general  and  uncertain  for  the  greater  number  of  particular 

cafes.     On  thefe  accounts  a  detailed  exhibition  of  the  theory 

alone  would  fcarcely  be  of  any  utility :  we  fliall,  therefore,  enter 

but  little  into  the  theoretical  part  of  Hydrodynamics ;  but  pre- 

fent  merely  a  few  propofitions  that  are  leaft  dubious  in  their 

nature,  and  endeavour  to  fupply  the  deficiency  by  ftating  the 

tefults  of  fome  of  the  moft  ingenious,  careful,  and  fatisfaSory 

experiments  with  which  we  are  acquainted. 

The  motion  of  the  water  in  pumps,  depending  in  part  upon 
the  principles  of  Pneumatics,  will  be  treated  of  in  pur  fifth  book. 
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CHAPTER  I. 


On  the  Discharge  of  Fluids,  through  Apertures  in  the 
Bottom  and  Sides  of  Fessels,  and  on  Spouting 
Fluids. 


438.  Prop.  If  a  fluid  run  through  any  tube,  which  is  kepi 
.CQttttnually  full,  and  the  velocity  of  the  fluid  in  every  part  of  one  and 
the  fame  feBion  be  the  fame,  the  velocities  in  different  feSiicns  •will  be 
inverfely'as  the  areas  of  the  fe^ions. 

For  as  the  tube  is  always  ejiually  full,  the  fame  quantity  of 
fluid  will  run  through  every  feftion  in  the  fame  time  :  Ijut  the 
quantity  paffing  through  aiiy  feftion  S  with  the  velocity  V  in 
any  given  time  manifeftly  varies  as  S  and  V  conjointly,  or  as 
S.  V;  and, 'in  like  manner,  the  qiiantity  paffing  through  any 
other  fe£i:iop  s  with  velocity  v  muft  vary  as  s ,  v  in  a  given 

^time  :    confequently  we  muft  have  S  .  ¥=/  .  v,  and  S  :  j- :  : 

^v :  V. 

It  is  fuppofed  in  this  propoGtion  that  the  changes  in  the 
diameters  of  the  tube  are  continual,  and  no-where  abrupt  fo  as 
to  break  tjie  law  of  continuity  in  the  fides  of  the  tube  :  for  if 
tiiere  be  any  angles,  or  confiderable  finuofities  in  the  tube, 
they  will  produce  eddies  in  the  motion  of  the  fluid,  and  the  - 
propplition  will  not  obtain.  ^ 

439.  Prop.  If  a  fluid  flowing  through  a  very  fmall  orifice  in 
the  bottom  of  a  veffel  be  kept  cpnflantly  at  the  fame  height  in  the 
veffelf'by  being  fupplied  asfqfl  above  as  it  runs  out  below,  the  velocity 
efihe  fffluer^t  fluid  will  be  equal  to  that  which  a  heavy  body  would 
acquire  in  falling  freely  through  fhe  height  of  the  fluid  above  the 
orifice, 

LetMNOP  (£g,  4.pl.  XVII.)  reprefent  a  veffel  filled  with 
a  fluid  up  to  the  level  GH  ;  MP  the  bottom  in  which  is  the 
aperture  CD  [very  fmall  compared  with  MP)  ;  CIKD  the 
column  of  the  fluid  ftanding  direftly  above  the  aperture,  and 
CABD  the  loweft  plate  of  the  fluid  immediately  contiguous  to 
the  aperture.  Alfo  let  v  denote  the  velocity  which  a  heavy 
body  would  acquire  in  falling  freely  through  BD  the  height  of 
theplate>  and  V  the  velocpity  acquired  by  ifae  fame  pl'ite  during 

P9% 
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its  defcent  through  the  fame  fpace  uhtil  it  Is  dlfcharged  by  th« 
preflure  of  the  column  CIKD.  If  we  fuppofe  the  loweft  plate 
pf  fluid  ACBD  to  fall  as  a  heavy  body  through  the  height  BD, 
its  moving  force  will  be  its  own  weight.  Again,  fuppofe  it  to 
be  accelerated  by  its  own  weight,  together  with  the  preflure  of 
the  ambient  fluid,  about  the  column  CIKD,  that  is,  (art.  386.) 
by  the  weight  of  the  column  CIKD,  through  the  fame  fpace, 
that  is,  while  it  is  accelerated  froi^  quiefcence  until  it  is  a£iually 
difcharged:  then  (by  what  has  been  fhewn  in  Dynamics, 
art.  228.),  the  velocity  in  the  former  cafe  will  be  to  that  in  the 
latter  as  the  moving  forces  and  the  times  in  which  they  adl 
direftly,  and  the  quantities  of  matter  moved  inverfely.  JBut 
the  moving  forces  are  to  each  other  as  the  heights  BD  and  KD  ; 
the  times  in  which  they  a£t  are  inverfely  as  the  velocities,  the 
fpace  through  which  the  body  is  accelerated  being  given  ;  and 
the  quantities  of  matter  moved  are  equal :  therefore,  1; :  V  : : 

—  :  ^,  whence  v- :  V^  : :  BD  :  KD,  or  ^  :  V  : :  V  BD  s 

V'KD.  Now  V  is  the  velocity  which  a  heavy  body  would 
actually  acquire  in  falling  through  the  fpace  BD ;  confe- 
quently  V  the  velocity  of  the  effluent  fluid  is  that  which  a  heavy 
body  would  acquire  in  falling  through  KD,  the  whole  altitude  of 
the  fluid  abo-^e  the  orifice. 

CoR.  I.  In  the  fame  manner  it  may  be  fliewn,  that  if  a  pipe 
be  inferted  horizontally  in  the  Vefl'el  MNOP  (fig.  5.),  the  platijf 
of  fluid  ACBD  will  be  difcharged  with  the  fame  velocity 
as  before  (if  its  centre  '  of  preflTure  be  of  the  fame  depth) 
whatever  be  the  thicknefs  of  the  plate  ;  this  velocity  not  -de-, 
^pending  upon'a  continual  acceleration  through  the  leiigth  of 
the  tube,  otherwifc  the  effluent  fluid  could  not  attain  its  full 
velocity  until  a  column  had  been  difcharged  whofe  bafe  i» 
equal  to  the  orifice  an3  height  equal  to  the  length  of  the  tube^^ 
whereas  we  find  by  eScperienCe  that  this  full  velocity  can  be 
attained  by  the  thinneft  plate  which  can  be  let  efcap's  from  ths 
aperture. 

CoR.  2. "  The  velocities  aad  quantities  difcharged  at  difleren^ 
depths  are  as  the  fquare  roots  of  the  depths.       ' 

CoR.  3.  The  quantity  run  out  in  anytime  is  eqiial'to  a 
cylinder,  or  prifm,  whofe  bafe  is  the  area  oi  the  orifice,  and  its 
altitude  the  fpace  defcribed  in  that  time  by  the  velocity  ac- 
quired by  falling  through  the"height  of  the  fluid. 

So  that  if  h  denote  the  height®!  the  fluid, 
•a  the  area  of  the  aperture, 
g,  32i  feet,  or  386  inches, - 
and  f  the  time  of  efflux,  ■    , 
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we (halUiave forthequantitydifcharged  Q_==<5i t \/2gh; 
Or,  when  a  and  A  are  in  feet     .     .     -  Q=:8'02o8flfV'^,feet ;   , 
When  a  and  A  are  in  inches,     .     .     .  Q=i2l-']1%']atii,/h,\\\<:\i. 
If  the  orifice  is  a  circle  whofe  diameter 
is  t/,  then  "785398  d'-  muft  be  fub- 
ftituted  for  fl ; 
And,  when  t/ and  ^  are  in  feet  .     .     ,'Q=if299^2d't^/htieQt', 
When  d  and  h  are  in  inches     ...  Q  —  2\"]%S9'^d^t>yh,'mCi 
And  from  either  of  thefe  it  will  be  eafy  to  find  either  a,  t,  or 
h,  when  the  other  three  quantities  are  given. 

Cor.  4. ,  The  force  with  which  the  effluent  water  impinges 
agaihft  any  quiefcent  body  is  proportional  to  the  altitude  of  th^ 
fluid  above  the  orifice. 

For  the  force  is  as  velocity  x  quantity  of  matter ;  but  tha 
quantity  difcharged  in  a  given  time  is  as  the  velocity :  there- 
fore the  force  is  as  the  fquare  of  the  velocity,  that,  is,  by  the 
demonftration  of  the  propofition,  as  the  height  of  the  fluid. 

CoR.  J.  The  water  fpouts  out  with  the  fame  -velocity 
whether  it  be  downwards,  or  upwards,  or  fideways ;  becaufe  the 
|)refl"ure  of  fluids  is  the  fame  in  all  diredions  at  the  fame  depth. 
Cor.  6.  Hence,  if  the  adjutage  be  turned  upwards,  the  jet 
will  afcend  to  the  height  of  the  furface  of  the  water  in  the 
vefiel.  And  this  is  confirmed  by  experience,  from  which  it 
appears  that  jets  really  afcend  nearly  to  the  height  of  the  refer- 
yoir ;  the  fmall  quantity  abated  arifing  from  the  friftion 
againfl:  the  fides,  the  refiftance  occafioned  by  the  obliqua 
motion  of  the  fluid  in  the  bended  pipe,  and  the  refiftaiice  of 
the  air, 

SCHOLIUM, 
440.  What  is  faid  in  this  propofition  and  corollaries  of  ths 
velocity  of  the  effluent  water,  is  true  only  of  the  middle  fila- 
ment of  particles  which  ifliie  through  the  centre  of  the  aperture, 
which  are  fuppofed  in  theory  to  experience  no  retardation^ 
and  which,  in  faft,  fuffer  no  other  retardation  than  what  arifes 
from  the  refifliance  of  the  air,  and  their  mutual  adbeflon  and 
attrition  againfl:  each  other.  But  thofe  which  ifliie  near  the 
!edges  of  the  aperture  undergo  a  greater  attrition,  arid  therefore 
fuffer  a  greater  retardation.  Hence  it  follows  that  the  mean 
velocity  of  the  whole  column  of  eflluent  fluid  will  be  confide- 
rably  lefs  than  according  to  theory. 

Sir  Ifaac  Newton,  vvrho  examined  every  fubje£t  that  came  be- 
fore him  with  peculiar  accuracy,  firft  difcovered  a  contradlioo 
jn  the  vein  of  effluent  water ;  and  found,  that  at  the  difl:ancc 
of  about  a  diameter  of  the  orifice  the  fei^ion  of  the  vein  con- 
trafte4  nearly  in  the  fubdiiplicate  ratio  of  qi  to  I.     Uenc§  hft 
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.  concluded  that  the  velocity  of  the  water,  after  Its  exit  from  the 
aperture,  was  iiKireafed  in  this  proportion,  the  fame  quantity 
faffing  in  the  fame  time  through  a  narrower  fpace.    From  the 
quantity  of  water  difcharged  in  a  given  time  through  that  narrow 
feflion,  he  founc}  that  its  velocity  there  was  that  which  a  heavy 
body  would  acquire  in  falling  through  the  height  of  th6  water 
above  the  orifice ;  and  fince  the  velocity  there  was  greater  than 
immediately  in  the  orifice  in  the  fubduplicate  ratio  of  2  to  i,  he 
concluded  that  the  velocity  of  the  effluent  water  in  the  orifice 
was  equal  to  that  which  a  heavy  body  would  acquire  in  falling 
through  half  the  altitude.     But  all  thi's  is  true  only  of  the  mean 
velocity ;  for  there  is  no  caufe  which  can  aftually  accelerate  thi 
water  after  its  exit  from  the  orifice,  whatever  caufes  may  con- 
tribute to  its  retardation.     The  manner  in  which  the  mean 
velocity  of  the  water  is  incre'afed  after  its  difcharge,  though  the 
a£*cual  velocity  of  the  feveral  particles  continues  unvaried,  might 
be  eafily  explained  :  but  it  Aeed  not  be  dwelt  upon  here.     A 
circumftance  of  confiderable  importance  in  the  efcape  of  fluids 
through  a  horizontal  orifice  feems  to  have  been  entirely  ne- 
glefted  by  moft  writers  ;  we  allude  to  a  •whittling  motion  :  thi 
fluid  will  revolve  about  the  aperture,  and  at  fome  diftance  from 
it,  and  efcape  with  a  revolving  motion  ;  the  fluid  rulhes  from 
all  fides  in  fpiral  ftreams  to  fupply  the  continual  wafte.     This 
circumftance  will  be  explained  more  diftinSly  in  a  fubfequent 
propofition :  but,  excepting  that,  the  remainder  of  this  chaptet 
will  be  treated  irt  conformity  with  the  common  hypothefis ; 
which,  when  correfted  by,  the   experiments  i»  the  enfuing 
chapter,  will  furnifti  tolerably  correft  refults. 

441.  Prop.  When  a  veffel  is  kft  gradually  to  difcharge  itfelf 
hy  an  orifice  in  the  bottom,  «/"  the  area  of  the  JeElion  parallel  to  the 
bottom  he  every-ivhere  the  fame,  the  velocity  of  the  furface  of  the 
fiuidy  and  confequetitly  the  velocity  of  the  efflux^  nuill  he  uniforir^ 
retarded. 

For  (art.  438.)  the  velocity  of  the  defcending  furface  is  to  the 
velocity  at  the  orifice  as  the  area  of  the  orifice  to  the  area  of 
the  furface,  which  is  a  conftant  ratio ;  eonfequently,  the  velocity 
of  the  defcending  furface  varies  as  the  velocity  at  the  orifice,  or 
as  ^/h,  by  cor.  2.  of  the  laft  article  ;  that  is,  the  velocity  of  the 
defcending  furface  varies  as  the  fquare  root  of  the  fpace  which 
it  has  to  defcribe  :  fo  that  this  exaftly  correfponds  with  the 
cafe  of  a  body  projefted  perpendicularly  upwards  (art.  245.), 
where  the  velocity  is  as  the  fquare  root  of  the  fpace  to  be  de- 
fcribed  :  whence,  as  the  retarding  force  is  ccnftant  in  the  in- 
ftance  referred  to,  it  muft  alfo  be  conftant  in  the  cafe  before  us, 
and  the  retardation  uniform. 
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Comparing  this  with  the  inftance  juii  pointed  otit,  we  deduce 
thefe  obvious  corollaries-: 

Cor,  I.  The  quantities  of  water  in  a  prifmatic  veflel  dif- 
charged  through  an  aperture  in  the  bottom  decreafe  in  equal 
times  as  the  feries  of  odd  numbers  i,  3,.  5,  7,  9,  &c.  taken  in 
an  inverted  order. 

CoR.  2.  The  quantity  of  water  contained  in  an  upright  prif« 
matic  veffcl  is  fo^that  which  would'  be  difcharged  in  the  time 
of  the  entire  gradual  evacuation  of  the  vcflfcl,  if  the  water  b© 
kept  always  at  the  fame  altitude. 

442.  Prop.  To  determine  the  time  of  Emptying  a  vejfel  of  •water 
hy  an  orifice  in  the  bottom  ofity  or  in  the  fide  contiguous  to  the  bottom, 
the  height  of  the  orifice  being  very  fmall  compared  with  the  altitud$ 
cf  the  fluid. 

Let  a=the:  area,  of  the  aperture  j 

A=the  whole  height  of  the  fluid  above  the  aperture ; 
«=the  vertical  fpace  defcended  by  the  upper  furface  in 

any  time  t ; 
A=the  area  of  the  upper  furface ; 
^=32^  as  before,  the  meafiire  of  the  force  of  gravity. 
Then  will  the  velocity  of  the  effluent  fluent  at  any  time  be 
reprefented,  not  by  \/zgh  zs  in  art.  439.  but  by  y'»g(A  —x). 
This  velocity  will  vary  continually,  becaufe  x  increafes,  and  the 
difference  h  —  x  diminifhes  continually^  but  it  may  be  regarded  as 

conftant  during  the  indefinitely  fmall  time  / :  fo  that  in  the 

time  t  there  will  efcape  through  the  orifice  a  prifm  of  the  fluid 
which  has  that  opfice  a  for  its  bafe,  and  \/%  g(h  —  x)  for  its  al- 
titude.    Thus  the  qu<tntity  of  ituid  difcharged  during  the  in- 

itant  /  is=i»  t  y'lg  (ji  —  sey  But  during  the  fame  time  th<t  up- 
per furface  has  defcended  through  the  fpace  x,  and  the  veflel  hat 
loft  a  prifm  or  cyUnder  of  the  fluid  whofe  height  is  x  and  bafe  A, 
that  is,  a  prifm  whofe  capacity  is  A  x.    Hence  we  have  A  xs 

and «=— —44===. (I.) 

As  the  area  A  will  be  given  in  funftions  of  *,  by  the  form 
of  the  vefllel,  the  fecond  member  of  this  equation  may  bexonfi- 
•lered  as  containing  only  the  variable  quantity  x  \  and  it  will  be 
very  eafy  in  moft  cafes,  by  fimply  finding  the  fluents,  to  difcover 
the  fucceflive  depre^mt  aad  difchargcs  of  the  fluid  in  any 
veflel  of  known  form. 
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443.  By  way, of  application,  take  the  following  examples; 

I.  Let  the  vejfel  be  an  upright prifm  or  cylinder.  Here  the  are'^ 
A  will  be  conftant,  becaufe  every  horizontal  l'e£tion  of  the  prifrn" 
will  be  equal  to  its  bafe.     Hence  we  have  . 

Now  when  the  time  t  is  nothing,  the  depreffion  of  the  upper 
furface  A  of  the  fluid  is  nothing  allb  :  thus  we  have  at  the  fame 
time  *— o,  and  t=Q  ;  this  condition  determines  the  conftat^t 

quantity  C= — y^  v'  ^  »  ^^^  g^^^s  ^°^  the  time  of  depireffing 

the  upper  furface  through  the  fpace  x, 

t=^^{^h-^k=r^) (II.) 

To  find  the  time  of  completely  emptying  the  veflel,  we  have 
only  to  make  x=h,  in  which  cafe  the  preceding  expreffion-wiU 

t  A      /  zh 

become  ....  t=.—    l  -^-. 

a  •>/       g 

Cor.  The  time  juft  found  is  double  that  in  which  an  equal 
quantity  would  be  difcharged,  if  the  veflel  were  kept  conftantly 
full.    For,  in  art.  439'.  cor.  3.  we  have  Q=fl  t  >/ 2gh,  where,  if 

0=  A h,  we  have  t= — 7- — ,  =?  —  */ —  =  ^— */?-  ,  which  is 

^^^  '  ail/ Tig h         (2  ^  »g  ?a^    g 

half  the  preceding  value  oi  t. 

Hence  the  refult  of  this  example  correfponds  with  cor.  2. 
art.  441.  as  it  mahifeftly  ought  to'd&. 

II.  Let  the  vejfel  be  anyfolid  of  dotation,  ^  which  the  axis  is 
vertical.  Here  A  will  be  the  area  of  a  circle- which. has  for  its 
radius  the  ordinate  ji  of  the  generating  curve;  that  is,  ifff= 
3'i4i59,3,  we  fhall  have  A=*/.  -  Introducing  this  value  into 
the  equation  marked  I,  we  have 

'=^.-/7fe— - ""•> 

In  any  particular  examples  it  will  be  neceflary  to  put  for  ji  its 
value  deduced  in  terms  of  x  from  the  equation  of  the  gene- 
ratitig  curve,  and  to  find  the  fluents',  which  will  be  correded  by 
making  at  the  fame  time  ^=Oj  and  >tr=o.. 

III.'  Letthsfilid  of  rotation  be  a  paraboloid  with  its  vertex  doim"-. 
iwar-ds.    If /I- be  the  parameter  of  the  generating  parabola,  the 
equation  of  the  curve  will  hef=p  X,  when  the  origin  of  the 
purre  is  fuppofe^'at  V  :(fig.  z.  pi.,  XIII.),  the  point  whc?? 
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we  conceive  the  aperture  to  be ;  or  if  we  transfer  the  origin  to 
A,  the  equation  .will  be/=/i  {h  —  x) :  this  fubftituted  for  /  in 
equation'II.  gives 

Determining  the  conftant  quantity  as  above  direfted,   we 
•btain  for  the  porfeft  fluent 


jai^zg 


.{hi-hP^i) (IV.) 


If  we  maka^=;v,  we  have  t—  ^^    /  —  =  — ^^^—    /— t 

3  a   «/       ig  3  a    ^    ^f 


.2% 


s=  ^ — -f- — ,  where  S  is  the  area  of  the  upper  furface  of  the  fluid 

at  the  beginning  of  the  exhauftion,  and  h  the  whole  height. 

The  above  may  fufEce  as  a  fpecimen  of  the  method,  on  the 
Cuppofition  that  the  velocity  of  efflux  is  that  due  to  the  nJuhole 
height  of  the, fluid.  A  very  ingenious  and  complete  paper  on 
this  fubjeft,  according  to  the  hypothefis  that  the  velocity  is  that 
due  to  half  the  height  of  the  fluid  "^bove  the  aperture,  is  given 
by  Dr.  Hutton  in  his  Mathematical  Klifcellany. 

444.  Prop.  If  the  nuaUr^  ef  a  refervolr  nuHch  flomis  through 
C  horizontal  aperture  be  influenced  by  any  foreign  msiion,  it'- will 
form  a  hollow  whirl  above  the  orifice  itfelf. 

htt  DQ^(fig.  6.  pi.  XVII.)  reprefeat  a  horizontal  plane  near 
the  orifice  iiF,  through  which  the~fli\id  of  the  refervoir  MN 
flows.  A  fluid  particle,  D,  fi'tuated  in' this  plane,  has  a  motion 
DB  inclined  to  the  axis  AB ;  which  may  be  decompofed  into 
two  DC,  CB:  Let  us  fuppofe  the  plane  DQ^to  defcend  pa- 
rallel to  itfelf  along  the  axis  with  the  motion,,  and  then  enquire 
into  the  motion  of  the  particle  D  on  the  plane  DQj  a  motion 
which  imprefl'es  upon  all  the  particles  fituated  in  the  plane  DQ 
3  centripetal  force  towards  the  centre  C.  Let  any  other  hori- 
zontal motion  whatever,  not  coincident  in  diredtion  with  DC, 
be  impreflTed  upon  the  fame  particles  :  under  the  joint  influence 
of  the  two  moving  forces  the  particles  will,  defcribe  round  ths ' 
ceptre  C  areas  proportional  to  the  times,  and  by  the  equilibrium, 
of  thefe  motions  they  may  afllime  a  horizontal  circular  rotation. 

Imagine  that,  dyring.this  horizontal  circulation,., the  particle 
D  in  its  approach  towards  the  centre  C,  as  in  a  fpiral,  fhall 
defcribe  circular  orbits,  of  which  the  diameters  are  fucceflively 
diminilhed:  put  the  rotatory  velocity  of  the  particle  D='u; 
Jts  4iftance  CD  from  the  centre  =»•;  the  time  of  one  revolution 
,•  tft;  then^  lince  |lie  areas  m\i&.  be  as  the  f^mes,  we  Ihall  ha^ 
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liearff  »  oc  — ,  f  oc  r» ;  and  the  centrifugal  force  of  the  particle 

D  will  oc  -^.    Indeed)  when  the  |V3rticks  which  revolve  at  the 

jTitrface  ^f  the  funnel  at  MN  are  obferved,  it  is  fecn  thai  the 
eSe€t  which  really  takes  place  in  nature  Is  Conformable  to 
foe  r'  very  nearly.    Since,  therefore,  the  centrifugal  force  in  ^ 

approaching  the  centre  C  increafes  as  — ,  it  will  become  fuf- 

ficient  to  form  an  equilibrium  againft  the  upper  preffure  SD, 
which  produces  the  centripetal  force  DC  :  a  cavity  KRTHPV 
will  therefore  be  formed,  round  which  the  whirling  fluid  will 
fupport  itfelf  by  the  centrifugal  force  of  its  rotation. 

Let  DC^R  reprefent  a  circular  fluid  zone,  the  particles  of 
which  revolv?  about  the  cavity  RP  according  to  the  law  here 
indicated.    Let  the  gravity  of  a  fluid  particle  be  =w,  CR=flj 

11D=*,  DX=z,  XZ=z,  and  the  velocity  of  the  particle  D=v. 
If  the  centrifugal  force  of  the  particle  D  were  equal  to  its  gra- 
vity, its  velocity  (art.  282>  cor.  3.)  would  be  equal  to  that  of  a 

body  falling  by  gravity  alone  through  the  fpace  ^—.     And  as  a 

lieavy  body  falls  in  one  fecond  through  the  fpace  16-j^feet 
=ig,  the  velocity  of  the  particle  D  will  be  reprefented  by 

/ 2 g.~-=    / g{a-\-h).     The  centrifugal  force  in  the 

circle  is  as  t^j  therefore  the  centrifugal  force  of  D  will  aftualljf 

be  =  -T—r'jX  •     And  fince  the  centrifugal  force  oc  — ;  taking 

(4^, '  („+L»}. '  '•  T^S  •  *  ^°'"^^  '""'  ^"^  ^^"  ^*'^  *^ 
centrifugal  force  of  the  element  of  DX  in  X  -  *•'»(''+*)*' 

and  that  of  the  filament  DX  itfelf  =  ^^^^^ly  +  C.  When 
a=o,  the  fluent  =0,  whence C=  ""  ":  and  taking  z=i,  the 
centrifugal  force  of  the  filament  DR  will  be  =  -^^  .  l%a-\-b\ 

Now  the  quantity  3  w  is  the  gravity  of  the  filament  DR :  hence 
the  gravity  of  this  filament  is  to  its  centrifugal  force  at 
v"  (2  flH-i),  to  2  a'g. 
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445.  When  the  fluid  zone  DRPQ_^is  nearer  the  orifice  EF, 
the  preflure  SD  iricreafes;  whence  the  centrifugal  force"  of  the 
aone  muft  alfo  be  increafed,  in  confequencq  of  the  radius  RC 
of  the  cavity  beirtg  diminiflaed  :  hence  we  may  determine  the 
nature  of  the  curve  which  forms  the  vertical  feftion  of  the 
cavity  KRT.  For  grealier  fimplidty,  let  it  be  iuppofed  that 
the  fi^es  of  the  veilel  MJD,  NQ',  have  the"  fame  fliape  as  thofe 
of  the  cavity  itfelf ;  fo  that  DR=^  may  be  conftant.  Let  AC 
=jj  and  CR=j;.  In  the  preteding  formula  fubftitute  y  for  a;  , 
and,  firice  the  gravity  of  the  filament  DR  is  to  that  of  the  fila- 
ment SD  as  h  to  X,  we  (hall  have,  by  CDttipofition  of  ratios,  thp 
centrifugal  force  of  the  filament  DR  to  the  preflure  SD,  as 
k  1)'^  (2 y+t)  to  2  g  X  f.  In  order  that  there  may  be  an  equili- 
brium, this  laft  muft  be  a  ratio  of  equality,  that  is,  b  v^  (aj^+i) 

=z2gxy'^;  whence  we  deduce  xy'- y  —  - — =0,  for  th<J- 

equation  of  the  curve  KRT.  This  is  the  64th  fpecies  in  Sir 
Ifaac  Newton's  Enumeration  of  Lines  of  the  Third  Order :  its 
convexity  is  turned  toward  the  axis ;  and  it  has  two  afymptotes, 
one  of  which  is  the  axis  AB,  apd  the  other  is  in  MN,  fuppof- 
ing  the  two  points  MN  to  be  infinitely  diftant. 

If  the  afliimed  pofitions  in  this  and  the  preceding  articles  do 
not  abfolutely  coincide  with  nature,,  they  approximate  to  its- 
cffefts  very  nearly.  It  is  not  only  pofllble,  but  there  does  ac- 
tually exift  in  nature  a  whirling  ftream,  of  which  the  cavity 

turns  its  convex  part  to  the  axis,  and  in  which  t  oc  —very 

nearly,  as  is  (hewn  by  numerous  experiments. 

If  any  body,  which  floats  at  the  furface  of  the  liquor  after 
tlie  funnel  has  been  formed,  be  of  fufficient  fize  to  cover  the 
whole  cavity,  it  will  deftroy  the  funnel  in  the  upper  pari,  and 
fometimes  alfo'  in  the  lower.     For  the  body  iffclf  can  only  turn 

round  its  centre  according  to  the  law  v<x  r;  it  therefore  de- 
ftroys  by  fri£lion  the  la^  w  ex:  -1  in  the  parts  of  the  fluid  con- 
tiguous to  it,  and  confequently  deftroys  the  upper  pairt  of  the 
funnel,  if  not  the  funnel  itfelf. 

446.  Prop.  Jfa  notch  or  Jluice  in  form  of  a  reBpngle  he  cut  in 
the  vertical  fide  of  a  vejfel  full  of  water,  or  any  other  fluid,  the 
quantity  of  water  flowing  through  it  will  be  ^  of  the  quantity  which 
would  flow  through  an  equal  orifice  placed  horizontally  at  the  whole 
depth  t  in  the  fame  time;  the  vejjisl  being  confeintly  kept  full. 

Let  ABGD  (fig.  7.  pi.  XVII.)  be  the  vertfcal  fide  of  the  tt- 
fervoir,  £FGH  the  irei^angular  notch  in  it,  and  let  IL  iJ  be  a. 
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parallelogram  of  evanefcent  breidth.-  Then  the.  velocity  >vith 
which  the  water  efcapes  at  GH  is  to  the  velocity  with  which  it 
efeapes  through  IL  i  I  as  y/EG  to  y'EI  (art.  439.  cor.  2.) ;  and 
by  the  fame  corollary  the  quantities  difcharged  in  a  given  time 
through  an  evanefcent  parallelogram  at  the  depth  EG,  and  the 
evanefcent  parallelogram  IL  il,  are  in  the  fame  ratio ;  thai  is, 
as  GH  to  IK,  the  ordinates  in  a  parabola  EKH,  whofe  axis  is 
EG,  and  greateft  ordinate  GH.  Therefore,  the  fum  of  all 
'the  quantities  difcharged  through  all  tKe  parallelograms  ILi/, 
of  which  the  re£langle  EFGH  is  compofed,  is  to  the  fum  of  aU 
the  quantities  difcharged  through  as  many  equal  parallelograms 
IL  J  /at  the  deprh  EG  as  the  fum  of  all  the  elements  IK  k  i  of 
the  parabola,  to  the  fum  of  all  the  correfponding  elements  IL  li 
of  the  re£tangle ;  that-is,  as  the  area  of  the  parabola  EKHG 
to  that  of  the  re£iangle  EFGH  :  or;  the  quantity  running 
through  the  notch  EFGH  is  to  the  quantity  running  through 
an  equal  horizontal  area  placed  at  GH,  as  EKHG  to  EGHf; 
that  is,  as  2  to  3,  by  the"  nature  of  the  parabola. 

CoR.  I.  The  mean  vel6city  of  the  fluid  in  the  notch  is  equal 
to  two-thirds  of  that  at  GH. 

Cor.  2.  The  quantity  flowing  through  the  reftangle  ILHG 
is  to  the  quantity  difcharged  through  an  equal  redlangle  placed 
horizontally  at  GH,  as  the  parabolic  zone  IKHG  is  to  the  reft- 
«ngle  ILHG.  As  is  evident  from  the  demonftration  of  the 
propofition. 

447.  Prop.  To  determine  the  relation  bet-ween  the  time  and  the 
quantity  of  water,  or  other  non-elajlic  jluid,  difcharged  from  a  vef- 
fel  through  any  vei-tical  orifice  ;  the  velocity  of  the  effuent fluid  at  any 
point  being  (as  heretofore)  fuppofed  that, due  to  the.  altitude  of  thf, 
upperfurface  of  the  fluid  in  the  vejjel  above  that  point. 

Let  XYVZ  (iSg.  8.  pi.  XVII.)  be  the  vertical  fide  of  the 
^reffel,  and  AlVJj^M'a  vertical  orifice  therein,  of  which  the 
contour  is  a  plane  curve;  SB  a  verticalline  paffing  through  Aj 
the  higheft  point  of  the  orifice  \  and  let  MM',  m  m\  be  two 
horizontal  lines  indefinitely  near  the  one  to  the  other.  Then, 
the  upper  furface  of  the  fluid  being  fyppofed  to  pais  through  S, 
put  SA=//,  SB=A,  AV=x,  MU.'—y,  the  velocity  32 |f. 
which  gravity  communicates  at  the  .end  of  a  fecond<  =;^,  ari^ 

the  time  -t :  fo  fliall  AB=/j-i6',  and  V p=x. 

I.  "We  propofe  firft  to  afcertain  what  will  be  the  difcharge  (j) 
at  this  orifice  during  a  determinate  time  T,  fuppofim  the  vejel  h 
(ill  that  time  kept  full  up  to  the  level  of  S'.  ' 

Now  the  velocity  of  the  fluid  difcharged  through  the  ele- 

pientary  trapezoid  MM'  m'  m,  vrhofe  furrace  is  y  x,  may  be 
eopfi4?red  ^i  tjiat  4ue  to. the  height  SP=/J'-t-;¥ ;  confe^uently. 
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'if  for  a  we  fubftitute  its  value  y  x,  and  for  h  its  vaTUe  Iir  the 
firft  formula' in  art.  439.  cor.  3.  we  fliall  have  for  the  quantity 
difcharged  through  that  trapezoid  in  the  time  t 

tyx\/2g{/y-\-xJ,  or  txy  x\/ h'+xx  \/ 2g. 

-Therefore  the  quantity  difcharged  during  the  time  t  through 
the  portion  of  the  orifice  AMM'  is  equal  to 

Thus  taking  the  fluent  contained  between  x=o,  and  «=AB 
s=h  —  h',  we  have  foi*  the  quantity  of  efflux  fought 

q-t^Zgffy  'xy/-h[-^x+C) (i.) 

Here  it  may  be  obferved,  that  as  the  nature  of  the  line  whicTi 
bounds  the  orifice  is  confidered  as  known>  we  may, always  fub- 
ftitute  for  y  a  fun£lion  of  *■»  and  in'finding  the  fluent  there  will 
in  faft  be  no  other  variable  quantity  than  x ;  of  courfe  the  con- 
ftant  quanJiity  C  will  be  determined  by  confidering  that  whew 
*'=o,  the  quantity  difcharged  Js  alfo  =0.  And  when  C  is 
known,  the  whole  quantity  difcharged  is  readily  found  byintro-i^ 
ducing  into  the  value  of  the  difcharge  through  AMM',  for  *■ 
its  valued  —  ;J'. 

448.  Let  J  be  fuch  a  height  as  if  the  fluid  ifliaed  from  all 
points  of  the  orifice  Vi.th  the  velocity  due  to  that  height,  the 
total  difcharge  through  the  orifice  would  be  the  fame  as  has 
'place naturally,  conformably  to  equation  I ;  then  will  the  velo- 
city of  the  iflAiiug  fluid  be  =  v^  2  gs,  and  the  difcharge  through 

the  elementary  trapezoid  M.M!  mm— yx,  in  the  time/,  ^'\\l 

be  reprefented  hj  t^,/2 gsjy  x:  and  fmce  this  ought  ta  be 
equal  to  the  value  of  q  in  equation  i,  we  fliall  by  making  that 
equality,  and  reducing,  find 

^  _  /yi/..Ts/-iip^-l-Ci'  .  . 

^~       (fy'^^  +  ^'Y        ' 

The  fluent  of  the.  denominator  mufl;  manlfeftly  be  taken  be- 
tween the  fame  values  of  x  as  that  of -the  numefttor;  and  the. 
conftant  quantity  C  is  determined  by  confidering  that  when 
j<r=:0,the  portion  AMM'=o  alfo. 

.  The  quantity  j,  which  we  have  juft  Qiewn  how  to  determine, 
is  generally  called  the  mean  height  of  the  fluid  above  the  orifice': 
the  rule  for  finding  this  height  is  obvioufly  notliing  more  than 
to  divide  the  value  of  ({found  eqva.  i.  art.  44.7.  by  the  produSl  ,of 
.  t  y/  2  g  into  the  furface  of  the  orifice ^  and  to  fquare  the  quotient. 

449.  II.  Let  us  enquire,  feccndly,  into  the.  relation  between 
t^e  tiiTie-and  the  quantity  diich2,Tged,  fuppfng  the'vejll  empties 
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itfelf;  'that  is,  let  us  afcertain,  accotding  to  this  hypothefis* 
the  quantity  of  fluid  expelled  during  a  given  time. 

This  determination  will  evidently  furnifh,  at  the  fame  time, 
the  depreflion  of  the  upper  furface  of  the  fluid  in  the  veJTel,  of 
which  the  interior  form  is  known;  becaufe  the  portion  of  the 
capacity  of  the  vefiel  which  is  exhauiled  is  equal  to  the  volume 
of  fluid  expelled  at  the  orifice.  Let  us,  in  order  to  folve  this 
branch  of  our  general  propofition,  fuppofe  that  at  the  com- 
mencement of  the  motion  the  furface  of  the  fluid  is  at  S,  and 
that  at  the  end  of  the  given  tiine  t  it  has  defcended  to  K :  mak- 
ing SK=z,  ;we  {hall  have  to  obtain  an  equation  between  z,  /, 
gi  X,  h,  and  h'.  This  may  be  accomplijhed  thus :  we  con- 
ceive, at  firft,  that  the  veflel  is  kept  conftantly  full  to  the 
height  K  during  the  time  t,  and  jthence  find,  from  what  has 
juft  been  done,   for  the  difchaijge  in   that  time  the  value 

tV2g  fJ'yx\/h'  +  x—z-\-C).  Since  z  is  here  fuppofed 
confliant,  it  will  be  yeryeafy  to  find  the  fluent  of  thisexpreflibn; 
and  it  may  be  corredled  as  the  former  fluent,  by  the  condition 
.that  when  x=o  the  difcharge  is  likewife  nothing;  the  whole 
fluent  being  found  by  taking  x=i  —  h'. 

Thew^lue  o{t  ^  2g  (f  y  xy/ h'+x  —  z+C)  found  in  the 
m3nuer  juft  explained  comprifes  only  z  and  conftaiit  quantities: 
we  next  fuppofe  that  the  veflel  empties  during  the  element  of 

time  f,,  and  that  the  furface  Q_f  is  deprefled  to  R  r,  through  a 

diftance  Kk=z;  which,  if  we  put  the  feftion  Q^g  of  the  yef- 

fel  =S,  gives  for  the  quantity  discharged  Sz.  Now,  on  this 
hypothefis,  the  defcent  through  Ki&  may  be  imagined  to  take 
:.place  with  a  uiiifprm  velocity,  and  the  velocity  at  each  point 
of  the  orifice  to  continue  the  fame  as  when  the  fluid  had  its- 
furface  at  K:  therefore,  fince  when  the  velocities  are  equal 
the  quantities  difcharged  vary  as  the  times,  we  have  this  anti- 
logy.   

t  ^  2gffy.x\/f>'+x-z+C):S'z::t:t, 

whence  /  = 


(/■?*VA'-Ht-«+C)v'2g 


.and  the  time  /  =-J—./  ^' +C' {iii.) 

When  the  form  of  the  veflel  is  known,  S  is  given  in  func- 
tions of  z,  and  of  conftant  qualities  ;  on  the  other  hand,  when 
the  integration  indicated  by  the  denominator  is  effedted,  it  con- 
tains,likewife  only  the  quantity  z  and  invariable  quantities:  fo 
Tthat  the  complete  value  of  t  may  be  fouud  by  the  integration«f 
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an  es^refiion  which  contains  only  the  variable  quantity  z.  The 
GonHant  magnitude  C  will  be  determined  from  the  co^fideratioa 
that  when  a  =;o,  ?=o.  ^ 

Now  it  is  known  that  fluents,  fuch  as  thbfe  in  equations  (i. )  and 
{iiL)  of  this  propalition,  which  comprife,  under  the  fign  of  inte- 
gration, only  one  variable  quantity  and  its  fluxion,  may  always 
be  referred  to  the  rules  for  the  quadrature  of  curves.  In  efe(3;, 
let  X  be  an  expremon-compofed  of  the  .variable  quaiitity  x  ani 

a  conftant  quantity,  the  fluxion  X  n  will  be  the  element  of  the 
furface  of  a  plane,  terminated  by  a  curve  of  which  X  will  bp 

the  ordinate,  x  the  correjfponding  abfciflTa,  ^.vSiJ^K  the  fur- 
face  itfelf.  Thwa,  gran&r^g  the  equation  to  be  /=X,  and 
fquaring  the  curve,  which  is  defigned  by  this  equation,  betwe,^ 
a  certEtin  value  of  k  and  another  certain  value  of  x,  determined 
fey  the  conditions  of  the  cafe  in  hand,  the  refulting  furface  will  - 

be  equivalent  to  the  value  of^  X  ;v  J:aken  within  fuitable  limits. 

450.  Let  us  now  proceed  to  give  a  few  examples  of  the  ap- 
plication of  the  preceding  rfoi-mula  to  paTtieular  cafes. 

Ex.  I.  Suppofe  the  vejfd  con/iantiy  kept  fitll,  and  the  arifice  tf 
reBangk  mihofe  fides  are  horizontal  and  vertical  rffpeElivdy. 

Let  the  horizontal  fides  of  the  re^ftangle  be  each  equal  to  Jz 
putting  this  v^lue  inllead  of -y  in  the  equation  (L)  of  art.  447. 
and  taking  the  fluents,  we  have 


3 


f  =  /  *  V'  2^  X  f  (A'+y  ^  +  C.  The  conftant  quantity,  de- 
termined a,c.cording  to  the  method  iprevioufly  explained,  will 

be  C=  —  A'^.     Subftitutin^  this  value  of  C  for  it,  in  ^he 

equation  juft  given,  it  becomes  q=:  ~h  t  ^/  ^ g  [h 4-«i*^  —  H^)^ 
Then  making,  conformably  to  the  diredions  in  art.  447-  x=- 
h—hf  we  obtain  for  the  total  difcharge  through  the  orifice,' 

Qj=|5?v'2^(A'"-A'*)   .......  (iv.) 

If  the  -theorem  above  be  compared  with  the  known  rule  for 

.finding  the  area  of  a  parabolic  zone,  it  will  thence  appear  thaj 

this  value  of  Qjfurriifties  the  fame  refult  as  cor.  2.  art.  446- 

A '  corroboration,  if  any  were  needed,  of  the  theoretic  truth  of 

-  both. 

The  mean  height  of  the  fluid,  determined  by  the  rute  in  art. 
44.  will -be  found 

4j;t.  Ex.  11.  Suppofe  the  orifice  a  trinngle  whoje  wrtetas  iip- 
ierm0f  4ndthe  iofe  horizinPal,  the  •i^'fi'4  being  ccfylantly,  kspifiiii. 
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Let  the  altitude  of  the  triangle  be  to  the  bafe  as  m  to  I,  then 
hye=mx,  and  the  equation  art.  447.  (i.)  will  become 

g-  =  /  -v/-  2  ^  fj'm  X  l(\/  U  4-"^  +  C). 

"Making ^'H-x'=z,  we  have  ,v==z,  and  x=z  —  h':  whence  arjfes 

fx  xs/h'-\-x=J{z-h')  z^  z=f{z^^h'z^)  i=^,z^—^h'z^+ 

C=  I-  {h'-{-xY-~-{h'-\-^)i-\-C.  The  fluent  vanifhing  when 

j{=Oy  we  have  C=  —\h'^-\-^h'^=^-^h''^y  and  the  value  o£ 

q  becomes  .  .  .  q=m  t  V  2g[_\{h'+xY-^h'{h'+xy^^^-y'^J. 
When  x=h  —  h\  we  have  for  the  total  difcharge  at  the  aper- 
ture 

Q  =^^mt^  2g  (3'i^  +  ah'^-s^h'P')  ...  ..  (v.) 
The  area  of  the  triangular  prifice  isim  [h  —  h'Y,  which  is  the 

value  oify  x  taken  with  reference  to  the  prefent  inftance. 

T:hnst^2g.fy'x  =  lmtV2g{h~h')'- 

whence,  by  the  method  pointed  out  in  art.  448..  we  find  the 
»ZM« /&«g-Ai  of  the  fluid  by  the  equation 

'= 2Zi(*-A')4  ■    ■    ••   •    •    (^'-^    ■ 

452.  Ex.  III.  -Lrf  thesrifice  he  a  triangle,  as  in  the  preceding 
example, ,  hut  having  its  vertex_  downwards,  and  its  hafe  horizorttal, 

\nthi%  6d.it  y=m{h  —  h' —  x),  and,  by  a  calciilus  "little  more 
■  difficult  than  the  above,  we  fhall  find 

:(X=  ^m^^  2g{^h^+^h'^ - ^hb^) (vii.) 

And  the  mean  height  of  the  fluid  as  below, 

453.  Ex.  IV.  Suppofethe  orifice  a  circle,  and  the  vejffel  kept  eon- 
fiantly  full. 

The  general  theorem  (art.  447.  i.)  may  be  moft  readily  ap- 
plied to  the  prefent  example,  by  an  approximation  which  will 
be  fufficiently  accurate  for  praftice,  thus  :  Put  d  =  the  diame- 
ter, of  the  circle,  then  from  the  property  of  that  figure  i'y=- 
'  xj  dx—x^,  Tvhence  the  general  equation  juff  referred  to  be- 
comes 

q=,2ts/  %gJ[dx-xxY  {J}-\-«Y'x-\Q,). 

^t^ivagr[d>t  —  xx)'^{h'-{-xYiit—Jz  X,  the  integration  is  re- 
duced to  the  finding  tlie  area  of  a  curve  whofe  equation  is  z  ap 
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{dx  —  xxY  (h'-\-  xY,  its  origin  being  at  the  point  where  *'=o. 
We  rhay  ippfoximate  to  the  quadrature  of  this  curve  by  the 
method  of  equidiftant  ordinates,  adopting  the  firft  general  pro- 
ttofition  in  Seft.  II.  Part.  iv.  Hutton's  Menfuration.  To  this 
end,  fuppofe  x  divided  into  four  equal  parts ;  "then  (hall  we  find 
the  five  ordinates  correfponding  to  the  points  of  divifion,  by 
fubftituting  in  the  preceding  equation  for  z  the  values  o,  i  xt 
\x,  -f  *■,  and  x:  thefe  values  found,  we  add  to  the  fum  of  the 
firft  and  fifth  four  times  the  fum  of  the  fecond  and  fourth,  and 
twice  the  third  ;  one  third  of  this  latter  fum,  multiplied  into  the 
common  diftance  between  the  ordinates,  will  be  the  approxi- 
mate value  of  the  furface yz  x;  which,  multiplied  Iijto  2^^2^i 
produces  at  length 

+  {ldx—ixx)^{fi'+ix)^^   y^\tx^2g. 
+  2{id>('--^xx7{h'+\xf 

.-irl{dx-xxf{h'+xf 
If  in  this  equation  we  tazke  x=d=h  —  h',  and  perform  the 
tequifite  reduftions,  we  fliall  have  for  the  total  difeharge  at 
the  ori^cp 

Q  =  tdW^i  [^^^J^  +  i^]-'--  («•) 

This  theorem  may  be  reduced  to  computation  in  tmy  par- 
ticular cafe  with  tolerable  facility.  Had  the  number  bf  equi- 
diftant ordinates  been  much  iiicreafed,  the  additional  accuracy 
of  the  approximation  would  not  have  compenfated  for  the  ad* 
ditipnal  iabopr  which  would  attend  the  refulting  formula. 
'  454.  ATigorous  integration  would  require  the  aid  of  infinite 
feries.  If ;-  be  the  radius  of  the  orifice ;  n  the  quotient  of  the 
diftance  of  its  centre  from  the  upper  furface  of  the  fluid,  di- 
vided by  rj  and  ■»'=3'i4i593  ;  we  (hould  then  liave 


r 


zaA.s^rnii—-^-,— :~iSfC,)  .  ,  .  ,  (jci.) 

^         ion*      1024  H#  ^      ' 

In  both  thefe  feries  tlie  firft  three  terms  are  all  which  will  be 
tieeded  in  pra£tice. 

454.  Ex.  V.  Sp  determine  in  nvhat  timet,  the  upfer  jurface  of 
the  fiuidy  Jbixll  he  deprejfed  through  a  tiertical  dijiatice  Z,  the  vejfet 
keiagfuppifed  prifmatic,  and  the  oi-ifice  reEf angular. 

The  fedion  S.«f  it^e  veiTel,  and  the  breaddi;)  of  the  prifice^ 
ypi*.  ;.  IB  B  *'■ 
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are  in  this  inftance  conftant  quantities.  According  to  the 
method  explained  in  art.  449,  we  firft  determine  the  quantity  of 
fluid  which  would  efcape  through  the  orifice  during  the  tinie 
;f,  on  the  fuppofition  that  the  vefTel  were  kept  full  to  the  height 
k'  —  z,  above  the  upper  part  of  the  orifice ;  for  which  purpofe 

■^e  muft  find  the  fluent  o£.  the  expreffion  yj'  x  ■</h'-\-x—zi  fup- 
pofing  z  conftant.  This  gives  for  the  difcharge  fought  f  y  (/5'+ 
a;  —  z )  ^  X  C.  But  this  quantity  being  nothing  when  x=0,  we 
have  C=— I-  y  {b'  —  zy,  and  the  corred  fluent  is  ^y  [  (b'+ 
X  —  z)^  —[i>—%Y  J.  Extending' this  to  the  whole  of  the  ori- 
fice by  making  x=-h  —  h',  we  fhall  have  ^■y\_[h  —  %)'^  —  [h  —  z)*J  : 
gnd  if  this  value  be  fubftitute'd  ior  f  y  x  ^yh'+x—z-\-Cf  in  the 
equa.  iii.  449.  it  will  become 

i=——7—  .  I r— (xu.) 

if  we  put  a  for  the  altitude  of  the-  orifice,  i  for  its  breadth, 
and  §  for  the  diftance  of  the  upper  furface  of  the  fluid  from  tho^ 

bottom  of  the  orifice,  we  {hall  have  ^=h  —  z;  z  =  —  S;  h=ii'-\- 
a  ;  h'  =  S-~a  ;  and  the  preceding  equation  will  be  transform^, 
to  this  : 


t~-~j — ./— ......   (xui.) 

The  quantity  which  is  found  under  the  fign  of  integratlori 
in  this  equation  is  fufceptible  of  being  made  rational ;  but  the 
equation  would  be  very  complicated.  The  moft  eafy  method  q,^ 
obtaining  a  refult  is  to   fquare  by  approJiimation  the  curve, 

which  for  each  value  pf  ,1^  has  an  ordinate  equal  to  — ^ 


in  the  fame  manner  as  was  adopted  in  the  laft  article.  Obferv- 
ing  now  that  when  ^—h,  t—o,  the  furface  may  be  eftimated 
between  the  limits  S=i^,  and§— a;  and  as  in  this  cafe  we 
ftiould  only  have  the  terms  to  tranfcribe  from  the  preceding 
^ticlfe,  we  truft  we  h^ve  no  occafion  to  copy  here  the  final 
equation. 

r .  If  the  altitude  of  the;  orifice  «  be  equal  to  the  height  h  of  the 
teflel,  the  time  of  exhauftion  to  any  variable  depth  z,  reckone4 

frctta  the  bqljtotn,  would  be  equal  to  if=v"V    ■  X      '"T"       • 
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\vhen  z=Ovthis'eXpr6flionis  infinite;  that  is, -the  timdof  com> 
J)lete  exhauftion  is  infinite. 

The  ftudent,  who  vvifties  to  pUrfiie  further  this  part  of  Hydro- 
dynamics, may  confult  I' Hydrodynamique  de  M.  B.o£ut,  and  the 
^ek3  Exercl/e^  at  the  end  pf  Dr.  Mutton's  Conks.. 

455.  Prop.  If  upon  the  altitude. of  the  fluid  in  a  vejfel  as  a 
•diameter,  -we  defcribe  a  femicircle,  the  horizontal  fpace  dejcribed  hy 
the  fitid  fpouting  from  a  vertical  orifice  at  any  point  in  th^ 
diameter  nvill  be  as  the  ordinate  of  the  circle  drawn  from  thut 
ipointf  the  herizontal  fpace  being  meafured  on  the  plane  of  the  bottem 
of  the  vejfel.  ,  ^.. 

When  the  aperture  is  vertical,  and  indefinitely  fmall  (as  fup» 
pofed  here),  the  fluid  will  fpout  oiit  horizontally  with  the  velocity 
due  to  the  altitude  of  the  fluid  above  the  orifice  (art.  439.)  ; 
Wnd  this  velocity,  combined  with  the  perpendicular  velocity  arifing 
from  the  afilion  of  gravity,  will  caufe  every  particle,  and  confe-i 
quently  theVhole  jet,  to  defcribe  the  curve  of  a  parabola.  Now 
the  velocity  with  which  the  fluid  is  expelled  from  any  hole,  as  G 
(fig.  9.  pi.  Xyil.),  is  fuch  as,  if  uniformly  preferved,  would 
carry  a  particle  through  a  fpace  equal  to  2  BG  in  the  time  of 
the  fall  tJirqugh  BG :  but,  after  quitting^the  orifice,  it  defcribesi 
the  parabolic  curve,  and  arrives  at  the  horizontal  plane  CF  in 
the  fanie  time  as  a  body  would  fall  freely  through  GD  ;  fo  that,, 
to  find  the  diftance  DE,  fince  the  times  are  as  the  roots  of  the 
fpaces,  we  have  this  analogy  v'GB  :  y'GD  :  :__2BG  :  DE  = 

— — ^f^ — =2v^BG.GD— 2  GH,  by  the  nature  of  the  circle. 

Afld  the  fame  will  hold  with  refpeft  to  any  other  point 
inBD.  ,  \  - 

Gda.  I .  If  apertures  be  made  at  eqtial  difliances  from  the  top 
and  bottom  of  the  veflel  (kept  full  of  the  fluid),  the  horizontal 
diftances  to  which  the  water  will  fpout  fromthefe  apertures  will 
te  equal.'  For  when  D  ^=BQ,  we  fhall  have  2  v'Bg-.g-D  = 
2  v'bg  .  GdJ  and  confequently  DE  the  fam"e  in  both  cafes. 

CoR.  2.  When  the  orifice  is  at  the  point  bifefting  the  alti- 
tude of  the  fluid  in  the  veflel  the  fluid  will  fpout  to  the  greateft 
diftan-ee  on  the  horizontal  plane ;  and  that  difliance,  if  meafured 
on  the  plane  of  the  bottom  of  the  vefl'el,  will  be  equal  to  the 
depth  of  fluid  in  it.  For  IK,  the  ordinate  from  the  centre  I, 
is  the  greatefl  which  can  be  drawn  in  the  femicircle,  and  DF, 
which  is  =  2  IK,  is  then  =  2  BI  =:BD.         ^ 

Cor.  3.  Since  the  difl:ance  to  which  the  fluid  fpouts  depends 
«pon  the  height  of  its  furface  AB  above  the  orifice,  and  not  in 
%ny  degree  upon  the  depth  of  the  fluid  below  the  orifice,  it  wilj 

-   fi  E  2    '  ' 
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follow,  that  whether  the  fluid  in  any  veflel  reaches  down  to  any 
horizontal  plane  CF,  or  whether  the  bottom  of  the  veflel  'lands 
at  fome  higher  point  P,  the  diftances  DE,  DF,  to  which  the 
fluid  will  fpout  from  the  apertures  G,  I,  will  be  the  fame  ;  and 
the  maximum  diftance  will  be  when  the  fluid  is  expelled  from 
an  orifice  half  way  between  the  planes_  AB  and  CF.  if  the 
bottom  of  the  veflel  is  higher  than  the  point  I,  then  the  nearer 
to  that  point  the  orifice  is  placed  the  greater  will  be  the  diftance 
to  which  the  fluid  will  fpout  on  CF. 

CoR.  4.  Since  the  middle  filament  of  particles  ifluing  from 
4n  orifice  in  the  fide  of  a  veflel  is  difcharged  with  the  full  velo- 
city due  to  the  entire  altitude  of  the  fluid  above  the  orifice  (art. 
440.),  experiments  made  on  the  diftance  or  height  to  which 
fluids  fpout' will  be  found  to  agree  very  well  with  theory  ;  but 
It  by  no  means  follows  that  ail  the  filaments  fliould  be  ex- 
pelled with  the  fame  velocity :  confequently,  the  quantity  of' 
the'  fluid  difcharged  in  a  given  time  may  be  lefs  than  that 
which  would  be  difcharged  if  all  the  filaments  were  expelled 
with  the  velocity  due  to  the  entire  altitude ;  becaufe  this  quan- 
tity depends  on  the  mean  velocity  of  all  the  filaments.  Hence, 
therefore,  we  cannot  infer  (as  feveral  authors  have  done)  from, 
thefe  experiments,  compared  with  jhofe  which  relate  to  the 
height  or  diftance  to  which  the  fluid  fpouts,  that  the  velocity  of 
the  water  in  the  orifice  is  lefs  than  that  which  is  due  to  the 
entire  altitude  ;  and  that  it  is  accelerated  immediately  after  it 

fets  put"  of  it ;  becaufe  the  diftance  to  which  the  fluid  fpout^ 
epends  upon  the  central  filament  only  ;  but  the  quantity  dif- 
chirged  on  the  mean  velocity  of  the  whole. 
SCHOLIUM. 
456.  If  the  fluid  iflues  from  the  orifice  not  horizontally,  but 
in  any  oblique  direftion,  it  will  defcribe  the  curve  of  a  parabolar 
very  nearly;  confequently  the  theorems  given  in  arts.  252.  253. 
for  the  motion  of  proje£1:iles  in  a  non-relifting  medium,  may  be 
applied  to  the  determination  of  the  various  analogous  particulars 
refpe£ting  the  motion  of  fluids  expelled  frori)  fprings  or  refer- 
voirs.  The  letter  J,  which  denotes  the  impetus  in  thofe 
theorems,  will  here  repr.ef&nt  the  height  of  the  fluid,  in  the  re- 
fervoir  above  the  orifice,  H  the  greateft  height  to  which 
the  fluid  fpouts  above  any  plane  paffing  through  the  aperture, 
and  the  other  letters  the  range,  the  velocity^  &c.  As  an  ex^- 
ample  of  the  ufe  of  thefe  formulae,  fuppofe  that  a  ftiort  pipe 
elevated  in  any  direflion  from  an  aperture  in  a  conduit,  throws 
the  water  in  a  parabolic  curve  to  the  diftance  or  range  R  on  an 
horizontal  plane  paffing  through  the  orifice,  and  that  the  greateft 
height  of  the  fpoviting  fluid  above  that  plane  is  H,  \^e  may 
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,  thence  determine  the  height  I  of  the  refsrvoir  luhtch  fupplies  the 
conduit,  without  aHually  meafuring  the  angle  of  elenatioa  E  eftie 
pipe.    For  from  art.  253,  we  have  R  =  2lxfin.  2  E,  or  1  = 

-" — :• — jr->  and.  1=  — : — TTT .    rlence,  — ^ — —  s:  -r-, — -^ ,   and. 

a  siu.  zh  '  sin.  » E  '   » sm.  a  E  sin. "  E  '  * 

by  reduGion,  we  find  ——  =  -""''■  =  ^^?^=:2cotan.E.  Thus 

^  zH       sm.'E         sin,  E 

the  angle  £  will  become  known ;  and  then  either  the  equation 

'^=ihSE'  ""^  ^=TiirTT'  ^"  determine  the  height  of  the 
tefervoir,  as  reg^uired. 
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CHAPTER  II. 


Account  of  Edperimenis  made  by  d'tfferent  Phih-. 
sophers  on  the  Discharge  of-  JVatc'p  through  Jpef<^ 
tures  and  Tuhes^ ;  and  the  pra9fica,l  DcduStionsftom 
those  Experiments. 


457.  The  greater  part  of  the  propofitions  and  theorems  in 
the  preceding  chapter  are  founded  upon  the  hyppthefis,  that 
the  ivhole  of  the  fluid  particles  ifluing  from  a  horizontal  orifice 
jn  a  veffel  is  expelled  with  the  velocity  due  to  the  height  of  the 
fluid  in  the  refervoir  above  that  orifice;  and  the  whole  of  the 
particles  difcharged  through  an  evahefcent  horizontal  element 
of  a  vertical  aperture,  with  one  and  the  fame  velocity.  But  thi^ 
hypothefis,  as  we  have  hinted  more  than  once,  is  not  altogether 
confident  with  faft.  For,  when  water  ifliies  from  an  orifice, 
the  particles  will  flow  from  all  fides  towards  the  orifice,,  with  an 
accelerated  motion,  and  in  all  direftions.  If  the  orifice  be 
horizontal,  that  filament  of  particles  which  anfwers  to  its  centre; 
■will,  as  Dr.  M.  Young  obferv'es,  defcend  in  a  vertical  line,  and 
fufFer  no  other  refiflance  than  that  of  the  fri£lion  caufed  by  the 
excefs  of  its  velocity  above  that  of  the  collateral  filaments,  or 
by  the  retardation  which  arifes  from  the  at^radtion  fuhfifiing 
between  them .  The  other  filaments  are  foon  cpmpelied  to. 
turn  from  their  vertical"  courfe,  and  to  approach  the  orifice  in 
ipiral  curves,  (art.  444.) ;  and,  when  they  arrive  at  it,  their 
direftions  become  more  or  lefs  horizontal,  according  as  they 
pafs  nearer  to,  or  further  from,  the  edge  of  the  orifice.  The; 
motion,  therefore,  may  be  decompofed  into  two  dire£tions  ;  the 
one  horizontal,  which  is  deftroyed  by  the  equal  and  contrary 
refiftance  of  the  filaments  which  are  diametrically  oppofite  ■,  the. 
ether  vertical,  in  proportion  to  which  the  quantity  of  water  dif.^ 
charged  is  tb  be  eftimated .  Hence  it  appears  that  the  vertical  ve- 
locity of  the  filaments  decreafes  from  the  centre  of  the  orifice  to 
the'circumference  ;  and  that  the  total  difcharge,  is  lefs  thaii  if  the 
filaments  had  iflued  vertically,  as  that  filament  does  which  cor- 
^efponds  to  the  centre  oi.  the  orifice.     It  alfo  follows  that  the. 
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-  -  :•'  'h 
filaments  which  are  nearer  to  the  centrcj  moving  fafter  thawi 
thofe  which  are  nearer  to  the  edgesj  the  vein  of  the  fluid,  after 
it  has  llTued  from  the  aperture  (if  that  be  circular)  will  form  a 
conic  fruftrum  whofe  greater  bafe  is  the  aperture  %  that  is  to 
fay,  its  diameter  will  diminifli  to  a  certain  -diftance^  beeaufe 
the  exterior  filaments- are  gradually  drawn  on,  in  confequenee 
of  their  mutual  attraction,  by  the  interior  filam-ents  whofe  velo- 
city is  greater,  whence  fojlows  a  diminution  in  the  diameter  of 
the  vein. 

This  diminution  in  the  fe£tion  of  the  vein  is  often  called  the 
itimtiraSitm  of  the  vein ;  and  the  vein  itfelf,  from  the  orifice  to  the 
greateft  diminution,  is  called  the  vena  contraSfa,  the  cohtraited 
ivein. 

The  contraftion  of  the  ftream  is  found  to  take  place  not  only 
when  water  is  difcbarged  from  horizontal  apertures,  but  when 
the  difcharge  is  from  vertical  apertures,  or  apertures  inclined  to 
the  horizon  in  any  manner  whatever :  in  thefe  latter  cafeS, 
however,  the  form  of  the  contraflted  vein  is  by  no  means  fo  re- 
gular as  in  the  difcharge  from  horizontal  orifices  ;  thti  ftream 
often  aflumes  a  very  curious  form,  having  for  a  fmall  diftanee 
from  the  apej-ture  the  appearance  of  a  plaited  band. 

When  the  orifice  is  horizontal  and  circular,  the  length  of  the 
^  contradied  vein  is  very  nearly  equal  to  the  femi-diartieter  of  the 
prifice :  and  Polenus  makes  the  ratio  of  the  diameters  of  the  • 
contradlion  and  of  the  aperture  to  be  as  54  to  6\  ;  Bernoulli,  5 
to  7  ;  Chev.  Dw  JBuat,  6  to  9  ;  Boffut,  41  to  50  j  'Michelotti,  4 
to  5  ;  Ventiiri,  nearly  4  to  5.  And  the  latter  author  has  fliewn, 
by  many  experiments,  that  the  contraftion  of  the  ftream  takes 
place  at  a  greater  diftance  under  ftrong  charges  than  in  thofe 
which  have  but  little  elevation.  The  ratio  of  the  furfa«|^of  the 
iedtion  of  the  fluid  vein  at  the  place  of  gfeateft  contra^On,  to 
the  area  ef  the  orifice,  does  not  much  depend  on  the  figure  of 
the- orifice;  but  this  ratio  is  fubjfcft  to  variations  to  which  we 
fhould  have  regard  when  the  fide  or  the  bottom  of  the  veflel  is 
more  or  lefs  thick,  or  when  an  additional  tube  is  adapted  to  the 
orifice.  The  fituation  of  the  orifice  with  itefpedt  to  tie  fides  of 
the  veflel  has  iikevvife  a  certain  influence  on  the  contradlion  j 
but.  the  difierences  thus  occafioned  may  be  genfcrally  negl^fted, 
in  praftice.  We  may  infer  froiji  what  has  now^been  ifaid, 
that  to  obtain  formula  which  wil  furnifti  refuljis  ajtplicalde  to 
praftice  we  fhould,  in  the  different  cafes,  fubftitute  for  the 
afttial  area  of  the  orifice  the  area  pf  the  fmalle^  fetftion  ojf  the 
contracted' vein :  this  reduced  araa  ftiould  be  c4nfideij?4  9^  the 
tru^  orifice  through  which  the  difqiarge  is  made^and  its  vertical 
diftjance  from  the  upper  furface  of]  the  fluid  as  tHe  height  d(ie  to 
^he  'velocity  of  the  fluid  iffuing  through,  this  littlej orifice.     ! 

4158.   From  the  preceding  remlayks  the  neceflity  ftf  giving 
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Extenfion  to  the  theory  of  Hydrodynamio§,  by  combining  with 
it  the  refults  of  experiments,  muft  be  pretty  obvious  :  we  (hall 
in  this  chapter,  therefore,  give  a  concife  view  of  the  moft  ufeful 
Conclufibns  deduced  from  the  expeHiiietits  of  difFerent  philofo* 
phers,  commencing  with  thofe  of  M.  Boffut,  whofe  experiments 
appear  to  have  been  very  numerous,  judicious^)  and  exaft. 


We  propofe  to  deterininie  from  the  experiments,  firft,  what  is 
the  ratio  between  the  area  of  the  contraEtion  <if  the  vein  and  that  of 
the  orifice  ;  fecondly,  the  quantity  hf  difcharge  ihxAUgh  thin  plates  ; 
thirdly,  the  difcharge  through  additional  tubes^   their  length  being 

fmall  compared  -with  the  depth  of  the  -water  in  the  r^ervoir. 

In  M.  Bofliit's  firft  experiments,  the  apertures  for  the  efHux  of 
the  water  were  all  pierced  perpendicvilarly  in  plates  about  \  a, 
line  thick* 

M.    Bojfut   has   given   in    his    Hydrodynamique   (tome   II, 

.  pa.  47.)  the  following  table  relative  to  the  difcharge  through 
prifices  pierced  in  thin  plates :  the  meafure  is  the  Paris  foot 
iroyal,  which  is  to  the  Englifh  foot  as  1535  to  i440»or  1066  to 
1000:  the  fourth  column,  which  exprefles  the  relation  between 
jthe  refults  of  the  experiments  and  thofe  of  the  theory,  \s  from 
pl.Frony. 


onstant   altit.   of 
the  water  in  the 
reserv.  above  the 
apert.  in -Paris  ft. 

heoret.  discharges 
in  i'".  through  a 
circul.  apert.  of 
tin,  diameter  ex- 
pressed in  cubic 
inches. 

eal'  dischjrges-in 
the    same    time 
throughthe  same 
oriiice,  expressed 
also  in  cubic  inc. 

atio  of  actual  to 
Ihsor.  discharges, 
the    latter  being 
denoted  by  unity. 

0 

bx 

P5      ■  ' 

Pi 

I 

4381 

2722 

o'62i33 

2 

6ig6 

3846 

0-62073 

3 

7589 

4710 

0-62064 

4 

8763 

5436 

0-62034 

5 

9797  , 

607s    . 

o'620io 

6 

JQ732 

6654 

0-62000 

7 

11592 

7183 

6-61965 

8 

12392  , 

7672 

o-<5i9ii 

9 

13144 

8135 

0-61892 

10 

1385^ 

8574 

0-61883 

II 

14530 

8990  - 

0-61873 

12 

15180 

,  9384   . 

0-61819 

n 

15797 

9764 

o'6i8io 

14 

16393 

?oi3o 

6-61795 

15. 

16968 

10472 

0-61716 
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It  appears  from  this  -table  that  the  actual  difcharges,  as  well 
as  thoferefuiting  from  the  theory,  are  fenfibly  proportional  to 
the  fquare  roots  of  the  depths  of  fluid  in  the  refervoir.  Thus, 
for  example,  if  we  take  the  depths  4  and  9,  whdfe  fquare  roots 
are  as  2  to  3  ;  the  correfponding  aftual  difcharges  taken  from 
the  third  column,  are  5436  and  8135  :  and  thefe  numbers  are 
very  nearly  in  the  ratio  of  2  to  3,  the  ratiti  being  2  to  2"993t. 

If  the,  numbers  in  the  laft  column  are  multiplied  togetho", 
and  the  15  th  root  of  the  laft  produdt  taken,-  we  (hall  .hate 
'61932  for  the  true  mean  of  the  efFeftive  difcharges^  compared 
with  the  theoretic  difcharga  i  ;  and  the  arithmetical  mean  be- 
tween the  numbers  in  the  laft  column  ftanding  againft  the 
heights  7  and  8,  is  -61938:  the  mean  ratio  between  the 
aftual  and  theoretic  difcharges,  fhen,  is  not  widely  diftant  from 
that  of  '62  to  i-s  whence  it  foUpWs,  frbm  the  remarks  in  art. 
457,  that  '62  is  the  number  by  which  we  muft  multiply  the 
teal  area  of  the  orifice  to  obtain  the  area  of  the  fmalleft  fedJiion 
of  the  contrafted  vein. 

459.  Another  fet  of  experiments  made  by  M.  Bc^ut,  witLi 
different  apertures,  are  the  following,  in  which  the  water  was 
kept  conftantly'at  the  altitude  of  11  feet,  8  incheSj  to  lJn«Sj 
from  the  centre  of  each  aperture* 

■g  No.  ofcnbic  incTies 

"•■  furnished  in  i  mil). 

1.  With  an  horizontal  Circular  aperture,  6  lines  diameter    23 11 

2.  With  a  circular  horizontal  aperture,  i  inch  diameter     9281 

3.  With  a  circular  horizontal  aperture,  2  inches  diameter  37203 

4.  With  a  reftangular  horizontal  aperture,  i  inch  by  3 

lines  ........     2933 

5.  With  a  fquare  horizontal  aperture,  the  fide  i  inch     .   1 1817 
16.  By  a  ij^uaire  h^rizontsd  aperture,  the  fides  2  inches    47361 

Cofiftant  height  g  feet,  , 
^7.  Lateral circijlaf  a|>erture,  6, lines  diameter        .        »    coiS 
v^.  Lateral  citcular  ajperture,  I  inch  |iametg|:         .        ,    8|3S 

CovflaAt  height  £,  fie't-. 
■g.  Lateral  circular  aperture,  6  lines  diameter 
io.  Lateral  circular  apertiire,  i  inch  diameter 

^oq/lapt  height  7  lifief.    ■;  : 
IT.  By  a  lateraji  and  circular  orifice,  i  in^h  i^^metfr     >      628 

From  the  preceding  experiiirents  we  niay  make  the  followiing 
dedudlions :  ,, 

I.  •  The  quantities  of  fluid  difcharged  in  equal  times  from 

idifFerent  fized  apfirtiires,  the  altitude  of  the.  fluids  being  the 

'  iamej  are 'nearly  to  eacla  other  as  the  ateas  of  the  apertures.' 


^353 
543*5 
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Thus  in  the  fecond  ahd  third  experiments  the  areas  of  the 
■apertures  are  as  one  to  four,  and  the  water  difchargisd  c>29i 
Cubic  inches  to  37203  is^nei^rly  in  the  fame  ratio. 

2.  '  The  quantities  of  water  difcharged,  in  gqpal  times,  by 
the  fame  aperture,  v/ith  different  altitudes  of  the  refervoir,  are 
nearjy  as  the  fquare  roots  of  the  Correfponding  altitude  of  the 
water  .in  the  refervoir  above  the  centre  oi  the  aperture.'  Com- 
paring together  the  eighth  and  tenth  experinfents,  in  which  the  . 
refpeftive  altitudes  of  the  refervoir  were  of  9  and  4  feel,  of 
which  the  fquare  roots  are  3  and  2,  we  find  the  water  dif- 
charged  by  the  firft  was  8135  cubic  inches,  the  fecond  5436 
cubic  inches  nearly  in  the  proportion  of  3  to  2,  as  before  ob- 
ferved. 

3.  '  That,  in  general,  the  quantities  of  water  difcharged  iit 
the  fame  time,  by  different  apertures  and  under  unequal  alti- 
tudes of  the  refervoirs,  are  to  each  other  in  a  compound  ratio 
pf  the  areas  of  the  apertures  and  the  fqiiare  roots  of  the  aki' 
fudes. 

4.  '  That,  on  account  of  the  friftion,  the  fmaHeft  aperture? 
difcharge  lefs  vvater  than  thofe  that  are  larger  and  of  a  fimilar 
figure,  the  wat^r  in  the  refpeftive  refervoirs  being  at  the  fame 
height.' 

5.  '  That  of  feveral  apertures  whofe  areas  are  f  qual,  thqt 
.  •jvhich  has  the  fmalleft  circumference  will  difcharge  more  water 
than  the  others,  the  water  in  the  refervoirs  being  at  the  fanse 
altitude,'  and  this  becaufe  there  is  lefs  fri£tion.  Hence  circu- 
lar apertures  are  moft  advantageous,  as  they  ha;ve  lefs  rubbing 
furface  under  the  fame  area. 

Hence,  then,  to  make  the  formuloe  in  the  theory,  for  inftance, 
thofe  in  cor.  3.  art.  439,  furnifh  fuch  refults  as  would  agree 
with  experiments,  we  muft  reduce  the  aperture  a  in.  thofe 
theorems  in  the  ratio  of  '62  to  i ;  or  multiply  the  quantities  re- 
fulting  from  the  theorems  as  they  now  fland  by  the  decimal  •62  ; 
or,  laftly,  if  great  accuracy  be  required,  take,inftead  of  the  con- 
ftant  multiplier  '6?.,  the  number  Handing  againft' the  height  of 
fluid  in  the  referycir  above  the  orifice,  in  the  lafl;  column  of  the 
table  in  the  .preceding  article  :  thus,  if  the  altitude  of  the  flui4 
be  10  feet,  the  multiplier  will  be  ^61 883. 

460.  If  the  water,  inftead  of  flowing  through  an  aperture 
pierced  in  a  thin  fubftance,  paflTes  through  the  end  of  a  v,ertical 
iube  of  the  fame  diameter  as  the  aperture,  there  is  a-  much 
greater  difcharge  of  water,  becaufe  the  contraftgd  ftream  is 
greater  in  the  firft  inftance  than  in  the  fecond.  In  the  follow- 
ing experiments  the  conftant  height  of  the  water  in  the  r&fervoiir. 
above  the  upper  aperture  of  the  tube  was  11  feet  8  inches  19, 
•lines,  the  diameter  of  the  tube  I  inch? 
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Different  lengths  qf  the  tube  expreffed  in 
lines. 


Lines 

Exp.  1.          4?1  rj.^    ^^^^^    ^^.         ^^^ 

3^         24}-  .   ,                       & 

3    18  S  *"''^- 

o  (  The  water  not  filling  the 

4         ^^\  tube. 


Number  of  cubic 
inches  of  water 
difcharged  in  i 
minute. 


C  122 
1  121 
L         121 


2274 
88 
68 


9282 


It  appears,  on  comparing  the  firft  three  experiments,,  that  the 
longer  the  vertical  tube  is,  the  greater  is  the  difcharge  of  the 
water,  becaufe  the  contraftion  of  the  ftream  is  lefs  ;  it  is,  how- 
ever, always  fomewhat  contra£bed,  even  when  it  appears  to  fiU 
jhctube. 

By  comparing  the  quantities  of  water  difcharged  in  the  third 
?nd  fourth  experiments,  we   find  the  two  difcharges   12 168, 
^  9282,  are  to  each  other  nearly  in  the  proportion  of   13  to  10  j 
■  but  we  have  feen  that  the  water  difcharged  thrqugh  a  thin  aper- 
ture without  any  contraftion  in  the   ftream,  would  be  to  the 
fame  aperture  with  a  contra£led  ftream  as  i  to   '62,  or  as  16 
to  10.     From  hence  we  may  .conclude,  that,  the  altitude  in  the 
referyoir  and   the  apertureg   being   the  fame,   the   difcharge 
through  a  thin  aperture  without  any  contradlion  in  the  ftream, 
the  difcharge  through  an  additional  tube,   and  the  difcharge 
1  through  a  fimilar  aperture  with  a  contrafted  ftreatn,  are  to  each 
j,  pther  neftrly  as  the  numbers  16,  13,  10:  thefe  proportions  are 
;  fufficiently  exa£i:  for  praftice.     Hence  it  is  plain  that  an  add}., 
tional  tube  only  deftroys  in  partthe  contraftion  of  the  ftream, 
which  contradion  is  greateft  when  the  water  paffes  through  'a 
thin  apertqre  from  a  large  refervoir. 

If  the  additional  tube,  inftead  of  being  vertical,  or  placed  at 
the  bottom  of  the  refervoir,  was  horizontal,  or  placed  in  the  fide, 
jt  would  furnifti  the  fame  quantity  of  water,  provided  it  was  of 
^he  fame  length,  and  that  the  exterior  aperture  was  at  the  fame 
diftance  from  the  furface  of  the  water  in  therefervoir. 

If  the  additional  tube,  inftead  of  being  cylindrical,  was  conicaJ, 
having  its  largeft  bafe  neareft  the  refervoir,  it  'would  difcharge 
a  greater  quantity  of  water.  The  moft  advantageous  form  that 
can  be  given,  in  order  to  qbt^in  the  greateft  quantity  of  water. 
in  a  given  titoe  by  a  given  aiierture,  is  that  which  the  ftream 
aflumes  in  coming  out  of  the  aperture;  i.  e.  the  tube  muft  be  of 
the  form  of  a  truncated  cone,  virhofe  largeft  bafe  fhould.he  of 
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the  fame  diameter  as  the  aperture  ;  the  area  of  the  fmall  bafe 
(hould  be  to  that  of  the  largerbafe  as  io  to  i6j  and  the  diftarice 
from  one  bafe  to  the  other  fhould  be  the  femidiameter  of  the 
largeft  bafe  ;  and  the  efflux  of  water  will  be  as  abundant  as  it 
"would  be  through  a  thin  aperture  equal  to  the  fmalleft  bafe,  and 
•where  the  ftream  was  not  contrafted.  This  form  may  be  ap- 
plied where  it  is  necefTary  to  obtain  a  certain  quafttityof  Tvater 
from  a  river,  an  aqueduft,  &g.  by  a  canal  or  lateral  tube. 

On  comparitig  the  efflux  of  water  through  additional  tubes  of 
different  diameters,  and  with  different  altitudes  of  the  water  in 
the  refervoirs,  the  following  refults  were  obtained ;  the  addi- 
tional tubes  were  two  inches  long,  and  were  vertical  and  placed 
at  the  bottom  of  the  refervoir. 


Cofiftant  altitude  of  the  water 
above  the  tubes. 


Diameter  of  the  tubes 
expreffed  in  lines. 


Number 
of  cub.  in. 
in  I  min, 


Ex.  I 


3 
4 


3  feet  IO  inches  « 


6'}       Water    filling 
10  S  the  tube 


67      The  water  not 
10  5  following  the  fides 


S 
6 


2  feet 


103  i 


The  water  fill- 
ing the  tube 


10 


The  Water  not 
filling  the  tube 


C1689 
^4703 


fi293 
1 3598 

C  J222 
2.3402 


935 
2603 


It  refults  from  thefe  experiments^  i.  « That  the  difcharges  by 
different  additional  tubes,  with  the  fame  altitude  of  the  refer- 
voir, are  nearly  in  proportion  to  the  area  of  the  apertures,  or  to 
the  fquares  of-  the  diameters.  2.  That  the  difcharges  of  water 
by  additional  tubes  of  the  fame  diameter,  with  different  alti- 
tudes of  water  in  the  refervoir,  are  nearly  proportional  to  the 
fquare  root  of  the  altitude  of  the  refervoir.  3.  That  in  ge- 
neral the  difcharges  of  water  in  the  fame  time,  through  different 
additional  tubes,  with  different  altitudes  of  water  in  the  fame 
refervoir,  are  to  each  other  nearly  as  the  produfl:  of  the  fquare 
of  the  diameters  of  the  tubes  by  the  fquare  root  of  the  altitude  ©f 
^he  refervoirs.'    So  that  additiqnal  tubes,  tranfinitting  water, 
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follow  (amongft  thetnfelves)  the  fame  laws  as  through  the  thin, 
orifice.  The  following  table  was  foi'med  from  the  foregoing, 
experiments. 


the 
voir 
ex- 

one 
hole 

the 
djin 

0  rt  3  g 

ring 
hale 
tba 
,    in 

tual 
dis- 
be- 

ihstant  altitude  of 
water  in  the  reser 
above  the  aperture, 
pressed  in  feet. 

'ater  discharged  in 
minute  through  a 
I    inch    diameter, 
stream  not  contracte 

cubic  inches. 

uter  diseharg-ed  in 
minute  through  an 
ditional  tube  of  I    : 
diameter,  ^  inches  1 
in  cubic  inches. 

ater  discharged  du 
I  minute,  through  a 
I  inch  diameter,  wi 
contracted    stream, 
cubic  inches. 

itio  between  the  ac 
and    the  ffieoretic 
charges,  the  latter 
ingi 

^ 

^ 

^ 

« 

I 

-  4381 

3539 

2722 

o-8i78i 

2 

6169 

■  50OZ 

3846 

0-80729 

3 

7589 

6126 

4710 

0*80724 

4 

8763 

7070 

5436 

o-8o68i 

5 

9797 

7900 

6075 

0-80638 

6 

10732 

8,654 

6654 

0-80638 

7 

I  1592 

9340 

7183 

0-80573 

8 

12392 

9975 

7672 

0-80496 

9 

I3I44 

10579 

"8135 

0-80485 

IP 

1385s 

1 1 15 1 

■   8574 

0-80483' 

II 

14530 

1 1693 

8990 

0-80477 

12 

15180 

12205 

9384 

0-80403 

13 

15797 

12699  , 

97<^4 

0-80390 

14 

16393 

13197 

10130 

9-80382 

15 

16968 

J3620 

10472. 

0-80270 

The  mean  of  the  numbers  in  the  laft  column  of  this  table  Is 
fomewhat  lefs  than  -Si  -,  we  may,  however,  in  moft  cafes,,  take 
•81  as  a  very  good  approximation  to  the  truth  :  ufing  it  as  acon- 
ftant  co-efficient -in  the  formula  for  the  value  of  Q^given  in 
cor.  «.  art.  439.  when  we  wifli  to  know  the  difcharge  through 
a  cylindric  tube  of  the  dimenfions  fpecified  at  the  head  of  cor 
lumn  the  third.  Thus  we  (hall  have  Q=  "8 1  a  /  VIJa  ;  the 
4imenfions  being  all  in  feet,  or  all  in  inches, 

461.  We  now  pafs  to  M.  Baffhfs  experiments ''oh  the  ex- 
hauftion  of  veflels  (which  haVe'rio  extraneous  fupply)  by  little 
orifices.  •■i  •    . :  , 

•  The  experiments  upon  the  time  of  coinplete  exhauftion  of 
veflels  which  empty  freely  are  not  eafy  to  make,  atleaft  in  a 
conclufive  manner :  for,  befides  that  in  fohie  pafes  the '  cpin- 
pleteexhauftion  would,  according  to  the  theory,  require  an 
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unlimited  time,  it  is  found  that^  when  the  fiirface  of  the  water 
arrives  within  a  fmall  diftanee,  as  two  or  three  inches,  of  a 
horizontal  orifice,  it  forms  alsove  that  orifice  a  conical  ot 
father  conoidal  funnel,  which  diminilhes  the  efFe£l:,  and  riiakes 
the  conclufion  of  the  difcharge  uncertain-  It  is  beft,  therefore, 
not  to  make  experiments  upon  the  time  of  total  difcharge,  but 
tipon  the  time  in  which  the  Upper  furface  is  deprefled  through 
a  certain  vertical  diilance  «,'  the  greater  the  better,  provided 
the  upper  furfaCe  has  not  funk  fo  low  as  to  permit  the  forma- 
tion of  the  funnel  juft  fpoken  of. 

It  was  fliewn  (art.  443.  equa.  II.)  tliat  when  the  primitive 
height  of  the  water  in  a  prlfmatic  veflel  was  =  h,  the  conftant 
feftion  of  the  veflel  =A,  the  time  /  employed  by  the  fluid  to 
defcend  through  the  fpace  x  was  exprelTed  by  this  equation : 


V  h  —  pc). 


Now  when  the  orifice  a  is  fuppofed  pierced  in  a  thin  plate 
we  muft  fubfliitute  the  contraded  orifice  •6a «,  and  the  for- 
mula will  become 


When  the  aperture  is  a  pircle,  and  its  diameter  d^  we  have 
'785398  d'^=a\  this  value  of  a  fubftituted  for  it  in  the  preced- 
ing equatioii  gives 

t=-e,\%Q%JLy  h  -  a/ F^), 

the  dimenCons  l«ing  given  in  Englifh  ftatute  feet  j  or  if  the 
dinienfions  are  in  terms  of  the  Paris  foot  royal,  then 

This  latter  theorem  may  be  applied  to  the  experiments  made 
by  M.  Boffut,  in  order  to  compare  the  refults  which  it  gives 
with  thole  wiiich  are  furnlfhed  by  .the  experiments:  the  whole 
is  comprifed  in  the  following  table. 


The  coostant 
sectiou  A  of 
th?  vessel  \- 
9  square  feet. 
.The  primi- 
tive-  height  h 
of  the  watoi 
is  11-667  Pa- 
ris feet. 


Dianifterof  the 
horizontal  cir- 
cular orifice,  01 
value  of  rf. 


Depression  of 
the  wate.jOrva- 
.ue  of;?. 


■083333 


I'eet. 

4 
9 

4 
9 


Time  of  the  de. 
pression  of  the 
ivater. 


Seconds. 

44S5 

1224-5 

iia- 

306- 


Time  of  the  de- 
pression, calcu. 
lated  by  tjhe  last 
theorem. 


Seconds. 
443-04 
I22I-2 
iio'76 
305-25 
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Hence  we  fee  that  the  difference  between  the  refults'of  the 
computation  and  thofe  of  the  experiments  are  extremely 
fmall :  much  fmaller  indeed  than  might  be  expefted,  confider- 
ing  the  many  gircumftances  which  may  contribute  to  vary  the 
times  given  by  obfervation.  So  that  we  may  regard  the  for- 
mulae, given  in  this  article  as  fufEciently  corredl  for  praftice ;  at 
kaft  within  the  limit  fuggefted  by  the  formation  of  the  co- 
noidal  funnel.  What  has  been  here  faid  applies  principally  to 
horizontal  apertures ;  but  it  may  be  applied  without  fear  of 
material  error  to  fmall  lateral  orifices,  when  the  fluid  in  the  re- 
fervoir»  ftands  higher  than  the  Upper  fide  of  the  orifice,  and 
taking  for  the  height  h  the  diflance  of  the  centre  of  gravity  of 
the  orifice  from  the  upper  furface  of  the  fluid. 

Experimental  Enquiries  of  Venturi. 

462.  The  experiments  and  refearches  of  M.  J.  B.  Venturi 
profeflbr  of  natui;al  philophophy  at  Modena,  are  neither  fft  ex- 
tenfive  nor  fo  important  as  thofe  of  M.  Boflut :  but  as  he  has 
noticed  two  or  three  curious  circumfliances  relative  to  the  mo- 
tion of  fluids,  which,  feem  to  have  efcaped  the  obfervation  of 
preceding  philofophers,  we  fhall  prefent  the  reader  with  a 
concife  account  of  the  refuk  of  his  enquiries. 

I.  In  any  fluid  thofe  parts  which  are  in  motion  carry  along 
with  them  the  lateral  parts  which  are  at  reft. 

To  ftiew  the  truth  of  this  propofition  M.  Venturi  introduced 
a  horizontal  current  of  water  into  a  velTel  filled  with  the  fame 
fluid  at  refl:.  This  flream  entering  the  veflel  with  a  certain 
velocity,  pafles  through  a  portion  of  the  fluid,  and  is  then  re- 
ceived in  an  inclined  channel,  the  bottom  of  which  gradually 
rifes  until  it  paflTes  over  the  border  or  rim  of  the  veflel  itfelf. 
The  tSsQ.  is  found  to  be,  not  only  that  the  ftream  itfelf  pafles' 
out  of  the  veflel  through  the  channel,  but  carries  along  with  it 
the  fluid  contained  in  the  veflel ;  fo  that  after  a'  fhart  time  no 
more  of  the  fluid  remains  than  was  originally  below  the  aper- 
ture at  which  the  flream  enters.  This  fact  is  adopted  as  a 
principle  or  primitive  phenomenon  by  the  author,  under  the 
denomination  of  the  lateral  communication  of  motion  in  fluids 
and  to  this  he  refers  many  important  hyidraulic  fa£ts.  He  does 
not  undertake  to  give  an  explanation  of  this  principle,  but  fhews 
tha.t  the  mutual  attracSion  of  the  particles  of  water  is  far  frdr» 
being  a  fufficient  caufe  to  account  for  it. 

II.  If  that  part  of  an  additional  cylindric  tube  which  is  near- 
eft  the  fide  of  the  refervoir  be  contracted,  according  to  the 
form  of  the  coijtraded  vein  of  flwid  which  iffijes  through  a  hole 
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of  the  fam^  dianbeter  in  a  thin  plate,  the  expenditure  will'  be 
the  fame  as  if  the  tube  were  not  ciontrafited  at  all ;  ^rid  the  ve-» 
Ibcity  of  the  ftreani  within  this  tube  will  be  gi"eater  than  that  of 
a  jet  through  a  thin  plate  in  the  ratb  of  121  to  loo. 

IIIJ  The  preffure  of  the  atmofphere  ihcreafea  the  expcncfe 
of  water  through  a  fimple  cylindrical  tubcj.  when  -  compared 
with  that  which  iffues  through  a  hole  in  a  thin  plate,  whatever 
may  be  the  dire£lion  of  the  tube. 

IV.  In .  defcending  cylindrical  tubesj  the  ijppef  ends  .of 
tphich  poflefs  the  form  jof  the  contrafted  vfein,  the  difcharge  is 
fuch  as  correfponds  with  the  height  of  the  fluid  above  the  in-* 
ferior  ejttirenaity  of  the  tube.     . 

V,  In  an  additional  conical  tube  the  -preffure  of  the  atmO* 
fphere  increafcs  the  expenditure  in  the  proportion  of  the  ex- 
terior fedtion  of  the  tube  to  the  feftion  of  the  cpotrafted  vein» 
whatever  may  be  the  pofition  of  the  tube,  provided  its  internal 
figure  be  adapted  throughout  to  the  lateral  communication  of 
motion.  •        .  * 

.  VI.  In  cylindrical  pipes  the  expenditure  is  lefg  than  through, 
conical  pipes,  which  diverge  from  the  place  of  the  contra£ted- 
Vein,  and  have  the  fame  exterior  diameter,    r    .  , , 

■  'For  in  the  fpace  between  the  inverted  cpntradled  vein  and 
the  fides  of  the  cylinder  eddie^,  or  circular  ;whir!sj  are  pro* 
duced,  as  in  abafin.M^hich  receives  wat^r  by  a  channel;  and 
tfiefe  retard  the  efflux  of  the  ilream,  and  produce,  a  corre* 
fponding  failure  in  the  efFeft.  ,       ,       •;,,,:- 

VII.  By  means  of  proper  ajutages  applied  to  a  given  cylin*- 
dric  tube  placed  horizontally,  it  i?  poffible  to  increafe  the  ex- 
penditure pf  water  through  that  tube  in  the  proportion  of  24  to» 

lOj  thecharge.or  height  of  the  referyoir  remaining  the  fame.i, 

For^this  purpofe,  the  inner  extremity  of  the  tube  AD  (fig,  j  i, 
pI..XVlI.)  muft  be  fitted  at  AB  with, a  conical  piece  of  the  form 
©f  the  contrafted  vein ;  this  increafes  the  expenditure  as  i-2"ls 
to  10.     Every  other  form  will  afford  lefs,,  Ji-  the^dianjeter  B^ 
Abe  too^reat  the  contraction  muff  be  made  beyond  B,  and: 
the  feftion  of  the  vein  will  be.  fmaller  than  the  fe(£i:ion,pf  the 
tube.     Secphdly,  at  the  other  extremity  of  the  pipe  BC  apply  -, 
a' truncated,  conical  tube^ID,'of  which  let  the  length  be.near^ 
nine  tinges  the  diartet'er  C)  and  its  external  diameter  D  inuft  .b« 
I '8  C.     This  additional  piece  will  increafe  the  expenditure  as 
34  to  12-1.     So  that  the  quantity  of  effluent  water  will  be  in- 
ereafed  by  the  two  adjutages  in  the  ratio  of  24  to  10.     All  this 
IS  on.  ,the .  foppofition  that  the  .pipe  BC  has  no  elbows  or  finup* 
fities. 
VIJL  The  expenditures  out  of  a  ftrsight  tube,  a  curved  tube 
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in  a  quadrintal  ari:,  and  ah  elbowed  tube  having  the  angle  90^ 
(each  bfeing  poiited  horizoiitalljr)  are  cat.  par.  nearly  as  70,  50, 
and  45. 

IX.  The  internal  roughnefs  of  a  pipe  diminilhes  the  expen.* 
diture,  though  the  fri£tion  of  the  water  againft  th6fe  afperities 
does  not  form  any  confiderable  part  of  the  caufe.  A  right-lined 
tube  may  have  its  internal  furface  highly  poliflied  throughout 
its  whole  length ;  it  may  cvery-where  have  a  diameter  greatef 
than  the  orifice  to  which  it  is  applied ;  but,  notwithftanding^ 
the  expenditure  will  be  greatly  diminiflied  if  the  pipe  fliould 
have  enlarged  parts,  or  fwellings:  for,  by  reafon  of  thefe  fud- 
den  changes  in  the  interior  dimeniions  of  the  pipe,  much  01 
the  motion  will  be  confiimedin  eddies.  This,,  as  M.  Venturi 
remarks,  is  a  very  interefting  circumftance,  to  which,  perhapsi 
liifficient  attention  has  not  been  paid  in  the  conftruftion  01 
hydraulic  machines.  It  is  not  enough  that  elbows  and  contrac- 
tions are  avoided ;  for  it  may  happen,  by  an  intermediate  en- 
largement, that  the  whole  advantage  may  be  loft,  which  may 
have  been  procured  by  the  ingenious  difpofitions  of  the  other 
parts  of  the  machine. 

The  above  comprifes  what  to  us  appeared  moft  important  iri 
M.  Ventur'f%  refearches,  relative  immediately  to  the  fubjeft  of 
hydrodynatnics^  Thofe,  however,  who  are  defirous  of  feeing  a 
more  d^iled  account  of  this  ingenious  author's  experiments 
may  confult  Mr.  Nicholfon's  tranflation  of .  his  work  "  On  thi 
Lateral  Commumcation  of  Motion  in  Fluids"  fold  by  Taylorj 
Holborn. 

Practical  Conclusions  of  Mr.  Eytelwein* 

463.  Mr.  .£)ife/w««  publiflied,  at  Berlin,  in  1801,  a  treatife 
'entitled  Hdndbuch  der  Mechanik  und .  der  Hydraulii ^  from  the 
fecond  part  of  which,  relative  to  hydrodynamics,  we  fliall  extract 
a  few  particulars. 

I.  In  the  chapter  on  the  motion  of  water  flowing  out  of  re- 
fervoirs,  and  on  the  contraSion  of  the  ftream,  this  gentleman 
makes  the  area  of  a  fe£i:ion  at  the  diftance  of  about  half  its 
diameter  from  the  orifice  about  4f  °f  ^^^  °^  ^^^  aperture  I 
hence  the  diameter  is  reduced  to  |.  The  quantity  of  water  ^ 
difcha:rged  is  very  nearly,  .but  not  quite,  fufficient  to  fill  thii 
fe£tion  with  the  velocity  due  to  the  height:  f&r,  finding  more 
accurately  the  qvlantity  difcharged,  the  orifice  muft  be  fuppofe^ ' 
diminiflied  to  '619,  or  nearly  |.  Hence  the  fquare  root  of  thf 
height  may  be  multiplied  by  5  inftead  of  8  (an  approximate 
root  of  64-!)  for  the  mean  velocity  in  a  fimple  orifice. 

II.  If  we  apply  the  fliorteft  pipe  that  will  caufe  the  ftfeann 
*o  adhere  every-Where  to  its  fides,  which  will  require  it^  lengtli 
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to  be  twice  iW.diameter  ;  the  difcharge  will  be  about  ^  of  the 
full  quantity,  and  the  velocity  may  be  found  by  taking  6^  for  a 
multiplier. 

III.  The  great^H  diminution  is  produced  *by  inferting  a  pipe 
fo  as  to  projeft  within  the  refervQir>  probably  becaufe  of  the 
greater  inteKference  of  the  motions  of  the  particles  approaching 
its  ori6ce  in  all  direftions :  in  ^his  cafe  the  difcharge  is  reduced 
nearly  to  a  half. 

IV.  A  cqpical  tube  approaching  to  the  figure  of  the  con- 
tra£lion  of  the  ftream  procured  a  difcharge  of  '92,  and  when 
its  edges  wei;e  rounded  off  a  difcharge  of  '98,  calculating  on  its 
leaft  feftion. 

V.  Mr.  Eytelwein  is  of  opinion  that  the  aflertion  of  Ven- 
turi  (art.  462.  yii.)  is  too  flrongj  and  obferves,  that  where 
the  pipe  is  already  very  long  fcarcely  any  effe£t  is  produced  by 
the  addition  of  fuch  a  tube.  He  proceeds  to  defcribe  a  num^ 
ber  of  experiments  made  with  different  pipes,  where  the  ftand- 
ard  of  comparifon  is  the  time  of  filling  a  given  veffel  out- of  a 
large  referyoir,  which  was  not  kept  always  full,  as  it  was  dif- 
ficult to  avoid  agitation  in  replenilhing  it;  ^nd  this  circumftance. 
was  perfe<3,ly  indifferent  to  the  refults  of  the  experiments.  1  hey 
confirm  the  affertion  that  a  compound  conical  pipe  may  increafe 
the  difcharge  to  twice  and  a  half  as  much  as  through  a  fimple 
orifice,  or  to  more  than  half  as  much  more  as  wbuld  fill  the 
whole  fe6lion  with  the  velocity  due  to  the  height:  but  where 
a  confiderable  Iqngth  of  pipe  intervenes  the  additional  orifice 
appears  to  have  little  or  no  effeft. 

VI.  The  firft  chapter  concludes  with  a  general  table  of  the 
coefficients  for  ifinding  the  mean  velocity  of  the  water  dif- 
charged  by  the  preffure  of  a  given  head  under  different  circuM- 
itances. 

1 .  For  the  whole  velocity  due  to  the  height,  the  coefficient 
by  which  its  fquare  root  is  to  be  multiplied  is  8  0208. 

2.  For  an  orifice  of  the  form  of  the  contrafted  fleanj,  7'8. 

3.  For  wide  openings,  of  which  the  bottom  is  on  a  level 
with  that  of  the  refervoir  ;  for  fluices  with  walls  in  a  line  with 
the  orifice  j  for  bridges  with  pointed  piers,  'j-rj. 

4.  For  narrow  openings,  of  which  the  bottom  is  on  a  level 
with  that  of  the  refervoir ;  for  fmaller  openings  in  a  fluice  with 
fide  walls  ;  for  abr.u,ptproje£l:ions  and  fquare  piers  of  bridges^ 

6-9.       .'■'.,, 

5.  For  fhort  pipes,  from  two  to  four  times  as  Iqng  as  their 
diameter,  6  6. 

6.  Fbropenings  in  fluices  without  fide  walls,  j'l. 

7.  For- .dfiJS.c.e?  in  a  thin  plate,  5, 

VII.  In  the  chapter  on  the  difcharge  by  redangular  orifices- 
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in  the  fide  of  a  refervoir,  extending  to  the  furface,  this  authof 
malces  ufe  of  the  fame  principles  as  we  have  adopted  in  art. 
446.  and  fliews  that  the  quantity  of  water  difcharged  may  bef 
found  by  taking  two-thirds  of  the  velocity  due  to  the  mean 
height,  and  allowing  for  the  contradion  according,  to  the 
form  of  th^'  opening. 

On  comparing  the  fafitors  here  deduced  by  Eytelwein  froni 
his  refearches,  with  thofe  in  our  account  of  Boflut's  experi- 
ments, it  wiU  be  found  that  there  is  no  very  great  difagree- 
ttieht  between  thera  :  though  Boflut's  manifeftly  Claim  the  pre-i 
ference  in  point  of  accuracy.  A  further  account  of  Eytelwein's 
labours  (by  Dr.  T.  Toitng)  mx^  be  feen  in  Nicholfon's  Journal, 
Nos.  9,  10.  N.  S. 

.  Researches  of  Dr.  M.  Young  and  Mr.  Vinc6. 

464.  Dr.  Matthenu  Young,  the  late  bifhop  of  Clonfort,  paid 
particular  attention  to  the  various  circumftances  connefted  with 
the  difcharge  of  fluids  from  orifices  of  different  kinds ;  but  he 
appears  to  have  been  moft  fuccefsful  in  his  enquiries  into  theS 
caufe  of  the  increafed  velocity  of  efilux  through  additional 
tubes.  This  chapter  will,  therefore,  be  terminated  by  an  ex- 
fra£l:  from  his  paper  in  vol.  VII.  of  the  Tranfaliions  of  the  Royal 
Irijb  Academy f  which  contahis  fome  judicious  remarks  relativd 
to  his  own  experiments,  and  applicable  at  the  fame  tirhe  to 
fome  experiments  made  by  Mr.  Profejfar  Vince. 

"  When  a  tube  mnrs  (fig.  10.  pi,  XVII.)  is  inferted  into 
the  veflel  ABCD,  it  is  found  that  the  velocity  is  increafed  near- 
ly in  the  fubduplicate  ratio  of  the  length  of  the  pipe  ;  and  that 
it  approaches  nearer  to  that  fubduplicate  ratio  according  as  the 
length  of  the  pipe  is  increafed.  To  account  for  this  incr^afe  ot 
velocity  has  appeared  a  matter  of  fome  difficulty,  fince  the 
water  cannot  iflue  ?Ars  with  a  greater  velocity  than  it  enters 
ztrn;  and  it  does  not  appear  how  the  velocity  at  «  «  can  be 
increafed  by  inferring  a  tube  beneath  it.  In  order  to  explain' 
the  caufe  of  this  effeft,  we  are  to  confider  that  the  whole  force' 
with  which  the  plate  «  «  ig  prefled  down  is  the  weight  of  a 
column  of  water  equal  to  em  nf,  together  with  the  weight  of 
a  column  of  air  of  the  fame  bafe,  reaching  to  the  top  of  the 
atmofphere ;  and  the  whole  force  with  which '  it  is  prefled  up 
is  the  weight  of  an  equal  column  of  air,  diminifhed  by  the 
weight  of  a  column  of  water  equal  to  mnrs;  therefore  the 
adual  force  with  which  the  plate  m  n  is  prefled  down  is  the 
weight  of  a  column  of  water  equal  to  efr  s :  the  Velocity  there- 
fore with  which  the  plate  m  n  will  iflue  through  the  orifice  m  n 
will  be  the  fame  as  through  the  orifice  n'm  the  veflel  Ai  f  D-j 
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that  is,  equal  to  the  velocity  which  a  heavy  body  MVould  acquire 
in-falling  through  the  altitude  «>■:  and  all  the  plates  of  water 
in  the  tube  »2 « »•  J-  will  defcend  with  the  fame  velocity;  for 
they  cannot  defcend  fafter,  becaufe  otherwife  there  would  be  a 
,  vacuum  left  in  the  tube,  which  is  prevented  by  the  upiyard 
preffure  of  the  atmofphere.  And  the  velocity  of  the  effluent 
jvater  will  be-  the  fame,  whatever  be  the  preffure  of  the  atmo- 
fphere, provided  the  weight  of  a  column  of  air  of  the  fame  bafe 
with  r  j;,  and  whofe.  hei^t  is  equal  to  that  of  the  atmofphere, 
be  either  greater  than  or  equal  to  the  .weight  of  the  pillar  ©f 
water  mnrs. .  This  might  be  proved  experimentally  by  a  veffet 
of  water  with  a  pipe  inferted:  in  the  bottom  placed  under  an 
exhaulted  receiver.  But  as  the  operation  of  exhauftion  is  ob- 
ftrufted  more  by  the  evaporadon  of  water  than  of  mercury,  it 
will  be"  better  to  ufe  mercury  in  thefe  experiments.  Now  if 
D  be  the  defedi  of  the  gauge  frorh  the  ftandard  altitude,  it  will 
mealure  the  preffure  of  the  air  on  the  furface  of  the  rnercury  in 
the  veffel :  let  A  be  the  altitude  of  the  mercury  in  the  veffel 
above  the  upper  orifice  of  the  pipe,  and  P  the  length  of  the 
pipe;  then  the  whole  force  prefling  downwards  the  plate  of 
mercury,  which  is  immediately  in  the  upper  orifice  of  the  pipe, 
will  be  =  D+A ;  and  the  whole;  force  prefling  the  fame  plate 
upwards  will  be  D  -r  P;  and  the  difference  between  thefe  forces 
will  be  the  abfolute  force  prefling  the  fame  pl^te  of  mercury 
downwards :  while  D  is  greater  than  P,  thi&  abfolute  force  will 
confequeritly  be  equal  to  A+P  >  when  D=P,  D— P  vaniihes, 
and  the.  force  prefling  the  plate  downwards  is  =  D  +  A.  = 
P-ffA;v  hence,  therefore  no:  variation  in  the  time  of  the  efflux 
will ;  be  perceived,  vvhile  the  altitude  of  the  mercury  in  the 
gauge  is  equal  to  or  lefs  than  the  difference  between  the 
length  of-  the  pipe  and  the  fl:andard  altitude.  When  D  is  lefs 
than  P,  the  force  upwards  is,  alfo  nothing ;  and  therefore,  as 
beforfi,.the  whoile  force  preffmg .  the  plate  downwards  is  =D 
+ A  5  and  A  being  given,  it  .decreafea  according  as  D  decreafesj 
and  when,  P  vanifliesj  that  is,  when  the;  receiver  is  abfolutely 
exhaufled,  the  force  becomes  equal  to  A,  and  the  time  of  th? 
efflux  will  be  f he  fame  as  if  tlie  pipe  had  not  been  inferted  in 
the  bottom  of  the  veffel.  To  try  the  truth  of  thefe  things  by 
experiment,.,!; inferted  a  tube  7-8  inches  long  in  a  cylindrical 
veffel,  and,  clofing  the  orifice  of  the  pipe,  I  filled  the  veffel 
with  mercury  to  the  height  of  6.inches ;  then  placing  the  appa- 
ratus under  the  receiver  of  ap  air-pump,  when  the  barometer 
was  at  30  inches,  and  the  gauge  at  2B-5,  the  time  of  the  efflux 
was  26  feconds  ;  when  the  experiment  was  repeated  precifely'ia 
'the  fame  manner,  but  in.the  open  air, the  time  of  the  efflux  wa& 
pnly  19  feconds..    Now  as  the  gauge  ftood  at  aS-J,  the  defedl 
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D  was  30— 48'5^f5,  *"d  *^^  preflure  on  the  platff  of ,  mer-*^ 
cury  was  =6+14=74 »  *"  the  open,  air  the  preflure  was  =6 
+7'8  =  i3'8:  therefore  the  ratio  of  th&  velocity  of  efflux  in 
feoth  cafes,  which  is  the  fame  with  the  reciprocal  ratio  of  the 
timesi  was  ,^/'^  to  ^/Tyi,  or  as  273  to  ^"^i  but  2-73  is  to 
3 '7  as  19  to  26,  very  nearly. 

"  No  difference  was  obferved  In  the  times  of  the  efflux,  whea 
in  the  open  air  and  exhaufted  receiver,  unlefs  the  gauge  ftood 
higher  than  22 J  inches-,  diat  is,  unlefs  the  height  of  the  mer- 
cury in  the  gauge  was  greater  than  the  difference  between  th$ 
length  of  ,the  pipe  and  the  ftandard  altitude.  In  another  cx><i 
periment,  when  the  gauge  ftood  at  27"9,  the  height  of  the-fea- 
rometer  was  29*9 ;  the  defe£k  therefore  was  =2,  and  the  prrf- 
fure  =8.  But  v'T=2'828,  and  v' TJI  =  3*7  ;  but  2-828! 
37  : :  19  :  24,  and  by  experiment  the  time  of  the  efflux  ap^ 
peared  to  be  23  feconds.  When  the  efflux  is  made  in  vacuo, 
it  is  obvious  to  obferve  that  the  pipe  is  not  filled  during  the 
efflux,  as  it  is  while  the  difcharge  is  made  in  the  open  air.     > 

465.  "  Since  the  column  of  water  in  the  pipe  mnrs  adds 
to  the  prelTure  which  the  plate  m  «  fuftains,  by  diminifhing  the 
up  ward  preflure  of  the  air  through  the  pipe,<  it  appears  that  it 
produces  this  increafe  of  prelTure  in  the  plate;  m  n  alone,  v^ith- 
out  producing  any  lateral  preflure  in  the  water  which  is  on  a 
level  with  mtt',  for  it  is  manifeft,  that- if  an  aperture  were 
made  in  /»  B  or  «  C,  the  Velocity  of  the  water  ifTuing  through 
it  would  not  be  afFefted  by  the  infertion  6f  the  pipe  \  and  con- 
fequently  that  the  plate  m  n,  which  is  immediately  in  the  orifice 
of  the  pipe,  is  the  only  one,  on  the  fame  level,  whofe  ten- 
dency downwards  is  increafed  by  the  infertion  of  the  pipe. 
Hence  the  particles  of  water  at  the  edge  of  the  aperture  hav- 
ing their  perpendicular  prefTure  increafed  by  the  weight  of  the 
column  mnrs,  without  any  increafe  of  their  lateral  prefTure, 
they  will  ifTue  through  the  oriljce  m  n  more  perpendicularly  ^ 
the'  fides  alfo  of  the  tube  will  obftru£t  the  converging  motion  of 
the  particles,  and  eonfequently>  on  both  thefe  accoyints,  the 
^quantity  of  water  difcharged  through  a  pipe  thus  infetted  will 
exceed  that  difcharged  through  a  fiiinple  orifice,  in  a  greater 
ratio  than  the  fubiduplicate  of  the  height  of  the  water.  And 
according  as  the  length  of  the  pipe  increafes,  the  ratio  of  the 
quantity  of  water  aftually  difcharged  by  experiment,  to  that 
which  ftiould  be  difcharged  according  to  theory,  will  increafe ; 
'becaufe  the  ratio  of  th?  perpendicular  to  the  horizoAtal  prefllire 
increafes,  in  the  ratio  of  the  fum  of  the  depth  of  the  veuel,  and 
length  of  the  pipe,  to  the  depth  of  th?  vefTeL  It  follows  there- 
fore, that  experiment&  made  in  this  manner  will  approach 
nearer  ^p  coincidence  with  theory  than  when  made  with  a 
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fimple  orifice ;  except  either  when  the  tube  is  fo  long  as  that 
the  friftion  of  the  fluid  againft  the  fides  of  the  tube  Ihall  pror 
duce  a  fenfible  effeft,  or  when  it  is  fp  (hort  as  not  to  be   fuf- 
licient  to  giye  the  particles  a  vertical  direftion.     All  which 
agrees  very  well  with  the  experiments  made  by  the  ingenious 
Mr.  Vince,  of  which  he  has  given  us  an  account  in  the  Phil. 
Tranf.  for  the  year  1795.     Thus  he  tells  us,  that  haying  in- 
ferted  a  tube,  a  quarter  of  an  inch  in  length,  into  a  cylindrical 
veffel  1 2  inches  deep,  he  found  that  the  velocity  did  not  fenr 
fibly  differ  from  that  through  the  orifice ;  the  caufe  of  which 
he  difcovcred  to  be  this,  that  the  ftream  did  not  fill  the  pipe, 
Jjut  that  the  fluid  was  contrafted,  as  when  it  flowed  through 
the  fimple  orifice.     When  the  pipe  was  half  an  inch  long,  in- 
ferted  into  a  veflel  of  the  fame  depth  as  before,  the  velocity  of 
the  water  from  the  pipe  and  from  the  orifice,  which  ought  by 
theory  to  have  been  as  \/T?s  to  v'Ta,  or  49  to  48,  was  by  ex- 
periment found  to  be  nearly  in  the  proportion  of  4  to  3.     Now 
if  the  ratio  of  49  to  48  be  increafed  in  the  ratio  of  7  to  6  (bcr 
caufe  this  is  the  ratio  of  the  diminution  of  the  velocity  on  ac- 
jcount  of  the  contra£tion  of  the  vein,  and  this  contra£tion  either 
nearly  or  entirely  vaniflies  in  a  pipe),  yve  fliall  have  the  ratio 
of  3*57  to  3.     "When  the  pipe  was  an  inch  long,  the  velocity 
from  the  pipe  and  from  the  orifice,  which,  according  to  theory, 
ought  to  haVe  been  as  ^Tj  to  v'Ti,  or  as  26  to  25,  appeared  by 
experiment  very  nearly  in  the  ratio  of  4  to  3  ;  now  if  the  ratio 
of  26  to  25  be  increafed  in  the  ratio  of  7  to  6,  we  fhall  have 
the  ratio  of  3-54  to  3.     When  he  made  ufe  of  loqger  pipes, 
the  velocity  of  the  effluent  water  by  experiment  approached' 
nearer  to  that  which  ought  to  have  been  difcharged  according 
to  theory ;  fo  that  in  long  pipes  the  difference  between  theory 
^nd  experiment,  he  fays,  was  not  greater  than  what  might  be 
.expefted  from  the  fri£lion  of  pipes,  and  other  caufes  which 
-pay  be  flippofed  to  retard  the  velocity.     When  he  inferted  a 
pipe  pf'the  fame  diameter  with  the  aperture,  which  terminated 
in'  a  truncated  cone  fixed  in  the  orifice  (fee  the  Philofophical 
Tranfaftions  for  the  year  1795),  he  expefted  that  the   quan-i 
tity  of  water  difcharged  in  a  given  time  would  have  been  dimi- 
nished,  bgcaufe  the   water,  -iffuing  through   the  orifice  ?««, 
would  have  room  to  form  the  vena  contraiia  in  the  enlarging 
cone ;  but  he  found  that  the  fame  quantity  of  water  was  dif- 
charged as  if  the  pipe  had  continued  throughout  of  the  fame 
diameter  with  the  orifice.     The  reafon  of  this  is  manifeft  frorn 
what  hag  been  faid,  for  the  preflure  of  the  air  will  not  fuffer 
Ae  triincated  cone  to  remain  partly  empty,  as  it  would  be  if 
the  vcnacontraSta,  vverp  formed;  it  will  therefore  continue  full, 
apdconfequently  the  water  will  pafs  through  it  in  the  fame 
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manner  as  if  the  water  in  the  cone,    furrounding  the  pipe 
mabity  were  congealed. 

466.  "  Mr.  Vince  likewife  inferted  into  the  bottom  of  the 
veflel  a  perpendicular  pipe,  in  form  of  a  truncated  cone,  the 
narrower  part  being  fixed  in  the  orifice,  by  which  he  fouoid 
the  efflux  to  be  Increafed  more  than  if  he  had  inferted  a  cylin- 
drical pipe  of  the  fam.e  length,  whofc  diameter  was  equal  to 
that  of  the  narroweft  part  of  the  conical  pipe.  This  effeil  may 
be  explained  on  the  fame  principle  by  wtiich  we  account  iox, 
the  augmentation  of  the  diameter  of  a- vertical  vein  of  water' 
through  a  fimple  orifice,  w.hen  the  velocity  of  the  efflux  is 
confiderable.  For  when  a  perpendicular  pipe  is  inferted,  the 
velocity  of  the  difcharge  being  confiderably  increafed,  the  re- 
fiftance  from  the  air  will  be  fo  likewife;  and  thus  the  diameter 
of  tire  vein  has  a  tendency  to  enlarge  itfelf :  now,  in  the  widen- 
ing cone,  the  pipe  admits  of  this  augmentation,  at  the  fame 
time  that  it  increafes  the  velocity;  but  the  cylindrical  pipe,, 
though  it  equally  inereafes  the  velocity,  yet  it  does  not  permit, 
the  vein  to  enlarge  itfelf,  and,  by  thus  confining  it,  the  efflux. 
is' obfl:rus9:ed,  and  the  quantity  difchargcd  in  a  given  time  is. 
diminiftied.  Accordingly,  under  the  receiver  of  an  air-pump,, 
even  in  a'  moderate  degree  of  exhauftion,  there  is  no  diflerence. 
perceived'  between  the  velocities  with  which  a  fluid  is  dif- 
diarged  through  a  conical  or  cylindrical  pipe." 
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CHAPTER  III. 


Pn  the  l^lct  of  Water  upon  the  Motion  of  Water- 

wheels. 


/^6'j.  WATER-niills  are  diffingpiljied  ijitp  four  kinds :  ^j-?^-! 
fnills,  tlnderfhot-mills,  overJhoi-iHilii,  and  mills  •with  horizontal 
wiw/j;  of  whicti,  however,  the  latter  kind  is  by  far  the  leaft 
common,  being  very  difadyahtageous  and  deficient  ip  point  of 
jilility;  In  a  breaft-niili  the  water  falls  down  upon  t^e  whee| 
at  right-angles  to  the  floatiboards  or  bucke|l:s  placed  all  round 
the  wheel  to  receive  it :  if  float-boards  are  ufed,  the  water. 
afts  onjy  by  its  impulfe  ;  but  if  buckets,  it  afls  alfp  by.thc 
flveight  of  water  in  thie  buckets  jn  the  under  quadrant  of  the 
wheeJi  which  is  confiderable.  In  the  uhderflidt  wh«^el  float:^ 
boards  prily  are  ufed,  and  the  wheel  is  turned  mejrely  by  the 
force  of  the  cjirrent  running  under  it,  aiid  ftriking  jipon  the 
Jjoards.  In  the  overfliot-wheej  fhe  water  is  poured  oyer  thft 
tppi  and  thus  ^£i:s  principally,  though  not  altogether,  by  its 
>veight }  for  the  fall  Upon  the  uppejr  part  cannot  be  very  con- 
fiderable^ feft  it  ihould  dalh' thfe  yvater  out  of  the  buckets* 
Hence  it  is  ei^jdent  that  an  underftibt-^yheel  muft  require,  3v 
fftuch  larger  fupply  of  water  than  any  other}  the  breaft-:mjli 
the  next,  unlefs  the  fall  is  very  great;  and  an  byerfliot-miU  (he 

leafli.  ■'■■-'  •'•''■'       '  '         ■'''  '''    ' ."... 

It  v?as  Icing  believpd  that  the  float-boards  of  an  underfliof-i' 
wheej  ought  to  be  fo  proportioned  that  when  one  of  theni  was 
jn  a  yer^ical  pofitjon,  or  at  the  middle  of  its  immerfipn,  the 
next  ^pard  ftiould  be  juft  entering  the  water  :  but  it  is  rioyr  well, 
jknowii  that  tlje  more  float-boards  fuch  a  ■vrhecl  has,  the  greater 
,  ^ndppre  pniform  \yill  be  its  cflefi:.  Accfjrding  to  the  expe'ri- 
iments' raacjg  by  M.  ^o^V  on  this  fubjea,  a  wheel' furnUhe4 
yrith  48  doat-boards  produced  a  niuch  greater  effeft  than  one 
I'urniflietiVijiK  34 ;  and  the  la'tter  a  greater  effect  than  ojie  witl^ 
i.^T  tlieir  injmerfion  in  the  yirater  being  equal.  And  the  fame, 
^hing  will  appear'  f|-orn  fpme  of  the  experiments  of  Mr.  Smeatsn'^ 
defcribed  in  the  fourth  chapter  of  this  book. 
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468.  The  varying  force  which  communicates  motion  to  watet- 
wheels,  and  the  refiftances  occafioned  by  fri£J:ion,  tenacity,  and 
various  other  caufes,  render  the  application  of  the  theory  to 
praftice  in  thefe  cafes  extremely  difficult.  From  this  reafon 
probably  it  hajjpens  that  the-  art  of  conftrufting  machines  to 
|)e  moved  by  the  force  of  water  has  been  almoll  wholly  prac- 
tical; the  beft  improwements  having  generally  been  deduced 
from  conftant  obfervation  and  reiterated  experiments.  Since 
the  theory  of  mechanics  is  confefledly  inadequate  to  the  com- 
plete inveftigation  of  every'  circumftance  in  the  motion  of  hy- 
'draulic  machines,  it  has  been  thence  fuppofed  that  the  fame 
laws,  of  motion  would  not  extend  to  all  branches  of  mechanics, 
but  that  different  principles  were  to  be  accommodated  to  the 
motion  and  mutual  aftion  of  different  kinds  of  bodies.'  If  this 
were  truly  the  cafe  the  fcience  of  mechanics  would  fall  far  Ihort 
^f  that  fuperior  excellence  arid  extent  which  it  is  generally 
allowed  to  poffefs.  But  it  is  highly  probable  that  there  is  no 
kind  of  motion,  whether  of  the  riioft  fimple  or  complicated  na- 
ture, but  what  may  be  referred  to  the  fame  principles  as  were 
affumed  at  the  cpmmencemeijt  ,of  this  work  (art.  ai;)':  and  if- 
we  are  not  enablal  to  inve^igaire  the  effe£i:s  from  the  data  inr 
jevery  cafe  >vhich  can  arife,  the  deficiency  muft  not  be  imputed 
to  the  firft  principles  of  mechanics,  but  to  the  want  of  methods 
of' applyinlg  our  mathen^atiqal  knowledge  to  the  peculiar  cirJ 
cumftances  under  difcuffion  j  or  to  our  inability  tO  reduce  ti> 
.computation  the  various  caufes  of  refiftance  and  obftruaion  to 
^g  moving  forces.  For  thefe  reiifons,- however,  we  fhall  not 
dw^U  long  upon,  the  theory  of,  the  motion  of  water-wheels  r 
^ut  fliall  merely  exhibit  a  fevir  propofitions,  the  Confideratioh 
of  which  may  enable  the  ftudent  to  appreciate  more  exadly 
tlie  value  atid  importance  of  thie  experimental  tefearches  of 
i^meaton,  gmd  fopne  other  praffical  writers.  \-  .. 

469.  Prop.  If  a  Jlream  of -water  impinge  on  the  float-boards  of 
pn  underfhot-iuheel,  and  efcape  from  it  the  very  injtant  after  it  has 
■made  its  impaSf,  the  quantity  of  water  which  aSlually  impinges 
againfi  the  wheel  will  be  to  the  whole  .quantity  which  paf[es .  by  it 

'  in  a  'give/i  time,  as  the  difference  betifiem  the  velocities  of  the  water 
tndofihe  wheel  to  the  abfdlute  velbcity  of  the  water.  1 
'  'Let'Wll'(fig.;  2.  pj:  XVIII.)  be  the  wheel,  BA  the  ftream 
9f  water,'  and  le>:  the  float-board  f  firft  receive  the  impaft  from 
the  water  at  F,  and  quit  it  at  C  ;  alfo  let  DF  be  to  FC  as  the 
abfolute  velocity  of  the  water  to  the  velocity, of  the  flpat-bfiard.' 
Then,  when  F  arrives  at  C,'  the  particle  dt  I)  will  have  pafled 
at  F ;  and,  taking  DE=FC,  all  the  water  in  the  fpace  DE  will: 
pafs  by  the  wheel  withqut  impinging  agjunft  it:  for  it  cannot 
^mpinge  on  the  float  F,  becaufe  that  float  emerges  frera  the 
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water  at  G  ;  neither  can  it  impinge  on  the  fubfequent  float,  be- 
caufe  it  has  already  pafled  it.  Therefore  the  whole  quantity 
of  ^Vater  which  pafles  by  the  wheel  in  a  given  time  is  to  that 
which  a£itually  impinges  againft  it  as  DF  to  EF. 

CoR.  I.  Hence  we  may  correft  the  miftake  of  Mr.  Waring, 
in  his  New  .Doftrine  of  Mills,  who  lays  it  down  as  a  funda- 
mental principle,  that  while  the  ftream  is  invariable,  whatever 
be  the  velocity  of  the  wheel,  the  fame  number  of  particles  or 
quantity  of  the  fluid  muft  ftrike  it  fomewhere  or  other  in  a 
given  time.  See  the  3.d  vol.  of  the  Tranfa£lions  of  the  Ame- 
rican Society,  page  144. 

Cor.  2.  The  force  of  the  impinging  water  is  as  the  fquare  of  the 
''  difference  between  the  velocities  of  the  -wheel  and  the  luater. 

For  the  force  is  as  the  relative  velocity  into  the  quantity  of 
impinging  matter,  and  the  latter  is  manifeftly  as  the  relative 
velocity ;  therefore  the  force  will  be  as  the  fquare  of  the  rela». 
tive  velocity. 

470.  Prop,  //"w  le  a  -weight  fjlened  to  a  tine  'which  is  ivound 
round  the  horizontal  axis  of  an  under/hot  water-ivheel,  A  the  alti-. 
tude  of  a  column  of  water  equal  to  the  force  of  the  impa£i  of  the  water 
en  the  niuheel,  ivhcn  the  -wheel  is  quiefcent,  V  the  velocity  -with 
vjhieh  the  -wetter  impinges  on  thefoat-boards,  v  the  velocity  of  the 
circumference  of  the  -ivheel,  R  the  radius  if  the  wheel,  and  r  the 
radius  of  the  axle i  then  wild  the  velocity  of  the  wheel  be  v=V  — 
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'All' 

For  the  relative  velocity  with  which  the  water  ftrikes  the 
wheel  is  V  —  v.  >ivhence,  becaufe  the  force  of  the  flroke  is  as 
the  fquare  of  the  relative  Velocity,  wc  have  V^ :  (V  —  vf  : : 
A :  F,  the  force  of  the  vt^ater  to  turn  the  wheel,  when  its  velbr 

city  is  v;  and  F^==A(-^)%  or  1/ =  V-V  .     /I-.     But 

the  acceleration  of  the  wheel  will  ceafe  when  the  force  of  the 
water  to  turn  the  wheel  is  equal  to  the  force  of  the  weight 

which  oppofes  it ;  that  is,  when  FR  =  w  r,  or  F  =  -^. 
Henccj'  fubftituting  this  value  of  F  for  it  in  the  preceding  va- 
lue of  V,  there  refults  1)  =  V  -  V     /;^,  for  the  velocity  of 

the  wheel  when  its  acceleration  ceafes. 

This  conclufion,  it  Ihould  be  obferved,  is  true  only  on  the 
hypothefis  that  the  water  efcapes  from  the  wheel  as  fait  as  it 
impinges.  ' 
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Cor.  I.  The  expreffion  F= A  \    ^  "-/S  found  above,  is  Ac 

fame  in  effe£l  as  the  expreffion  Y=f  {  ^w^)'  fo""<l  ^^  ^i^*^-  377* 

II.  Only  we  have  now  made  a  change  in  the  notation,  to  fuit 
it  for  more  eafy  recolle£lion  in  the  enquiry  before  us.  Henee, 
purfuing  fimilar  methods  to  thofe  adopted  in  the. place  juil  re- 
ferred to,  we  may  deduce  fimilar  pra£):ic3l  inferences ;  and 
which,  without  a  repetition  of  the  inveftigation,  may  be  ex- 
prelfed  as  below. 

CoE.  2.  If  the  lueight  w  vary,  its  momentum  imll  he  the  great^ 
.  pojftble  liiheri  the  wheel  hifs  acquired  its  uniform  veiffcity,  i/"w= 
4AR 

CorI  3.  The  greattjl  momentum  generated  in  the  aJcefiMtig 
mieight  luill  be  —-rj  AV. 

Cor.  4.  PFhen  the  momentum  of  the  afcending  weight  mT  is  a 
maximum,  that  -weight  will  be  ^  ef  the  weight  ivhich  would,  fjiif~ 
pendedfrom  the  axle,  balance  the  force  of  the Jlream, 

Cor.  5.  When  the  momentum  of  the  afcending  weight  is  a  max- 
imum, the  velocity  of  the  wheel  will  be  \  of  the  abfolute  velocity  cf 
fhejiream- 

Cor.  6.  When  the  uniform  velocity  of  the  afcending  ^wefght'w  it 

a  maximum,  the  radius  of  the  wheel  will  be  =  -— — . 

'  For  the  radius  of  the  wheel,  being'  R,'  and  that  of  the  axkr 
r,  the  uniform  velocity  of  the  afcending  weight  will  be  found 

J)y  multiplying  ^  ~^  ^  J^  into,the  fradtipn  ~ ;  that  is,_the 
velocity  of  w  will  be  =  "a"  V  —  V  /t^:  which,  fuppofing 
B.  variable,  and  making  the  fluxion  =  o,  gives  R  =  -— . 

471.  Prop.  If  the  velocity  of  theflream  be-  gisjen,  the. greateft 
effeB  will  be  as  the  quantity  of  water  expended,    .  . 

For,  by  cor.  3.  laft  prop,  the  greateft  effeft'  is  as  -^  AV; 
that  is,  fmce  -^j-  is  conflant,  the  effeft  is  in  a  ratio  compounded 
of  the  force  of  impadl  and  the  velocity  of  the  ftream  :  but  the 
fprce:  of  the  impa£t  is  as.  the  quantify  of  water  expended  and 
velocity  conjointly ;  confequently  the  efFe£l;  is  as  the  quantity 
pf  water  expended  and  the  fquare  of  the  A^elocity ;  or,  if  the 
velocity  be  given,  as  the  quantity  of  water  expended. 

yCor.  I.  PVhen  the  expence  of  water  is  the  fame,  the  greatef  effeEt 
will  be  as  the  fquare  of  the  velocity.  •__ 
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Cor.  2.  *fhe  expence  i^  ivater  being  the  fame,  the  effell  will  be 
ms  the  height  of  the  head  oftuater. 

For  V= ^/  ajA,  wheace  h  «  V^» 

Coa.  3.  l^he  aperture  being  the  fame,  the  effeil  will  be  as  the 
eube  of  the  velocity. 

For  the  efFeft  is  as  QJthe  quantity  of  water)  into  V* ;  and 
•when  the  aperture  is  given  Q^oc  V,  whence,  effeftoc  V. 

472.  If  alp  the  •water  which  paffes  by  an  underfhot-  nvheel  be  fup- 
pofed  to  impinge,  again/l  it,  the  force  of  thefiream  •will  be  fimply  in 
the  direB  ratio  of  the  relative  velocity: 

Becaufe  the  number  of  particles  which  ftrike  the  wheel  in  a 
given  time  is  given,  whatever  be  the  velocity  of  the  whetl. 

CoRt  I ..  According  to  this  hypothefts,  v  the  velocity  of  the  -wheel 

•will  be  equal  toV  —  Y.  --^. 

For,  in  this  cafe,  we  have  V :  V  —  v : :  A  :  F,  whence  v=Y 
■^ -j~  f  wfhich,  by  fubftituting  for  F  its  value -^,  becomes 

Cor.  2.  Retainingthe  fame  hypothecs,  if-wvarj,  its  momentum' 

A  R         .... 
•unll  be=  -^>  when  tt  is  a  maximum. 

For  fine?  the  uniform  velocity  of  the  circumfererjce  of  the 

wheel  is  =y  —  -^->  which,  multiplied  into  ^, ,  gives  —  — 

~^^iox  the  unifofm  yeroc  of  the  afcendihg  weiglit  w  j  hence  its 

njomentum  IS  -r7"~   ar'  *  which  bemg  a  maximum  wc 
make  its  fluxion  =6;  confidering  was  variable,  whence  ref^lts 

.    s  r 

CoR,  3.  On  the  fame  fuppofttiort,  the  velocity  of  the  Vfheel,  will  ke. 
tiitlftbe'vejocityofth.efireamf'whentheeffelt-isatnaximum.. 

For,  by  cor.  i.  v=V ~  ;  and  in  the  cafe  of  thclal^ 

cor.  w=  -^.    Putting  this  for  v  in  the  former  eqiiation,  it 
is  transformed  to  ■o=V -— -^  r=4V. 

«  AR  r  ^ 

;  CoR.  4.  Still  retailing  tht  fame  hypothecs,  the  greatefl  momentum 
generated  in  the  afcending  weight  mil  be,=.-^  AV. 
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■  T        Y  r  '  ' 

For  4  V  X  •«; =--k"  '^^  *^^  uniform  velocity  of  the  afcending 
weight;  and  the  weight  moved  w  is,  by  cor.  2.= — .  Confe- 
quently  — ^  x  - —  =  j^  AV,  the  momentum. 

SCHOLIUM. 

473.  In  praftice,  the  velocity  of  the  wheel  when  the  ma- 
chine is  in  its  greateft  perfection  will  be  between  one-third 
and  one-half  of  the  velocity  of  the  ftream.  For  the  water  do^s 
not  all  efcape  the  inftant  after  it  has  made  the  impaA,  but  is 
confined  by  the  channel  for  fome-time ;  fo  that  the  fucceeding 
water,  which  Would  otherwife  pafs  by  the  wheel  inefiicacioufly, 
drives  the  confined  water  againft  the  float-boards,  and  therefore 
zQ:s  in  the  fame  manner  as  if  it  aftually  impinged  againft  the 
wheel.  Experinientsjhew  that  when  the  moft  work  is  done  in 
a  given  time  the  velocity  of  the  wheel  is  much  nearer  the  half 
than  the  third  of  the  velocity.  See  the  following  chapter, 
art.  483.         • 

The  difcrepSncies  between  the  refults  of  the  texperiments  and 
the  conclufions  from  the  preceding  theory  arife,  as  before  fug- 
gefted,  from  our  ignorance  of  the  diflerent  circumftances  which 
affeft  the  motion.  It  may  not  be  amifs  to  point  out  how  the 
inveftigation  might  be  conducted  fuppofing  thefe  things  to  be 
difcovered.  To  this  end  let  it  be  confidered,  that  the  moving 
force  will  generally  confift  of  the  i'aipafl:,  and  the  weight  of  fuch 
portion  of  ^he  water  as  may  tend ,  to  move  the  wheel  by  its 
gravity:  this  entire  moving  fbrce,  whether  determined  by 
theory  or  by  experiment,  may  be  denoted  as  before  by  A.  After 
the  moving  force  which  impels  the  circumference  of  the  wheel 
has  been  determined,  the  reGftance  oppofed  to  this  force  muft 
be  found  ;  for  on  the  relation  between  the  moving  force  and 
the  refiftance  will  depend. the  acceleration  of  the  machine., 
The  refiltarice  will  arlfe^  i.  from  inertia.  -This  maybe  readily 
eftimated :  for  let  the  diftance  of  the  centre  of  gyration  of  the 
wheel  from  that  of  motion  be  j ,  the  wheel's  weight  W,  and  the 
other  quantities  as  in  the  general  notation  of\tmS  chlapfer,  then 
will  the  inertia  of  the  w^heel,  which  refifts  the  communication'' 

«f  motion  to  the  circumference,  be  exprefled  by  -~y  (art.  3 1'o, 

cor.  4.),     Andji  in  a  nearly  fimilar  mannerj  the  inertia  of  any- 
parts  of  the  fyilem  may  be  obtained,  knowing  the  weight,  figure, 
and  pofittoni,  by  fome  of  the  rules  in  chap.  IV.  of  book  II.  . ; . 
2.  If  the  machine  be  one  that  raifes  water  or  other  weights,  the 
Mfeight  raifed,  allowing  for  its  mechanical  efFed  on  the  pojiJit 
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whofe  acceleratibn  is  fought,  mud  be  fabdu^ted  from  the 
moviiig  force  before  found  ;  and  this  will  be  a  conftant  quantity. 
3.  There  are  likewife  other  kinds  of  refiftance  homogeneal  t& 
■weight,  viz.  thbfe  of  friflion,  tenacity,  &c.  which  vary  in  fome 
^tio  of  the  velocity  of  the  machine :  and,  in  order  to  proceed 
with  the  inveftigation,  the  exaifi  quantity  of  weight  to  which 
the  friftion  is  equal,  v/hen  the  wheel  moves  with  a  given  velo- 
ci]ty,  muft  be  known,  as  well  as  the  variation  of  the  refiilances 
intefpeft  of  the  velocities ;  circumftances  which  muft  be  deter- 
inineU  by  experiment.  If  then  the  force  equivalent  to  the 
fn£kion,  &c.  be  fubtrafted  from  the  moving  force,  the  re- 
maindeir  will  fliew  the  moving  power  by  which  the  circumfer- 
ence m^y  be  confidered  as  aftually  impelled  ;  and  this,  divided 
by  the  inertia  of  the  mafs  moved,  will  give  the  force  which 
accelerates  the  circumference.  Thus,  if,  when  the  velocity  of 
the  wheel's  circumference  is  V,  the  friftion  js  equal  to  the 
weight  Qjtpplied  at  the  circumference,  and  vanes  in  the  «th 
power  of  the  velocity,  we  fhall  have  the  force  which  accelerates 
the  circumference,  as  follows : 

w-j-W  ^  V~V       J    ^    ~f  w-fWu'  -  V"  (le-f-'w)"?  • 

whence,  if  x  be  the  fpace  v.'hich  has  been  defcribed  by  the  cir- 
cumference when  the  velocity  is  v,  and  ^'■  =  32-^  feet,  the  prin- 
ciples of  acceleration  will  give  us  this  equation  : 

And  from  this  if  v  be  determined  in  funflions  of  x,  and  con- 
ftant quantities,  the  velocity  communicated  to  the  wheel  may  he  . 
afcertained.  It  is  only  by  taking  all  thefe  circumftances  into 
the  account  that  we  can  produce  an  exact  coincidence  between 
theory  and  matter  of  faft.  Further  obfervations  may  be  feen  in 
Atwood's  Treatife  on  Motion,  &c.  §  vi^ 

474.  Prop.  In  any  propojed over pjot-naheel  to  commute  the  effeBive 
vieight  of  nvnter  in  the  buckets. 

An  pverfliot  unloaded  is  confidered  as  perfefirly  in  equilibrio 
upon  its  axis:  but  when  it  is  loaded,  the  equilibrium  is  deftroyed;. 
faecaufe  the  weight  of  the  water  lies  all  upon  one  moiety  of  the 
circumference,  and  caufes  it  to  preponderate. 

Let  ACB  (fig.  I.  pi.  XVIII.)  reprefent  an  overlhot-wheel,  of 
which  the  buckets  a,  b,  c,  B,  d,  e,  are  loaded  with  water ;  and 
let  there  be  fuppofed  an  equal  quantity  of  fluid  W  in  each 
bucket.  Now  the  centre  of  gravity  of  the  bucket  a  being  di- 
Te£lly  over  the  axle  C  of  the  wheel  will  have  no  tendency  to 
give  it  a  rotatory  motion,  but  will  merely  caufe  it  to  prefs  more 
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firmly  upon  its  pivots,  juft  as  it  would  if  a  weight  a,  equal  to 
that  of  the  water  in  the ,  bucket  a,  hung  direSly  underneath 
the  axle.  But  the  fecond  bucket,  whofe  centre  of  gravity 
is^,  afts  in  the  fame  manner  upon  the  wheel  as  would  an 
equal  weight  b'  hanging  freely  at  .the.point_/";  confequcntly  its 
effort  will  be  proportional  to  the  produfl:  w  x  Cf=  nv  x  fin. 
eCb:  and  the  fame  will  hold  with  refpeft  to  the  weight  in  the 
bucket  e.  The  water  in  the  buckets  c  and  d  zQ.  in  the  fame 
manner  as  would  the  equal  weights  c  and  d,  hanging  -freely 
at  the  point  g ;  their  joint  effort,  therefore,  will  be  proportion^ 
t0  2wxcl=wx2  fin.  a  Cc.  And  the  water  in  the  bucket  B, 
'  afiiing  at  the  extremity  of  the  radius,  will  have  its  effe£i:  pro- 
portional to  w  X  lin.  90=71;  R,  R  being  the  radius  of  the  wheeL 
Hence,  i.  if  there  be  J2  buckets  about  the  wheel,  as  in  the 
figure,  the  arcs  ab,  be,  c  B,  &c.  will  each  contain  30°  :  and  we 
fliallhave  (0  +  2  fin.  3o°+2fin.  6o°+i)  w=(o+i-i-^3-|-i)«f 
=  3 "7320508  w,  for  the  effeftive  weight  of  the  watcr'on  the 
wheel,  while  its  real  weight  is  6  w :  fo  that  the  real  weight  of 
the  water  is  to  its  effeftive  weight 'as  6  to  3  "7320508,  or  as  i 
to  •622008J 

2.  If  the  number  of  buckets  were  24,  and-all  fuppofed  equally 
full ;  then,  purfuing  a  fimilar  courfe,  we  fhould  find  (2  fin.  15-I- 
2  fin.  3o°+2  fin.  45°+2  fin.  6o°-|-2  fin.  75°+fin.  90°)  x  w=: 
7'5^S754  '"''  ^o*"  the  effeftive  weight  of  water  on  the  wheel, 
its  real  weight  being  1 2  w  :  hence  the  latter  will  be  to  the  for- 
iner  as  12  to  7-585754,  or  as  i  to  '632214. 

3.  If  we  fuppofe  the  number  of  buckets  to  be  fo  increafed, 
that  the  weight  may  be  confidered  as  equally  difiifed  over  the 
femi-circumfererice  a  BN  of  the  wheel  ;  then  will  the  fum  of 
all  the  efforts  to  turn  the  wheel  be  equal-  to  the  fum  of  all  the 
diftances,  as  c  I  into  all  the  correfponding  weights  at  t ;  that  is, 
by  the  nature  of  the  centre  of  gravity,  as  the  femicir.  a  BN  x 
Q.h,}i.  being  the  centre  of  gravity  of  the  femicircular  arc.  Now 
by  art.  1 18,  C  ^=*63662  CB  :  confequently,  the  aftual  weight 
will  be  to  its  effeftive  weight  as  arc  a  BN  to  •63662  x  are.  a  BN, 
or  as  I  to  •63662.  This  being  the  ratio  to  which  the  others 
approximate. 

475.  Prop.  In  an  overjhot-iuheel  the  machine  •will  he  in  tU 
greaUjl  perfeSiion  when  the  diameter  of  the  "wheel  is  two-thirds  of 
the  height  of  the  water  above  the  lowefl  point  of  the  wheel. 

If  the  wheel  ABN  (fig.  i.  pi.  XVIII.)  revolve  with  a  velo- 
city, fuch  as  a  body  would  acquire  in  falling  through  the  alti- 
tude X  above  the  upper  part  a  of  the  wheel,  the  water  will  fall 
into  the  buckets  without  any  impulfe,  (becaufe  then  Y  —  v=b), 
and  produce  its  effe£t  by, its  Weight  only.  Let  h=x-\-a  N.,  the 
height  of  the  fupply  of  water  above  the  loweft  point  N  of  the 
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wheel.  Now,  as  we  have  already  obferved  iri  the  latter  "part  of 
the  preceding  article,  the  fum  of  all  the  effeftive  forces  of  the 
water,  in  all  the  buckets  of  the  femicirde  a  BN,  will  be  equal  to 
the  femicircle  a  BN  xQk,k  being  the  centre  of  gravity  of  the 
femicircular  arcj  that  is,  it  will  be = the  quantity  of  water 

«BNx-cB.a£tingatthe  pointB.    But  iC=--^^-^j^  =^-^; 

confequehtly,  the  force  of  all  the  water  to  turn  the  wheel  is  =, 

BC 

quantity  of  water  flBNx — —y  ading  at  B= quantity  of  water 

2  BC,  or  a  N,  acting  at  B.  Hence,  if  BC=R,  the  whole  force 
of  water  a  Rxa  N=Rx(A  — iv).  But  the  velocity  of  the 
wheel  is  vTJ^ ;  and,  confequently,  the  force  of  the  water  to  pro- 
duce the  rotatory  motion  of  the  wheel  is=Rv/2^Ar—  (A  — ;«): 
this  being  made  a  maximum,  will  require  h'-  x  —  zh  x^-^-x^  a 

max.  or  its  fluxion  A' M  — 4  A  a:  « +3**  X  =  o,  whence  we  find 
Jf =-|  h.  Confequently  the  height  of  the  fupply  of  water  above 
the  tipper  part  of  the  wheel  fhould  be  one-lhird  of  the  whole 
height;  and  the  diameter  of  the  wheel  two-thirds  of  that 
height,  that  the  machine  may  produce  its  maximum  efFe£l . 

CoR.  The  velocity  of  an  ovcrfliot-wheel,  when  the  water 
produces  itis  effedV  by  its  weight  only,  and  the  machine  is  in  its 
ftate  of  greateft  perfedlion,  is  to  the  velocity  of  an  underfhot- 
whcel  as  VS  to  '>  on  the  fuppofition  that  all  the  water  efcapes 
from  the  underftiot- wheel  the  moment  after  it  makes  its  im- 
pact. 

For,  b  being  the  height  of  the  water,  the  velocity  of  the  over- 
fliot-wheel  will  be  =  v^4-|-  h,  and  the  velocity  of  the  under(hot  = 
•y/AS^  >  confequently,  the  former  is  to  the  latter  as  y^-^  to  v^-^, 
-eras  •v/3  to  I. 

476.  rROP.  The  efficacy  of  an  overjhot-ivheel  is  to  that  of  an 
ttnderfljpt-ivheel^  the  height  of  the  water,  aperture,  and  diatneter, 
being  given,  as  1 3  io  5  nearly. 

If  A  be  the  altitude  of  the  column  of  water,  whofe  weight  is 
equal  to  the  force  of  impa£l  on  the  underfhot- wheel,  when 
quiefcent,  fince  the  velocity  of  the  wheel  is  equal  to  ^  of  that  of 
the  ftream,  (art.  470.  cor  5.),  we  {hall  have  this  analogy,  3^ : 
(3—1)^  :  :  A  :  ^  A,  the  weight  which  is  equivalent  to  the  force 
of  (he  ftream  when  the  machine  is  in  its  greateft  perfeftion. 
Whence,  if  V  be  the  velocity  acquired  in  falling  down  the  alti- 
tude A,  the  momentum  of  the  wheel  willbe=A  A  x  ^V=^AV 
(art. '470.  cor.  3  ),  when  in  its  beft  ftate.  In  the  overftiot- 
wheel  the  weight  of  the  water  a£ting  at  the  circumference  is 
equivalent  to  |  A,  and  the  velocity  is  y'  j^a  when  the  machine 
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is  in  its- beft  ftate.      But  v/i7a=V  v'-|.:    confequently^M^^ 
momentum  of  the  overfhot-wheel=|- A  X  V'v'-^=f  AVv^; 
and  is  to  that  of  the  underfliot-wheel  as  -j  v^-J^to  ^'y,  or  as|-v^3 
to  I,  or  as  2*5987  to  i,  or  nearly  as  13  to  5. 

Cor.  In  theory  there  is  no  limit  ta  the  weight  which 'a  given 
ftream  of  water  can  raife  by  means  of  a  "(yater- wheel. 

For  either  the  radius  of  the  whefel  niay  be  increafcd,  or  that  of 
the  axle  diminiflied,  without  limit.  But  this  is  far  fyonubeing 
the  cafe  in  pradice.  , 
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CHAPTER  IV. 


Account  of  Mr.  Smeaton's  Experiments  on  JVater^ 

•wheels. 


477'i  The  late  ingenious  and  experienced  engineer,  Mr. 
John  Snteaton,  paid  very  great  attention  to  the  conftruftion  of 
mills  and  water-wheels  ;^nd  as  his  experiments  and  obferva- 
tions  relative  to  thefe  fubjefts  were  very  extenfiv-e  and  judicions, 
we  truft  a  concife  account  of  his  enquiries  will  be  both  intereft- 
Ittg  and  beneficial. 

In  the  5  ift  vol.  of  the  Phil.  Tranf.  Mr.  Smeaton  has  given  a 
valuable  paper  on  water-wheels,  of  which  the  fpllowing  is  ara 
abridgment. 

Having  defcribed  the  machines  and  models  ufed  for  niaktng 
his  experiments,  he  obferves,  that  with  regard  to  power  it  is 
moft  properly  meafured  by  the  railing  of  a  weight ;'  or,  in  other 
«ords,  if^.the  weight  raifed  be  multiplied  by  the  height  to  which 
it  can  be  raifed  in  a  given  time,  the  produ£l  is  the  meafurc  of 
the  power  railing  it ;  and,  of  confequence,  all  thofe  powers  are 
equal  whofe  produfls  made  by  fuch  multiplication  are  equal : 
for,  if  a  power  can  raife  twice  the  weight  to  the  fame  height, 
or  the  fame  weight  to  twice  the  weight,  in  the  fame  time  that 
another  can,  the  former  power  may  be  confidered  as  double  the 
latter ;  but  if  a  power  can  only  raife  half  the  weight  to  double 
the  height,  or  double  the  weight  to  half  the  height,  in  the  fame 
time  that  another  can,  the  two  powers  are  equal.    This,  how- 
ever, as  Mr.  Smeaton  remarks,  "  muft  be  underftood  only  of  a 
•  flow  and  equable  motion  without  acceleration  or  retardation." 
Indeed  this  mull  be  looked  upon  merely  as  a  popular  meafure, 
or  abridged  rcprefcntative,  of  eafy  comprehenfion  and  remem- 
brance, and  tolerably  well  adapted  to  the  ufes  of  thofe  Engaged 
in  the  conftruftion  of  machines,  when  reftrldled  to  thofe  cafes 
where  the  power  expended  and  work  performed  are  of  the 
fame  kind  as  when  a  heavy  body  defcends,  and  by  its  prepon- 
derance raifes  another  body> :  ^but  it  is  vague^  inadequate^  and 
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unfit  for  general  adoption  ;  for  the  quantity  of  motion  extingui/hed 
erproducedyond  not  the  produSi  of  the  weight  and  height,  is  the  true^ 
unequivocal,  meafure  of  mechflnical  power  really  expended,  or  the 
tneehanical  effeS  aSually  produced ;  andthefe  two  are  always  iequal 
and  oppofite.  Mr.  Smeaton's  meafure,  however,  is  moftly  ap- 
plicable to  the  cafes  in  .which  he  adopts  it,  and  as  fuch  it  was 
heceflary  to  explain  it,  that  the  ftudent  might  the  better  under- 
ftand  the  foundation  of  Mr.  Smeaton's  rules  and  inferences. 

478.  To  compute  the  effefts  of  water-wheels  exaftly,  it  is 
neceflary  to  know  in  the  firft  place  what  is  the  real  velocity  of 
the  water  which  impinges  on  the  wheel.  2.  The  quantity  of 
water  expended  in  a  given  time :  and,  3.  How  much  of  the 
power  is  loft  by  the  fri£l:ion  of  the  mafchinery. 

I.  With  regard  to  the  velocity  of  the  water,  Mr.  Smeatoil 
determined  by  experiments  with  the  machinery  defcribed  in  the 
volume  referred  to,  that  with  a  head  of  water  15  inches  in 
height,  the  veloci^  of  the  wheel  is  8 '96  feet  in  a  minute.  The 
area  of  the  head  being  105*8  inches,  this  multiplied  by  the 
weight  of  a  cubic  inch  of  water  equal  to  "579  of  an  ounce 
avoirdupois,  gives  6 1*26  ounces  for  the  weight  of  as  much 
water  as  is  contained  in  the  head  upon  one  inch  in  depth  ;  and 
by  further  calculations^  derived  from  the  machinery  made  ufe 
of,  he  computes  that  2647  pounds  of  water  defcend  in  a  mi- 
nute through  the.fpace  of  15  inches.  The  power  of  the  water, 
ther^ore,  to  produce  mechanical  effe^s  in  this  cafe  will  be 
264-7  X  15,  or  3970.  From  the  refult  of  the  experintea^: 
however,  it  appeared  that  a  yaft  quantity  of  the  povt^  waa 
loft  ;  the  efFeft  being  only  to  raife  9*375  pounds  to  the,b«aght 
of  135  inches  :  fo  that  the  power  was  to  the  efie€l  as  3970  to 
9*375X!35==i266,  oras  ioto3*i8. 

This,  according  to  our  author,  muft  be  confideted  as  the 
greateft  fingle  efie£l  of  water  upon  an  underlhot-wheel,  where 
the  water  defcends  from  an  height  of  15  inches;  but  as  the 
force  of  the  current  is  not  by  any  means-exhaufted^  we  mud: 
confider  the  true  proportion  betwixt  the  power,  and  effeft  to 
be  that  betwixt  the  quantity  of  water  already  mentioned  and 
the  fum  of  all  the  eftfts  producible,  from  it.  This  remainder 
of  power,  it  is  plain,  muft  be  equal  to  that  of  the  velocity  of 
the  wheel  itfelf  multiplied  into  the  weight  of  the  water.  In  the 
prefent  experiment,  the  circumference  of  the  wheel  moved 
with  the  velocity  of  3*  123  feet  in  a  fecond,  which  anfwers  to 
ahead  of  1*82  inches;  and  this  height  being  multiplied  by 
264'7,  ^^  quantity  of  water  expended  in  a  minute,  gives  481 
for  the  power  of  the  water  after  it  has  pa^ec^  the  wheel ;  and 
hence  the  true  proportion  betwixt  the  power  and  the  tSs^  will 
be  33^384910  1266;  or  as  11  tp  4. 
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As  the  wheel  revolved  86  times  in  a  minute,  the  velo£ity  of 
the  water  muft  be  equal  to  86  circumferences  of  the  wheel  j 
which,  according  to  "the  dimenfions  of  the  apparatus  ufed 
by  Mr.  Smeaton,  was  as  86, to  30,  or  as  20  to  7. — The  greateft 
load  with  which'  the  wheel  would  move  was  9:.lb.  6oz. ;  and 
by  1 2,  lb.  it  was  entirely  ftopped.  Whence  our  author  conf 
eludes,  that  the  impulfe  of  the  water  is  more  than  double,  of 
what  it  ought  to  be  according  to  theory  :  but  this  he  accounts 
-  for  by  obferying,  that  in  his  experiment  the  wheel  was  placed 
not  in.  an  open  river,  where  the  natural  current  after  it  has 
communicated  its  impulfe  to  the  float  has  room  on  all  fides  to 
efcape,  as  the  theory  fuppofesy  but  in  a  conduit,  to  which  the 
float  being  adapted,  the  water. cannot  otherwife  efcape  than  by 
moving  along  with  the  wheel.  It  is  obfervable,  that  a  wheel 
working  in  this  manner,  as  foon  as  the  water  meets  the  float, 
receiving  a  fudden  check,  it  rifes  up  againft  the  float  like  a 
wave  againft  a  fixed  obje£t,  infomuch  that  when  the  flieet  of' 
water  is  not  a  quarter  of  an  inch  thick  ^before  the,  float,  yet 
this  fheet  will  aft  upon  the  whole  furface  of  a  float  whofe 
height  is  three  inches :  and  confequently,  was  the  float  no 
higher  than  the  thitknefs  of  the  flieet  of  water.,  as  the  theory 
alfo  fuppofes,  a  great  part  of  the  force  would  have  been,' loft  bjr 
the  water  dafliing  over  .the  float. 

479.  Mr.  Snieaton  next  proceeds  to^give  tables  of  the  veloci,- 
ties  of  wheels  with  different  heights  of  water ;  and  from  the 
whole  deduces  the  following  conclufions  :  i.  The  virtual  or 
eiTeftive  head  being  the  fame,  the  elFe£t  will  be  nearly  as  the 
quantity  of  water  expended.  2.  The  expence  of  water  being 
the  fame,  the  effe£t  will  be  nearly  as  the  height  of  tTie  virtual  or 
efi"e£i:ive  head.  3.  The  quantity  of  water  expended*  being  the 
fame,  the  efi^ft  is  nearly  as  the  fquare  of  the  velocity.  4.  The 
apei'ture  being  the  fame,  the  effeft  will  be:  nearly  as  the  cube 
of  the  velocity  of  the  water.  Hence,  if  water  pafles  out  of  an 
aperture  in  the  fame  feftion,  but  with  difi^erent  velocities,  ths 
expence  will  be  proportional  to  the  velocity;  and  therefore,  if 
the  expence  be  not  proportional  to  the  velocity^  the  fedtion  o( 
the  water  is  not  the  fame.  5.  The  virtual  head,  or  that  from 
which  we  are  to  calculate  the  power,  bears  no  proportion,  t» 
the  head  water  ;  but  when  the  aperture  is  larger,  or  the  velo- 
city of  the  water  lefs,  they  approach  nearer  to  a  coincidence: 
and,  confequently,  in  the  large  openings  o£  mills  and  fluiees» 
where  great  quantities  of  waters  are  difcharged;  from  moderate 
heads,  the  head  of  water,  and  virtual  head  detemnined  frora 
the  velocity,  will  nearly  agree  ;  which  is  alfo  confirmed  by  ex- 
perience. .6.  The  moll  general  proportion  betwixt  the  powes 
ar.deiFeit  is  that  of  10  to  3;  the  extremes. i a  to. 3 ■2,.  and 
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10  to  2"8.  But  it  is  obfervable,  that  where  the  power  is 
greateft,  the  fecond  term  of  the '  ratio  is  greateft  alfo :  hence 
we  rriay-  allow  the  proportion  fubfifting  in  great  works  to  be  as 
three  to  one.  7.  The  proportion  of .  velocity  between  the 
water  and  wheel  is  in  general  about  5  to  2.  8.  There  is  no 
certain  tatio  between  the  load  that  the  wheel  will  carry  at  its 
maximum,  and  what  will  totally  itop  it ;  though  the  propor- 
tions are  contained  within  the  limits  of  20  to  19,  and  20  to 
15  ;  but  as  the  efFedl  approaches  neareft  to  the  ratio  of  20  to 
15,  or  of  4  to  3,  when  the  power  is  greateft  either  by  increafe  of 
velocity  or  quantity  of  water,  this  Teems  to  be  the  raoft  ap- 
plicable to  large  wo'rlcs  ;  but  as  the  load  that  a  wheel  ought  to 
have  in  order  to  work  to  the  beft  advantage,  can  be  afligned 
by  knowing  the  efFeft  that  it  ought  to  produce,  and  the  velocity 
it  ought  to  have  in  producing  it,  the  exafil  Joiowledge  of  the 
greateft  load  it  will  bear  is  of  the  leaft  confequence  in  pra£lice, 

Mr.  Smeaton,  after  having  finifhed  his  experiments  on  the 
■  underfliot  mills,  reduced  the  number  of  floats,  which  were  ori- 
ginally 24,  to  12  ;  which  caufed  a  diminution  in  the  effedl,  by 
reafon  that  a  greater  quantity  of  water  efcaped  between  the 
floats  and  the  floor  than  before  :  but  on  adapting  to  it  a  circu- 
lar fweep  of  fuch  a  lengfh  that  one  float  entered  into  the  curve 
before  the  other  left  it,  the  efieft  came  fo  near  that  of  the  for- 
mer, as  not  to  give  any  hopes  of  advancing  it  by  increafing  the 
Rumber  of  floats  beyond  24  in  this  particular  wheel. 

480.  Our  author  next  proceeds  to  examine  the  power  of 
water  when  afiting  by  its  own  gravity  in  turning  an  overfliot- 
wheel:  "In  reafoning  without  experiment,"  fays  he,  "one  might 
be  led  to  imagine,  that  however  different  the  mode  of  application 
is,  yet  that  whenever  the  fame  quantity  of  water  defcends 
through  the  fame  perpendicular  fpace,  the  natural  efl^eftive 
power  would  be  equal,  fuppofing  the  machinery  free  frpm 
fri£lion,  equally  calculated  to  receive  the  full  eJSFeCt  of  the 
power,  I  and  to.  make  the  moft  of  it:  for,  if  we  fuppofe  the 
height  of  a  column  of  water  to  be  30  inches,  and  refting  upon 
a.bafe  or  aperture  of  one  inch  fquare,, every  cubic  inch  of  wa- 
ter that  departs  therefrom  will  acquire  the  fame  velocity  or 
momentum  from  the  uniform  prefllire  of  30  cubic  inches  aboVe 
it,  that  one  cubic  inch  let  fall  from  the  top  w;in  acquire  iii  fall- 
ing down  to  the  level  of  the  aperture  :  one  would  therefore 
fuppofe  that  a  cubic  inch  of  water  let  fall  through  a  fpace  of 
30  inches,  and  there  impinging  upon  another  body,  would  be 
capable  of  producing  an  equal  efl'efl.  by  colliiion,  as  if  the 
fame  cubic  inch  had  defcended  through  the  fam6  fpace  with  a 
flower  motion,  and  produced  its  effefts  gradually.  But,  how* 
ever  conclufive  this  reafoning  may  feem,  it  will  appear  in  the 


454  HYDRODYNAMICS.  [Book  IV. 

^oujffe  of  the  following  ded«aions,  that  thfr  effeft  of  the  gra- 
vity of  defcendihg  bodies  is  ye;ry  different  from  the  effeik  of  the 
ftroke  of  fuch  as  are  non-elaffic,  though  generated  by  an  equal 
mephanical  power." 

,  Having  niade  fuch  alterations  in  his.  machinery  as  were  ne- 
Ceffary  for  overfhot-wheels,  Mr,  S.  next  gives  a  table  of 
(Experiments  with  the  apparatus  fo  altered.  In  thefe  the  head 
was  6  inches,  and  the  height  of  the  wheel  24  inches ;  fb 
that  the  whole  defcent  was  30  inches  i  the  quantity  of  water 
expended  in  a  minute  was  pdj-  pounds }  which,  multiplied  by 
30  inches,  gives  the  power  =  2900 :  and,  after  making  the 
proper  calculations,  the  effeft  was  computed  at  191 4;  whence 
the  ?atio  of  the  power  to  it  comes  to  be  nearly  as  3  to  a.  If, 
however,  we  compute  the  power  from  the  height  pf  the  wheel 
only,  the  power  will  be  to  the  effe£t  nearly  as  5  to  4. 

481.  From  another  fet  of  experiments  the  following  conclu- 
5ons  were  deduced : 

1.  The  effedlive  power  of  the  water  muft  be  reckoned  upon 
the  whole  defcent ;  becaufe  it  muft  be  raifed  to  that  height  in 
order  to  be  able  to  produce  the  fame  effe£t  a  fecond  time.  The 
ratios  between  the  powers  fo  eftimated,  and  the  effe£ts  at  a 
maximum,  differ  nearly  from  4  to  3,  and  from  4  to  3.  Where 
the  heads  of  water  and  quantities  of  it  expended  are  the  leaft,  the 
proportion  is  nearly  from  4  to  3 ;  but  where  the  heads  and 
quantities  are  greateft,  it  comes  nearer  to  that  of  4  to  2  j'fo  that 
by  z,  medium  of  the  whole,  the  ratio  is  nearly  as  3  to  2.  Hence 
it  appears,  that  the'  effedt  of  overfhot-wheels  is  nearly  double 
tp  that  of  underlhot  ones ;  the  confequence  of  which  is,  that 
non-elaftic  bodies  when  adling  by  their  impulfe  or  collifion 
communicate  only  a  part  of  their  original  impulfe,  the  remainder 
Jjeing  fpent  in  changing  their  figure  in  confequence  of  the 
^roke.  The  ultimate  conclufion  is,  that  the  effeSts,  as  well  as 
the  powers,  are  as  the  quantities, of  water  and  perpendicular 
Jicights  multiplied  together  refpe<Sl:ively, 

2.  By  increafing  the  head,  it  does  not  appear  that  the  effefts 
are  at  aU  augmented  in  proportion ;  for,  by  railing  it  from  3 
to  1 1  inches,  the  effeft  was  augmented  by  lefe  than  one-feventh 
of  the  inpreafe  of  perpendicular  height.  Hence  it  follo'ys, 
that  the  higher  the  wheel  is  in  proportion  to  the  whole  defcent, 
the  greater  will  be  the  effeft  j  becaufe  it  depends  lefs  upon  the 
impulfe  of  the  he^d,  and  more  upon  thjs  gravity  of  the  water 
in  th^  .bijcket j :  and, if  we  confider  how  obliquely  the  water 
iffiiing  from  thp  h.ead  mul|  .ftrike  the  buckets.  We  mall  not  be 
%t  alpfs  to  accojin't  for  the  little  advantage  that  arifes  from  the 
Jnipulfe  thereof,  and  fhall  immediately  fee  of  how  little  confe- 
queppe  this  is  to  the  effefl  of  aij  ovc):ftipt-'yi'|icel. ,  This,  ho-vy'-» 
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ever,  as  well  as  other  things,  muft  be,fubje6%  to  limitation } 
for  it  is  neceflary  that  the  velocity  of  the  water  fhould  be  fome- 
what  greater  than  the  wheel,  otherwife  the  latter  will  not  only 
be  retarded  by  the  ftriking  of  the  buckets  againft  the  water* 
but  fome  of  the  power  will  be  loft  by  the  dafning  of  the  water 
over  the  buckets. 

3.  To  determine  the  velocity  which  the  circumference  of  the 
whe6l  ought.to  have  in  order  to  produce  the  grcateft  efledl,  Mr, 
Smeaton  obferves,  that  the  more  flowly  any  body  defcends  by 
the  force  of  gravity  when  aflang  upon  any  piece  of  machinery* 
the  more  of  that  force  will  be  fpent  upon  it,  and  confequently 
the  effe<3:  will  be  the  greater.  If  a  ftream  .of  water  falls  into 
the  bucket  of  an  overfhot-wheel,  it  will  be  there  retained  till 
the  wheel  difcharges  it  by  moving  round ;  and,  of  confequence^ 
the  flower  the  wheel  moves,  the  more  water  it  will  receive}  fo' 
that  what  is  loft  in  velocity  is  gained  by  the  greater  prefliire  o£ 
water  upon  the  buckets.  From  the  experiments,  however,  it 
appears,  that  when  the  wheel  made  about  20  turns  in  a  minute 
the  efFe£b  was  greateft ;  when  it  made  only  i.8:|^  the  motion  was 
irregular;  and  when  loaded  fo  as  not  to  admit  its  turning  18 
times,  the  wheel  was  overpowered  with  the  load.     When  it 

-made  30  turns,  the  power  was  diminifhed  by  about  -j^th,  and 
when  the  number  of  turns  were  increafed  to  40,  it  was  dimi- 
tiiflied  by  one-fourth.  Hence  we  fee,  that  in  praftice  the  ve- 
locity of  the  wheel  fhould  not  be  diminlfhed  further  than  what 
will  procure  fome  folid  advantage  in  point  of  power;  becaufe* 
cateris  paribuf,  the  bucket  muft  be  larger  as  the  motion  is 
flower ;  and  the  wheel  being  more  loaded  with  water,  the  ftrefs 
will  be  proiportionably  increafed  upon  every  part  of  the  work. 
The  beft  velocity  for  praftlce,  therefore,  will  be  that  when  the 
wheel  made  30  turns  in  a  minute,  which  is  little  more  than 
three  feet  in  a  fecond.  This  velocity  is  applicable  to  the  highefl: 
overfhot-wheels  as  well  as  the  loweft.  Experience  however  de- 
termines, that  high  wheels  may  deviate  further  from  this  rule 
before  they  will  lofe  their  power,  by  a  given  aliquot  part  of 
the  whole,  than  low  ones  can  be  permitted  to  do ;  for  a  wheel 
of  24  feet  high  may  move  at  the  rate  of  fix  feat  per  fecond ; 
while  our  author  has  feen  one  of  33  feet  high  move  very  ftea- 
dily  and  well  with  a  velocity  of  little  more  than  two  feet.  The 
reafon  of  this  fuperior  velocity  in  the  24  feet  wheel,  may  pro- 
bably be  owing  to  the  fmall  proportion  that  the  head,  requifite 
to  give  the  proper  velocity  to  the  wheel,  bears  to  the  whole 
height. 

4.  The  maximum  loadl  for  an  overfhot-wheel  is  that  which 
re^cea  the  circumference  of  tjie  wheel  to  its  proper  velocity  j 
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which  is  known  by  dividing  the  efFeft  it  ought  to  produce  in  a 
given  time  by  the  fpace  intended  to  be  defcribed  by  the  circum-f 
ference  .of  the  wheel  in  the  fame  time  :  the  quotient  will  he 
the  refinance  overcome  at  the  circumference  of  the  wheel,  and 
is  equal  tp  the  load  required^  including  the  friftion  and  refift^r 
ance  of  the  machinery.    . 

5 .  The  greateft  velotity  that  an  overfliot-wheel  is  capajsle 
of,  depends  jointly  upon  ^e  diameter  or  height  of  the  wheej 
and  the  velocity  of,  falling  bodies  ;  for  it  is  plain  that  the  velo- 
city, of 'the  circumference  can  never  be  greater  than  to  defcribe 
a  femi-circumference,  while  a  body  let  fall  from  the  top  de- 
fcrihes  ths-  diameter,  nor  even  quite  fo  great ;  as  the  difference 
in  point  of  time  muft  always  be  in  favour  of  that  which  falls 
through  the  diameter.'  Thus,  fuppofing  the  diameter  of  the 
wheel  to  be  i6  feet  and  an  inch  in  diameter,  an  heavy  body 
would  fall  through  this  fpace  in  one  fecond  ;  but  fuch  a  wheel 
could  never  arrive  at  this  velocity,  or  make  one  turn  in  two 
fe^ ond«,-  nor  could  an  overfliot- wheel  ever  come  near  it :  be- 
caufe,  after  it  has  acquired  a  certain  velocity,  great  part  of  the 
water  is  prevented  from  entering  the  buckets,  and  part  is  thrown 
out  again  by  the  centrifugal  force  :  and  as  thefe  circumftances 
haye  a  confiderable  dependence  upon  the  form  of  the  buckets, 

'  it  is  impoffible  to  lay  down  any  general  rule  for  the  velocity  of 
this  kind  of  wheels. 

6.  Xhough  in  theory  we  may  fuppofe  a  wheel  to  be  made 
capable  of  overcoming  any  refiftance  whatever,  yet  as  in  pracr 
tice  it,  is  neceffary  to  make  the  wheel  and  buckets  of  fome  cer- 
tain and  determinate  fize.  We  always  find  that  the  wheel  will 
be  flopped  by  fuch  a  weight  as  is  equal  to  the  effort  of  the 
water  in  all  the  buckets  of  a  femi-circumference  put  together. 
This  may  be  determined  from  the  ftnifture  of  the  buckets 
themfelves  ;  but,  in  pradlice,  an  overfliotr wheel  becomes  un- 
fervieeable  long  before  this  time  ;  for  when  it  meets  with  fuch 
an  obftacle  as  diminifhes  its  velocity  to  a  certain  degree,  its 
motion  becomes  irregular ;  but  this  ijever  happens  till  the 
velocity  of  the  circumference  is  lefs  than  two  feet  per  fecond, 
when  the  refiftance  is  equable. 

7.  From  the  above  obfervations  we  may  eafily  deduce  the 
force  of  water  upon  breafl-wheels,  &c.  But,  in  general,  all 
kinds  of  wheels  where  the  water  cannot  defcend  through  a 
given  fpace  unlefs  the  wheel  moves  with  it,  are  to  be  confidcred 
as  overfhot-wheels -,  and  thofe  which  receive  the  impulfe  or 
fhock  of  the  water,  whether  in  an  horizontal,  oblique,  or  per- 
pendicular direftion,  are  to  be  confidered  as  underlhots.  Hence 
^hien .  the  water  ftrikes  at  a  certain  point  below  the  furfacg 
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of  the  head,  and  after  that  defcends  in  the  arch  of  a  circle,' 
preffing  by  its  gravity  upon  the  wheel ;  the  efFfefl:  of  fuch  a 
wheel  will  be  equal  to  that  of  an  underfliot  whofe  head  is  equal 
to  the  difference  of  level  between  the  furface  of  the_water  ia 
the  refervoir  and  the  point  where  it  ftrikes  the  wheel,  added  to 
that  of  an  overflioti  whofe  height  is  equal  to  the  difference  of 
level  between  the  point  where  it  ftrikes  the  wheel  and  the  level 
of  Ae  tail-water.  ' 

482.  In  the  Philofophical  Tranfa£tions,  vol.  51,  for  the 
year  1759,  there  is  another  paper  with  experiments  on  mills 
tiirned  both  by  water  and  wind,  by  Mr.  Smeaton.  From  thofe 
experiments  it  appears,  page  129,  that  the  effe£ts  obtained 
by  the  overfhot-wheel  are  frequently  4  or  5  times  as  great  as 
thofe  with  the  underfhot-wheel,  in  the  fame  time,  with  the 
fame  expencc  of  water,  defcending  from  the  fame  height 
above  the  bottoms  of  the  wheel ;  or  that  the  former  performs 
the  fame  effefl:  as  the  latter,  in  the  fame  time,  with  an  expenCc 
of  only  one-fourth  or  one-fifth  of  the  water,  from  the  fame 
head  or  height.  And-  this  advantage  feems  to  arife  from  the 
water  tedging  in  the  buckets,  and  fb  carrying  the  wheel  about  by  ^ 
their  weight.  But,  in  page  130,  Mr.  Smeaton  reckons  the 
effed:  of  overfhot  only  double  to  that  of  the  underlhot-wheel. 
And  hence  he  infers,  in  general.  "  that  the  higher  the  wheel 
is  in  proportion  to  the  whole  defcent,  the  greater  will  be  the 
effe<3: ;  becaufe  it  depends  lefs  upon  the  impulfe  of  the  head, 
and  more  upon  the  gravity  of  the  water  in  the  buckets.  How- 
ever, as  every  thing  has  its  limits,  fo  has  this  ;  for  thus  much 
is  dsfirable,  that  the  water  fhould  have  foniewhat  greater 
velocity  than  the  circumference  of  the  wheel  in  coming 
thereon,  otherwife  the  wheel  will  not  only  be  retarded  by  the  - 
buckets  ftriking  the  water,  but  thereby  dafliing  a  part  of  it  over 
fo-  much  of  the  power  is  loft."  He  is  further  of  opinion, 
that  thfe  beft  velocity  for  an  overfhot-wheel  is  when  its  cir- 
cumference moves  at  the  rate  of  about  3  feet  in  a  fecond  of 
time. 

483.  Laftly,  in  the  Philofophical  Tranf.  for  1776,  p.  .457, 
the  fame  author  fays,  "The  velocity  of  the  wheel,  which 
according  to  M.  Parent's  determination,  adopted  by  I)efagulier# 
and  Maclaurin,  ought  to  be  no  more  than  j-  of  that  of  the 
water,  varies  at  the  "maximum  between  one-third  and  one  half; 
but  in  all  the  cafes  in  which  the  moft  work  is  performed 'in 
proportion  to  the  water  expended,  and  which  approach  the 
neareft  to  the  circumftances  of  great  works  vi'hen  properly 
executed,  the  maximum -lying  much  nearer  one  half  than  one- 
third,  one- half  feeming  to  be  thg  true  maximum,  if  nothing 
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were  loft  by  the  refiftance  of  the  air,  the  fcatte^jng  of  the 
water  carried  up  by  the  wheel,  &c." 

Many  other  experiments  tending  to  improve  the  theory  of 
water-wheels  ar?  defcribed  by  Mr.  Banks  in  part  IV.  of  his 
Treatife  on  Mills.  See  alfo  a  Memoir  on  the  moft  advan- 
tageous Conftruflion  of  Water-wheels  by  Mr.  Mallet  of 
Geneva,  in  Phil.  Tranf.  for  i']6']i  and  two  papers  by  M. 
Lambert  in  the  Berlin  Memoirs  for  1775. 

An  extenfive  chronological  catalogue  of  writings  on  the 
fubjeft  of  Mill-woric  in  general,  may  be  feen  under  the  woid 
^H^h,  in  our  fecpnd  volume. 
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PNEUMATICS. 

BOOK  V. 


Preliminary  Remarks  on  the  Mechanical  Properties 
of  Atmospheric  Air. 

484.  The  term  Pneumatics,  as  well  as  the  word  Pneumatologi^, 
i\derived  from  a  Greek  word  denoting  air,  or,  more  properly, 
breath  :  but  in  their  modern  acceptation  the  terms  differ  widely* 
the  latter  denoting  the  fcience  of  the  intelleflual  phenomena 
depending  upon  the  operations  or  afFeflions  of  the  mind  of 
man  ;  while  the  former  relates  to  that  part  of  natural  philofophy 
which  treats  of  the  mechanical  properties  of  air,  and  the  dif- 
ferent elaftic  fluids.  Thus  Pneumatics  includes,  as  an  import- 
ant blanch,  the  doftrine  of  Aerojlatics,  common  air  being  the 
moft  exteniive  and  univerfal  of  the  fluids  which  poflTefs  ela- 
fticity. 

Previous  to  our  entering  upon  the  theoretic  part  of  this 
fcience,  it  will  be  proper  to  relate  fome  of  the  moft  obvious 
^and  natural  experiments  tending'to  prove  the  exiftence  of  the 
different  mechanical  aflFedlions  which  are  ufually  afcribed  to  the 
air  as  a  body :  to  this  objefl  we  fhall  therefore  appropriate  a 
a  few  of  the  following  articles. 

485.  I.  Air  is  a  ponderous jiuid  which fmrdunds  the  earth.    .  > 
For,  that  it  is  a  fluid  is  obvious,  becaule  its  parts  are  ealily 

moved,  and  yield  to  the  fmalleft  inequality  of  prefTure :  and  that 
it  is  ponderous  will  appear  from  the  following  confiderations: 

1,  It  always  accompanies  this  globe  in  its  orbit  round  the 
fun,  furrounding  it  to  a  certain  diftance,  under  the  name  of 
the  Atmofphere,  which  indicates  the  being  connected  with 
the  earth  by#ts  general  foirce  of  gravity.  It  is  chiefly  in  con- 
fequence  of  this  that  it  is  continually  moving  round  the"  earth 
from  eafl  to  weft,  forming  what  is  called  the  trade-wind. 

2.  It  is  in  like  manner  owing  to  the  gravity  of  the  air  that 
it  fi^pports  the  clouds  and  vapours  which  we  fee  conftantly 
floating  in  it.  "We  have  feen  bodies  of  no  inconfiderable  weight 
float,  and  even  rife,  in  the  air.  Soap*bubbles  and  balloons  filled 
with  in^aiD^abl^  gas  rife  and  float  in  the  fame  manner  as  a  cork 
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rifes  in  water.  This  phenomenon  prove&the  weight  of  the  air 
in  the  fame  manner  that  the  fwimming  of  a  piece  of  wood 
indicates  the  weight  of  the  water  which  fupports  it. 

3.  But  we  are  not  left  to  thefe  refined  obfervations  for  th^ 
proof  of  the  air's  gravity.  We  may  obferve  familiar'  pheno- 
irtena,  which  woaid  be  immediate'  confequences  of  the  fuppo- 
lition  that  air  is  a  heavy  fluid,  and,  like  other  heavy  fluids, 
preflTes  on  the  outfides  of  all  bodies  immerfed  in  or  furrounded 
by  it.  Thus,  for  inftance,  if  we  fliut  the  nozzle  and  valve 
tele  of  a  pair  of  bellows,  after  having  fqueezed  the  air  out  of 
them,  we  fhall  find  that  a  very  great  force,  even  fgrne  hundred 
pounds,  is  necefiary  for  fe.parating  the  boards.  They  are  kept 
together,  by  the  preflure  of  the  heavy  air  which  furrounds  them, 
in  the  fame  manner  as  if  they  were  immerfed  in  water.  In 
like  manner,  if  we  ftop  the  end  of  a  fyringe  after  its  piflon 
has  been  prefled  down  to  the  bottom,  and  then  attempt  to 
draw  up  the  pijlon,  we  fhall  find  a  confiderabte  force  necefTary, 
\iz.  about  ij  or  16  pounds  for  every  fquare  inch  of  the  feftion 
of  ihp  fyringe.  Exerting  this  force,  we  can  draw  up  the  pifton 
to  the  top,  and  we  can  hold  it  there:  but  the  moment  we 
ceafe  a£ling,  the  pifton  ruflies  down  and  ftrikes  the  bottom. 
It  is  called  a  fuftion^  as  we  feel  fomething  as  it  were  drawing 
in  the  pifton  ;  but  it  is  really  the  weight  of  the  incumbent  air 
prelEng  it  in.  And  this  obtains  in  every  pofition  of  the  fy- 
ringe;  becaufe  the  air  is  a  fluid,  and  prefles  in  every  direftion. 
Nay,  it  prefixes  on  the  fyringe  as  well  as  on  the  piflon  ;  and  if 
the  piflon  be  hung  by  its  ring  on  a  nail,  the  fyringe  requires 
force  to  draw  it  down  (juft  as  much  as  to  draw  the  pifton  up); 
and  if  it  be  let  go,  it  will  fpring  up,  unlefs  loaded  with  at  leafl 
J 5  pounds  for  every  fquare  inch  of  its  tranfverfe  feftion. 

4.'  Let  the  air  be  exhalifted;  from  a  glafs  vefl'el,  and  by  means 
of  a  cock  let  the  vefi^el  be  kept  exhaufted ;  if  the  veflel  be 
weighed  while  it  is  exhaufted,  and  then  again  when  the  air  is 
re-admitted,  there  will  be  a  manifeft  difference,  exhibiting  the 
weight  of  as  much  air  as  the  veflel  contained. 

5.  If  a  glafs  tube  more  than  31  inches  in  length,  one  end  of 
which  is  clofed  up,  be  filled  with  mercury,  and  be  held  vertically, 
the  other  extremity  being  irtimerfed  in  a  veflel  of  the  fame 
fluid,  then  the  mercury  in  the  tube  will  defcCnd  from  the 
upper  extremity,  and  will  remain  fufpended  at  fome  altitude 
between  28  and  31  inches  from  the  furface  of  the  external 
mercury:  the  fufpenfion  of  the  mercury  is  occafioned  by  the 
preflure  of  the  external  air  upon  the  furface  of  the  mercury  in 
the  veflel ;  when  this  prefl~ure  is  removed  by  placing  the  tube 
and  veffel  under  a  receiver  and  exhaufting  the  air,  the  mercury 
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vill  fink  in  the  tube,  and  on  re-admitting  the  air,  will  rife. 
This  is  icalled  the  Torricellian  experiment. 

The  inftrument  here  ufed  is  called  a  Barometer ;  becaafe 
the  weight  of  a  column  of  mercury  whofe  bafe  is  the  orifice  of 
the  tube,  and  altitude  equal  to  that  of  the  mercury  in  the  tube 
^bove  the  furface  in  the  refervoir,  is  equal  to  the  weight  of  a 
column  of  air  extending  to  the  top  of  the  atmofphere,  and 
whofe  bafe  is  -equal  to  the  fame  orifice.  And  fince  the  weight 
of  this  column  of.  quickfilver,  ceeteris  paribus,  is  at  its  altitude,* 
it  follows  that  the  weight  of  the  air  is  proportional  to  the  alti* 
tude  of  the  mercury  in  the  barometer.  , 

The  altitude  at  which  the  mercury  is  fuftained  in  the  baro- 
meter above  the  furface  of  the  mercury  in  the  refervoir  is  called 
the Jiandard  altitude :  and  will  be  the  fame  in  any  number  o€ 
tubes,  whatever  be  their  bore^or  their  pofition,-  provided  the 
tube  is  not  fo  very  (lender  as  tp  expofe  the  mercury  to  a  fenfible 
alteration  from  the  capillary  attradlion  (art.  432.)'  The  preflure 
of  the  atmofphere  is  equal  to  about  15  lbs.  avoirdupois  upon 
every  fquare  inch,  at  the  medium  height  of  the  mercury  in  the 
•barometer:  for  a  cubic  foot  of  mercury  weighs  about  13568 
ounces,and  ^-^^  x  29|^=233'6oz.=:;i4*61bs. 

6.  If  a  b'aroi;neter  tube,  inftead  of  being  hermetically  fealed 
at  the  top,  be  clofely  covered  with  a  piece  of  bladder,  the 
mercury  will  rife  to  the  fame  height  as  in  a  common  barometer; 
but  on  piercing  the  bladder  with  a  needle  fo  as  to  admit  the 
air,  the  mercury  will  fall :  for  in  this  cafe  the  weight  of  the  air 
prefles  upon  the  mercury  in  the  tube,  and  the'  weight  of  thefe 
two  together  mufl  obvioufly  preponderate  over  the  contrary 
pieffure,  and  deflroy  the  equihbrium. 

486.  II.  The  preffure  of  the  atmofphere  varies  at  different  altitudes. 

Let  a  glafs  tube,  open  at  both  ends,  be  put  through  a  cork 
into  a  large  phial  containing  a  fmall  quantity  of  coloured  water  i 
let  the  lower  end  of  the  tube  be  in  the  water;  and  let  the  cork 
and  tube  be  clofely  cemented  to  tjhe  neck  of  the  Ijottle:  then, 
blow  through  the  tube  till  the  quantity  of  air  within  the  phial  is 
fo  increafed  that  the  water  will  rife  above  the  neck  of  the  phial. 
XiCt  this  phial  be  placed  in  a  veflel  of  fand,  to  keep  the  air  withia 
of  the  lame  temperature  :  then  will  the  water  ftand  at  different 
heights  in  the  tube,  according  to  the  elevatibn  of  the  place 
where  it  is  fet;  whence  it  appears  that  the  preffure  of  the 
atmofphere  varies  at  different  altitudes.  And  the  fame  thing 
will  appear  more  clearly  in  a  fubfequent  article.  In  afcend> 
ing  the  mountain  of  Snowden,  which  is  3720  feet  high,  the 
barometer  funk  3 '8  inches. 

Hence  the^  proportion  of  the  fpecific  gravity  oP  air  near  the 
earth's  furface  to,  that  of  water  may  be  afcert^ined.    Th**8,  if 
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the  differeine  in  height  of  the  two  places  where  the  above 
experiment  is  made  be  52  fpet,  and  that  difFerence  caufe  a 
variation  of  4^  of  an  inch  in  the  height  of  the  water ;  it  follows, 
that  a  column  of  water  of  ^  of  an  inch,  or  ,%  of  a  foot,  is  equi- 
ponderant to  a  column,  of  air  of  52  feet,  having  the  fame  bafie  : 
confequently  the  fpecific  gravity  of  water  is  to  that  of  air  zi 
52  to  ■^,  or  as  832  to  i. 

487.  III.  Jir  is  elaJHe,  or  capable  of  compre/jion  and  expanjion. 

This  is  proved  by  various  experiments :  1,  By  the  great  ex- 
panfion  of  a  fmall  quantity  of  air  in  a  bladder  apparently  nearly 
empty,  when  the  air  is  removed  from  the  external  parts  in  the 
receiver.  2.  By  the  extrufion  of  a  fluid  from,  a  glafs  bubble, 
by  the  expanfion  of  a  bubble  of  air  contained  in  it.  3.  By 
the  expulfion  of  the  white  and  yolk  of  an  egg  through  a  fmall 
liole  in  the  little  end,  by  the  expanfion  of  the  air  contained  iri 
the  greater  end.  4.  By  putting  an  almoil  emptied  bladder  into  2 
fmall  box,  and  laying  a  proper  weight  on  the  lid,  which,  on  ex- 
Iiauffiing  the  air,  wiilTje  raifed  tip  by  the  expanfion  of  the  air  in 
the  bladder.  5.  Alfo , a  bladder  filled  with  air,  and  juft  made 
to  fink  with  a  weight,  will  upon  exhai+ftion  foon  rife  by  the: 
expanfion  of  the  contained  air. 

6.  Glafs  bubbles  and  images  filled  with  water  fo  as  to  make 
them  juft  fink"  in  that  fluid,  will,  on  exhaufting  the  air  from  the 
furface,  rife  to  the  top  of  the  veflel.  7.  Beer,  cyder,  water,  and 
porous  bodies,  emit  great  quantities  of  ?iir  under  the  exhaufted 
teceiver.  8.  A  fhrivelled  apple,  when  put  under  an  exhaufted 
receiver,  will  have  its  coat  diftended  by  the  internal  air  fo  as 
tp  look  fmpoth,  9.  If  the  open  end  of  a  tube,  whofe  other  end 
is  clofedi  be  inimerfed  perpendicularly  in  water,  the  fpace  occu- 
pied by  the  air  will  be.diminiflied,  as  the  depth  of  the  tube  or 
the  upward  prefTure  of  the  water  is  increafed ;  or,  if  the  fhorter 
leg  ol^  bent  tube  be  clofed,  and  mercury  poured  into  the  longer, 
the  air  will  be  compreffed  in  the  fliorter  leg  into  a  fpace  conti- 
nually decreafing  as  the  quantity  of  prefling  mercury  is  in- 
creafed ;  Snd  if  fome  of  the  mercury  be  taken  from  the  longer 
leg,  the  air  in  the  fliorter  will  expand  and  occupy  a  proportion- 
ably  larger  fpace.  10.  The  mercury  may  be  raifed  by  the  ex- 
panfion of  a  fmall  quantity  of  confined  air  to  the  fame  height  in 
an  exhawfted  tube  above  the  air-pump,  as  that  to  which  it  ia 
raifed  in  the  mercurial  gauge  by  the  prefl"ure  of  the  atmofphere 
below  it. 

The  limits  of  the  condenfation  and  rarefaftion  of  air  by 
human  power*  are  not  afcertained.  Dr.  Hales  found,  that 
v/heh  dry  wood  was  put  into  a  ftrong  veflel,  which  it  almoft 
filled,  and  the  remainder  was  filled  ■vrith  water,  the  fwelling  o£ 
the  wood,  occafioned  by  its  imbibition  of  water,  condcnfed  the 


Preliminary  Oi/ervations.  ,  403 

air  of  his  gauge  into  the  thoufandth  of  its  original  bttlfe.  He 
found  that  peafe  treated  in  the  fame  way  generated  elaftic  air> 
which  preffing  on  the  air  in  the  gauge  condenfed  it  into  the  fif- 
teen hundredth  part  of  its  bulk.  This  is  the  greateft  ccn- 
denfation  that  has  been  afcertained  with  precillon,  although  ia 
other  experiments  it  has  certainly  been  carried  much  further  ^ 
but  the  precife  degree  could  not  be  afcdrtained. 

The  only  ufe  to  be  made  of  this  obiervationat  prefent  i^ 
that  fince  we  have  been  able  to  exhibit  air  in  a.denllty  a  thou- 
fand  times  greater  than  the  ordinary  denfity  of  the  air  we 
breathe,  it  cannot,  'tis  fome  imagine,  be  only  a  diiFerent  form 
of  water ;  for  in  this  ftate  it  is  as  denfe  or  denfer  than  water, 
and  yet  retains  its  great  expanfibility; 

Another  important  obfervation  is,  that  in  every  ftate  of  den- 
fity in  which  we  find  it,  it  retains  its  perfe£l:  fluidity,  tranf- 
mitting  all  prefTures  which  are  applied  to  it  with  undiminifhed 
force,  as  appears  by  the  equality  conftantly  obferved  between 
the  oppofing  columns  of  water  or  other  fluid  by  which  it  is 
compreflTed,  and  by  the  facility  with  which  all  motions  are  per- 
formed in  it  in  the  moft  comprefled  ftates  in  which  we  can 
make  obfervations  of  this  kind.  This  fa^  is  totally  incompa- 
tible with  the  opinion  of  thofe  who  afcribe  the  elafticity  of  air 
to  the  fpringy  ramified  ftru£^ure  of  its  particles,  touching  each 
other  like  fo  many  pieces  of  fponge  or  foot-balls.  A  coUedrion 
of  fuch  particles  might  indeed  be  pervaded  by  folid  bodies  with 
confiderable  eafe,  if  they  were  merely  touching  "each  other,  and 
not  fubje£^ed  to  any  external  prelFure.  But  the  moment  fuch 
preflure  is  exerted,  and  the  aflemblage  fqueezed  into  a  fmaller 
fpace,  each  prefles  on  its  adjoining. particles:  they  are  indi- 
vidually compre^ed,  flattened  in  their  touching  furfaces,  and 
>  before  the  denfity  is  doubled  they  are  fqueezed  into  the  form  of 
perfedl  cubes,  and  compofe  a  mafs,  which  may  indeed  pro- 
pagate prefliire  from  one  place  to  another  in  an  imperfect  man- 
ner, and  with  great  diminution  of  its  intenfity,  but  will  no 
more  be  fluid  than  a  mafs  of  foft  clay. 

488.  IV.  The  elajlic force  of  the  air  ii  equal  to  the  force  of  com- 
prejfion. 

For  if  the  air  be  exhaufted  from  an  open  tuba  whofe  lower 
part  is  inimerfed  in  a  vefliel  containing  mercuryi  the  air  within 
the  veflel  being  prevented  from  efcapingi  then  will  this  air  by 
its  elafticity  force  the  mercury  up  the  tub^  very  nearly  to  the 
fame  height  as  it  would  be  railed  by  the  preflTure  of  the  atmo- 
Iphere. 

This  propofition  is  fometimes  proved  independent  of  expe- 
riments in  the  following  manner :  if  the  force  with  which  the 
air  endeavours  to  expand  itfelf  vi^hen  it  is  comprefled  were  kfs 
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than  the  comprefling  force,,  it  would  yield  ftill  further  to  that 
force ;  if  it  were  greater,  it  could  not  have  yielded  fo ,  far. 
Confequently,  when  any  force  has  fo  comprefled  the  air  that 
it  remains  at  reft,  the  force, of  the  air  arifing  from  its  elafti- 
city  can  neither  be  greater  nor  lefs  than  the  comprefling  force : 
that  is,  it  muft  be  equal  to  it. 

But  it  muft  be  confefled  that,  in  this  cafe,  the  experimental 
proof  is  the  moft  fatisfaftory. 

489.  V.  The  elajlicity  of  air  net  very  different  from  its  natural 
Jfate,  ii.  inverfely  as  the  fpace  occupied  by  it. 

t.  Let  a  cylindrical  tube  BC  (fig.  7.  pi.  XL),  open  at  one  end 
"&,  be  filled  with  mercury  to  an  altitude  equal  to  BD  before  in- 
verfion,  and  after  the  immerfion  of  B  in  a  bafin  of  mercury, 
the  air,  which  before  occupied  a  fpace  equal  to  CD,  is  dilated 
through  a  larger  fpace  as  CA,  and,  if  BN  be  the  ftandard  al- 
titude (art.  485.  v.),  deprefles  the  mercury  from  N  to  A.  Now 
the  elaftic  force  of  air  in  its  natural  ftate,  or  occupying  a  fpace 
equal  to  CD  (E),  is  to  the  elaftic  force  of  air  occupying  the 
Ipace  BD  (f)  as  the  columns  of  mercury  which  they  are  capable 
of  fupporting  (art.  488.);  that  is,  as  BN'to  AN  :  but,  it  is  coJ- 
le£ted  from  experiments,  that  BN  :  AN  :  :  AC  :  CD ;  confe- 
quently AC :  CD  : :  E  :  <>. 

And  the  fame  thing  may  be  otherwife  fliewn  by  experiments 
with  bent  tubes. 

Hence,  fmce  the  denfity  of  the  air  is  inverfely  as  the  magni- 
tude or  fpace  occupied  (art.  10.),  it  is,  therefore,  as  the  ela- 
fticity,  or  as  the  comprefling  force  (art.  488.) :  fo  that,  putting 
D  for  the  denfity,  C  the  tomprefiing  force,  E  the  force  of" 
elafticity,  and  S  the  fpace,"  we  have  C  oc  D  oc  E  oc^.  Thefe 
relations,  however,  are  confined  within  very  narrow  limits,  for 
it  has  been  aflerted  that  when  the  air  is  comprefled  into  a  fpace 
only  four  times  lefs  than  the  fpace  it  occupies  in  its  natural 
ftate,  it  does  not  theti  vary  inverfely  as  the  force  of  compreflion, 
the  refiftance  increafing  much  more  rapidly.  Comment.  Bonoru 
vol.  L  p.  209,  &c. 

The  experiments  of  Boyle,  Mariotte,  and  Amontons,  were^ 
not  extended  to  very  great  compreflions :  fo  that  they  found 
generally  that  the  elafticity  of  the  air  was"  proportioned  to  it* 
denfity;  and  the  law  was  long  acquiefced  in,  being  called  the 
Boylean  law.  But  later  philofophers  have  carried  the  compref- 
fjon  much  further.  Thus  Sulzer  comprelTed  air  into  ^  of  its- 
former  dimenfions  :  the  refults  of  his  experiments  are  exhibited 
ih  the  following  table,  where  the  column  D  fliew  the  denCties, 
and  thofe  marked  K  the  correfpondlng  elafticities. 
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Other  experiments  for  the  fame  purpofe  were  inftituted  bf 
profeffOT  Robifon,  the  refults  of  which  may  be  feen  below. 
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Here  it  apf  esrs^ogain  m  ^e  <deareift  manner  .that  the  fllafti- 
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cities  do  not  increafe  fo  faft  as  the  derifities,  and  the  differences 
are  even  greater  than  in  Mr.  Sulzer's  experiments. 

The  fecond  table  contains  the  refults  of  experiments  made 
on  very  damp  air  in  a  warm  fummer's  morning.  In  thefe  it 
appears  that  the  elafticities  are  almoft  precifely  proportional  to 
the  denfities  +  a  fmall  conftant  quantity,  nearly  o!i,  deviat- 
ing from  this  rule  chiefly  between  the  denfities  i  and  i'5,  with- 
in which  limits  we  have  very  nearly  D  =  E  '-"^o''.  As  this  air 
is  nearer  to  the  conftitution  of  atmofpheric  air  than  the  former, 
this  rule  may  be  fafely  followed  in  cafes  where  atmofpheric 
air  is  concerned,  as  in  meafuring  the  depths  of  pits  by  the  ba- 
rometer. 

The  third  table  fhows  the  compreffion  and  elafticity  of  air 
flrongly  impregnated  with  the  vapours  of  campliire.  Here  the 
Boylean  law  appears  pretty  exa£t,  or  rather,  the  elafticity  feems 
to  increafe  a  little  fafter  than  the  denfity. 

490.  VI.  Heat  increafes  the  elaflicity  of  the  air,  and  cold  dimi- 
tilfhes  it.      Or,  heat  expands  and  cold  condenfes  the  air. 

This  property  is  likewife  proved  by  experience. 

1.  Tie  a  bladder  very  clofe  with  fome  air  in  it,  and  lay  it 
before  the  fire  :  then  as  it  warms  it  will  more  and  more  diftend 
the  bladder,  and  at  laft  burft  it,  if  the  heat  be  continued,  and 
increafed  high  enough.  But  if  the  bladder  be  removed  from 
the  fire,  as  it  cools  it  will  contradl  again,  as  before.  Indeed 
it  was  upon  this  principlethat  the  firft  air-balloons  were  made 
by  Moritgolfier :  for,  by  heating  the  air  within  them,  by  a 
fire  underneath,  the  hot  air  diftends  them  to  a  fize  which  oc- 
cupies a  fpace  in  the  atmofphere,  whofe  weight  of  common 
air  exceeds  that  of  the  balloon. 

2.  Alfo,  if  a  cup  or  glafs,  with  a  little  air  in  it,  be  inverted 
into  a  veffel  of  water  ;  and  the.  whole  be  heated  over  the  fire,  or 
otherwife;  the  air  in  the  top  will~  expand  till  it  fill  the  glafs, 
and  expel  the  water  out  of  it;  and  part  of  the  air  itfelfwill 
follow,  by  continuing  or  increafing  the,  heat. 

Many  other  experiments  to  the  fame  effeft  might  be  ad- 
duced. 

The  expanfion  of  air,  though  expofed  to  the  fame  degree  of 
heat,  is  not  the  fame  in  experiments  made  at  different  tin.es  ; 
owing  to  the  difference  of  denfity,  coldnefs,  humidity,  8fc. 
The  expanfive  force  of  hot  fteam  may  exceed  the  force  of  gun- 
powder more  tharl  30' times,  and  indeed  is  irrefiftibk  when 
the  force  is  inteiife.  Hence  it  follows,  that  when  air  is  much 
impregnated  with  water  it  will^  pofl'efs  an  €xpanfive  power  by 
heat,  miich  greater  thatt  that  of  pure'  air.  Whether  the  de- 
gree of  expanfion  in  pure  air  be  proportional  to  that  of  the  heat 
by  which  it  ig:  produced,  is  not  known ;  but  it  is  manifeft  that 
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ihe  variation  of  fpace  occupied  by  a  portion  of  air  expofgd  to 
diflFerent  degrees  of  heat  may  be  fufEcient  to  convey  a  tolera- 
ble idea  of  the  aitual  quantity  of  heat.  Upon  this  principle,. 
therefore,  have  been  conftriiiQied  air  thermometers,  to  exhibit 
fmall  variations  of  -heat. 

■There  is  no  general  rule  for  the  degree  of  expanfion  to 
■which  different  bodies  are  fubjqft  by  being  expofed  to  the  fame 
degree  of  heat.  Taking  an  average,  hovi^ever,  it  has  been 
found,  by  experiment,  that  for  each  degiree  of  heat  meafured 
by  Falirenheit's  thermometer,  mercury,  water,  and.  air,  eX'i 
pand  by  the  following  parts  of  their  own  bulk,  viz; 

Mercury  the  9600th ") 

Water  ...  6666th  >  part  of  its  own  bulk; 

Air 43Sth)_, 

In  mercury  the  correi'ponding  exjsanfions  for  1°  gradually 
diminifh,  being  expreffed  by  •0061 177  at  2°  of  the  thermo- 
meter, and  by  -0000783  at  212°:  but  at  12°  the  expanfion  cor- 
refponding  to  a  degree  of  variation  in  heat  is  •0O01160,  and 
at  102°  it  is  •0001003,  f°  t'^^'  between  thefe  limits  the  varia- 
tion in  the  meafure  of  expanfion  is  very  trifling.  '  Taking  into 
the  eftimate  the  'changes  in  the  expanfion,  &c.  the  fpecific  gra- 
vities of  thefe  fluids  at  different  temperatures  have  been  ftated 
as  below. 

p    .  g  av.       ai        '-  /  whenthebarom.isat29'27i 

3  ^  .C  and  the  thermom.  at  g  2°. 
mercury  113653 

^'  '^"'*  wate'r  -  "-  -'  -"  8I2     I  "^^"  '^'  '^^™™-  '«    ^9-27, 
^        I  and  the  thermom.  at  cc°. 
mercury        -  113 15  3  •'•' 

Or  thus,  air i         'T  whett  the  barom.  is    29 '5, 

water     -  -  826      >  and  thcthermom.  is  55°, 
mercury    -  112273  whicharetheirmeanheights 
'  in  this  country. 

Ortlius,  air  -  -  -  i'2oi  or      ~ 

water  —  iooo      J- in  the  laft  circumftancesi; 


'1' 

n  3 


mercury      13592 

br  thus,  air    - 1-222  ^  nearly  when  the  ba- 

or    -  -  if  (^     roni.  is    -     -    -     30, 

water  -  -  -  1000    (  and   thermo- 

.    mfercury    -  13600^      meter     -    -     -    55. 
On  this  fubjefl  the  ftudent  may  advantageoufly  confult  Ge- 
neral Roy's  paper  in  the  Phil.  Tranf.  vol.  67.     Alfo  Sir  Gea. 
Shuckburgh's  and  M.  De  Lite's  papers  in  the  fame  volume; 


WAl 
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CHAPTER  I. 


Equilibrium  of  Elajlic  Fluids. 

491.  Prop.  To  invejligate  equations  of  equilibrium  for  elajfic 
fluids. 

This  will  be  very  eafy,  if  we  confider  that  fuch  fluids  muft, 
from  the  naturfe  of  perfeft  elafticity  (art.  3-29. )»  occupy  a  fmaller 
fpace  in  proportion  as  the  forces  which  comprefs  them  are 
greater^  and  reftore  themfelves  to  their  primitive  volumes, 
when-  the  aftion  of  the  compreffing  forces  ceafe.  Let,  then,  P 
be  a  preffure  exerted  upon  a  quantity  M  of  the  fluid,  whofe 
denfity  is  D ;  ^  another  preflltre,  m  the  mafs  or  volume  the 
fluid  takes  in  confequence  of  this  preflure,  and  d  the  denfity 
of  this  mafs ;  fd  fliall  we  have  thefe  equations  : 

PM=/i»2,  MD=y»^,  andP^=/.D  .     .     .     .     (I.) 
When  ?=/>,  then  M=»3,  as  is  obviousi. 

Thefe  values  only  give  the  preffures  exerted  upon  a  unit  of 
f'irface ;  but  if  we  drOp  the  confider^tion  of  gravity,  or  any 
pther  force  which  may  caufe  a  variation  of  denfity  in  the  dif- 
ferent p'aft&  of  the  fluid,  we  may  then  reafon  from  the  princi- 
pled of  hydroftatics.  This  granted,  the  preflure  />  exerted 
upon  any  furface  denoted  by  a  will  be 

^  =  -P,  or^  =  — P (11.) 

Prefliiii-es  being  commonly  valued,  as  we  have  often  feen, 
by  weights,  we  may  reprefent  that  which  is  exerted  irpbn  a 
unit  of  furface  by  the  weight  of  a  pVifm  of  the  fame  fluid  whofe 
height  will  be  given.  Let  H  be  the  height  correfponding  to  P, 
and  hiop;  then  we  have  HD  for  the  mafs  of  this  prifni,  and 
HD^  its  weight  {g  denoting  the  force  of  gravity) :  hence  P  = 
HDg;  and  in  like  manner  j>=:^^^.  Subftituting  thefe  for 
P  arid^  in  the  equations  marked  (L)  abbve,  we  have  AD=H  d, 
znihrn=HM.  WhertCe  we  learn  that  the  property  of  non- 
elaftic  fluids,  denionfttated  art.  388,'  obtains  fikeM>ife  with  re- 
gard to  elaftic  fluids. 

Inftead  of  taking  the  fame  fluid,  we  may  employ  another 
whofe  denfity  is  § ;  and,  by  proceeding  in  a  fimilar  manner,  get 
the  following' general  equation  for  the  preiTure, 
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p=^agl}l  =  !LaglB. (III.) 

Many  other  equations  might  be  deduced  with  equal  facility ; 
but  thofe  here  given  are  among  the  moll  ufeful. 

492.  Prop.  If  an  elajiic  Jlmd  he  quiefant,  and  compofed  of  par- 
ticles equally  repulftve  at  equql  dijlances,  and  at  unequal  d^^fic^fj 
repelling  each  JOther  according  to  any  law.  of  the  difiance,  iff  4(&fify. 
vjill  be  uniform.  ■■ 

For  if  the  diftance?  of  any  fw,o  partioles  from  an  interme- 
diate particle  be  unequal,  their  repulfive  forces  muft  be  un- 
equal, and,  of  confeque^nce,  motion  muft  enfue;  which  is- con- 
trary to  the  hypothefis :  therefore  the  fluid  muft  have  its  par- 
ticles at  equal  diftances,  or  be  uniformly  denfe, 

CoR.  If  any  portion  of  an  elaftic  fluid  be  unifbrndy  d^ofsi 
and  equally^comprefled  on  all  fides,  it  muft  be  quiefcent.    . 

493.  Prop.    Jf  the  cajuponent  pafticfes  of  a  uniform  cjibical . 
mafs  of  a  fluid  repel  each  other,  -with  forces  varying  according  to  any 
inverfe  or  direEl  ratio  of  their  dflances  (lefs  than  t)3f  direSi  dup^fcUeJ^ 
the  fluid  will  be  elaJlic. 

For  the  whole  re^pulfiwe  force  of  any  futface  oftl^e  fluid  is  as 
the  number  of  particles  in  that  furface,  and  the  force  of  each, 
or  as  the  number  in  L  the  length  of  that  furface,  into  the  num- 
ber in  B  the  brpadth,  into  the  force  of  each  particle ;  or,  fub- 
ftituting  R  for  the  whole  repulfive  force  of  the  furface,  I  for 
the  interval  or  <diftance  between  two  contiguous  particles,  affld 
F  for  the  force  with  which  they  repel  each  other,  R  will  vary 

■p  ' 

as  — .     Hence,  if  F  vary  in  any  inverfe  ratio,  or  any  dire£^ 

ratio  lefs  t;hao  the  duplicate  ratio  of  I,  R  will  vary  Jn  fqme  in? 
verfe  ratio  of  I,  which  is  a  neceflary  condition  of.elaitic  fluids. 

494.  Prop.  If  fhe  particles  of  an  elaflic  fluid  repel  egch  qthef 
with  forces  varying  inverfely^  as  the  nth  power  of  their  ^iftfl^cfSt 

thatiS'y  as  — ,  and  tl^P  comprefftng  force  C  upon  any  furface  be  equal 

to  its  whole  repulfive  force  R,  then  ivill  C  vary  as  thOt  power  <f 

the dejifity  D  "ujhofe  exponent  is- 


3      • 

For,  let  a  portion  of  the  fluid  be  contained  in  a  giv;&H  cubic 
fpace,  o;ie  of  whofe/aces  is  the  reiSangle  of  Lx  B,  the  com- 
prefling  force  'being  applied  to  that  furface.     Novi'j  the  number 

of  particles  in^he  given  fqu^re  furface  is  as  -— ,;  andjj  by  .hygo- 
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^hefis,  the  force  F,  with  which  two  particles  repel  eaqh  other,  is 
as  — ;  therefore  the  elaftic  force  of  the  fluid,  and  of  confe- 

quence  the  compreflive  force  C,  is  as  jL  x  i-  or  as  , — -, —      But 

7  ^  '     ,  '  I »    '     P  '  "^  n-\-z 

the  denfity  of   the  fluid  contained  in  the  given  cubical  fpacc 
is  inverfely  as  the  cube  of  the  diflance  between  the  centres  of 

the  particles  ;  th^t  is,  D  cc  — ,  and  loc  — —  :  yfrhence,  by  fub- 
ftituting  D    '  for  I,    in  the   expreflion    C  oc  — -,— ,  we  haye 

B-|-2 

CocD~3~- 

7Z-J-2 

Cor.  I.  Gonverfely,  if  I)  3    vary  as  C,  the  repulfive  force 
of  each  particle,  or  F,  muft  vary  as  -r-j-. 

For  the  qiiantity  of  matter  being  given,  D  oc  jj  oc  —  and 
D    3    wilj  vary  as       j  ^ :  but  F  varies  as  C  divided  by  the 

number  of  particles  in  L%  or  as  C  x  T,  or  ocD    3     x  P,   or    oc 

I-— I        proc  j^. 

CoR.  2.  Hence  again  we  fee,  fince  »-{-2  rnufl:  be  always 
pofitive  to  make  C  pofitive,  that  «  muft  be  either  fome  whole 
pofitive  number,  br  a  negative  number  lefs  than  2,  in  order  to 
conftitute  'a  fluid  of  particle's  which  repel  each  other. 
"  COR.j.  If  water  be  fuppofed  compreflible  in  a  very  fmall 
degree  (art.  331.),  the  particles  muft  be  kept  at  a  diftance  by 
tome  repulfive  force,  whileDremains  nearly  cdnftaht.  Now,  fince 

'       ■     ■    .nj-z  ■  -3^  ■    '      '  3' 

Coc  D     3   ,  we  fhall  have  Doc  Cn+a;  in  which,  thatCM-^ 

may  be  nearly  invariable,  n  muft  be  a  very  great  number:  f)efice, 
»f cording  to  this  hypothejs,  the  repulfive  force  of  the  particleiof 
ivater  varies  inverfely  in  a  very  hi^h  power  of  their  diflances. 
■    Cor.  4.  When  the  denfity  of  the  fluid  varies  as  the  force 

n-\-z 

which  compreflTes  it,  or  D  oc  C,  the  expreflion '  C  Oc  D  T"  be-. 
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comes  C  oc  D    3  and  «  =  i ;   whence  F  oc  p-  becomes  F  oc  y-, 

or  the  force  of  each  particle  is  inyerfely  as  the  interval  between 
two  contiguous  particles. 

Cor.  5.  Hence,  becaUfe  the  denfity  of  the  air  is  nearly  prp? 
portlonal  to  the  force  which  corcprefles  it  (art.  489.),  its  con- 
flituent  particles  mull  repel  one  another  with  forces  varying 
inverfely  as  their  diftances. 

CoR.  6.  The  denfity  of  the  air  varying  as  the  comprefllng 
force,  and  that  perpetually  decreafing  in  afcending'  the  ^tmo- 
fphere,  the  denfity  and  elafticity  of  the  ^ir  ^Ifo  perpetually  d^T 
creafe. 

495.  Def.  a  homogeneous  atmofphere  is  an  atmofphere  fup- 
pofed  to  be  of  the  fame  weight  as  that  which  aftually  fur- 
rounds  the  earth;  its  denfity  being  uniform,  and  every-where 
equal  to  the  denfity  of  the  air  at  the  earth's  .furface. 

496."  Prop.  To  Jind  the  altitude  of  a  homogeneous  atmofphere. 

Let  H  be  the  height  of  the  homogeneous  atmofphere,  its 
uniform  denfity  being  D,  the  fame  as  the  denfity  of  the  air 
preffing  upon  the  mercury  in  the  bafin  of  the  barometer  ;  h  the 
height  of  the  mercury  in  the  barometer  tube,  and  d  the  denfity 
of  that  fluid  :  then  (art.  491.)  we  have  M=7m,  or  HD=j6  d, 

whence  H=  — 
D 

Now  it  appears  from  article  490,  that  when  the  denfities  of 
air  and  mercury  D  and  d  are  as  i^-  and  13600,  the  height  h  of 
the  mercury  in  the  barometer  is  24  feet. 

Ilence  H=^=  i36°o><.§  =2781?  feet,  =  5 '268  miles,  Sq 

that  the  height  of  the  homogeneous  atmofphere  is  rather  more; 
than  ^^  miles. 

Cqr.  If  it  -were  not  for  the  changes  of  temperature,  the  height 
H  of  the  homogeneous  atmofphere  nuould  he  invariable,  whatever 
might' ie  the  height  of  the  mercury  in  the  barometer. 

For  if  d  be  conft^nt,  becaufe  the  fpecific  gravity  of  air  varies 
as  D  its  denfity,  and  this  again  asii,  the  height  of  the  mercury  in 

the  tube,  it  follows  that  —  js  invariable,  and  confequently  H=i 

-jj-  is  conftant  llkewife. 

Another  method  of  afcertaining  the  height  of  the  hoixiOgCr 
neous  atmofphere  is  given  in  the  fcholium  at  the  end  of  the 
next  propofition. 

4^7.  Prop.  Suppofwg  the  force  of  gravity  to  vary  as  the  n/A. 
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power  of  the  diflance  from  the  centre  of  the  earth,  utfdthecompref- 
five  force  to  vary  'as  the  denfity,  to  find  the  relation  bettueen  the  den- 
fity  of  the  air  and  the  aUitude  aho^e  thefurface  (fthe  earth. 

Let  X  reprefenf  the  variable  diftance  from  the  furface  of  the 
earth,  the  radius  of  the  earth  being  unity,  (fthe  denfity  of  the 
^it  at  the  diftance  w,  and  H  the  height  of  the  hLoniogeneoiis  at- 
flipfphere.  Now,  fince  by  "hypothefis  the  compreiling  force 
varies  as  the  denfity,  the  fluxion  of  the.,  former  will  vary  as 
the  fluxion  of  the  latter :  while,  at  any  diftance,  x  the  fluxion 
pf  the  compreffing  force  lUufl  vary  as  the  force  of  gravity,  the 
denfity,  and  the  fluxion  of  the  altitude,  conjointly  ;  fo  that  the 
fluxion  of  the  comprefEng  force  will  be  to  that  of  the  denfity  in 

the  conftant  ratio  of  «  d  x\o  ^  d-,  the  latter  fluxion  having 
the  negative  fign,  becaufe  the  denfity  decreases  while  the  alti- 
tude increafes.  Confequently,  fince  by  the  definition  of  a 
homogeneous  atmofphere  H  will  reprefent  ^iie  compreffing  force 

at  the  furface  of  the  earth,  we  have  H  :  i  : :  ;«■  d  x :  —  d,  whence 
^"  i  =  -  H  X  i-,  aftd-^-^=  -  H  ,  hyp.  log.  ^f  +  C. 
Now  to  correct  the  fluent  we  muft  confider  that,  when  .r=  i, 

d=  I ;  whence  we  find  C  =  — r-  for  the  value  of  the  conftant 

7I-|-I 

guantity ; ,  and  the  corrp£t  fluent  is  ~"X~"  ^  ^IT  ~H- hyp, 
lag.  d.     Hence 


1- 


5+i  =  H  .hyp,  log.  d. 

liSrhich  is  the  ge'neral  equation  exprefling  the  relation  between 
the  altitude  and  the  denfity. 

CoR.  I.  When  the  force  pf  gravity  varies  inverfely  as  the 

fquare  pf  the  diftance,  i^  =  —  2,  and  — p-  =  H  .  hyp.  Ipg, 
df  'becomes  —  —  i  =  H  .  hyp.  log.  d.  So  that  if  x  inereafe  in 
harmonic  progrefllon,  ~  will  decreafe  in  arithmetic  progreffion, 

and  confequently  hyp.  log.  d  will  decreafe  in  arithmetic  pro- 
creffion. 

Cor.  2.  If  the  force  pf  gravity  be  iuppofed  conftant  «=o, 
and  i-A?=H.hyp.  log.  d.  Confequently,  if  x  incrpafe  in 
arithiiietic  progreffion,  fince  i -pi;' will  then  decreafe  in  arith- 
metic'progreflipn,  the  hyPt-IPS-  of  </  will  decreafe  in  arithmeti<B 
progreffion.  '  ..   .  j.    .- , 
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Cor.  3.  Since  the  hyperbolic  logarithms  are  to  the  common 
Jogarithtns  in  a  conftant  ratio,  viz.  that  of  i  to  •4342944.8,  &e- 
it  follows  that  when  x  increafes  in  arithmetic  progreffion  the 
common  Jogarithms  of  the  deniities  will  dpcreafe  in  arithmetic 
pragreffian,  and  the  denfities  themfelves  in  geometrical  pro* 
greffioB,  on  the  fuppofitipn  of  equal  gravity. 

■Cor.  4.  Hence,  retainiijg  the  fame  hypathefis,  different  altis 
tudes  above  the  earth's  furface  will  vary  as  ,the  negative  Joga» 
rithras  of  the  denfities  or  weights  of  air  at  thofe  altitudes.  5o 
that  if  D  and  d  denote  the  denfities  at  the  heights  H  and  h, 
fince  H  oc  —  Igg.  D,  and  h<x.  —  loig.  d,  the  difference  H  —h cc 

—  log.  D  —  (—  log.  d)  K  log.  P  — log.  d,  oroc  Jog.  — .     An(J 

if  H=p,  orD=  the  denfity  at  the  earth's  furface,  then  any 

altitude  above  the  furface  is  as  the  log.  of  —     Or  generally 

the  log.  of  —  varies  as  the  altitude  of  the  one  place  above  the 

other,  whether  the  lower  place  be  at  the  furface  of  the  earth 
or  not :  and  upon  this  property  is  founded  the  method  of  findr 
ing  the  heightsi.of  mo.untains,  &c.  by  the  barometer. 
SCHOLIUM. 

498.  The  ^properties  comiprifed  in  the  prece'ding  corollaries 
gre  fometimes  proved  by  means  of  the  logarithmic  curve;  and 
as  a  "defcriptiori  of  the  relation  which  obtains  between  the  .or- 
dinates  of  that  curve  and  the  denfity  of  the  air  will  furniA  an 
agreeable  illuftration  of  what  is  done  above,  fuch  defcription  it 
fulueined. 

Let  ARQ__(fig.  3.  pi.  XVJII.;)  reiprefent  a  feftion  of  a  ter- 
xeffrial  hemifphere  by  a  plane  ■through  its  centre  O,  m  OAM  a 
vertical  line,  AE  a  horizontal  line  through  A,  a  point  on  the 
earth's  furface.  Let  this  line  AE  reprejfent  ,the  denfity  of  the 
air  at  A;  and  let  DH  parallel  to  AE  be  taisen  to  AE,  as  the 
(lenfity  at  D  to  the  denfity  at 'A  :  then  it  is  manifeft  that  if  a 
iogiftic  or  logarithmic  curve  EHN  be  drawn,  having  AM  for 
its  axis,  and  paffing  thrc,«jh  the  points  E  and  H,  the  denfity  of 
the  air  at  any  other  point  C  in  the  vertical  AM  will  be  repre- 
fented  by  CG,  the  ordinate  to  .the  cjur-ye  in  that  point :  for  it  is  . 
a  known  property  of  this  cyrve,  that  if  portions  AB,  AC,  AD, 
of  its  axis  be  taken  in  arithmetical  progreffion,  the  ordinates 
AE,  BF,  CG,  will  be  in  geometrical  progreffion. 

Another  property  of  .this  curve  is,  that  if  EE  or  :HS  touch 
the  curve  in  E  or  H  the  fubtangent  AK  or  DS  is  a  conftant 
quantity,  being  the.modulus  pf  die  fyftem  of  logarithms  which' 
die  partijoular  curve  yeprefents.     And  a  ihird  property  is,  tliat 
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the  infinitely  extended  area  AENM  is  equal  to  the  reftangle 
AELK  of  the  ordinate  at  A  and '  the  fubtangent ;  and,  in  like 
manner,  the  area  MDHN  above  DH  is  equal  to  the  reftangle 
SD  X  DH  or  K A  x  DH ;  fo  that  the  area  lying  above  or  be- 
yond any  ordinate  is  proportional  to  that  ordinate.  (See  Emer- 
fon  on  Curve  Lines,  book  I.  §  5.  Hutton'sDiftionary,  art. 
Logarithmic  Curve,  or  the  Treatife  on  Curve  Lines  at  the 
end  of  Robertfon's  Conic  SeiiTlions.) 

Now  thefe  geometrical  properties  of  this  curve  are  analogous 
to  the  chief  circumflances  in  the  varying  denfity  of  the  atmo- 
i^hsxe,  on  the  fuppoftdon  of  equal  gravity.  The  area  MBFN,  for 
itiftance,  reprefents  the  whole  quantity  of  the  elaftic  fluid 
wljiich  is  above  B :  for  BF  is  the  denfity  at  B,  and  BC  is  the 
thicknefs  of  the  flratum  between  B  and  C ;  whence  BFGC 
will  be  as  the  quantity  of,  air  in  that  ftratum  :  in  hke  manner 
CGHD  will  be  as  the  quantity  of  aerial  matter  in  the  flratum 
whofe  thicknefs  is  CD  ;  and  the  fahie  of  their  fums,  or  of 
MBFN,  the  whole  area.  Alfo,  as  each  ordinate  is  proportional 
to  the  area  above  it,  fo  each  denfity,  and  the  quantity  of  air  in 
each  ftratum,  is  proportional  to  the  quantity  of  air  above  it. 
And  again,  as  the  whole  area  AENM  is  equal  to  the  reflangle 
AELK,  fo  the  whole  air  of  variable  denfity  above  A  might  be 
contained  in  a  column  KA  of  the  fame  bafe,  if,  inftead  of  be- 
ing comprefled  by  its  own  weight,  it  were  without  weight,  and 
comprelied  by  an  external  force  equal  to  the  preflure  of  the  air 
at  the  fuiface  of  the  earth.  In  this  cafe  it  would  be  of  the 
uniform  denfity  AE  which  it  has  at  the  furface  of  the  earth, 
and  would  confliitute  the  homogeneous  atmofphere  (art.  495.) 

Hence  we  learn  that  the  height  of  the  homogeneous  atmo- 
fphere is  the  fubtangent  of  the  curve  whofe  ordinates  are  as 
the  denfities  of  the  air  at  different  heights,  on  the  fuppofition 
of  equal  gravity.  This  curve  is  generally  called  the  atmojphe- 
rical  logarithmic ;  and  its  fubtangent,  or  the  height  of  the  homo- 
geneous atmofphere,  is  the  modulus  of  the  fyftem  of  logarithms 
to  which  the  curve  correfponds. 

We  have  already  (art.  496.)  (hewn  how  to  find  the  height  of 
the  homogeneous  atmofphere  by  a  fiitgle  obfervation  upon  the 
barometer :  but  the  fame  thing  may  be  effefited,  perhaps,  more 
accurately,  in  a  different  manner.  When  the  rrtercury  and  the 
air  are  of  the  temperature  32°  of  Fahrenheit's  thermometer,  and 
the  barometer  on  the  fea-fliore  ftands  at  30  inches,  if  we  take 
it  to  a  place  936  feet  higher  it  will  fall  td  29  inches.  Now  in 
all  logarithmic  curves  having  equal  ordinates  the  portions  of 
the  axes  intercepted  between  the  correfponding  pairs  of  ordi- 
nates are  proportional  to  the  fubtangents — (Emerfon  on  Log. 
Curve,  prop.  viii.  cor.  3.]  ;  and  the   fubtangeni  of  the  cury^ 
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belonging  to  our  common  tables  is  "43429448,  and  the  differ- 
ence of  the  logarithms  of  30  and  29  (which  is  the  portion  of 
the  axis  intercepted  between  the  Ordinates  30  and  20)  is 
■oi4723'3;  whence  we  have  -0147233  :  -43429448  :  :  (J35 
:  27600  feet,  or  nearly  5-i  miles.  This  determination  of  the 
height  of  the  homogeneous  atmafphere  does  not  quite  corre- 
fpond  with  the  former ;  but  a  trifling  error  in  meafuring  the 
altitudes  of  the  mercury  in  the  barometer  at  the  two  ftations 
■would  caufe  all  the  difference. 

499.  All  that  has  gone  before  in  this  fcholium  proceeds  on 
the  fuppofition  oi  equal  gravity,  or  the  hypothefis  of  Cor.  2.; 
whereas  we  know  that  the  weight  of  a  particle  of  air  decreafes 
as  the  fquare  of  its  diftance  from  the  earth's  centre  increafes, 
conformably  to  CoR.  i.  Hence  we  fee  that  in  order  tlrat  a 
fiiperior  ftratum  may  produce  an  equal  preffure  at  the  furfacc 
of  the  earth  it  muft  be  denfer,  bgcaufe  a  particle  of  it  gra- 
vitates lefs.  The  denfity,  therefore,  at  equal  elevations,  mull 
be  greater  than  on  the  fuppofition  of  equal  gravity,  and  the  law 
of  diminution  of  denfity  muft  be  different. 

Make  OD  :  OA  : :  OA  :  O  d; 
OC  :OA-.  :0A:0/:; 
OB  :  OA  : :  OA  :  O  /^,  &c. ; 
fo  that  O  1^,  Or,  Ob,  OA,  may  be  reciproc;ils  to  OD,  OC, 
OB,  OA ;  and  through  the  points  A,  b,  c,  d,  draw  the  per- 
pendiculars AE,  bf,  eg,  dh,  making  them  proportional  to  the 
denfities  in  A,  B,  C,  D  j  and  fuppofe  CD  to  be  exceedingly 
fmali,  fo  that  the  denfity  may  be  fuppofed  uniform  through  the 
whole  ftratum.     Thus  we  have 

ODxOJ=OAS=OCxOf 

and  O  f  :  O  ^  :  :  OD  :  OC ; 

and  Of  :Of-OD::OD-.OD-OC, 
orOc-.cd-.-.OD-.DQ-^ 

and<ri;CD::Of  :0D; 
,pr,  becaufe  OC  and  OD  are  ultimately  in  the  ratio  of  equality, 
we  have 

cd\CD::Oc:OC::OA.^^.OC\ 

andci=CDx  ^-,  alfo  cdxcg  =  CDxcgx  —.  But  CD 
Xfj'X— i-lis  as  the  preffure  at  C  arifing  fro;n  the  abfolute 

weight  of  the  ftratum  CD  :  for  this  weight  is  as  the  bulk,  as 
the  denfity,  and  as  the  gravitation  of  each  particle  jointly;  and 

CD  expreffes  the  bulk,  eg  the  denfity,  and  -q^-  the  gravitation 

fifeach  f  article.     Therefore,  f'^/xc^  is  as  the  preflure  on  C 
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arifing  frotn  the  weight  of  the  ftratum  DC.  But  cdxcg'isi 
evidently  the  element  of  the  curvilineal  area  A  »? « E,  formed 
by  the  curve  E/V  h  n  and  the  ordinates  AE,  hf,  eg,  &c.  m  n. 
Hence  the  fum  of  all  the  elements>  fuch  as  cdhg,  that  is,  the 
area  cmnghtlo-w  eg,  will  be  as  the  whole  preffure  on  C,  arif- 
ing from  the  gravitation  of  all  the  air  above  it ;  but,  by  the  na- 
ture of  air,  this  whole  pireflure  is  as  the  denfity  which  it  pro- 
duces, that  is,  as  eg.  'Therefore  the  curve  E^«  is  of  fuch  a 
nature  that  the  area  lying  below  or  beyond  any  ordinate  eg  is 
proportional  to  that  ordinate.  This  js  the  property  of  the  logar 
rithmic  curve,  and  Ej-  n  is  a  logarithmic  curve. 

Moreover,  this  curve  is  equal  to  EGN.  For,  let  B  conti- 
nually approach  to  A,  and  ultimately  coincide  with  it.  It  is 
evident  that  the  ultimate  ratio  of  B  A  to  A^,  and  of  BF  to  if,  is 
that  of  equality  ;  and  if  EFK,  E_/"^,  be  drawn,  they  will  con- 
tain equal  angles  with  the  ordinate  AE,  and  will  cut  ofFequa:! 
fubtangents  AK,  Ak.  The  curves  EGN,  E^«,  are  therefore 
equal,  but  in  oppofite  pofitions. 

Laftly,  if  OA^  Ob,  O  e,  OJ,  &cc.  be  t^ken  in  arithmfetical 
progreffion  decreafing,  their  reciprocals  OA,  OB,  OC,  OD^ 
&c.  will  be  in  harmonical  pirogreffion  increafing,  as  is  well 
known  :  but,  from  the  nature  of  the  logarithmic  curve,  when 
O A,  Ob,  Oc,  Od,  Sic.  are  iti  arithmetical  progreffion,  the 
ordinates  AE,  bf,  eg,  dh,  §cc.  are  in  geometrical  progreffion. 
Therefore  when  OA,  OB,  OC,  OD,  &c.  are  in  harmonical 
progreffioi;!,  the  denfities  of  the  air  at  A,  B,  C,  D,  S^c.  are 
in  geometrical  progreffion  ;  and  thus  may  the  denfity  of  the  air 
at  all  elevations  be  difcovered.  Thus  to  find  the  denfity  of  the 
air  at  K,  the  top  of  the  homogeneovis  atmofphere,  make  OK  : 
OA  : :  OA  :  OL,  and  draw  theprdinate  LT,  fq  ffiall  LT  exprefs 
the  denfity  at  K. 

Dr.  Halley  was  the  firfl-  who  obferved  the  relation  between 
the  denfity  of -the  air  and  the  ordinates  of  the  logarithmic  curve, 
or  common  logarithms.  This  he  did  on  the  fuppofition  of 
equal  gravity  ;  and  his  difcpyery  is  acknowledged  by  Sir  Ifaac 
Newton  in  Priticip.  ii.  prop.  '2,2.  JehoL  Halley's  diflertation  on 
the  fubjcft  is  in  No-  l8i  of  the  Phil.  Trsnf.  ^Newton,  with 
his  ufuai  fagacity,  extended  the  fame  relation  to  the  true  ftate 
of  the  cafe,  where  gravity  is  as  the  fquare  of  (the  diftance 
inverfely ;  and  fliowed  that  when  the  diflances  from  the  earth's 
cenl;re  are  in  harmonic  progreffion  the  denfities  are  -in  geo- 
metric progreffion.  He  fliews  indeed,:  in  general,  what  pro- 
greffion of  the  diftance,  on  any  fuppofition  of  gravity,  will  pro- 
duce a  geometrical  progreffion  of  tlie  denfities,  fo  as  to  obtain 
a  fet  of  lines  O A,  Ob,  O c,  Od,  &c.  which. will  be  logarithms 
of  the  denfities.     T^ie  fubjeft  was   afterwards  treated  in,  a. 
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more  familiar  manner  by  Cotes  in  his  Hydrifti  LeB.  and  in 
his  Hai-moHid  Menfutarum ;  alfo  by  Brooke  'faylor,  Method. 
Increment. ;  Wolf,  in  his  Aeromstria ;  Herman,  in  his  Phoronb~ 
mia,  &c. ;  and,  on  account  of  the  fimplieity  and  elegance  of 
this  meth,od,  it  now  obtains  a  place  in  alnioft  every  treatife  on 
pneumatics. 

500.  Prop.  To  determine  the  actual  denfity  of  the  attnoj^heric 
air  at  any  altitude  above  the  earth\s  furface. 

This  may  be  done  with  the  aid  of  the  equation  in  cor.  i. 
art.  49'7.  but  with  greater  facility  by  means  of  the  atniofpherical 
logairithmic,  thus.  By  the  property  in  E^ierfcJn's  Treatife,  re- 
ferred to  in  art.  498.  fay,  as  the  height  of  the  homogeneous 
atmofphfefe  is  to  the  fnodulus  bf  Briggs's  fyftem,  fo  as  the  given 
altitude  in  feet  to  a  fourth  number,  which  in  the  common 
tables  is  the  logarithm  of  the  ratio  of  the  denfity  of  the  air  at 
the  earth's  furface  to  its  denfity  exprefled  by  unity  at  the  pro- 
pofed  height,  on  the  fuppofitiron  of  etjual  gravity.  But,  if  we 
sittend  to  the  variation  of  gravity,  the  procefs  will  be  this. 
Suppofe  C  to  be  the  point  at  which  the  denfity  is  required ; 
make,  as  direfted  in  the  laft  article,  OC  :  O A  : :  OA  -.O  c,  or 
OC :  O  A : :  AC :  A  c,  and  A  c  thus  obtained  will  be  the  height 
to  which  the  denfity  is  to  be  calculated  by  the  preceding  ana- 
logy, on  the  hypothefis  of  equal  gravity. 

Let  us  take  for  an  example  the  height  of  7  milep,  and  con- 
ceive the  radius  of  the  earth  to  be  4000  miles.     Then  fliall  we 

have  OC  ( =4007) :  OA  ( =4000)  : :  AC  ( =7) :  A  c  =  ^"""^^ 

4007 

=6-98777  miles  =368951.  feet.  Wherefore,  taking  27600 
feet  for  the  height  of  the  homogeneous  atmofphere,  we  ftiall 
have 

27600 :  -43439448  : :  Z^^Si  •  '5^0^95 7' 
which  is  the  common  logarithm  of  3-80799,  or  3-808  nearly. 
Gonfequently  the  denfity  of  the  air  at  the  earth's  furfacfe  is  to 
its  denfity  at  the  altitude  of"  7  miles  as  3*  to  i  nearly,  allow-' 
ijyg  for  the  diminution  of  the  force  of  gi'avity. 

This  refult  agrees  nearly  with  experiments.  Thus  Mr.  Cotes 
inferred  from  the  French  experiment  at  the  Puy  de  Dome,  that 
at  the  altitude  of  7  miles  the  air  was  rather  more  than  4  times 
rarer  than  at  the  furface  of  the  earth :  but  from  the  experi- 
ments of  Mr.  Cafwell,  at  Snowden,  he  concluded  that  at  the 
fame  altitude  of  7  miles  the  air  was  not  quite  4  times  rarer 
than  at  the  furface.  And  Sir  Ifaac  Newton,  in  the  laft  editio'n 
cf  his  Optics,  flate's  it  as  4  times  'tarer  at  the  height  of  71  mileS: 
which,  properly  reduced,  gives  3 '86  for  the  comparative  rarity 
at  7  miles.;  ' 


478  PNEUMATICS.  [fidoK  V. 

5:01.  Returning  to  the  hypothefis  of  equal  gravity,  we  may 
readily  find  an  equation  for  the  altitude,  which  fhall  include' 
the  changes  in  temperature.  Thus,  let  D  and  d  reprefent  the 
ttenfity  of  the  air  at  any  two  places,  meafured  by  the  column 
of  mercury  in  the  barometer :  then,  fmce  the  difference  of  al- 
titude «  (art.  49y.  cor.  4.)  is  always  as  log.—-,  aflume  h,  (o 

that  a—h  X  log.  — -,  where  k  will  be  of  one  conftant  value  for 

all  altitudes :  and  to  determine  that  value  let  a  cafe  be  tafcert 
in  which  ^ve  know  the  altitude  a  correfponding  to  a  known 
denfity  d;  as,  for  inftance,  take  a=i  foot,  or  i  inch,  or  fome 
fuch  fmall  altitude ;  then,  becaufe  the  denfity  D  may  be  mea- 
fured  by  the  prefiure  of  the  atmofphere,  or  the  uniform  column 
of  276cd  feet,  when  the  temperature  is  55°;  therefore  27600 
feet  will  denote  the  denfity  D  at  the  lower  place,  and  27599 
the  lefs  denfity  d  at  i  foot  above  it ;  confequently  i  =f>  X  log. 

;  which,  by  the   nature  of  logarithms,  is  nearly  —h  x' 

,_434^9^4    _.    nearly:   and  hence  i6  =  64? cl  feet;  which 

27600  03551  ■■'  jjj' 

gives,    for  any   altitude  in   general,    this  theorem,    viz.  a  = 

63551  X  loS-  ^ '  or  =6355 1  X  log.  M.  feet,  or  10592  x  log.  ~ 

fathoms  5  where  M  -is  the  column  of  mercury  which  is  equal 
to  the  preiTure  or  weight  of  the  atmofphere  at  the  bottom,  and 
m  that  at  the  top  of  the  altitudes;  and  where  M  and  m  may 
be  taken  in  any  meafure,  either  feet  or  inches,  &c. 

This  formula  is  adapted  to  the  mean  temperature  of  the  air 
5  5°  of  Fahrenheit's  thermometer  :  but  it  has  been  found  by  the 
experiments  of  Sir  Geo.  Shuckburgh  and  Gen.  Roy,  that  for 
every  degree  of  the  thermometer  different  from/ 55°  the  altitude 
a  will  vary  by  its  435  th  part:  hence  if  we  would  change  the 
fa£tor  h  from  10592  to  10000,  becaufe  the  difference  592  is  the 
1 8th  part  of  the  whole  faftor  10592,  and  becaufe  18  is  nearly 
the  24th  part  of  435 ;  therefore  the  change  of  tempera- 
ture  anfwering  to  the  change  of  the  fa£lor  h  is  24°,  which/ 

reduces  the  55°  to  31°.     So  that  0  =  10000  X  log.  -   fathoms 

is  the  eafieft  expreffion  fbr  the  altitude,  and  anfwers  to  the 
temperature  of  31°,  or  very  nearly  the  freezing  point:  and  for 
every  degree  above  that  the  refult  mull  be  increafed  by  fo  many 
titnts  its  435th  part,  and  diminifhed  when  below  iti 
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This  method  was  firft  given  by  Dr.  Hutton,  under  the  article 
Atmofphere,  in  his  Mathematical  Difitionary. 

A  corre£l:  and  extenfive  table  of  the  comparative  rarity  and 
espanfion,  denfity  and  compreflion,  of  air  at  different  alti- 
tudes, afluming  the  homogeneous  atmofphere  at  29725  feet, 
and  allowing  for  the  variation  of  gravity,  is  inferted  at  p.  253 
of  Helfham's  Leftures. 
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CHAPTER  ir. 


On  the  Admeasurement  of  Altitudes  by  the  Barometer 
and  Thermometer. 


502.  M.  Pascal  and  Defcartes  hinted  that  if  a  barometer 
Were  carried  to  a  higher  fituation  the  quickClver  would  fink  in 
the  tube ;  and  the  fa£l  was  verified  by  M.  Perier.  But  the 
admeafurement  of  altitudes  by  means  of  the  barometer  was  firft 
diftin£Hy  fuggefted  by  Dr.  Halley,  in  a  paper  in  No.  1 8 1  of  the 
Philofophical  Tranfa6tions,  to  which  we  have  before  referred 
(art.  499.).  He  there  ftates  that,  according  to  experiments 
fliewn  before  the  Royal  Society,  when  the  barometer  ftood  at 
30  inches,  and  in  a  mean  ftate  of  heat  and  cold,  the  fpecific 
gravity  ©f  air  was  to  that  of  water  as  i  to  800 ;  and  then  pro- 
ceeds as  follows  :  "By  the  like  trials  the  weight  of  mercury  to 
water  is  as  13I-  to  i,  or  very  near  it;  fo  that  the  weight  of 
mercury  to  air  is  as  ioBqo  to  i,  and  a  cylinder  of  air  of  10800 
inches  or  900  feet  is  equal  to  an  inch  of  mercury  ;  and  were 
the  air  of  an  equal  denfity  like  water,  the  whole  atmofphere 
would  be  no  more  than  5,^  miles  high  ;  and  in  the  afcent  of 
every  900  feet  the  barometer  would  fink  an  inch.  But  the  ex- 
panfion  of  the  air  increafing  in  the  fame  proportion  as  the 
incumbent  weight  of  the  atmofphere  decreafes,  that  is,  as  the 
mercury  in  the  barometer  finks,  the  upper  parts  of  the  air  are 
tnuch  more  rarefied  than  the  lower,  and  each  fpace  anfwering  to 
an  inch  of  quickfilver  grows  ftill  larger,  fo  that  the  atmofphere 
muft  be  extended  to  a  much  greater  height.  Now,  on  thefe: 
principles,  to  determine  the  heigl^t  of  the  mercury  at  any 
affigned  height  in  the  air,  and  e  contra,  having  the  height  of  the 
mercury  given  to  find  the  height  of  the  place  where  the  bars- 
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meter  ftands,  aire  proHems  not  more  difiicult  than  ctrrious." 
He  then  points  out  a  method  of  folution,  and  gives  tables  of  th^ 
heights  of  mercury  at  different  altitudes,  and  vice  -verfa  ;  which 
need  not  be  copied  in  this  place,  as  they  depend  upon  erro- 
neous eftimates  of  the  fpecific '  gfalrities  of  mercury  and  aiiC. 
He  alfo  mentions  the  condenfation  and  rarefa£lion  by  heat  and 
cold,  and  the  efiedii:  of  aqueous  and  other  vapours  j  but  was  or 
opinion  that  thefe  would  compenfate  each  other. 

503.  It  appears,  thenj  that  Dr.  Halley's  method  Cannot  ap- 
ply to  every  cafe,  fince  it  depends  upon  the  fuppofition  of  the 
relative  denfity  of  air  and  mercury  being  only  affe£ted  by  d 
change  of  prejfure.  But  fin^e  all  bodies  are  expanded  by  heat, 
and  as  they  are  not  all  equally  expanded  by  it,  it  follows  that  a 
change  of  temperature  may  change  the  relative  gravity  of  mer- 
cury and  air,  even  although  both  undergo  the  fame  change  of 
temperature  :  and  fince  the  air  may  be  vtrarmed  or  Cooled  when 
the  mercury  is  not,  or  may  change  its  temperature  independent 
of  it,  fUl  greater  variations  of  fpeaific  gravity  may  be  expeiSted. 
Hence  many  corrections  are  required  to  adjuft  the  barometrical 
method  to  the  various  attending  circumftances,  and  it  was  not 
till  long  after  Dr.  Halley's  time  that  the  method  was  turned  to 
any  real  ufe.  The  chief  improvements  and  adjuftments  are  due 
to  M.  de  Luc,  who  had  favourable  opportunities  of  making  nu- 
merous obfervations"  among  the  high  hills  of  Switzerland,  and 
who  availed  himfelf  of  thefe  opportunities  in  almoft  every  va- 
riety of  circumftances.  The  refult  of  his  experiments  and  en- 
quiries Was  pubUftied  at  Geneva  in  a  treatife  on  the  barometer 
and  thermometer,  and  in  a  paper  in  the  57th  volume  of  the 
Philofophical  Tranf.  Other  curious  and  valuable  papers  on  this 
fubje£t  by  Dr.  Malkelyne,  Dr.  Hor j\ey,  Sir  George  Shuckburgh, 
and  General  Roy,  are  inferted  in  the  different  volumes  of  thefe 
Tranfa£tions. 

The  moft  accurate  experiments  for  afcertaining  the  expan- 
lion  of  mercury  are  thofe  of  General  Roy  (vol.  67,  Philofophical 
Tranfadlons).  Thefe  are  contained  in  the  following  table ; 
where  the  iirft  column  exprefles  the  temperature  by  Fahren- 
heit's thermometer,  the  fecond  column  expreffes  the  bulk  of  the 
mercury,  and  the  third  column  the  expanfion  of  an  inch  of  mer- 
cury for  an  increafe  of  one  degree  in  the  adjoining  tem- 
peratures. 
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Table  f. 


Teanp. 

Bulk  of  g  . 

Expans.  for  1° 

212° 

30"5"7 

0-0000763 

202 

30-4888 

0-0000787 

192 

30-4652 

0-0000810 

182 

30-4409 

0-0000833 

172 

30-4159 

0-0000857 

162 

30-3902 

0-0000880 

15a 

30-3638 

0-0000903 

142 

30"3367 

0-0000923 

132 

30-3090 

0-0000943 

122 

30-2807 

0-0000963 

112 

30-2518 

0-0000983 

102 

30-2223 

0-0001003 

92 

30-1922 

0-0001023 

82 

30-1615. 

0-0001043 

72 

30-1302 

0-0001063 

62 

30*0984 

0-0001077 

52 

30-0661 

0-0001093 

42 

30-0333 

o-oooiiio 

32 

30-0000 

0-0001127 

22 

29-9662 

0-0001143 

12 

29-9319 

o-oooii6o 

2 

29-8971 

0-0001177 

0 

29-8901 

The  General  alfo  made  experiments  on  the  expanfion  of  the 
mercury  in  a  real  barometer :  and  in  fome  rules  for  barometrical 
admeafuremcntj  it  will  be  neceflary  to  know  the  logarithmic 
difference  to  the  expanfion  for  the  mean  temperature  of  the  two 
barometers  which  are  ufed.  Thefe  logarithmic  differences  are 
contained  in  the  following  table,  which  is  carried  as  far  as  1 1 2°, 
beyond  which  it  is  not  probable  that  any  obfervations  will  be 
made.  The  number  for  each  temperature  is  the  difference  be- 
tween the  logarithms  of  30  inches,  of  the  temperature  32,  and 
30  inches  expanded  by  th^t  temperatjire. 
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TabIe  ir. 


Temp. 

Log.  diff. 

Dec.  of 
Fath. 

Ft.  In. 

112° 

102 

0-0000427 

'427 

2      7 

92 

0-006043.6 

•43<5 

2      7 

82 

o' 0000444 

•444 

2      8 

72 

0-0000453 

•453 

2      9 

62 

0-000046(3 

-460  i 

2      9 

52 

0-0000468 

■468 

2    JO 

42 

0-0000475 

•475 

2    lO- 

32 

0-0000482 

•482 

2  -J  I 

22 

0*0000489 

•489 

2    II 

12 

o'oooo497 
0^0000504 

•497 

3      0 

0. 

'504     3    0  1 

General  Roy  compared  a  mercurial  and  an  air  thermdnletef, 
each  of  which  was  graduated  arithmetically,  that  is,  the  units  of 
the  fcales  were  equal  bulks  of  mercury,  and  equal  bulks  (per- 
haps different  from  the  former)  of  air.  He  found  their  pro- 
grefs  as  in  the  foUowing  table.  ^ 


Table  III. 


Merc. 

Dim 

Air. 

Diff. 

212 
192 

20 
20 

212-0 
194-4 

r7-6 

l8'2 

172 

20 

176-2 

i8-8 

152 
132. 

20 
20 

157-4 
138-0 

Jt9-4 

20-0 

112 

1 1 8-0 

,20 

20-8 

-92 

20 

97-2 

21-6 

72 

7.0 

75-6 

TZ'6 

52. 

20 

53-0 

ai-6 

32 

20 

3i'4 

20-0 

12 

11-4 

The  following  table  contains  the  expanfion  of  1000  parts  of 
air,  nearly  of  the  common  denfity,  by  heating  it  from  o  to  212. 
The  firft  column  contains  the  height  of  the  barometer ;  the 
fecond  contains  this  height  augmented  by.  the  fmall  column  of 
mercury  in  the  tube  of  the  manometer,  and  therefore  expreffes 
the  denfity  of  the  air  examined  ;  the  third  contains  the  total 
exparifionof  1000  parts ;  and  the  fourth  contatins  the  expanfion, 
for  1°,  fuppofing  it  unifojrm  throughout. 

112 
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Table  IV. 


Density 

Expansion " 

Barom. 

0f  Air  ex- 

of locoparts 

Expansion 

amined. 

by  2ia°i 

by  I". 

29-95' 

31-52 

483-89  : 

2-2825 

3007 

30-77 

482-10 

2-2741 

29-48 

29-90 

4-80-74 

2-2676 

2990 

30-73 

485-86 

2-2918 

29-96 

30-92 

489-45 

2-3087 

29-90 

30-55 

476-04 

2-2455 

29-95 

30-60 

487-55 

2-2998 

'  30-07 

30-60 

482-80 

■2-2774 

29-48 

Mean 

3000 

489-47 

2-3087 

30-62    1 

484-21 

2-2840 

.'•  Hence  it  appears,  that  the  raeanexpanfion  of  lOOp  parts  of  air 
of  the  denCty  30-62  by  one  degree  of  Fahrenheit's  thermo- 
meter is  2-284,  Of  ^^^^  1000  becomes  1002-284. 

If  this  expanfion  be  fuppofed  to  follow  the  fame  rate  that 
was  obferved  in  the  comparifon  of  the  mercurial  and  air  ther- 
mometer, we  fliall  find  that  the  expanfion  of  a  thoufand  parts 
of  air  for  one  degree  of  heat  at  the  different  intermediate  teita- 
peratures  will  be  as  in  the  following  table. 

Table  V. 


Temp. 

Total    Expan- 
sion. 

Expansion 
for  1°. 

212 
192 
17,2 
152 
132 
112 
92     . 

tz 

72 
62 
52 
42 
32 
22 
12 
0 

484-210 

444-011 

402-452 

359-503 

315-193 
269-513 

222-006 

197-795 
172-671 

147-090 

121-053 

95-929 

71-718 

48-421 

26^038 

2-0099 

2-oo8o 

2-1475 
2-2155 

2-2840 

2-3754     . 

2-4211 

2-5124 

2-5581 

26037 

2-5124 

2-421 1 

2-3297 

22383 

2-i6p8 

Cha?.  IL]       Heights  meafured  by  Barometer,  bfc.  485 

If  we  would  have  a  mean  expanfion  for  any  particular  range^ 
as  between  i2°  and  92°,  which  is  the  moft  hicely  to  compre- 
hend all. the  geodffiticalobfervations,  we  need  only  take  the  dif-- 
ference  of  thebulks  26»038  and  222'oo6=i95'908,  and  divide 
this  by  the  interval  of  temperature  80°,  and  we  obtain  2"4496, 
or  2'45  for  the  mean  expanfion  for  1°,  whence  a  complete  table 
may  readily  be  conftrufted. 

504.  Having  thus  ftated  the  moft  material  circumftances 
which  are  to  be  taken  into  the  account  in  this  kind  of  adm^a- 
furement,  and  given  fuch  tables  as  will  be  ufeful  in  the  com- 
putation, we  ftiall  proceed  to  exhibit  the  moft  approved  precept^ 
and  rules. 

In  order  that  the  obfervations  may  be  carefully  and  properly 
made,  the  perfon  who  undertakes  them  ftiould  be  provided 
with  two  portable  barometers  of  the  beft  conftruftion  (both 
filled  with  mercury  of  the  fame  fpecific  gravity),  on  which,  by 
means  of  a  nonius  properly  adapted  to  the  fcale,  'he  may  read  off 
the  height  of  the  mercurial  columns  to  the  200th  part  of  an 
inch  :  each  barometer  ftiould  be  fitted  up  with  an  attached  ther- 
mometer, fet  in  the  wooden  frame  in  the  fame  manner  as  the 
barometer  tube  is.  The  ball  of  each  thermometer  had  beft  be 
nearly  of  the  fame  diameter  as  the  barometer  tube.  Befides 
thefe  he  muft  alfo  be  provided  with  two  other  thermometers, 
detached  from  the  barometers.  Of  thefe  barometers,  one  with 
its  attached  and  detached  thermometers  is  to  be  placed  in  the 
ftiade  at  the  top  of  the  eminence  whofe  height  is  required, 
while  the  other  remains  below.  Let  them  continue  in  their 
places  at  leaft  a  fufficient  time  for  the  detached  therraometer  to 
acquire  the  temperature  of  the  air,  that  is  to  fay,  till  the  con- 
tained fluid  is  ftationary.  Then  the  obferver  on  the  eminence 
muft  "note  down  the  height  of  the  mercurial  column  in  the 
barometer,  as  well  as  the  temperatures  exhibited  by  the  attached 
and  detached  thermometers ;  and  at  the  fame  time  the  other  ob- 
ferver muft  make  like  obfervations  upon  the  inftruments  below. 
If,  in  this  manner,  two  or  three  fets  of  obfervations  be  taken  at 
each  ftation  after  fliort  intervals  of  time,  and  the  mean  of  the 
refults  furniflied  by  thefe  fets  refpe£tively  be  taken  as  the  true 
altitude  (following  one  of  the  fubfequent  rules),  the  probability 
of  error  will  be  much  diminiftied. 

In  praftice,  however,  it  wilL  often  be  rieceflary  to  deviate 
from  the  preceding  diredlions,  and  fuch  deviations  may  be 
pretty  well  guarded  againft  miftake.  In  cafes  where  better 
inftruments  cannot  be  had,  any  well-made  portable  barometer 
fo  graduated  as  to  fhew  the  true  change  in  the  altitude  of  the 
percury,  may  afford  fuch  obfervations  as  ought  not  to  be 
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negle£ked.  A  fmall  error  in  the  pofitiort  of  the  point  from 
whence  the  fcale  of  inches  commences,  will  not  fenfibly  affe£t 
the  refult;  for  that  refult  depends  chiefly  (art.   50*.)  uport 

log.  —  or  log.  M  —  log.  »»,  which  will  not  be  much  affexEted  by 

.a  fmall  and  equal  change  in  M  and  nt.  Suppofe^  for  example, 
M  was  29'56  inches,  and  m  27*84 ipches,  then  log.  M  —  log.  pt  = 
2308695  but  if  M  were  291 1 J  and  m  27/59,  each  ^^fs  by  ^ 
.i^uarter  of  an  inch,  we  fhould  have  log.  M  — log.  m=:222^0^, 
which  would  not  caufe  a  difference  in  the  refult  of  more  than 
I  fathom  in  a  hundred.  And  an  error  of  f  of  an  inch  in  thiS 
pofition  of  the  zero  is  far  greater  than  may  be  reafonably  ex- 
pefted  to  occur.  If  an  hour  or  more  can  be  allowed  for  the 
mercury  in  the  barof&eter  to  acquire  the  temperature  of  the  fur? 
lounding  air,  which  is  fliewn  by  the  detached  thermometer,- 
then  the  attached  thermometer  may  be  difpenfed  with.  A 
fingle  barometer  may  fupply  the  place  of  two,  if  the  obferva- 
tions  can  be  rnade  firft  at  the'  bafe,  then  at  the  fummit,  an4 
again  at  the  bafe,  in  a  moderate  fpace  of  time :  and  if  the  two 
lets  of  obfervations  at  the  bafe  correfpond  pretty  nearly,  it  may 
be  prefumed  that  the  denfity  of  the  air  below  has  undergone  no 
material  change  during  the  operations.  The  neceiiary  obfer- 
vations being  made,  the  altitude  of  the  pbjeft  at  whofe  top  and 
bottom  the  inftruments  were  placed,  may  be  afcercaiiied  by  one 
or  other  of  the  following  rules.        '  ■ 

.    I.  Dr.  RoMspn^s  method, 

505.  In  this  method  no  tables  are  required  ;  it  will  be  fuffi- 
ciently  exaft  for  moft  purpofes,  and  is  not  difficult  to  remember. 
It  was  deduced  from  thefe  confiderations. 

J.  The  height  through  which  we  mjift  rife  in  order  to  pro- 
duce any  fall  of  the  mercury  in  the  barometer,  is  inverfely  pro-.* 
portlonal  to  the  denfity  of  the  air,  that  is,  to  the  height  of  the, 
piercury  in  the  barometer. 

a.   When  the  barometer  ftands  at  30  inches,  and  the  air  and 
guicfcfilver  are  of  the  temperature  52°,  we  muftrife  through  87 
.  ftet  to  prpduce  a  depreffion  of  -j-V  of  an  inch. 

3.  But^if  the  air  be  of  a  different  temperature,  this  87  feet 
puft  be  increafed  or  diminished  by  about  0*2 1  fif  a  foot,  fof 
/every  degree  of  difference  of  the  temperature  from  32°. 

4.  Every  degree  of  difference  of  fhe  temperatures  of  the 
jmercury^  at  the  two  ftations  makes  a  change  of  2-833  feet,  or  3 
fcft  10  inches  in  the  elevation.  -       ■-  ■        ■ 
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Hence  the  following  rule : 

I.  Take  the  difference  of  tlic  barometric  heights  in  tenths  of 
an  inch.     Call  this  D. 

II.  Multiply  the  difference  d  between  32°  and  the  mean 
temperature  of  the  air  by  -21,  and  take  the  fum  or  difference  of 
this  preduft  and  87  feet.  This  is  the  height  through  which  we 
muft  rife  to  caufe  the  barometer  to  fall  from  30  inches  to  29-9 ; 
and  may  be  called  h. 

III.  Let  m  be  the  mean  between  the  two  barometric  heights .5 

Then is  the  approximated  elevation  very  nearly. 

IV.  Multiply  the  difference  S  of  the  mercurial  temperatures 
by  2  "833  feet,  and  add  this  prod-ufil  to  the  approximated  eleva- 
tion if  the  upper  barometer  has  been  the  warmeft,  otherwife 
fubtraft  it :  then  will  the  refulting  fum  or  difference  be  the  cor- 
refted  elevation. 

Or,  this  rule  may  be  expreffed  by  the  following  formula; 
where  </is  the  difference  between  32°  and  the  mean  tempera- 
ture of  the  air,  D  is  the  difference  of  barometric  heights  in 
tenths  of  an  inch,  m  is  the  mean  barometric  height,  S  the  differ*? 
ence  between  the  mercurial  temperatures,  and  £.  is  the  correfib 

elevation.  E = ^—^-^ • — -^  ±6x2-833. 

For  an  example,  fuppofe  that  the  mercury  In  the  barometer  at 
the  lower  ftation  was  at  29*4  inches,  its  temperature  50°  of 
Fahrenheit's  thermometer,  and  the  temperature  of  the  air  45° : 
the  height  of  the  mercury  at  the  upper  ftatlon  25*  19  inches, 
its  temperature  46°,  and  the  temperature  of  the  air  39°. 
Here  15=294  — 25 1 '9  =42*  I 
h=  87  +  (iOx-2i)  =  89*i 
m=    |(29-4+25-i9)  =27-295 

— =3pproximate  elevation=     .     .  4123*24 

Corredion  for  temp,  of  mercury  4  x  2'833=     1 1-33 

Cbrrefted  elevation  in  feet    .    .    411 1*91 

Ditto  in  fathoms 685*32 

1 1.  M.  de  Luc's  method. 

506.  I.  Subtira£l  the  logarithm  of  the  barometrical  height  at 
the  upper  ftatjoa  from  the  logarithm  of  that  aj  th€  lower. 
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and  count  the  index  and  firft  four  decimal  figures  of  the  re? 
•mainder  as  fathoms,  the  reft  as  a  decimal  fraftion.  This  may 
be  called  the  elevation. 

II.  Note  the  different  temperatures  of  the  mercury  at  the  two 
ftations,  and  the  mean  temperature.  Multiply  the  logarithmic 
expinfion  correfponding  to  this  mean  temperature  (in  table  II. 
art.  503.)  by  the  difference  of  the  two  tehiperatures,  and  fub- 
traft  the  produft  from  the  elevation  if  the  barometer  has  been 
coldeft  at  the  upper  ftation,  bthei:wife  add  it.  This  difference, 
or  fum,  will  be  the  approximated  elevation. 

III.  Obfeifve  the  difference  of  the  temperatures  of  the  air  at 
ihe  two  ftations  by  a  detached  thermometer,  alfo  the  mean  tem- 
perature, and  its  difference  of  temperature  from  32°.  Multiply 
.this  difference  by  the  expanfion  of  air  for  the  mean  temperature, 
and  multiply  the  approximated  elevation  by  i  ±  this  produft,- 
acfording  as  the  air  is  above  or  below  32°;  The  laft  produfl:  ig 
the  correct  eleyation  in  fathoms  and  decinjals. 

Taking  the  fame  example  as  before,  ive  have 
§  al  heights.      Temp.  2  ■  Mean.       Temp.  Air.        Mean. 

25-19  46^  4.  3p  ^^ 

I.  Log.  of  29.4  ....         i'4683473 
Log.  of?5*i9         ....         1-4012232 

Elevation  in  fathoms       ....    6'ji'igi 

II.  Expanf.  for  48°  (tab.  II.)         .    -473 
Multiply  by  (50-46)    .  .         4 

....   1-892 


Approximated  elevation  .         .         .     669-299 

III.  Expanf.  of  air  at  42°     .        00*00238 
Multiply  by  (42  — 32)    .         .         10 

0-0238 
Hence  669-299  x  1-0238=685-228,  the  corre£t  eleyation. 

III.  Sir  George  Shuckburgh's  method. 

foy.  I.  Reduce  the  barometric  heights  to  what  they  would 
he  if  they  were  of  the  temperature  32°; 

II.  The  difference  of  the  logarithms  of  the  reduce,d  barome- 
,trical  heights  will  give  the  approximate  elevation.  ' 

III.  pqrr^ft  the  approximated  elevation  as  before.  , 
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Same  example. 
I.    JMean  expanf.  for  i°  from  tab.  L  is  O-ooo 
i8°xo"oooiii  X  29-4= 
Sut)tra£l  this- from 

Reduced  barometric  height    . 

Expanf.  from  tab.  I.  is  o'oooii 
14°  X  o'oooi  1 1  X  25"i9 
SubtraQ;  from       , 

Reduced  barometric  height     . 
,11.  Log.  29-341 
Log.  25- IS  I 


II. 

0*059 
294 

29'34i 

0-039 
25'i9o 

25-151 
1-4674749 

I  •4005553 


Approximated  elevation  .         .  669-195 

III.  This  multiplied  by  1-0238  gives     .         .      685-125 

Remark  I.  If  o-oooioi  be  fuppofed  the  mean  expanfion  of 
piercury  for  1°,  as  Sir  George  Shuckburgh  determines  it,  the 
reduftion  of  the  barometric  heights  ^yill  be  had  fufficiently  exzfk 
by  multiplying  the  obferved  heights  of  the  mercury  by  the  dif- 
ference of  its  temperatures  from  32,  and  cutting  off  four  more 
decimal  places  ;  thus  29-4  x  -j-^wu  gives  for  the  reduced  height 
29-347,  and  25-19  XxowiT  gives  25-155,  and  the  difference  of 
their^logarithms  gives  669-4  fathoms  for  the  approximated  ele- 
vation, which  differs  from  the  one  given  above  by  no  more  thao 
15  inches. 

Remark  2.  If  0-0024  ^^  taken  for  the  expanfion  of  air  for 
one  degree,  ihe  correftion  for  this  expanfion  will  be  had  by 
multiplying  the  approximated  elevatiori  by  12,  and  this  produft 
by  the  fum  of  the  differences  of  the  temperatures  from  32% 
coi^nting  that  difference  as  negative  when  the  temperature  is 
below  32,  and  cutting  off  four  places;  thus  669-196 xi2x 
13+07  X  laloo  —  i6'p6i,  which  added  to  669.196  gives  685-257, 
differing  from  the  former  only  9  inches. 

IV.  Dr.  Mutton's  method. 

568.  I.  Obferve  the  height  of  the  barometer  at  the  bottom 
of  any  height  or  depth  intended  to  be  meafured,  with  the 
temperature  of  the  quickfilver  by  means  of  a  thermometer 
attached  to  the  barometer,  and  alfo  the  temperature  of  the 
air  in  the  fhade  by  a  detached  thermometer. 

II.  Let  the  fame  thing  be  done  alfo  at  the  top  of  the  faid 
height  or  depth,  and  at  the  fame  time,  or  as  near  the  fame  time 
is  may  be.  '  And  let  thofe  altitudes  of  barometer  be  reduced  to 
the  fame  temperaturei  if  it  be  thought  neceffary,  by  correfting 
either  the  one  or  the  other  ;  that  is,  augment  thelieight  of  the 
itnercury  in  the  colder  temperature,  or  diminifh  that  iij  the 
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warmer,  by  its  -^  /a  a  part  for  every  degree  of  difference  of  the 
two.  The  altitudes  oF  mercury  fo  corre£ted  being  what  we 
denoted  by  M  and  m,  in  art.  50 1 . 

III.  Take  the  difference  of  the  common  logarithm^  of  the  two 
heights  of  the  barometer,  correfted  as  abdve  if  neceffary,  cutting 
off  three  figures  next  the  right  hand  for  decimals,  the  reft 
being  fathoms  in  whole  numbers. 

IV.  Correft  the  number  laft  found  for  the  difference  of 
temperature  of  the  air,  as  follows  :  Take  half  the  fum  of  the 
two  temperatures  for  the  mean  one ;  and  for  every  degree 
which  this  differs  from  the  temperature  3 1°,  take  fo  many  times 
the  -f§-^  part  of  the  fathoms  above  found,  and  add  them  if  the 
mean  temperature  be  above  3 1°,  but  fubtraft  them  if  the  mean 
temperature  be  below  31°;  and  the  fum  or  difference  will  be 
the  true  altitude  in  fathoms  ;  or,  being  multiplied  by  6,  it  will 
be  the  altitude  in  feet.     Math.  DiB.  art.  Barometer. 

Same  Example^ 
Thermometers.  Barometers. 


Mean  42 


Attached. 
46 

Diff.  4 


29'4  lower. 
^5"i9  upper. 


As  9600  :  4  : :  29-4  t  '0123 
corr.    '0123 

Mean  42      M=29'3877     .     . 
Stand.  3 1       m—tS"^9    •    • 


log.  4681656 
4012282 


Diff.  II 


As  435  :  II  ::  669-374 
i<5-924 


i6"924 


The  altitude  fought  is  686-298  fathoms. 

509.  Such  are  the  moft  approved  rules  for  the  determination 
of  altitudes  by  the  barometer.  By  a  comparifon  of  the  four 
methods  it  will  be  feen  that  no  two  of  the  refults  differ  more  than 
a  600th  part ;  fo  that  in  point  of  accuracy  we  know  not  which 
fhould  be  preferred.  In  pra£i:ice,  perhaps,  the  firft  and  fourth 
maybe  moft  expeditious  ;  and,  in  general,  an  arithmetical  mean 
between  the  refults  of  thefe  two  ^viil  not  be  far  from  the  truth. 

As  to  the  advantages  of  the  barometric  compared"  with  the 
geometrical  method  of  meafuring  elevations,  we  fliall  ftate  them 
chiefly  in  the  language  of  Mr._  Nicholfon,  (Natural  Philofophy, 
vol.  ii.).  Firfty  the  mftrumerits  are  neither  very  expenfive,  nor 
«ven  difficult  for  an  ingenious  philofopher  to  make  in  any 


Chap.  IL]  Heights  meafured  hy  Baremeteryi^c.  491 

•country  where  he  can  procure  quickfilver  and  glaf$  tubes ;  Jjut 
the  geometrieal  method  requires  inftruments  of  conlideraUe 
price,  which  cannot  at  all  be  accurately  conftrudled  by  the  mofl: 
ingenious  perfon  who  is  deftitute  of  the  tools,  and  unacquainted 
with  the  artifices  neceflary  to  render  them  correct.  Secondly, 
the  barometers  require  no  other  adjuftment  than  to  obfervepre- 
vioufly  whether  they  agree,  and,  if  they  do  not,  to  allow  for 
their  difierence.  The  barometrical  obfervations  are  likewife 
eafily  made;  whereas,  on  the  contrary,  the  previous  adjuftment 
and  fubfequent  ufe  of  inftruments  for  itieifuring  angles  require 
a  degree  of  precifion  and  IkiU  not  ufually  obtained  without 
pradtice.  Thirdly,  the  error  of  obfervation  in  the  barometrical 
iriediod  for  all  elevations  is  nearly  a  cpnftant  quantity,  never 
amounting  to  fo  much  as  half  a  fathom  for  a  miftake  of  the 
500th  of  an  inch ;  but  any  error  either  in  the  meafarement 
of  lines  or  angles  proportionally  afFedls  the  refult ;  fo  that  the 
greater  the  elevation  required  to  be  meafured,  the  larger  the 
quantity  of  error.  Fourthly,  the  barometrical  obfervations  re- 
quire no  particular  circumftances  of  advantages  either  >  in  the 
figure  or  fitiiation  of  the  mountains,  &c.  to  be  meafilred,  no- 
liiing  more  being  required  than  that  both  ftations  be  acceffible. 
Thefe  oyervations,  and  "the  computation,  are  performed  after 
the  fame  method  in  all  cafes ;  but,  in  the  geometrical  method, 
if  the  horizontal  diftance  of  the  two  ftations  be  confiderable,  or 
if  there  be  not  a  convenient  plain  for  meafuring  a  fundamental 
bafe,  the  operation  becomes  very  complicated,  and  the  proba- 
bility of  error  is  multiplied. 

After  ail,  it  muft  not  be  difguifed  that  the  principles  of  the 
geometrical  method  are  eftablifhed  and  fure,  and  that  an  ex- 
treme degree  of  exa£l:nefs  may  often  be  obtained  in  this  way  by 
good  inftruments  in  the  hands  of  a  (kilful  obferver :  whereas 
the  ipodifications  of  the  atmofphere  with  regard  to  the  ciFe£t 
which  exhalations  of  various  kinds,  and  the  greater  or  lefs 
abundance  of  the  eleftric  matter,  may  have  in  expanding  the 
air  without  changing  its  temperature,  are  not  yet  fufficiently 
known  to  render  the  correitions  altogether  fo  perfedi  as  might 
fee  wiQied.  Thefe  remain  to  be  afcertained  more  accurately  by 
future  obfervations  :  mean  while  it  fhould  be  remembered,  that 
the  elevations  determined  by  the  barometer  are  moft  to  be 
depended  upon  when  the  extreme  temperatures  of  the  column 
of  air  do  not  greatly  differ,  and  when  the  air  is  cold  and  dry. 

The  various  circumftances  affefting  the  denfity  of  the  atmo- 
fphere and  likely  to  occafibn  errors  in  barometrical  admeafure- 
ments,  fuch  as  the  expanfion  from  various  degrees  of  heat,  the 
change  in  the  relation  between  the  denfity  and  the  com- 
prefling  force,  the  variation  in  the  force  of  gravity,  the  folution 
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of  moifture  in  the  air,  the  diminution  of  the  weight  of  mercury 
in  the  upper  barometer,  &c.  have  all  been  made  the  fubjeSs  of 
inveftigation  in  an  elaborate  paper  by  Mr.  Profeflbr  Playfair, 
publifhed  in  the  Tranfaftions  of  the  Royal  Society  of  Edin- 
burgh, voL  I. 

M.  Laplace  has  propofed  a  method  of  combining  the  obferva- 
tions  of  the  barometer  with  geographical  meafures,  to  deter- 
mine in  a  more  decifive  manner  tht  pofition  of  different  places. 
This  pofition,  fo  far  as  it  depends  upon  geographical  ad- 
meafurement,  is  {hewn  by  the  interfeftion  of  two  rectangular 
co-ordinates  ;  one  of  which  exhibits  the  diftance  from  the  firft 
meridian,  or  the  longitude,  and  the  other  the  diftance  from  the 
equator,  or  the  latitude.  He  fuppofes  a  third  co-ordinate  per- 
dendicular  to  the  two  preceding  ones,  by  which  may  be  mea- 
fured  the  vertical  diftance  between  the  fame  point  of  interfeftion 
and  the  level  of  the  fea.  Thus  he  takes,  for  France,  the  level  at 
Breft,  where  the  mean  height  of  the  barometer  is  very  nearly  76 
centimetres,  or  about  29-92  of  our  ftandard  inches.  Then 
making  in  each  place  a  great  number  of  barometrical  obferva- 
tions  durmg  a  year  or  twoj  the  mean  between  all  thefe  obferva- 
tions  gives  the  elevation  of  the  place  propofed  above  the  level  of 
the  fea.  It  is  recommended  ts  choofe  in  each  refpediive  tract 
of  country,  for  the  level  to  which  all  the  obfervations  are  to  be 
referred,  the  mean  height  of  the  neareft  river.  Such  a  courfe, 
of  obfervations  carefully  made  at  different  places  with  accurate 
barometers,  might  furnifh  refults  very  inferefting  in  the  topo-f 
graphy  of  different  countries. 
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CHAPTER  HI. 


On  the  Motion  of  Air  when  the  Equilibrium  of 
Pressure  is  removed. 


510.  In  the  prefent  chapter  we  fhall  confider  air  ftaken  for  a 
reprefentative  of  elaftic  fluids  in  general)  as  a£ted  upon  by  gra- 
vity equally  and  in  parallel  directions  ;  and  in  a  feries  of  propo- 
fitions  enquire  into  the  circumftances  of  its  paflage  from  a  veffel 
into  a  vacuum,  or  from  one  veffel  to  another,  in  which  the  air  is 
of  lefs  denfity. 

Prop.  To  determine  •with  what  velocity  air  ivill  rujh  into  a  void 
/pace  •when  impelled  by  its  lu eight  alone. 

This  is  manifeftly  analogous  to  the  hydraulic  problem  of 
water  flowing  through  an  orifice  in  the  bottom  or  fide  of  a  vefl'el 
(art,  439. ) :  and  the  manner  of  demonftration  there  adopted 
will  immediately  apply  to  the  prefent  inftance.  For  when  the 
moving  force,  and  the  matter  to  be  moved,  vary  in  the  fame  pro- 
portion, the  velocity  will  continue  the  fame ;  that  is,  fincc 
F  ex:  BV  (art.  216.)  when  F  oc  B,  V  is  conftant.  If,  therefore, 
there  be  fimilar  vefl^els  of  air,  water,  oil,  or  any  other  fluid,  all 
of  the  height  of  a  homogeneous  atmofphere  (art.  495.),  they 
will  be  difcharged  through  equal  and  fimilar  holes  with  the  fame 
velocity :  for,  in  whatever  proportion  the  quantity  of  matter 
moving  through  the  hole  be  varied  by  a  change  of  deniity,  the 
preffure  which  forces  it  out,  adling  in  circumftances  perfeftly 
fimilar,  varies  in  the  fame  proportion.  Hence  it  follows,  that  air 
rujhes  from  the  atmofphere  into  a  void  with  the  velocity  which  a 
heavy  body  would  acquire  by  falling  from  the  top  of  a  homogeneous, 
atmofphere. 

l^nt  us  take,  then,  for  the  height  of  the  homogeneous  atmo- 
fphere H  =  278i8  feet  (art.  496.);  and  if  we  put^=32|  feet, 
as  we  have  heretofore  done,  we  fhall  have  "^  =  i^"%^n  =  ii'XQ 
feet  nearly  =  8  y'H  nearly^  the  velocity  fought :  no  regard  being 
here  paid  to  the  velocity  which  the  air  acquires  after  its  ifl"uing 
iijto  the  previous  void  by  its  continual  expanfion. 
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SCHOLIUM. 
511.  The  firfl:  folution  to  this  problem  we  recoUeft  was 
given  by  Dr.  Papiti  in  the  Phil.  Tranf.  No.  184.  See  alfo  the 
new  abridgment,  part  x.  p.  334.  It  is  deduced  from  this  pro- 
pofition,  viz.  that  of  different  liqtiors  under  the  fame  preflure, 
thofe  fpecifically  lighter  muft  acquire  a  greater  celerity,  and 
their  different  velocities  will  be  to  one  another  as  the  roots  of 
the  fpecific  gravities  of  the  faid  liquors.  "  If,  therefore,"  fays 
Dr.  Papin,  "  we  would  know  what  is  the  velocity  of  air  when 
driven  by  any  degree  of  preffure  whatever,  we  need  only  find 
what  would  be  the  velo^iity  of  water  under  the  fame  preffure, 
and  then  take  the  fquare  roots  of  the  fpecific  gravities  of  thefe 
two  fluids,  becaufe,  as  much  as  the  fquare  root  of  the  fpecific 
gravity  of  water  exceeds  the  fquare  root  of  the  fpecific  gravity 
of  the  air,  fo  much  in  proportion  will  the  velocity  of  the  air  ex- 
ceed that  of  the  water.  For  example,  when  I  would  compute 
what  would  be  the  velocity  of  a  bullet  fhot  by  the  pneumatic 
engine,  defcribed  in  Phil.  Tranf.  No.  1 79, 1  fhould  firft  com- 
pute what  was  the  velocity  of  the  air  itfelf  that  drove  the  bullet: 
I  therefore  obferve  that  on  this  occafion  the  air  fuftains  a  p'reC- 
fure  much  about  the  fame  as  that  of  water  when  its  head  is  32 
feet  highi  now  fuch  water  would  fpout  out  with  a  fuificient  ve- 
locity to  afcend  32  feet  perpendicular,  and  therefore  it  has  the 
velocity  of  45  feet  in  a  fecond.  It  remains,  therefore,  only  to 
know  the  proportion  of  the  gravity  of  air  to  that  of  water  :  this 
we  have  found  not  to  be  always  the  fame  ;  becaufe  the  height, 
the  heat,  and  the  moifture  of  the  atmofphere,  are  variable  ;  yet 
we  may  fay  in  general,  that  the  ratio  of  the  fpecific  gravities  of 
water  and  air  is  about  840  to  i.  Taking,  then,  their  fquare 
loots,  which  are  29  and  i ,  we  may  conclude  that  the  velocity  o£ 
air  muft  exceed  that  of  water  29  times  ;  and  fo  multiplying  45, 
the  velocity  of  water,  by  29,  we  fhall  find  that  the  velocity  of 
the  air,  driven  by  the  whole  preffure  of  the  atmofphere,  is  about 
J305  feet  in  a  fecond." 
■  This  number,  as  Dr.  Hutton  remarks,  is  too  fmall ;  for  the 
mean  preffure  of  the  atmofphere  is  now  known  to  be  about  that 
of  a  column  of  water  of  33-|-  feet,  and  this  will  give  for  its  velo- 
city 46 ly  feet,  inftead  of  45  ;  which,  multiplied  by  the  29, 
gives  nearly  1348  feet :  a  determination  which  differs  from  that 
in  the  preceding  article  by  about  its  150th  part. 

512.  Prop.  To  determine  the  velocity  luith -which  the  air  of 
the  atmofphere  will  rufh  into  afpace  containing  rarer  air. 

Whatever  the  denfity  of  the  rarer  air  may  be,  its  elafticity, 
which  varies  as  it^  denfity,  will  balance  a  proportional  part  of 
the  preffure  of  the  atmofphere  ;  and  it  is  the  excefs  of  this  laft 
only  which  is  the  moving  force,  the  matter  to  be  moved  is  the 
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fame  as  before.  Let  D,  then,  be  the  natural  denCty  of  the  air, 
and  f  the  denfity  of  the  air  contained  in  the  veffel  into  which  it 
is  fuppofed  to  run :  let  P  be  the  preflure  of  the  atmofphere, 
and  therefore  equal  to  the  force  which  impels  it  into  a  void, 
and  *  the  force  with  which  this  rarer  air  would  run  into  a  void. 

Then  (art.  491.)  we  have  P  d=*D,  and  ic  =  -^.     Alfo  the 
,  moving  force  in  the  prefent  cafe  is  P  —  ir,  or  P — .    Laftly, 

let  V  be  the  velocity  of  air  of  denfity  D  rufliing  into  a,  void,  and 

V  the  velocity  with  which  it  will  rufli  into  the  rarified  air  of 
denfity  5.  Now,  in  this  as  well  as  other  fluids,  the  preflures 
are  a«  the  fquares  of  the  velocities  of  efflux ;  therefore   (art. 

p  s 
469.  cor.  2.)  P:P g-  ::V*:v%  and  by  redudion  we  find 

V  =  V  X    /  I  —  -^ ;  an  expreflion  for  the  velocity  fought,  not 

confidering  the  refinance  which  the  air  of  denfity  D  will  expe- 
xience  from  the  inertia  of  that  in  the  veffel,  which  it  muft  dif- 
place  in  its  motion. 

Cor.  I.  Hence  it  appears  that  there  will  always  be  a  current 
into  the  veffel  while  I  is  lefs  than  D. 

Cor.  2.  Hence,  alfo,  we  learn  the  gradual  diminution  of  the 
velocity  as  the  veffel  fills ;  for,,  becaufe  §  gradually  increafes 

I  —  — ,  and  confequently  the  value  of -y  continually  diminilhes. 

513.  Prop.  'To  determine  the  time  tin  fecotids,  in  mihich  the 
air  of  the  atmofphere  ivill  flonv  into  a  given  vejfel  from  itsjlate  pf 
vacuity,  till  the  air  in  the  veffel  has  acquired  any  propofed  denfity  S- 

Let  H  be  the  height  in  feet  due  to  the  velocity  V  (art.  244;), 
s  the  folid  content  or  capacity  of  the  veffel  in  cubic  feet,  and  a 
the  area  or  feftlon  of  the  aperture  in  fquare  feet,  D  reprefent- 
ing,  as  before,  the  natural  denfity  of  the  air.  Now,  fince  die 
quantity  of  air  to  fill  the  veffel  will  depend  upon  its  denfity 
and  the  capacity  of  the  veflel  conjointly,  we  may  exprefs  it  by 
"D  s  when  the  air  is  in  its  ordinary  ftate,  and  by  5j  when 
it  has  acquired  the  denfity  S.  To  find  the  rate  at  which 
the  veflel  fills  we  muft  t3ke  the  fluxion  of  the  quantity  Sj-, 

which  will  be  s$,  becaufe  s  is  invariable.  The  velocity  of  in- 
flux at  the  firft  inftant  is  V  or  v'^Th  (art.  510.),  and 
when  the  air  in  the  veffel  has  acquired  the  denfity  I,    that 

isj  at  the  end  of  the  time  ?,  the  velocity  is  </  agfjx     /  l  --5- 
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*"^V  ^^^  ■  ^tT'  ■'^^^"'^^  ^^^  ^^^^  °^  influx,  which  may  be 
meafured  by  the  indefinitely  fmall  quantity  of  air  which  will 
enter  during  the  time  i  with'  this  velocity,  will  be  denoted  by 
x/'VgU  X  y  ^^  X  D  fl  /=  a  ;  v/z^DH  [D~S).  Mak- 
ing thefe  two  values  of  the  rate  of  influx  equal,  we  have 
a i y/zgDU{-D~l)  =s\,  ox  't=        '         X ~.  Tak- 

V*  g  DH       V  D-S 


ing  the  fluents,  we  have  /= '  x  v'D  — §+C. 

To  determine  the  conftant  quantity  C  we  mufl:  recoiled!:  that 
when  t=o,  §=o,  and  ^  d^  =  ^/  D  :  hence  C  =  y'D  ;  and  the, 
corredl  fluent  is 


t= =^  X  (v'D-v/D-5). 

Cor.  When  S=D  the  motion  ceafes,  in  .which  cafe 'i"  be- 
comes  1=^=1  or ?=,  or — ^,  nearly,    for  the  time  of 

completely  filling  the  veflel. 

514.  To  illuftrate  this  by  an  example  in  numbers,  let  us 
fuppofe  the  capacity  of  the  veflel  to  be  8  cubic  feet,  or  nearly 
a  wine  hogfhead,  and  that  the  orifice  by  which  the  air  of  the 
ordinary  'denfity  (which  we  fhall  make  =1)  enters,  is  an 
inch.fquare,  or  ^^  of  a  foot.     Here  4^/11=4^/27818=668, 

and  t  =  -r-rro-  =  ^.=  i"7245-     If  'lie  hole  be  only  -^  of 
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3  fquare  inch,  or  the  fide-j^  of  an  inch,  the  time  of  completely 
filling  the  veflel  will  be  nearly  172^  feconds,  or  rather  lefs 
,  than  3  minutes. 

If  we  make  the  experiment  with  a  hole  cut  in  a  thin  plate, 
we  fhall  find  the  time  greater  nearly  in  the  ratio  of  62  or  63  to 
|oo.  As.  is  likewife  the  cafe  with  water  flowing  through  fmall 
orifices  (art.  458.  517.))  and  for  fimilar  reafons. 

In  like  manner  we  can  find  the  time  neceflary  for  bringing 
the  air  in  the  veflel  to  ^  of  the  ordinary  denfity.  For  the  only 
variable  part  of  the  correft  fluent  above  is  y^D— i,  which  in 
this  cafebecomes  ^T^'=\/-^—i>  whence  ^D  —  \/ D—S=i- 
And  |jif  the  hole  is  a  fquare,  each  fide  being  -j-V  of  an  inch, 
the  time  is  4  of  I724j  that  is,  S6^  feconds. 

515.  Prop.  Let  the  air  in  the  veffd  ABCD  (fig.  4.  pi.  XVIII.) 
he  compreffid  by  a  weight  aBing  en  the  cover  AD,  luhich  is  mave^ 
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ahle  down  the  vejilf  to  determine  the  velocity  ofjhe  air  expelled  at 
the  aperture  C  ^ 

■  llie  dtenlity  D  of  the  external  aif  correfponds  to  its  preflurc 
P :  and,  fince  the  immediate  effeft  of  the  external  preffure  is 
to  Cemprefs  the  aif  in  the  veflel  and  give  it  another  denfity,  let 
the  additional  prefTure  on  the  cover  of  the  veflel  be  j5,  dnd  the 
denfity  of  the  air  in  the  veflel  be  d;  then  ftiall  wt  have  P :  P  + 

/::D:rf;  whence /=Px  -^^—.    Now,  becaufe  the  preflure 

which  expels  the  air  is  the  difference  between  the  force  which 
comprefles  the  air  in  the  veflel  and  that  which  compreflTes  the 
external  air,  the  expelling  force  is  p ;  and  becaufe  the  quan- 
tities of  motion  are  as  the  forces  which  flmilarly  produce  them* 

we  fhall  have  P  :  P .  t^  : ;  MV :  m  v,  where  M  and  m  exprefs 

the  quantities  of  matter  expelled,  V  the  velocity  with  which 
air  ruflies  into  a  vacuum,  and  v  the  velocity  required.  But 
becaufe  the  quantities  of  aerial  matter  whick  iflue  from  the 
fame  orifice  in  an  inftatit  are  as  the  denfities  and  velocities 
jointly,  We  fliall  have  MV •.mv:: DVV :dvv.     Confequently. 

P:P.^::DV^:rfv\   And  hence  we  deduce  v=V  /''~-5 

Cor.  Another  exprefllon  for  the  velocity  may  be  obtained 
without  confidering  the  denfity :    for  fince  P  :  P -\-p  ::D:d, 

therefore  i=?iJW,  and  J-D  =  £i^^  ^0  =  ^-£1^^^ 

_   Dp  ,  rf_D  DP     .    D(P+p)  p         „   ,..      . 

=  -p- }  whence  -^  -  -^  -i-  -A^  =  jX-.     Subftitutmg 

this  value  of  — ^  for  it  in  the  final  value  of  v.  It  becomes 

V .     /p4->  which  is  both  a  fimple  and  convenient  expref- 

Con. 

516.  Prop.  To  enquire  into  the  efiSl  of  the  ai'^s  elrifiicity,  tuh^B 
afcertaining  the  velocity  with  which  the.  air  will  ijfue  from  a  vejffkl 
into  a  vacuum.  '  1 

Let  ABCD  (fig.  4.  pi.  XVIII.)  be  a  veflel  containing  air  of 
any  denfity  D.  This  air  is  in  a  ftate  of  compreflion,  and  if  the 
^omprefling  force  be  removed  it  will  expand,  and  its  elafticity 
willdiminifti  with  the  denfity.  Now  its  elafticity  in  any  ftatfl 
is  meafured  by  the  force  which  keeps  it  in  that  ftate  (art.  488.); 
and  the  fprce  which  keeps  common  air  in  its  ordinary  denfity 
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is  the  prefiure  of  the  atmofphere,  which  (art.  485. j  is  at  a 
medium  the  fame  with  the  weight  of  a  column  of  mercury  29!- 
inches  high.     If  therefore  we  fuppofe  that  this  air,  inftead  of 
being  crnfined  by  the  top  of  the  veflel,  is  prefled  down  by  a 
moveable  pifton  carrying  a  cylinder  of  mercury  of  the  fame 
bafe,  and  zp-l  inches  high,  its  elafticity  will  balance  this  prcf- 
Jure  jufl  as  it  does  the  preflure  of  the  atmofphere :  and,  fince 
it  is  a  fluid,  and  propagates  through  every  part'  and  in'  every 
■direftion  the  prefliire  exerted  on  any  one  part,  it  will  prefs  on 
ariy  fmall  portion  of  the  veflel  by  its  elafticity,  in  the  fame  man- 
ner as  when  loaded  with  this  column.     Hence,  if  this  fmall 
■portion  of  the  vefTel  be  removed,  and  a  paflage  made  into  the 
'void,  the  air  will  begin  to  flow  out  with  the  fame  velocity  as  it 
■iwould  flow  out  when  impelled  by  its  weight  alone,  or  with  the 
velocity  acquired  by  falling  from  the  top  of  the  homogeneous 
'atmofphere;  that  is,  a  velocity  of  1339  feet  nearly  (art.  510.). 
,But  as  foon  as  any  air  has  pafled  through  the  orifice  the  den- 
^fity  of  that  remaining  in  the  veflel  is  diminiflied,  and  its  ela- 
.fticity  is  diminiflied',    confequently  the  expeUing  force  is  di- 
miniflied: but  the  matter  to  be  moved  is  diminiflied  in  the 
.very  fame  proportion  as  the.denfity,  the  capacity  of  the  veflel 
remaining  unchanged :  therefore,  fince  the  denfity  and  elafti- 
dty  follow  the  fame  law,  the  quantity  of ,  matter  moved  will 
"vary  as  the  moving  force,  and  the  velocity  will  continue  the 
•fame  from  the  beginning  to  the  end  of  the  efflux. 
SCHOLIUM. 
517.  Hence,  fince  the  velocity  with  which  the  air  iflues  out 
of  fuch  a  veflTel  is  conjlant,  we  may  readily  compare  the  velocity 
of  theory  in  art.  510.  >vith  that  found  by  experiment.     But  for 
-this  pUrpofe  we  ftiall  here  defcribe  the  fimple  apparatus  and  ex- 
periments  of  Mr.  Banks,  in   which  a   change   of  denfity  is 
avoided.     (Banks  on  the  Power  of  Machines,  p.  10.)     A  (fig. 
'^.  pi.  XVIII.)   is  a  caflc  of  known  capacity,  into  the  top  of 
which  is  fcrewed  an  aperture  <j  of  a  known  area.     The  tube 
.T  d,  recurve  zt,d,  is  foldered  or  fcrewed  into  the  top  of  the 
faid  calk.     The  hole  a  is  fliopped,  and  water  poured  into  the 
tube  T  till  it  is  fuU ;  at  which  time  a  quantity  of  water  will 
have  paflTed  out  of  the  tube  at  d,  and  condenfed  the  air  in  the 
•caflc  till  its  fpring  is  equal  to  the  weight  of  the  water  in  the  tube. 
At  this  time  a  cock  placed  over  the  tube  T,  fufRciently  large  to 
fupply  water  as  fafl;  as  it  can  defcend  into  the  veflel  A,  mufl:  be 
opened  to  keep  the  tube  confl;antly  filled  :  for  this  purpofe  one 
perfon  muft  attend  it,  and  another  mufl:  open  the  aperture  a, 
which  need  only  have  been  clofed  by  a  finger,  and  he  muft 
meafure  the  feconds  from  the  moment  that  the  finger  is  re- 
moved till  the  water  flies  out  at  the  jet.    Hence,  from  know- 
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ing  the  capacity  of  the  veflel  and  the  area  of  the  jet,  thp  Ve- 
locity may  be  obtained.  If  the  tube  T  d  (hould  be  continued 
neariyto  the  bottom  of  A,  while  A  was  filling  with  water,  the 
length  of  the  compreffing,  column  would  be  gradually  dimi- 
nifhed^  and  of  confequence  the  preffure  would  be  conftantly 
changing :  to  avoid  any  irregularity  this  might  produce,  the- 
open  end  of  the  tube  is  as  near  the  top  of  the  calk  as  is  coh- 
Cftent  with  a  free  paflage  for  the  water. 

Experiments.  The  veflel,  contained  i^lb.  6oz.  of  water; 
from  which  we  find  its  capacity  425-088  cubic  inches.  The 
area  of  the  aperture  a,  through  which  the  air  is  difcharged,  is 
"0046  inches. 

J.       J     ( The  altitude  of  T  above  the  calk  30  inches; 

"■    *    ( Time  of  expelling  the  air  33s,  by  feveral  trials. 
-.       jj    j  The  altitude  of  T  6  feet ; 

°'     ■  \  Time  of  expelling  the  air  li'y,  by  feveral  trials. 

In  the  flrfl:  experiment  425 "088,  the  capacity  of  the  caifc, 

being  divided  by  "0046,  the  area  of  the  hole,  gives  9241 0-4 

inches,  for  the  length  of  the  ft  ream  driven  out  in  33*.    Hencd 

^^'^'°'*  =  233-3  feet,  the  velocity  per  fecond. 

From  the  fecond  experiment  we  deduce,  by  a  fimilar  procefs, 
361-6  feet,  for  the  velocity  per  fecond  :  and,  to  fhew  the 
correfpondence  of  this  with  the  firft,  fay,  as  v'il  (the  head) 
•  233'3  ■  =  %/6  (the  head) :  361*8  feet;  diiFering  from  the  former 
by  only  a  fifth  of  .a  foot. 

To  compare  the  velocity  thus  found  by  experiment  with  that 
affigned  by  theory  (art.  510.),  we  may  fay  as  ^^6 1361 -6:: 
^^33  (the  height  of  a  column  of  water  equivalent  in  preflure  to 
the  atmofphere) :  845'2  feet,  the  velocity  with  which  the  atmo- 
fphere  would  begin  to  enter  into  a  vacuum.  Making  the  allow- 
ance fpoken  of  in  art.  514.  we  fhall  have  1339X  "63=: 843-57, 
agreeing  as  nearly  with  the  experimental  refult  as  can  reafon- 
ably  be  expected. 

'518.  Prop.  To  find  the  quantity  of  aerial  matter  ivhich  "will  he 
expelled  from  the  orifice  C  of  the  vejfel  ABCD  (fig.  4.)  during  any 
time  t,  and  the  denfity  of  the  reniaining  air  at  the  end  of  that  time. 

In  the  element  of  time  t  there  ifliies  (by  art.. 513.)  the  capa- 
city of  air  a  t^-  2  ^  H,  the  velocity  V  being  conftant  (art.  516.), 

and  confequently  the  quantity  of  air  o  </  /  V'  2  ^  H.  On  the 
other  hand,  the  quantity  of  air  at  the  beginning  of  the  efflux 
was  J  D,  J  being,  as  before,  the  capacity  of  the  veflel  5  and 
when  the  air  has  acquired  the  denfity  d,  the  quantity  in  the 
veflel  is  i d,  and  sD-s  disthe  quantity  expelled ;  confequently 
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the  quantity  difchargcd  in  the  element  of  time  f  muft  be  the 
fluxion  oisD—sd;  that  is,  ~sd.  Hence  we  have  the  equation 
a  d  ^VajH  =  -  sd,zndi=    ■  ~lf _  =  -r-^ x  -  — • 

The  fluent  of  thia  is  ^  =  — ^  .  hyp.  log.  d.    Now  this  fluent 

ttiuft  be  fo  taken  that  when  t=o,  d^D,  or  hyp.  log.—  =  hyp, 
log.  1=0,    So  that  the  corred  fluent  is 


/  =  . 


Cor.  Hence  it  follows  that  the  whole  air  of  a  veflel  fituated 
as  in  the  propofition  will  not  flow  out  of  it  into  a  void,  ia 
any  finite  time  whatever. 

419.  Prop.  To  determine  the  time  when  the  vejfel,  inflead  of  difi' 
charging  its  air  into  a  void,  emits  it  into  air  of  a  lefs  denfity,  thatden- 
ftty  remaining  invariable  during  the  efflux;  as  may  be  fuppofed  the 
cafe  -when  a  vejfel  holding  condenfed  air  emits  it  into  the  furrounding 
atmofphere. 

Let  the  initial  denfity  of  the  air  in  the  veflel  be  5,  and  that 
of  the  atmofphere  D.     Then  it  is  manifeft;  that  the  expelling 

force  is  P r-  (art.  512, )■;  and  that  after  the  time  t  it  is-^ 


-  • <r^.    We  have  therefore  — —  :  - — ^^ —  :  :  M  V  :  ot  v  : : 

JV^:Jw':  whence,  by  redu£lion,  wehavev=V    /-    /~    ■ 

From  which  equation  we  may  learn,  that  when  (^=D  the  mo- 
tion will  be  at  an  end ;  and  that  if  S=D  there  can  be  no  efflux. 
Now,  to  find  the  relation  between  the'  time  and  the  denfity, 
let  H,  as  before,  be  the  height  due  to  the  velocity  V.     Hence 

the  height  due  to  the  velocity  of  efilux  v muft  be  H x  ^^'^_^' 

iihd  the  fmall  parcel  of  air  which  will  flow  out  in  the  element 

of  time  t  will  hz  ad't    /a  ^  H  .  -i- — — (.  And  another  expref- 

fion  for  the  fame  is,  as  in  the  preceding  article,   —  s  d.  Making 
thefe  two  values  equal,  we  foon  deduce  the  fluxionary  equation 

/  =  —     ~ —  X  ■    ~' ■    The  fluent  of  this,  fo  correded 

that  when /=:ro,  d=^ly  is 
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'=T  X  J 


g  X  hyp.  log.  [^^-^^ — 


Cor.  When  d  becomes  =D  the  efflux  is  complete,  and  the 
cxpreflion  for  the  time  will  then  become 

1  /  J— D         ,  ,         ,J_iD-fv'''S'-^TD\ 

'=^  ><  Jrm  ^  '^yp-  '°g-  (     I^  -   )■ 

520.  Prop.  Lff  the  capacities  of  two  vejfels  containing  airs  of 
different  denftties  he  A  and  B ;  if  they  communicate  by  a  tube  luh^e 
feSiian  is  a,  there  ijuill  be  a  current  from  the  vejfel  canfaining  the 
denfer  air  into  that  containing  the  rarer :  it  is  propofed  to  find  an 
eieprejJiQn  for  the  time  of  efflux,    ' 

Let  P  be  the  elaftic  force  of  the  air  in  the  veffel  A,  QJts 
denfity,  and  V  its  velocity  ;  D  being  the  denfity  of  the  air  in 
the  veffel  whofe  capacity  is  B.  After  the  time  t  let  the  denfity 
of  the  air  in  A  be  q,  its  velocity  v,  the  denfity  of  the  air  in  B 
having  become  3.    The  force  expelling  from  A  vcill  then  be 

P  —  ^  at  the  firft  inftant,  and  at  the  end  of  the  time  t  it  vi^ill 

'  be  Itn.     So  that  we  fhall  have  ^l^^  :  l^^ :  :  QV- 

qv^',  whence  arifes  v=V.     /-tt— pr;  and  we  fee  that  the 

I  •  ^  <y  CiS  — D; 

motion  will  ceafe  when  J=j'. 

Now  the  capacities  of  the  veffels  being  A  and  B  refpeftively, 
we  have  for  a  fecond  equation,  including  the  denfities,  AQj- 

BD  =  A  ? +B  J ;  from  which  we  find  J  =  iiiz:j±5?.    This 

value  of  J  being  fubftituted  in  the  preceding  value  of  w,  tranf- 

forms  it  to  w=  V^ .     / b  (Q-d1 —     '^  ^"  equation  which 

gives  the  relation  between  the  velocity  v  and  the  denfity  q. 

In  order  to  find  the  time  when  the  air  in  A  is  reduced  to  the 
denfity  q,  it  will  be  convenient  to  abridge  the  work  by  fome 
fubftitutions :  thus,  make  Q(B+A)  =  M,  BQJD+Q)  =N, 

BQ^BDsR,  and  —  =  m.     Then,  proceeding  as, in  the  pro- 

pofitions  immediately  before  this,  we  obtain  the   fluxionary 
equation 

«??    /2^H.!^l^^=flux,of(AQj-A^)  =  -Af, 
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This  gives    t  =  ^. — =~=7'.  X  ■  ZL-.  5  the  fluent  of  which, 
fo  correfted  that  *=,o  when  J=Q}  is  as  below : 

,=  Ax     /-I-  X  hyp. log.  (a-i-'Wg^V 

In  a  manner  not  widely  different  from  fome  of  the  propo- 
fitions  in  this  chapter  might  various  other  problems  relative  to 
the  paflage  of  air  from  one  veffel  to  another  be  folved  :  but  fuch 
problems  are  not  of  veicy  frequent  ufe  in  the  common  applications 
of  Pneumatics  to  praftice,  and  are  therefore  not  inferted  here/ 
Some  particular  cafes  are-contidered  in  the  article  Pneumatia, 
Encyclo.  Britan.  to  which  the  ftudent,  who  wiflies  to  invefti-* 
gate  the  fabjefk  further,  is  referred  for  other  information. 


[     503     ] 


CHAPTER  IV. 


On  ihe^Tlmry  of  Air  Pumps,  and  F  amps  for  raising 

Water, 


521.  The  Air-pump  is  a  machine  formed  for  exhaufting  the 
air  out  of  a  proper  veflel,  and  fo  to  make  what, is  called  a 
vacuum:  it  is  one  of  the  moft  ufeful  philofophical  inft.ru- 
ments  whofe  operations  depend  upon  the  properties  of  the 
air.  By  the  help  of  this  machine  the  chief  propofitions  re- 
lative to  the  weight  and  eFafticity  of  the  air  are  proved  ex- 
perimentally, in  a  fimple  and  fatisfaftory  manner.  This 
machine  is  conftrufted  in  various  ways,  one  of  the  befl:  of 
which  will  be  defcribed  in  the  fecond  volume  of  this  work. 
At  prefent  we  (hall  defcribe  one  of  a  portable  and  convenient 
form ;  being  well  adapted  to  moft  of  the  purpofes  for  which 
air-pumps  are  employed. 

EFGH  (fig.  I.  pi.  I.  vol.  II.)  is  a  fquare  table  of  wood;  AA 
are  two  ftrong  barrels  or  tubes  of  brafs,  firmly  retained  in 
their  pofition  by  the  crofs- piece  TT,  which  is  prefled  on  them 
by  fcrews  OO,  fixed  on  the  tops  of  the  brafs  pillars  N,  N. 
Thefe  barrels  communicate  with  a  cavity  in  the  lower  part  D. 
At  the  bottom  within  each  barrel  is  fixed  a  valve,  opening 
upwards ;  and  in  each  barrel  a  pifton  works, '  having  a  valve 
likewife  opening  upwards.  The  piftons  are  moved  by  a  cog- 
wheel in  the  piece  TT,  turned  by  the  handle  B,  of  which 
wheel  the  teeth  catch  in  the  racks,  of  the  piftons  C,  C.  PO 
is  a  circular  brafs  plate,  having  near  its  centre  the  orifice  K 
of  a  concealed  pipe  that  communicates  with  the  cavity :  in 
the  piece  D  at  V  is  a  fcrew  that  clofes  the  orifice  of  another 
pipe,  for  the  purpofe  of  admitting  the  external  air  when  re- 
quired. LM  is  a  glafs  receiver,  out  of  which  the  air  is  to 
be  exhaufted,  and  which  has  obtained  the  nahie  of  receiver, 
becaufe  it  receives  or  holds  the  fubje6ls  on  which  the  expe-~ 
riments  are  to  be  made.  This  receiver  is  placed  on  the  platp 
PQ,  which  is  previoufly  covered  with  a  wet  iheep-lkin,   o"t 


504  PNEUMATICS.  [Sodk  V. 

fmeared  with  wax,  to  prevent  the  air  from  InCnuating  under 
the  edge  of  the  glafs. 

When  the  handle  B  is  turned  one  of  the  pfftons  is  raifed, 
and  the  other  depreffed ;  cohfequently  a  void  fpace  is  left  be- 
tvi^een  the  raifed  pifton  and  the  lower  valve  in  the  correfpond- 
ent  barrel :  the  air  contained  in  the  receiver  LM  communicat- 
ing with  the  barrel  by  the  orifice  K  immediately  raifes  the 
Jower  valve  by  its  fpring,  and  expands  into  the  void  fpace ;  and 
thus  a  part  of  the  air  in  the  receiver  is  extrafted.  The  handle 
then,!  being  turned  the  contrary  way,  raifes  the  other  pifton, 
and  performs  the  fame  aft  in  its  correfpondent  barrel ;  while. 
In  the  mean  time,  the  firft-mentioned  pifton  being  depreffed, 
the  air  by  its  fpring  clofes  the  lower  valve,  and,  raifing  the 
valve  in  the  pifton,  makes. its  efcape.  The  motion  of  the 
handle  being  again  reverfed,  the  firft  barrel  again  exhaufts, 
while  the  fecond  difcharges  the  air  in  its  turn ;  and  thus,  dur- 
ing the  time  the  pump  is  worked,  one  barrel  exhaufts  the  air 
from  the  receiver,  while  the  other  difcharges  it  through  the 
valve  in  its  pifton.  Hence  it  is  evident  that  the  vacuum  in  the 
^receiver  of  this  air-pump  (and  the  fame  may  be  faid  of  all 
others)  can  never  be  perfedt ;  that  is,  the  air  can  never  be  en- 
tirely exhaufted  :  for  it  is  the  elafticity  of  the  air  in  the  receiver 
that  raifes  the  valve,  and  forces  air  into  the  barrel ;  and  the 
barrel  at  each  exfu£i:ion  can  only  take  away  a  certain  part  of 
the  remaining  air,  which  is  in  proportion  to  the  quantity  before 
the  ftroke,  as  the  capacity  of  the  barrel  to  the  fum  of  the  capa- 
cities of  the  barrel,  receiver,  and  communicating  pipe. 

522.  Now,  if  we  fuppofe  no  vapour  from  moifture,  &c.  to 
rife  in  the  receiver,  the  degree  of  exhatiflion  after  any  number 
of  ftrokes  of  the  pifton  may  be  determined  by  knowing  the 
refpe£i:iye  capacities  of  the  barrej  and  of  the  receiver,  including 
the  pipe^of  communication,  &c.  For,  as  we  have  feen  above 
that  every  ftroke  diminifties  the  denfity  in  a  conftant  propor- 
tion, namely,  as  much  as  the  whole  content  exceeds  that  of 
the  cylinder  or  barrel ;  the  exhauftlon  will  go  on  in  a  geome- 
trical progreflion,  the  ratio  of  which  is  the  fame  as  that  which 
the  fum  of  the  receiver  and  barrel  together  bears  to  that  of  the 
receiver  :  and  this  ratio  of  exhauftion  will  be  followed  until  the 
elafticity  of  the  included  air  is  fo  far  diminifhed  by  its  rare- 
fa£i:ion  as  to  rendejr  it  too  feeble  to  pufli  up  the  valve  of  the 
pifton. 

Let,  then,  the  capacity  of  the  barrel,  receiver,  and  pipe  of 
communication  together  be  exprefled  by  b-\-r,  and  that  of  the 
barrel  alone  by  b,  and  let  i  reprefent  the  primitive  denfity  of 
ihq  air  in  the  pump :  fo  ftiall  we  h^ve 
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h-\-r:r  : :  i  :  ^jr,—  ^^  denfity  after  i  ftroke  of  the  pifton, 
*+r:  r::^-Y^  :   tj^t— ;= denfity  after  2  ftrokes, 

,  ?■»  rs 

«+»"  -r::  Jf^-^y.  •  (4^9=denfity  after  3  ftrokes } 

and  the  «th  power  of') 

the  ratio  5-^-,  that  is  C  (4^='''  ^^""^'^"l  ""^^^^  "  ^"''^» 

From  which  we  may  eafily  find  the  denfity  after  any  numher 
of  ftrokes,  when  the  ratio  of  ^  :  r,  and  confequently  that  of 
i+r  to  r,  is  given. 

From  the  fame  formula,  —r-. — -  =  d,  we  may  alfo  derive  an- 

Other  for  finding  the  number  of  ftrokes  of  the  pifton  neceflary  to 
rarefy  the  air  a  number  of  times,  or  to  give  it  a  certain  denfity 
dy  the  primitive  denfity  being  i-     For  the  above  equation,  ex- 

'    prefixed  logarithmically,  is  «  X  log.  or~^°S'  ^'t  or  «  X  (log.  r — 

-  Iog.^4-»-)=Iog.  A:  confequently,  «=,^~^|^;--^jq3^:  in  which 

expreffion  d  will  be  a  fradion.  If  the  number  of  times  which 
the  air  is  rarefied  be  exprefled  by  N  an  integer,  then  the  loga- 
rithmic equation  will  be  n=:^^z^^. 

A  further  redudlion  of  the  fame  theorem  will  furnifli  us 
with  the  proportion  between  the  capacities  of  the  receiver  and 
the  barrel,  when  the  air  is  rarefied  to  the  fraftional  denfity  d 
by  a  definite  number  «  of  ftrokes  of  the  pifton.     For  fince 

;t  I  ^■.=<^»  ii  we  take  the  «th  root  of  both  members  of  the 

equation  we  fliall  have  -rjz  =  ^  d.      Thus,   If   d  be  equ4 

.j-j-yJj.^-^,  and  the  number  of  ftrokes  « =  1 1 ;    we  ihall  find " 

-=log.  i v  fo  that  r  -.b  \-r  ::  I  :  3,  and 3  :  r : :  2  :  i. 


II 


523.  For  the  numerous  ufes  of  the  air-pump  the  reader  m?y 
confult  the  popular  treatifes  on  natural  philofophy :  we  Ihall 
merely,  obferve  in  this  place,  that  the  fpecific  gravity  of  air  may 
be  accurately  afcertained  by  means  of  this  machine.  The  me- 
thod is  as  follows  :  To  the  neck  of  a  glafs  bottle,  made  in  the 
form  of  aFlorence  flafk,  adapt  a  cap  and  valve  opening  outwards  i 
fere  w  it  on  thepump,  and  exhauft  it  to  a  known  degree,  which 
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Will be  fhewn  by  tbe  gauge  attached  to  the  pump  for  that  pur- 
pofe :  then,  from  the  weight  of  the  bottle  before  and  after  ex- 
hauftion,  we  have  the  weight  of  the  exhaufted  air  ;  'and  from 
the  ratio  of  the  height  of  the  mercury  in  the  guage  to  the' 
ftandard  altitude  we  know  the  proportion  which  the  exhaufted 
part  bears  to  the  whole  air  originally  in  the  veifel,  whofe 
■weight  is  therefore  known.  Subtrafting  this  weight  from  the 
weight  of  the  veffel  when  full  of  air,  there  will  remain  the 
weight  of  the  veflel  itfelf :  fill  it  with  water  and  weigh  it,  and 
fubdudl  the  weight  of  the  velTel  from  this  weight ;  the  remainder 
is  the  weight  of  a  bulk  of  the  fame  magnitude  with  the  air 
which  fills  the  ve'ffel,  and  whofe  weight  was  alfo  previoufly  af- 
certained. 

Following  this  method,  it  has  been  found  by  a  mean  of  feve- 
ral  experiments,  that  the  fpecific  gravity  of  air  is  to  that  of 
Water  as  i  -222  to  looo,  very  nearly,  when  the  barometer  ftands 
at  30  inches,  and  in  the  rneai^  temperature  of  55°  of  Fahren- 
heit's thermometer.  This  agrees  with  the  refult  already  given 
in  art  490. 

Pumps  for  raising  Water. 

524.  The  term  Pump  is  generally  applied  to  a  hydraulic  ma- 
chine for  railing  water  by  means  of  the  preJTure  of  the  atmo- 
fphere.  Of  pumps  there  are  a  great  many  different  forts,  ferae 
of  the  beft  of  which  will  be  defcribed  in  the  fecond  volume  of 
this  work :  at  prefent  we  (hall  only  fpeak  of  three  or  four  of 
the  moft  common,  and  ftiall  give  merely  fuch  a  general  defcrip- 
tion  of  their  conftruftion  as  will  enable  the  ftudent  to  under- 
fiand  the  principles  on  which  their  operation  depends. 

The  four  kinds  of  pumps  df  which  we  ftiall  now  treat  are, 
the  fucking  pump)  the  lifting  pump,  the  forcing  pump,  aild  the 
centrifugal  pump  :  of  thefe  the  firft  three  have  fome  parts  in 
common,  and  particularly  the  piftons  and  fuckers ;  they  will 
therefore  be  treated  in  a  rather  connefled  way  :  the  properties 
of  the  centrifugal  pump  will  be  confidered  feparately. 

The  pifton  is  a  body  ABCD  of  circular  bafe  (figs.  ,5.  6.  13, 
pi.  XVIII.),  which  may  be  moved  through  the  interior  part  of 
the  tube  or  body  of  the  pump,  filling  it  exaGly  as  it  moves  aWg; 
The  fucker  E  is  moveable  about  a  joint  in  fiich  a  manner  as 
either  to  permit  or  to  prevent  the  paiTage  of  the  water,  accord- 
ing as  it  prelTcs  upwards  or  downwards.  In  figs.  5. 6.  there  ai;e 
likewife  fuckers  in  the  piftons.  FGHK  (figs.  5.  13.)  is  another 
tube  joined  to  the  body  of  the  pump,  and  is  generally  called  the 
pipe  or  fuiking  pipe :  its  lower  extremity  is  immerfed  in  the 
watejr,  of  which  we  fuppofe  RS  is  the  horizontal  furface. 

525.  The  fucking  pump  is  reprefented  in  fig.  5.    In  this 
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pump  if  we  fuppofe  a  power  P  applied  to  the  handle-  of  the 
pifton  fo  as  to  raife  it  from  I  to  C,  the  air  contained  ill  the  fpace 
DVKHGFC  tends  by  its  fpring  to  occupy  the  fpace  that  the 
pidon  leaves  void :    it  therefore  forces   up  the  valve  E,    and 
enters  into  the  body  of  the  pump,  its  elafticity  diminifliing  la 
proportion  as  it  fills  a  greater  fpace.     Hence  it  will  exert  oa 
the  furfiice  GH  of  the  water  a  lefs  effort  than  is  made  by  the 
exterior  air  in  its  natural  ftate  upon  the  furrounding  parts  of  the 
fame  furface  RG,  HS  :  and  the  excefs  of  prefTure  on  the  part 
of  the  exterior  air  will  caufe  the  water  to  rife  in  the  pipe  GK 
to  a  certain  height  HN,  fuch  that  the -weight  of  the  column 
GN,  together  with  the  fpring  of  the  fuper-incumbent  air,  fhall 
juft  be  a  counterpoife  to  the  preflure  of  the  exterior  air.     At  that 
time  the  fucker  E  clofes  of  itfelf ;  and  if  the  pifton  be  lowered, 
the  air.  contained  between  the  pifton  and  the  bafe  IV  of  the 
body  of  the  pump  having  its  denfity  augmented  as  the  pifton  is 
lowered,  will  at  length  have  its  denfity,  and  confequently  its 
elafticity,  greater  than  that  of  the  exterior  air  :  this  difference  of 
elafticity  will  conftitute  a  force  which  will  pufh  the  fucker  L 
in  the  pifton  upwards,  and  fbme  air  will  efcape  till  the  exterior 
and  interior  air  are  reduced  to  the  fame  denfity.     The  fucker  L 
then  falls-again  :  and  if  we  again  elevate  the  pifton,  the  water. 
will  be  raifed  higher  in  FGHK,  for  the  fame  reafon  as  before. 
Thus,  after  a  certain  number  of  ftrokes  of  the  pifton,  the  water 
will  reach  the  body  of  the  pump  ;  where,  being  once  entered, 
it  will  be  forced  at  each  ftroke  of  the  pifton  through  the  fpout  X: 
for  the  water  above  the  pifton  will  then  prefs  upon  the  fucker, 
and  keep  it  fliut  whilft  the  pifton  is  rifing  ;  fo  that  a  cylinder  of 
water  whofe  height  is  equal  to  the  ftroke  OT  of  the  pifton  (or 
the  vertical  diftance  through  which  it  pafTes)  will  be  raifed  by 
each ,  upward  motion  and  forced  through  the  aperture  X,  pro- 
vided'it  is  of  an  adequate  magnitude. 

526.  The  liftingpump  is  reprefented  in  fig.  6.  pi.  XVIII.  Its 
manner  of  operation  is  this  :  The  pifton  PCD  is  here  placed  be- 
low the  horizontal  furface  RS  of  the  water,  and  when  it  is 
caufcd  to  defcend  it  produces  a  vacuum  between  the  fucker  E 
(which  is  pufhed  down  by  the  external  air)  and  the  bafe  CD 
of  the  pifton.  The  weight  of  the  water,  together  with  that  of 
the  exteripr  zvt  about  R  and  S,  prefTes  up  the  fucker  L,  and  the 
water  pafTes  into  the  body  of  the  pump:  and  when  the  water 
ceafes  to  enter,  the  weight  of  the  fucker  L  clofes  it.  Then,  if 
the  pifton  be  raifed,  it  raifes  all  the  water  above  it,  forces  up  the 
flicker  E,  and  introduces  the  water  into  the  part  I VYX.  When 
the  pifton  is  raifed  to  its  higheft  pofition  the  fucker  E  is  made  to 
elofe  by  the  fuper-incumbent  water,  and  retains  the  fluid  there 
until  by  a  frefli  ftrok?  of  the  pifton  more  water  is  forced  up- 
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wards  through  the  fucker  E ;  that  which  was  before  in  the 
upper  part  of  the  pump  being  expelled  through  a  proper  orifice 
or  fpout  in  the  neighbourhood  of  X,  in  order  to  make  way  for  a 
new  fupply.  And  fo  the  operation  is  continued,  and  water  de- 
livered at  every  ftrpke  of  the  pillon. 

527.  The  foycing  pump  unites  in  fome  meafure  the  properties 
of  the  other  two.  The  pifton  ABCD  (fig.  13.  pi,  XVIII.) 
which  here  has  no  fucker,  being  elevated,  rarefies  the  air, in  the 
fpace  DGHVOC,  and  the  water  rifcs  towards  K :  the  fubfe- 
quent  defcent  of  the  pifton  forces  fome  of  the  air  in  this  fpace 
tfirough  the  valve  L:  the  next  afcent  of  the  pifton  clofes  the 
valve  L,  and  raifes  the  water  in  GK ;  and  fo  on  till  the  water 
pafles  through  the  fucker  E  and  enters  the  fpace  DIVOC. 
Then  the  pifton  being  pufhed  down  clofes  the  fucker  E,  and 
fome  of  the  condenfed  air  is  forced  through  the  valve  L.  A 
further  ftroke  raifes  more  water  into  the  fpace  DIVOC,  and 
expels  more  air  through  L.  At  length  the  water  reaches  L, 
and  the  fubfequent  ftrokes  raife  it  into  the  tube  MO  mn;  from 
■whence  it  is  carried  off  by  a  fpout,  as  in  the  other  pumps.  Or, 
.if  this  pump  be  clofed  at  m  n,  excepting  a  narrower  pipe  p  s, 
then  when  the  water  is  raifed  by  the  procefs  juft  defcribcd  to 
e  r,  above  the  bottom  s  of  the  tube,  the  elaftic  force  of  the  com- 
pre'ffed  air  in  the  fpace  morn  will  compel  the  water  to  iflue 
from  the  aperture />  in  a  continued  ftream  or  jet;  thus  forming 
an  artificial  fountain. 

528.  Let  us  now  enquire  into  the  fundamental  properties  of 
thefe  machines.  By  means  of  the  lifting  pump,  water  may  be 
elevated  to  any  height  we  pleafe,  provided  we  employ  a  fuffi- 
cient  force.  But  the  eftimation  of  this  force  requires  various 
cohfiderations.  We  muft  have  regard  to  the  dimenfions  of  the 
pifton,  the  barrel  of  the  pump,  the  height  to  which  the  water 
is  to  be  raifed,  and- the  velocity  with  which  it  is  elevated;  be- 
fides  the  efFefts  of  friftioh,  &c.  At  prefent,  however,  we  fliall 
not  examine  thefe  particulars  in  all  their  eixtent ;  but  fliall  con-  . 
fine  ourfelves  to  one  of  them.  Now  it  is  certain  that  the 
power  necefl'ary  to  raife  the  water  to  any  propofed  height  muft 
at  leaft  be  capable  of  fuftaining  in  equilibrio  the  preffure  expe- 
rienced by  the  bafe  of  the  pifton  when  it  is  kept  at  reft,  and  the 
fluid  has  attained  the  required  height.  This  prefliire,  then,  we 
proceed  to  eftimate. 

In  general  the  power  muft  be,  at  leaft,  capable  of  fuftaining 
the  weight  of  a  column  of  water  which  has  for  its  bafe  that  of  the 
pifton,  and  for  its  altitude  the  diftance  between  the  furface  RS  of 
the  water  in  the  refervoir  and  the  upper  furface  XY  of  that  in 
the  pump.  For  when  the  bafe  DC  (fig.  6.)  of  the  pifton  is  below 
the  furface  RS  of  the  water  in  the  refervoir,  it  is  manifeft  th^X 
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the  power  has  not  to  {"uftain  the  preffure  of  the  water  contained 
between  RS  and  DC ;  becaufe  that  prepare  is  counterbalanced 
by  that  of  the  water  furrouriding  the  lower  part  of  the  pump, 
and  which  is  tranfmitted  by  means  of  the  inferior  orifice  of 
the  pipe.  The  power,  therefore,  has  only  to  fufiain  the  preffure 
exerted  upon  the  furface  DC  by  the  fluid  comprifed  between 
RS  and  XY  ;  which  preffure  (art.  386.)  is  equal  to  the  weight 
of  a  column  6i  water  whofe  bafe  is  CD  and  altitude  the  vertical 
diftance  between  RS  and  XY. 

When  the  pifton  is  above  R'S',  the  furface  of  the  water  m 
the  refervoir,  then  it  is  evident  the  water  contained  between 
DC  and  R'  S'  does  not  prefs  the  piflon  downwards.  But,  as  in 
that  cafe  it  can  only  be  fuftained  above  R'  S'  by  the  preffure  of 
the  air  upon  the  water  furrounding  the  pump,  and  as  this 
preffure  is  only  capable  of  fuftaining  in  equilibmum  the  con- 
trary preffure  of  the  air  upon  the  furface  XY,  it  follows  that 
the  furface  DC  of  the  pifton  is  furcharged  by  a  weight  equiva- 
lent to  the  column  which  has  DC  for  its  bafe  and  CR'  for  its 
altitude.  And  this  preffure,  joined  to  that  which  is  exerted 
upon  DC  by  the  fuper-incumbent  fluid  between  DC  and  XY, 
makes  the  whole  preffure  upon  the  pifton  as  before  equal  to  that 
of  a  column  of  water  whofe  bafe  is  DC,  and  height  the  diftance 
between  XY  and  RS'. 

529.  Tht  fucking  pump  rt(^vce5  in  its  theory  the  aid  of  other 
principles.  To  judge  of  its  effe£t  a  mere  evaluation  of  the 
power  will  not  fuiEce  :  we  muft  enquire  if  under  the  propofed 
circumftances  the  water  can  pofljbly  be  raifed  to  the  pifton,  and 
made  to  pafs  through  the  fucker  L ;  for  in  fome  cafes  thd  water 
will  never  pafs  a  certain  altitude,  how  many  ftrokes  foever  we 
give  to  the  pifton.  To  underftand  this,  conceive  that  the  water 
has  been  aftually  raifed  to  T  (fig.  5.  pi.  XVIII.),  and  that  the 
fituation  of  the  pifton  in  the  figure  is  the  loweft  which  can  be 
given  to  it :  and  for  greater  fimplicity,  fuppofe  that  the  pump  is 
of  the  fame  internal  diameter  throughout.  It  is  obvious  that  the 
air  comprifed  in  the  fpaceCDTZ  is  of  the  fame  denfity  and 
elafticity  as  the  exterior  air  (at  leaft  dropping  the  confideratiort 
of  the  weight  of  the  fucker  L  and  the  frittion  attending  its  mo- 
tion) ;  for  if  its,  fpring  were  lefs  the  water  would  rife  higher 
than  Zr,  and  if  it  -were greater  li  would  raife  the  fucker  L,  and 
mix  with  the  exterior  air  till  both  became  of  the  fame  deilfity. 
Suppofe  now  that  the  play  of  the  pffton,  or  jhe  diftance  through 
which  it  is  raifed  or  lowered  at  each  ftroke,  is  DQ :  then  when 
the  bafe  CD  is  raifed  to  QO,  the  air  which  previoufly  occupied 
the  fpace  CDTZ  will  tend  to  expand  and  .fill  the  fpace  QOTZ ; 
and  if  the  water  did  not  rife  would  aflually  be  fo  expanded. 
Its  elaftic  foirce  would  then  be  lefs  than  that  of  the  natural  air. 
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in  the  ratio  of  CDTZ  to  QOTZ  (art.  489;.),  or  of  Df  to  OT. 
If,  therefore,  this  elaftic  force,  together  with  the  weight  of  the 
Coljimn  of  water  whofe  height  is  ZR,  conftitute  a  preflure  equal 
to  that  of  the  atmofphere,  or  equal  to  the  weight  of  a  column  of 
water  of  equal  bafe  and  height  at  a  medium  33  feet,  there  will 
be  an  equilibriumj  and  the  water  will  not  rife  further :  if  this 
joint  preffure  is  greater  than  that  of  33  feet  of  water,  the  water 
cannot  be  retained  fo  high ;  but  if  it  is  lefs  than  the  column  of 
33  feet,  the  water  will  continue  to  rife  in  the  pump. 

530.  From  thefe  confiderations  we  may  readily  inveftigate  a 
general  theorem. 

Let  a,  the  altitude  or  vertical  diftance  from  the  point  O  to  the 
flirface  RS  of  the  water  in  the  refervoir,  />  =  0D  the  play  of  the 
pifton,  and  x  the  diftance  OT  :  then  we  have  'DT=x—p,  and 
ST  the  height  of  the  point  T  will  he  a  —  x.  Since  the  air  con- 
tained in  CDTZ  has  the  fame  denfity  and  elafticity  as  the  ex- 
terior air,  its  force  may  be  meafured  by  a  column  of  water  of  the 
fame  bafe  ZT  and  33  feet  high ;  and  becaufe  when  this  air  is 
fo  expanded  as  to  fill  the  fpace  QOTZ  the  elaftic  force  will  be 
lefs  in  the  ratio  of  DT  to  OT,  we  {hall  have  (rejeftlng  the  bafe 
of  the  column,  as  equally  aftefting  every  part  of  the  procefs) 
this  latter  force-  expreffed  by  the  fourth  term  of  this  proportion, 

*  :  a:^/i,:  :  33  :  —  (w— ^).     But   the  force  which  the  Water 

comprifed  between  ZT  and  RS  exerts  in  oppofition  to  the  ex- 
terior preflure  of  the  air,  is  meafured  by  the  height  a  —  x  :  con- 
fequently,  the  elaftic  force  of  the  air  in  the  fpace  QOTZ,  to- 
gether with  the  weight  of  the  water  between  ZT  and  RS,  will 

be  exprefled  by  ■^'  ^~^    +a-x.     Now  in  order  that  the  water 

may  always  rife,  this  joint  preflure  muft  be  lefs  than  the  weight 
of  a  column  of  water  of  33  feet  by  fome  variable  quantity, 
which  we  will  call  j; :  fo  that  the  following  equation  muft  always 

obtain,  viz.  ^^— +a  -  a-  =  33  -y.     The  value  of  x  deduced , 

from  this  equation  is  ambiguous,  being  thus  expreflTed  :  ' 

Now,  when  the  water  ftops  and  does  not  rife  any  further,  y 
vnnifhes,  and  the  equation  becomes  x=i  a"^  -^f  ^ffi'^33p;  of 
which  the  two  values  are  real,  fo  long  as  \  a"  is  greater  than' 
33^.  Hence  we  conclude  that  ivheti  one-fourth  of  the  fquare 
of  the  gnntefi  height  of  the  pifton  above  the  furface  of  the  water  in 
the  refervoir  is  greater  than  33  times  the  play  of  the  pi/ion,  there  are 
always  two  points  in  the  fucking  pump  where  the  water  may  fop  in 
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its  motion ;  and  the  pump  muft  be  reputed  bad  when  the  lowcft 
point  to  which  the  pifton,  can  be  brought  is'fourid hetween  thefe 
two  points. 

But  if  33  p  be  greater  than  ^  fl'-,-the  two  values  of  x,  when 
y  is  fuppofed,==o,  become  imaginary :  fo  that  in  a  pump  io  cOn- 
ftrufted  it  is  impoflible  that  y  fhould  vanifli  i  that  is,  the  pref- 
fure  of  the  exterior  air  always  prevails,  and  the  water  is  tiot  ar- 
retted in  its  paflage.  Hence  we  conclude,  fecondiy,  that  in 
order  that  the  fucking  pump  may  infallibly  produce  its  effeB,  the 
fquare  ofhalfthegreateft  elevation  of  the  pijhn  above  the  water  in 
the  refervoir  mujl  alivays  be  lefs  than  33  times  the  play  of  the  piflotu 

531.  This  general  rule  may  alfo  be  e'aCly  deduced  geometri- 
cally thus  :  Suppofe  the  fucker  or  valve  E  be  placed  at  the  fur- 
face  RS  of  the  water  (fig.  5),  the  tube  to  be  of  uniform  bore, 
and  YS  to  be  the  height  of  a  column  of  water  whofe  preflure  is 
equal  to  that  of  the  atmofphere ;  that  is,  ¥8=33  feet.  Con- 
ceive the  water  raifed  by  working  to  N :  then  the  weight  of  the 
column  of  vrater  SN,  together  with  the  elaflicity  of  the  air 
above  it,  exaftly  balances  the  preflure  of  the  atmofphere  YS. 
But  the  elaflicity  "of  the  air  in  the  fpace  OM,  (QO  being  the 
higheft  and  CD  the  lowefl  fituation  of  the  pifton,)  is  prdpor- 

tlonal  to  YS  x  -^r  >  antlj  confequently,  in  the  cafe  where  the 

limit  obtains,  and  the  water  rifes  no  further,  it  will  be  YS  = 

NS  +  (YS  .  -^-  ).     Tranfpofing  NS,'  we  have  YS  -  NS 

(  =N  Y)  =  YS .  -HZ  ;  -whence  ON  :  DN  :  :  YS  :  YN;  or, 

dividendo,  ON-DN  (=DO)  :  ON  :,:  YS  -  YN  (=NS) :  YS; 
confequently  DO  x  YS  =ON  x  NS.  Hence  we  fee,  that  if  SO, 
the  diftance  of  the  pifton  in  its  higheft  pofition  from  the  water, 
and  OD,  the  length  of  the  femi-ftroke,  or  the  play  of  the  pifton, 
be  given,  there  is  a  certain  determinate  height,  as  SN,  to  which 
the  water  can  be  raifed  by  the  difFeirence  of  the  preffures  of  th^ 
exterior  and  interior  air  :  for  YS  is  to  be  confidered  as  a  con- 
ftant  quantity,  and,  of  courfe,-when  OD  is  given,  ON  .  NS  is 
given  likewife.  To  enfure,  therefore,  the  delivery  of  water- 
by  the  pump,  the  ftroke  muft  be  fuch  that  the  reftangle 
OD.  YS  may  be  greater  than  any  redlangle  that  can  be  made 
of  the  parts  of  SO;  that  is,  greater  than  the  fquare  of  4^  SO,  by 
a  wdlrknown  theorem. 

Hence  we  deduce  a  pra£l;ical  maxim  of  the  fame  import  as 
the  preceding,  i.  e.  No  fueling  pump  can  rafe  -water  effeElually 
unlefs  the  play  of  the  pifton  in  feet  be  greater  Shan  the  f/juare  oftht 
greateji  height  of  the  pifton,  divided  by  i^i. 
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532.  Refuming  the  equation  3?.f^~P).  ^a-x  =  33  -y,  and 

finding  thence  the  value  of  y,  we  have  y  ^flu^iiilP.   Now  let 

AB  (figs.  9.  10.  pi.  XVlII.)  reprefent  the  greateft  height  of  the 
pifton  above  the  furface  of  the  water  in  the  refervoir,  and  AD 
the  play  of  the  pifton  :  fuppofe  the  different  portions  AP  of  the 
line  AB  to  leprefent  the  fucceflive  values  of  x,  and  lay  down 
upon  the  perpendiculars  PM  the  values  of  y  which  correfpond 
to  thefe  aflumed  values  of  ;f :  fo  fhall  we  have  a  curve  MMC 
(fig.  9.)  which,  while-  J  a^  is  greater  than  33  p,  will  cut  AB  in 
two  points  I  and  I',  in  fuch  manner  that  the  ordinates  PM  will 
lie  on  different  fides  of  AB  :  the  ordinates  which  are  below  AB 
fhewing  the  pofitive  values  oi  y,  and  thofe  which  are  above  AB 
the  negative  values.  We  fee,  therefore,  that  fo  long  as  -j  a*  ia 
greater  than  33'^  the  prefTure  of  the  exterior  air  is  ftrongeft, 
until  the  water  has  attained  the  height  BI'.  At  this  point  I'  it 
will  flop  (abftrafting  from  the  confideration  of  the  motion,  ac- 
quired), becaufe  the  value  of  ^  is  =  0.  But  if  the  water  by  the 
motion  it  has  acquired  continues  to  rife  till  it  reaches  fome  point 
between  I'  and  I,  it  will  not  flop  there,  but  will  defcend,  if  the 
fucker  does  not  oppofe  its  defcending  motion  j  becaufe  the  value 
of  ji  being  there  negative  indicates  that  the  prefTure  of  the  exte- 
rior air  is  weaker  than  the  united  preffures  of  the  water  and  the 
internal  air.  If  the  water  reach  the  point  I  it  will  flop  there, 
for  the  fame  reafon  as  it  would  at  the  point  I' :  but  if  once  it 
gets  above  I,  there  is  then  no  reafon  to  fear  that  it  will  defcend  ; 
for  all  the  ordinates  PM  between  I  and  A.  being  pofitive,  fliew 
that  in  that  portion  of  the  pump  the  prefTure  of  the  external  air 
e;cceeds  the  combined  efforts  of  the-  internal  air  and  water. 

533.  When,  on  the  contrary,  the  value  of  7  a"  is  lefs  than  that 
of  33  /I,  the  curve  (fig.  10.)  will  no  where  interfedl  the  axis  AB ; 
all  the  ordinates  are  pofitive,  and  confequently  the  prefTure  of 
the  external  air  is  always  the  ftrongeft.  This  confirms  and 
illuftrates  what  has  been  laid  down  in  art.  530. 

If  the  fucking  pump  were  to  be  placed  fo  high  above  the 
ufual  furface  of  the  earth  (as  at  the  top  of  a  high  mountain),  or 
fo  low  beneath  it  (as  in  a  deep  mine),  that  the  prefTure  of  the 
atmofphere  would  be  fenfibly  different  from  the  aflumed  mean 
prefTure  equivalent  to  33  feet  of  water,  we  muft  then  in  all  the 
preceding  inveftigation  change  the  co-efficient  33  to  that  which 
would  exprefs  the  height  in  feet  of  the  correfponding  column  of' 
water.  And  thefe  equivalent  columns  may  always  be  afcer- 
iained  by  means  of  the  height  of  the  mercurial  column  in  the 
barometer  :  the  analogy  being  this ; — as  29I  inches,  the  mean 
altitude  of  the  mercurial  column,  to  33  feet,  the  mean  height  of 
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,    the  column  6^  water ;  fo  is  any  other  merqurial  column  in 
inches  to  its  correfponding  column, of  water  in  feet. 

534.  In  the  preceding  calculus  the  pump  has  been  fuppofed 
of  uniform  bore  throughout :  when  this' is  not  the-cafp-the  fo- 
lution  is  rendered  fomewhat  more  complex,  but  not  difficult. 
To  calculate  the  effort  of  the  internal  air  when  the  watei;  has 
not  reached  the  body  of  the  pump,  having  only  attained  the 
height  HN,  for  example  (fig.  5.),  we  muft  ufe  this  proportion  : 
as  the  fpace  QOVNMIQ  :  the  fpace  eDVNMIC  : :  33  feet: 
a  fourth  term,  which  being  added  to  the  weight  of  the  column 
of  water  whofe  height  is  NH,  ought  again  to  be  equal  to  33  —  v, 
as  before.  BeGdes,  when  the  fucking  pipe  FG  is  of  a  fmaller 
diameter  than  the  body  of  the  pump,  if  the  conditions  which  we 
Jiave, before  fpecified  obtain,  the  pump  cannot  fail  to  produce 
.the  proper  efFefl: ;  for  the  air  js  dilated  with  more  faciUty  in  this 
latter  cafe  than  when  the  whole  is  of  the  fame  iflternal  diameter. 
•We  need  only  add  on  this  point,  that,  if  the  length  of  the 
ilroke  in  a  uniform  pump,  which  is  requifite  to  render  the  ma- 
chine effeflual,  be  greater  than  can  conveniently  be  made,, it 
jnay  be  diminiftisd  by  contracting  the  diameter  of  the  fucking  pipe  in 
the  fubduplicate  ratio  of  the  diminution  of  the  length  of  the froke. 

53;.  As  to  the  effort  of  which  the  power  ought  to  be  capable 
*o  fuflaiathe  water  to  a  determihate  height  YH  (fig.  5.},  it  will 
bemeafured  according  to  what  "we  have  faid  refpefliing  the  lift- 
ing pump  (art.  52^.),  by  the  weight  of  a  column  of  water  whofe 
bafe  is  equal  to  CD,  and  height  that  of  XY  above  RS.  Here, 
too,  we  drop  the  confiderationof  friftion.and  the  weight  of  the 
pifton. 

536.  The  velocity  of  the  water  flowing  from  the  fucking 
;pipe  into  the  barrel  fhould  be  equal  to  the  velocity  with  which 
^the  piflon  moves.  For  if  it  be  greater,  lefs  work  will  be  done 
;than  the  pump  is  competent  to  efFe£t ;  and  if  it  be  lefs,  a  vacuum 
will  be  produced  below  the  pifton,  which  will  therefore  be 
moved,  up  wards -with  great  difficulty.  If  V  be  the  velocity  of 
;the  water  in  the  fucking  pipe,  d  the  diameter  of  that  pipe,  D  the 
.diameter  of  the  barrel  or  body  of  the  pump,  and  i;  the  velocity 

of  the  pifton  ;  then  V  •  ^  will  be  the  velocity  of  the  water  in 

if   .      '      ^       .     ' 
the  barrel,  and  we  muft  have  v-=Y  •  j^,  if  the  machine  be  per- 

ieS:.  If  h  be  the  height  of  a  column  of  yvater  ^yhofe  weight  i? 
'  equivalent  to  the  prefTure  of  the  atmofpherC,  a  the.altitude  of  the 
J  water  in  the  fucking  pipe,  x  any  other  height  to,  which  it  afcejids 
in  following  the  pifton, ^=32^  feet;  then  will  the  moving 
force  X  h  —  pt,  the  quantity  of  matter  moved  «  «,  and,  confe- 
■     VOL.1,  .it,  , 
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quently,  the  accelerating  force  «  — .     Hence  we  have  v  v= 

Ck  X  -  '   \ 

— *  J  -,  and,  taking  the  fluents,  there  refults  v  the  velo- 
city- of  the  water  =  ^/^gxU>■■hyp.k,s.■t)-.T'  But  \^hen,A;=a, 
^=0  ;  confequently  the  corre£t  fluent  will  be 


'=y: 


2  gXh  .  hyp  log. (i— a). 

_  It  may  juft  be  added  here,  that  the  meafure  we  have  all  along 
given  of  the  external  force  is  only  what  is  neceffary  for  ia/a»d»g 
the  preflure  of ,  the  water  in  the  rifing  pipe.  But  in  order  that 
the  pump  may  perform  work  it  mntt.  furmount  this  preflure,  and 
caufe  the  water  to  iflue  at  X  with  fuch  a  velocity  that  the  re- 
quired quantity  of  water  may  be  delivered  in  a  given  time.  This 
requires  force,  even  although  there  were  no  oppofing  preflure ; 
which  would  be  the  cafe  if  the  main  were  horizontal,  The 
water  fills  it,  but  it  is  at  reft.  ,  In  order  that  a  gallon,  for  in- 
ftance,  may  be  delivered  in  a  fecond,  the  whole  water  in  the 
horizontal  main  muft  be  put  in  motion  with  a  certain  velocity. 
This  requires  force.  We  muft  therefore  always  difliipguifh  be- 
tween the  ftate  of  equilibrium  and  the  ftate  of  adual  working. 
It  is  the  equilibrium  only  that  we  have  confidered,  and  no  more 
is  neceflary  for  underfhanding  the  operation  of  the  different 
ipe'cies  oi  pumps. 

O/i  tht  Centrifugal  Pump. 

537.  The  centrifugal  pump  confifts  of  a  vertical  tube,  and  a 
,  horizontal  arm  of  equal  bore,  or  fometimes  of  two  horizontal 
arms  of  lefs  bore  than  the  vertical  pipe  :  that  of  which  we  (hall 
fpeak  has  only  one  horizontal  arm.  In  fig.  3.  pi.  XV.  KL 
may  reprefent  the  vertical  tube,  the  end  K  of  which  is  immerfed 
in  the  water  of  the  refervoir,  and  LI  the  horizontal  arm  com- 
municating with  the  former.  •  There  is  a  conical  valve  at  K 
Opening  upwards,  and  one  at  the  end  of  the  horizontal  arm 
opening  outwards.  The  whole  machine  being  filled  with 
water  and  turned  fwiftly  round  upon  pivots  at  it  and  L,  the 
arm  LI  retaining  its  horizontal  pofition,  the  water  will,  when 
the  rhotion  is  properly  regulated,  continue  to  be  difcharged 
from  the  moveable  extremity  I  of  the  arm  LI  in  an  uninter- 
rupted fliream. 

In  order  to  inveftigate  the  moft  ufefpl  theorems  relative  to 
the  operation  of  this  machine,  put  a  =  the  length  of  the  arm 
LI  in  feet,  /3=the  length  of  the  leg  KI^  in  feet,  ?=the  time  of  a 
revohition  in  fedonds,  g=:22^  feet,  the  meafure  of  the  force  of 
jgravity,  andw=3M4i593  the  circumference  of  a  circle  wfaofe 
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diameter  is  unity.  Then,  fince  the  centrifugal  force  is  as  the 
velocity  it  generates  in  a  unit  of  time,  we  fhall  have  the  centri- 
fugal force  of  a  particle  x  of  tlie  fluid  at  the  diftance  x  from  L 

equal  to  X  l-pj'  — «■  =  — - — ,  the  fluent  of  which  is  — ^  = 

the  centrifugal  motive  force  of  the  column  x  :    which  wlien 


a  ir'O' 


2n> 


x=a  becomes  — -- — ,  for  the  whole  centrifugal  motive  force  of 

the  water  in  the  arm  LI.  Now  the  prefliire  of  a  column  whofe 
length  is  a  will,  cat.  par.  vary  zs  ga  ;  'hence,  it  will  \>t  ga  :  a  :; 

• — - — :  — ■j--=the  length  of  a  column  of  water  whofe  preffure 

js  equivalent  to  the  centrifugal  force.     If  fjrom  tliis  we  dedufl: 

the  altitude  /  of  the  vertical  leg,  the  remainder  - — —i—  I  will  be 

the  length  of  a  column  whofe  adlion  would  expel  the  water 
from  the  orifice  I,  with  the  fame  force  as  the  whirling  motion 
will  occafion  ;  and  the  column  moved  will  be  a-rl,  which  will 
aUb  -denote  the  fpace  through  which  the  fluid  is  accelerated. 
Confequently  the  circumftances  of  the  cafe  before  us  are  the 

fameasif  a  conftant  head  of  water  of  the  height  -~ /  Im- 
pelled a  column  of  water  horizontallyat  the  bottom,  of  the  depth 
fl-|-/.  Hence  the  aCcelerative  force  0  is  f  -^  —  A  -r  (a  +  /)» 
and  the  fpace  j  is  a  +  / ;  fo  that  the  velocity  generated  will, 
by  the  rules  of  dynamics,  be  w  =  V'2fgj  =  I'i-g-  \~~i  ^^^ 
=  8-0208  /^-^  —  /•  Or,  if  we  adapt  the  theorem  to  prac- 
tical purpofes,  the  co-efficient  8-0208  muft  (art.  458.)  be  mul- 
tiplied by  •6^  or   'Q"^,   and   the  equation  will  become   v  =j 


-Jl^ /.very  nearly. 


In  this  inveftigation  we  have  paid  no  regard  to  the  rotatory 
motion  of  the  fluid  molccul2e  in  the  vertical  tube,  but  have  con- 
fidered  it  as  though  it  were  indefinitely  narrow. 

538.  It  is  manifeft  that  /  muft  never  exceed  33  feet,  becaufe 
a  greater  column  cannot  be  fupported  by  the  prefliare  of  the 
atmofphere :  fo  that  this  machine  cannot  raife  water  higher' 
than  the  common  fucking  pumpi    Befides  this,  the  time  of  a 

I,  L  2 
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revolution  o,f  thearm  has  limits,  between  whioh  alone  the  pump 
is  efFe£live,  fo  that '  the  inveftigation  muft  be  carried  a  little 
further. 

When  the  p^ntrifugal  force  is  barely  equal  to  the  weight  to 
be  raifed  the  expreffion  under  the  radical  vaniflies,  and  v=:6,  dr 
the  water  is  ftationary  in  the  pump.     In  this  cafe  we  evidently 

have  ~jp'~^ »  ^'■°'"  which  we  find  t=nt  a   f  —[  =  "78336  -r^, 

for  the  time  of  a  revolution  in  feconds,  when  no  work  is  done. 

If  the  machine  be  efFeftual,  the  velocity  of  the  ftream  caii 
never  exceed  the  velocity  wl^ich  a  heavy  body  would  acquire  in 
falling  down  the  difference  between  33  feet  and  the  Height  of  the 
vertical  leg:  for  a  greater  velocity  than  that  would  caufe  a 
vacuity  in  the  machine  which  would  not  oe  fupplied  by  the 
preffure  of  the  atmofphere.  Now,  by  the  laws  of  falling  bodies, 
the  velocity  ac4uired  in  falling  through  the  height  33  — /'is 
\/  ^g  (33— ''  3"'^'  ^y  what  is  done  above,  the  velocity  of  efflux 


is      //i^'2_'_  /Y      Making  thefe  values  equal,    we    have 

^-—7=33^/.    From  which  we  deduce, f=7r a     /  J^  ^ 

■•7833<5;;^  =  'i363<5«-  '  "  • 

,  If  /=33,  then  will  the  laft  value  of  f  be  the  fame  as  the  pre- 
ceding, and  no  difcharge  can  take  place  •,  agreeably  to  the  6b- 
fervations  at  the'  beginning  of  this,  article-  In  all  other  cafes, 
having  found  the  time  of  revolutioii  when  the  water  is  ftationary, 
we  have  only  to  diminifli  that  time  in  the  ratio  of  v'33  '°  v'/' 
and  we,  {hall  have  the  time  of  revolution  when  the  work  done  ^s 
the  gredtefl  this  pump  •will  admit  of. 


[    .517     ]    - 


CHAPTER  V, 

0«  the  Resistance  of  Fluids  to  Bo'dies -moving  in  theiH. 


539.  The  force  with  which  bodieis  moying  in  fluid  me- 
diums, as  water,  air,  &c.  are  impeded  and  retarded  in  their 
motions,  is  ufually  termed  the  resistance  of  fluids:  and  as 
all  our  machines  move  either  in  water  or  in  ,air,  or  both,  it 
becomes  a  matter  of  importance  in  the  theory  of  mechanics  to 
enquire  into  the  nature  of  this  kind  of  force. 

We  know  by  experience  that  force  muft  be  applied  to  a  body 
in  order  that  it  may  move  through  a  fluid,  fuch  as  air  or  water; 
and  that  a  body  projected  with  any  velocity  is  gradually  re- 
tarded in  its  motion,  and  generally  brought  to  reft.  The  ana- 
logy of  pature  makes  us  imagine  that  there  is  a  force  adting  in 
the  oppofite  diredtion,  or  oppofing  the  motion  ;  and  that  this 
force  refides  in,  or  is  exerted  by,  the  fluid.  And  the  phenomena 
jefemble  thofe  which  accompany  the  known  refif^ance  of  aftiye 
beings,  fuch  as  animals.  Therefore  we  give  to  this  fuppofed 
■force  the  metaphorical  name  of  resistance.  We 'alfo  know 
that  a  fluid  in  motion  wiif  hurry  a  folid' body  along  with  the 
fliream,  .and  that  it  requires  force  to  maintain  it  in  its  place. 
A  fimilar  analogy  makes  us  fuppofe  that  the  fluid  ekerts  force, 
in  the  fame  manner  as  when  an  a(3:ive  being  impels  the  body 
before  him ;  therefore  we  c^H.  this  the  impvlsiq-n  of  a  Jluid. 
And  as  our  knowledge  of  nature  informs.us  that  the  mutual 
a£l:ions  of  bodies  are  in  every  cafe  equal  and  oppofite,  and  that 
the  jpbferved  change  of  motion  is  the  only  indication,  charac- 
teriftic,  and  meafure,  of  the  changing  force,  the  forces  are  the 
fame  (whether  we  call  them  impulfions  or  re.fjftances)  "when  the 
relative  motions  are  the  fame,  and  therefore  depend  entirely  on 
thefe  relative  motipns.  The  force,  therefore,  .which  is  necfef- 
fary  fpr  keeping  a  body  immoveable  in  a  ftream  of  water,  flow- 
ing with  a  certain  velocity,  is  the  fame  with  what  is  required  ' 
for  moving  this  body  with  this  velocity  through  ftagnant 
water.  ^  ,  ^ 

A  body  in  motion  appears  to  be  rcfifted  by  a  ftagnaiit  fluid, 
Jbeeaiif©  it  is  .a  law  of  ,mec.haqical  nature  that  fprce  muft  be 
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employed  in  order  to  put  any  body  in  motion.  Now,  the  body 
Cannot  move  forward  without  putting  the  contiguous  fluid  in 
motion,  and  force  muft  be  employed  for  producing  this  motion. 
In  like  manner,  a  qiiiefcent  body  is  impelled  by  a  ftream  of 
fluid,  becaufe  the  motion  of  the  contiguous  fluid  is  diminifhed 
by  this  folid  obftacle  j  the  refiftance;  therefore,  or  impulfe,  no 
way  differs  from  the  ordinary  communications  of  motion  among 
folid  bodies,  at  leaft  in  its  nature ;  although  it  may  be  far  more 
difficult  to  reduce  the  various  circumftances  to  accurate  com- 
puta'tion,  or  to  obtain  all  the  requifite  data  on  which,  to  found 
the  calculus. 

540.  The  refinance  which  a  body  fuffers  from  the  fluid  me- 
dium  through  which  it  is  impelled  depends  on  the  velocity, 

■  form,  and  magnitude  of  the  body,  and  on  the  inertia  and  tena- 
city of  the  fluid.  For  fluids  refill  the  motion  of  bodies 
through  them,  i.  by  the  inertia  of  their  particles:  2.  by  their 
tenacity,  i.  e.  the  adhefipn  of  thofe  partjcles :  3.  by  the  friftion 
of  the  body  againft  the  particles  of  the  fluid.  In  perfeft  fluids 
the  latter  caufes  of  refiftance  are  very  inconfiderable,  and  there- 
fore are  not  taken  into  the  account ;  but  the  former  is  al- 
ways very  confiderable,  and  obtains  equally  in  the  moft  perfeft 
as  in  the  molt  imperfe£l  fluids.  And  that  the  refiftance  varies 
with  the  velocity,  fhape,  and  magnitude  of  the  moving  body 

-is  fufficiently  obvious. 

We  muft  carefully  diftinguifh  between  re/lfiance  and  retard- 
ation :  refiftance  is  the  quantity  of  tnotion^  retardation  the  quan- 
tity of  velocity,  which  is  loft ;  therefore,  the  retardations  are 
as  the  refiftarfces  applied  to  the  quantities  of  matter  j  and  in 
the  fame  body  the  refiftance  and  retardation  are  proportional. 

541.  Prop.  To  determine  the  force  of  fluids  in  motion,  or  the 
refiftance  of  fluids  againfl  bodies  moving  in  them. 

1.  In  'fluids  uniformly  tenacious  the  refiftance  is  as  the  velo- 
city with  which  the  body  moves.  For,  fince  the  •  cohefion  of 
the  particles  of  tha  .fluid  is  always,  the  fame  in  the  fame  fpace, 
whatever  be  the  velocity,  the  refiftance  from  this  cohefion  will 
be  as  the  fpace  defcribed  in  a  giveii  time ;  that  is,  as  the 
yelocity. 

2.  In  a  fluid  whofe  particles  move  freely  without  difturbing 
each  othur's  motions,  and  which  flows  in  behind  as  faft  as  a 
plane  body  niovis  forward,  fo  that  the  prclTure  on  every  part 
of  the  boHy  id  the  fame  as  if  the  body  were  at  reft,  the  refift- 
ancp  will  be  as  the  deuCty  of  the  fluid. 

3.  On  the  fame  hypothefis  the  refiftance  will  be  as  the  fijuare 
of  the  velocity.  For  the  refiftance  muft  vary  as  the  number  of 
partichfi  which  iirike  the'plaue  in  a  given  time,  multiplied  into 
lAe  force  of  each  againft  the  plane  5  but  both  the  number  and 
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the  force  is  as  the  velocity,  and  confequently  the .  refi.ftsince  Is 
as  the  fquare  of  the  velocity. 

This  proof  fuppofes  that  after  the  body  ftrike's  a  particle  the 
■  adiion  of  that  particle  entirely  ceafes :  wheTeas  the  particles, 
after  they  are  ftruck,  muft  neceffarily  diverge,  and  aft  upon 
the  particles  behind  them  ;  thus  caufing  fomd  difference  be- 
tween theory  and  experiment.  This  hypothefis,  how^ever,  oh 
account  of  its  fimplicity,  is  generally  retained,  and  correited 
afterwards  by  dedu£tions  from  a£lual  experiments. 

This  ratio  of  the'fquare  of  the  velocity  may  be  otherwife  de- 
rived, thus. 

It  is  evident  that  the  refiftance  to  a  plane,  moving  perpen- 
dicularly through  an  infinite  fluid,  at  reft,  is  equal  to  the  pref- 
fure  or  force  of  the  fluid  on  the  plane  at  reft,  and  the  fluid 
inoving  with  the  fame  velocity,  and  in  the  contrary  diredtion, 
to  that  of  the  plane  in  the  former  cafe.  But  the  force  of  the 
fluid  in  motion  muft  be  equal  to  the  weight  or  prefliire  which 
generates  that  motion ;  and  which,  it  is  known,  is  equal  to 
the  weight  or  prefliire  of  a  column  of  the  fluid,  whofe  bafe  is 
equal  to  the  plane,  and  its  altitude  equal  to  the  height  through 
which  a  body  muft  fall,  by  the  force  of  gravity,  to  acquire 
the  velocity  of  the  fluid  :  and  that  altitude  is,  for  the  fake  of 
brevity,  called  the  altitude  due  to  the  velocity.  So  that,  if  a 
denote  the  area  of  the  plane,  ii  the  velocity,  and  n  the  fpecific 
gravity  of  the  fluid ;  then,  the  altitude  due  to  the  velocity  v 

being — ,  the  whole  refiftance,  or  motive  force  tn,  will  be  ax 

«X  —  = ;  g  being  32^  feet.     And  hence,  cateris parihuSf 

the  refiftance  is  as  the  fquare  of  the  velocity. 

4.  If  the  dijreftibn  of  the  motion,  inftead  of  being  perpen- 
dicular to  the  plane,  as  above  fiippofed,  be  inclined  to  it  in 
any.  angle,  then  the  refiftance  to  the  plane,  in  the  direftion  of 
the  motion  as  afligned  above,  will  be  ditniniftied  in,  the  tripli- 
cate ratio  of  radius  to  the  fine  of  the  angle  of  inclination,  or  in 
the  ratio  of  i  to  i',  where  j  is  the  fine  of  inclination. 

For  AB  (fig.  7.  pi.  XVIII,)  being  the  diredion  of  the  plane, 
and  BD  that  of  the  motion,  ABD  the  angle  whofe  fine  is  s; 
the  number  of  particles  or  quantity  of  the  fluid  which  ftrikes 
the-  plane  will  be  d'ininiflied  in  the  ratio  of  r  to  j ;  and  the 
force  of  each  particle  will  likewife  be  diminiflied  in  the 
fame  ratio :  fo  that,  on  both  thefe  accounts,  the  whole  refift- 
ance will  be  diminiflied  in  the  ratio  of  i  Xo  s"';  that  is,  in  the 
duplicate  ratio  of  radius  to  the  fine  of  ABD.  But  furthefi  it 
muft  be  coafidered  that  this  whole  refiftance  is  e;!i:erted  in  ^* 
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direflion  BE  perpendicular  to  the  plane  ;  and  any  force  in  di- 
rpaion  BE  is  to  its  efFeft  in  direftion  AE  parallel  to  BD  as 
AE  to  BE,  or  as  i  to  j.  '  Confequently,  on  all  thefe  accounts, 
the  refiftance  in  the  dire£lion  of  the  motion  is  diraihiflied  in  the 
ratio  of  i  to  sK  And  if  this  be  compared  with  the  refult.of  the 
preceding  ilep,  we  Ihall  have  for  the  whole  refiftance,  or  the 

niotive  force  on  the  plane,  m  =  fZLi^_f__ 

5.  If  It;  reprefent  the  weight  of  the  bodywhofe  plane  face 
«  is  refifted  by  the  abfolute  force  m,  then  the  retarding  force 

*^  to  2g  m    '  •  ' 

6.  And,  if  the  body  be  a  cylincjer  whofe  face  or  ,end  is  a, 
and  diameter  d,  or  radius  r,  moving  in  the  direftion  of  its 
axis  ;  then,  becaufe  s  —  1,  and  a  =  vr-  =  -i^if  d-,  where  tt  = 

3'i4i593,  the  refifting  force  m  will  be  =  ^-j^  _  ^^ j^  .  ^^j 
the  retardme  force  f  —  -=— ^-  — ^^. 

7.  This  is  the  value  of  the  refiftance  when  the  end  of  the 
cylinder  is  a  plane  perpendicular  to  its  ajsis,  or  to  the  dire£l:ion 
of  motion.     But  were  its  face  a  conical  furface,  or  an  elliptic 

'  fe'aibn,  or  any  other  figure  every- where  equally  inclined  to  the 
axis,  the  fine  of  inclination  being  j- ;  then,  the  number  of  par- 
ticles of  the  fluid  ftriking  the  face  being  ftill  the  fame,  but  the 
force  of  each,  oppofed  to  the  diredtion  of  motion,  diminiftied 

'  in  the  duplicate  ratio  of  radius  to  the  fine  of  inclination,  the 

» n  •  r  111''  "i^'  '"^  ■*'  IT  7!  r'  v'  s' 

rehuing  lorce  tn  would  be  — ^ — '—  = ■ — -,   - 

But  if  the  body  were  terminated  by  an  end  or  face  of  aljy 
other  form,  as  a  fpherical  one,  or  fpeh  like,  where  every  part 
of  it  has  a  different  inclination  to  the  axis  ;  then  a  further  in- 
vefligation  becomes  neceflary,  as  in  the  following  propofition.-. 

542.  -Prop.   STa   determine  the  rejljiance  of  a  jluid  to  any  bod^ 
.  moving  in  it,  ha%nng  a  curved  end,  as  afpkere,  a  cylinder  with  a 
hemijphcrical  end,   &c.  •  ;; 

I.  Let  BEAD  be  a  fecSion  through  the  axis  CA  of  the 
folid,  moving  in  the  direiStion  of  that  axis.  To  any  point 
of  the'  curve  draw  the  tangent  EG,  meeting  the  axis  pro- 
*  dnced  in  G  :  alfo  draw  the ,  perpendicular  ordinates  EF,  ef 
indefinitely  near  to  each  other;  and;draw  a  ^  parallel -to- CG- 
Fig.  ir.  pi:  XVIII. 

..Putting  CF  =  A',  ■EF==}',  .BE=z,  /=  fine/  G..tQ  r^diiis.Jj 
then  2  j»    is  the  circumference  whofe  radius  is  EF,  or  the  cir» 
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CUinferetice  defcribed  by  the  point  E,  in  revolving  about  the  axis 

CA;  and  2  irji  x  £  ?,  or  2  ■ny  a,  is  the  fluxion  of  the  furface,  or 
it  is  the  furface  defcribed  by  E  < ,  in  the  faid  revolution  about  C  A ; 
virhich  is  the  quantity  reprefented  by  a  in  art.  4  of  the  laft  prp- 

blem  :  hence  — ^ — ■  x  2  i!"  11  z,  or x  11  z  is  the  refiltanCe 

ag  ■'       ,         g  ■' 

on  that  ring,  or  the  fluxion  of  the  refiftance  to  the, body,  what- 
ever the  figure  of  it  maybe:  the  iluent  of  which  will  be  the 
•tefiflance  required. 

2.  In  the  cafe  of  a  fpherical  ftiape ;  putting  the  radius  CA, 

or  CB =r,  we  have  y=  ^/  r"-  —  x\  s=  -^  =  -^  =  -- ,   ajid 

ji  z  or  EF  X  E  ^=CE  X  a  e==rx ;   therefore  the  general  fluxida 
X  s^  yz  becomes x  —  X  r  x  =  — r-  X  x^  x;  the 


g  S  r3 

fluent  of  which,  o'c-^^—~-x'*,  is  the  refiftance  to  the  fpherical 
furface  generated  by  BE.  And  when  x  or  CF  is  =  r  or  C  A, 
it  becomes for  the  refiftapce  on  the  whole  hemifphere ; 

which  is  alfo  equal  to  ^^-7 — ,  where  d  =^  2r  the  diameter. 

.  log 

3.  But  the  perpendicular  refiftance  to  the  circle  of  the  fame 
diameter  d  or  BD,  by  art.  6.  of  the  preceding  problem,  is 

— o ;  which,  beiiig  double  the  formerj  (hews  that  the  re0~ 

ance  to  thefphere  is  jufl  equal  to  half  the  direSl  refiftance  to  a  great 
circle  of  it,  or  to  a  cylinder  of  the  fame  diameter. 

4.  Since  4*'^^   is  the  magnitude  of  the  globe;  ifNdendtc 
Its  deufity  or  fpeqific  gravity,  its  weight  "U  will  be  =  ^'^  d^  N, 

and  therefore  the  retardive  force  /  or 
=    Q„vr^~ ;  which  is  alfo  = 5- 

•— jj-j  =  -^,  and  S  i=  —  X  ^d;  which  is  the  fpace  that  would 

be  defcribed  by  the  globe,  while  its  whole  motio^  is  generated 

■  or-iieftroyed  by  a  conftant  force  which  is  equal--  to  the  force  of 

,  refiftance,  Jf- no  other  force  a£ted  on  the  globe  to  continue  its 

motion.     And  if  the  denfity  of  the  fluid  were  e^ual  to  that  of 

the  globe,  the  refifting  force  is  fuch,  as,  acting  conftahtTy  on 


m 
IB  , 

■TT 

nc^d'               6 

i6j        ""    TtNd' 

by 

art. 

243- 

Hence  thfen 
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the  globe  without .  any  other  force,  would  generate  or  deftrpy 
its  motion  in  defcribing  the  fpace  ^  d,  or  ^  of  its  diameter,  by 
that  accelerating  or  retarding  forse. 

5.  l-!ence  the  greatefl  velocity  that  a  globe  will  acquire  by 
defceriding  in  a  fluid,  by  means  of  its  relative  weight  in  the 
fluid,  will  be  found  by  making  the  refilling  force  equal  to  that 
weight.  For,  after  the  velocity  is  arrived  at  fuch  a  degree 
that  the  refilling  force  is  equal  to  the  weight  that  urges  it,  it 
will  increafe  no  longer,  and  the  globe  will  afterwards  continue 
to  defcend  with  that  velocity  uniformly.  Now,  N  and  n  being 
the  feparate  fpecific  gravities  of  the  globe  and  fluid,  N  —  «  will 
be  the  relative  gravity  of  the  globe  in  the  fluid,  and  therefore 
•w  =-^'n'd^  (N  — «)  is  the  weight  by  which  it  is  urged;  alfo, 

m  =  — - —   is    the  refinance ;  confequently  — 2 =  i  *  " 

(N  — «)  when  the  velocity  becomes  uniform:  from  which  equa- 
tion is  found  w  =     /  2g.4-d.  ^  "  ,  for  the  faid  uniform  or 
»^  tt 

greatefl  velocity. 

By  comparing  this  value  of  v  with  thofe  in  arts.  216  and 
243,  it  will -appear  that   the  greatefl:  velocity  is  equal  to  the 

velocity  generated  by  the  accelerating  force in  defcrib- 
ing the  fpace  ^  d,  or  equal  to  the  velocity  generated  by  gravity 

in  freely  defcribing  the  fpace X  -f  d. — If  N  =  2  «,  or  the 

fpecific  gravity  of  the  globe  be  double  that  of  the  fluid,  then 
■   ~-  =  I  =  the  natural  force  of  gravity,  and  then  the  globe 

will  attain  its  greatefl;  velocity  in  defcribing  ^d,  or  ^  of  its 
diameter. — It  is  further  evident,  that  if  the  body  be  very  fmall 
it  will  foon  acquire  its  greatefl;  velocity,  whatever  its  denfity 
may  be. 

Exam.  If  a  leaden  ball,  of  i  inch  diameter,  defcend  in 
water,  and  in  air  of  the  fame  denfity  as  at  the  earth's  furface, 
the  three  fpecific  gravities  being  as   ii^,  and    i,  and  -j-fOT* 

Then'u  =  v'2-S27-Ts--  iot=-5- V31  •  193  =  8-5944  f^ct,  is 
the   greatefl:   velocity  per  fecond  the  ball  can  acquire  by  de- 

fcending  in  water.  And  v  =  v^  4'.  W  'tV  •  V  -.^-^  nearly 
=  toy'ii-Lai-  :=  259-82,  is  the  greateft  velocity  it  can  acquire 
in  air. 
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But  if  the  globe  were  only  -^s  of  an  inch  diameter,  the 
greateft  velocities  it  could  acqliire  would  be  only  -jiy  of  thefe, 
namely  -^^  of  a  foot  in  water,  and  16  feet  nearly  in  air :  and 
if  the  ball  were  ftill  further  diminiflied  the  greateft  velocity 
would  alfo  be  diminiflied,  and  that  in  the  fubduplicate  ratio 
of  the  diameter  of  the  ball. 

SCHOLIUM. 

543.  It  appears  from  the  third  ftep  of  the  preceding  articlej 
that  the  refiftance  to  the-  motion  of  a  cylinder  moving  in  the 
direftion  of  its  ajcis  is  double  to  that  of  a  globe  of  equal  dia- 
meter :  and,  in  experiments,  when  the  bodies  move  flow,  this 
will  nearly  hold  in  water,  but  more  accurately  in  air ;  becaufe  ' 
its  particles  move  more  freely  than  thofe  of  water,  and  lefs 
difturb  each  other's  motions :  but  when  the  motion  is  more 
rapid,  confiderable  aberrations  will  arife ;  both  from  the  mu- 
tual difturbance  of  the  particles,  and  from  the  fluid  not 
flowing  in  fo  fail  behind  as  the  body  moves  forward  :  in 
the  air,  alfo,  a  new  caufe  of  aberration  will  arife,  from  the  con- 
denfation  of  the  fluid  before  the  body.  Sir  Ifaac  Newton  fup- 
pofes,  that  in  a  continuous  non-elaftic  fluid,  infinitely  com- 
prefliid,  the  refiftances  of  a  fphere  and  cylinder  of  equal  dia- 
meters'are  equal:  but  this  appears  to  be  an  error  in  theory  as 
well  as  in  fa£i: ;  for  the  lemma  (Lemma  5.  book  ii.  J  7, 
Princip.)  on  which  he  founds  his  inference,  has  been  juftly 
called  in  queftion.  When  the  motion  is  flow  in  water,  the  fluid 
may  be  conceived  to  be  nearly  of  that  nature  which  Newton 
fuppofes  ;  yet  the  refiftances  are  almoft  as  coincident  with  theory 
as  when  the  motion  is  in  air :  thus  M.  Borda  found  the  refift- 
ance of  a  fphere  moving  in  water  to  be  to  that  of  its  greateft 
circle  as  i  to  2-508,  and  in  air  the  refiftances  were  as  i  to 
2"45.  The  experiments  of  Dr.  Huttoii  in  air  give  the  refift- 
ances as  I  to  2i,  at  a  mean. 

The  reafon  that  experiments  give  the  ratio  of  the  refiftances 
greater  "^han  that  of  2  to  i  feems  to  be  this :  in  theory  it  is 
fuppofed  that  the  aftion  of  every  particle  of  the  fluid  ceafes  the 
inftant  it  makes  its  impa£l:  on  the  folid ;  but  this  is  not  a£i:ually 
the  cafe,  as  we  have  before  obferved  (art.  541O  =  and  fince  the 
particles,  after  impafl  on  the  fphere,  Aide  along  the  curved  fur- 
face,  and  hence  efcape  with  more  facility  than  along  the  face 
of  the  cylinder,  the  error  will  be  greater  in  the  cylinder ;  that 
"is,  the  greater  refiftance  will  exceed  theory  more  than  the  lefs.. 
It  is  alfo  to  be  obferved,  that  the  difference  between  the  refift- 
ances of  the  -globe  and  cylinder,  in  water,  is  greater  than  irt  air; 
which  is  diredtly  contrary  to  what  might  be  inferred  from  Ncwt 
ton's  reafoning,  which .  fuppofes  them  equal  in  a  continuous 
fluid,  but  in  the  ratio,  of  i  to  a  in  a  rare,  fluid. 
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544.  Lemma.  If  a  given  angle  be  divided  into  two  parts, 
the  produft,  or-folid,  contained  under  the  f-juare  of  the  fine 
of  the  one  part  and  the  fine  of .  the  other  will  be  a  maximum 
when  the  tangerjt  of  the  former  is  double  the  tangent  of  the 
latter ;  or,  when  the  fine  of  the  difference  of  the  parts  is  one- 
third  of  the  fine  of  the  whole  given  angle. 

This  is  a  particular  cafe  of  Prob.  v.  p.  502,  Simpfon's  Flux- 
ions ;  and  is  well  known  to  mathematicians. 

545.  Prop.  Suppofe  that  a  plane  ABC  (fig.  12.  pi.  XVIII.) 
moving  with  a  velocity  and  direBion  reprejented  by  b  K,  is  a£i^d 

.  upon  by  a  fluid  tuhofe  particles  move  with  a  velocity  reprefented,  by 
DB,  and  in  direBions  parallel  to  that  line  ,-  it  is  propofed  to  deter~ 
mine  the  angle  of  inclination  ABDyi  that  1,he  effeB  of  the  fluid  mpy 
be  the  greatefl  pojfble. 

Since  a  particle  impinging  on  the  plane  at  B  rnoves  through 
the  fpace  DB  in  the  time  that  the  plane  itfelf  would  pafs  from 
the  pofition  «  ^  c  to  ABC,  it  is  manifeft  that  the  diftance  D  e 
of  the  faid  particle  from  the  plane  (produced)  at  the  beginning 
f)i  that  time,  will  be  the  meafute  of  the  relative-  celerity  with 
which  the  particles'  of  the  fluid  approach  the  plane  in  a  direc- 
tion perpendicular  to  it;  and  confequently  (art.  469.)  that  the 
force  of  the  ftream  in  that  direftion  will  oc  D  ^^ :  whence,  by 
the  refolution  of  forces,  the  efficacy  in  the  propofed  direftion 
BH  will  oc  D  e"-x  fine  ABH  oc  D  ^'-  x  fine  abH. 

Now  the  angle  b  BD  being  given,  as  well  as  the  fides  BJ, 
BD,  containing  that  angle,  the  remaining  angle  B  ^  D  will  be 
known,  as  well  as  the  fide  D  ^  :  of  confequence,  D  e  being  the 
fine  of  the  angle  Ti  b  e  to  the  given  radius  D  b,  the  effedi  P  e^  x 
fine  abYi  will  be  a  maximum,  when  fine  ^D  ^^X  fine  abHis 
a  maxiihum;  that  is  (by  the  Lemma),  when  fine  (D  ba  coa^H) 
=-j-  fine  B  3  I)  :  whence  the  difference  being  given,  the  angles 
themfelves  will  be  known.  The  geometrical  conftru£lion.i» 
veryfimple:  thus,  having  from  the  centred  v/ith  any  radius 
defcribed  the  arc  ?n  r,  on  rb  (produced  if  neceffary)  jet  fall, the 
perpendicular  ffz/)i  take  pq=^mp,  and  draw  qs  parallel  to 
pr,  cutting  the.  circle  in  s:  then  bifedl  the  arc  mshy  the  line 
b  acy  and  the  thing  required  is  done.  For  the  Tine  J  w  of  sr, 
that  is,  of  the  difference  of  the  angles  D  i  iz,  a  ^  H,  is  j-  of  mp, 
the  fine  of  the  whole  given  angle  BiD,  as  it  ought  tobei!. 

546.  To  obtain  a  general  theorem  expreffed  .algebraically,  let 
the  velocity.^  B  of  the  pUne  be  put  =v,  and  that  ,of  the  fluid 
=  V  ',  alfo  let  the  ,angle  DB  i  be  called  B  :  and  having  drawn 
BFL  perpendicular  to  the  plane,  or  to  ^  F  e,  put  b  F=x,  and 
BF^ji.  Then,  becaufe  FB  and  t\.  are  tangents  of  the  angles 
F  6  Bj -^Fi  L,  to  the  common  radius  3F,  it  follows  (from  the 
lemma)  that  FL  =  a  BF  =  2 ;y;.. whence,  if  LR  and  DQie 
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perpendicular  to  HQ,  we  have,  by  fimilar  trianglfes,  B3:BF 
:  -  BL  :  BR  ;  that   is,  -u  :;i : :  3  j)> :  —^  =?  BR  5  and  'confequeiitly 

^R=BR-Bi-^— .   Likewife;B3:^F::BL:LR;  thatis, 

v:a'::3)i:^=LR-.  ButDq=V. fine B,  an43q=V. cos. B 
—  vt  we  have  again,  by  fimilar  triangles,  DQ^:  ^  Q: :  i,R : 
*  R,  or  V .  fine  B  :  V.  cos.  B  -  -y :  :"^  :  '^^'^~"\  'Muhiplying 
the  means  and  extrenies  of  this  analogy,  we  obtaftj 

V.cos.  B— e  .     , 
•>J  V .  sine  B  P     ^ 

Subftituting  in  this  equation  for  v^  its  equal  *r^+/,  com- 
pleting the  fquare  and  reducing,  we  at  length  find 

_f_  _        /  ^   I   0     7^  ■  c"s.  B-pT^  _    3  (V  COS.  B— p) 
y  "^  -/    -T"4  •  (      VsineB      j  aV.sineB     ' 

And  this  equation  manifeftly  exprefl'es  the  natural  tangent  of 
the  angle  b  iiF,  or  the  cotangent' of  the  required  angle  F^H. 

5.47.  CoR.  I.  If  the  given  angle  DB  ^  be  a  right  angle  (as 
is  the  cafe  when  the  wind  ftrikes  againft  the  fails  of  a  wind- 
mill), then  is  fine  B  =  i,  and  cofine  B=o,  the  exprefliori  for 
the  tangent  of  b  BF  (which  is  here  equal  to  the  angle  of  inclina- 
tion ABD)    will  become      /2+-^, +  ^'.    This,    if  v  be 

taken  — o,  or  the  plane  be  fuppofed  at  reft,  will  be  barely 
=  v/  2,  anfwering  to  an  angle  of  54°  44'.  But  if  the  velocity 
6f  the  plane  be  fuppofeid  \,  \,  \,  4,  or  \,  of  that  of  the  me- 
dium or  ftream,  then  the  angle  ABD,  found  from  this  theorem, 
Will  be  equal  to  58°  14',  bi°  27',  63°  26',  66°  58'  or  74°-i9' 
)felpe£tively  :  fb  that  the  greater  the  velocity  of  the  plane, .the 
greater  alfo  will  be  the  angle  of  inclination. 

Hence  it  appears,  that  the  failfr  of  a  windmill,  in  order  that 
fhe  effeft  may  be  the  greateft,  ought  to  be  more  turned  to- 
■wardsf  the  wind  in  the  extreme  parts- where  the  motion  is  fwift- 
eft.than  in  the  parts  nearer  to  the  axis  of  motion;  in  fuch  a 
manner  that  the  tangent  of  the  axle  formed  by  the  direction  of 
the  witid  sind  the  fail  may  every-where  be  equal  to  the  expref- 

fion     /  2  +  'if    H — -.7  j  the  velocity  11  being  proportional  to 

the  diftance  from  the  axis  of  motion,  and  increafing  till,  at  the 
«|ttiremity  of  the  fail,  it  is  fometimes  equal  to  Vj  or  even  ex- 
ceeds 'it. 
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548.  Cor.  2.  If  the  angle  DBA,  which  the  dire£l:ion  of  the 
ftream  makes  with  the  plane,  be  given,  inftead  of  the  angle 
DBH  or  DB^',  it  will  then  appear  that  the  efFeft  will  in 
that  cafe  be  a  maximum  when  fine  ABH  (the  angle  made 
by  the  plane  and  the  direfftion  of  its  motion)  :  fine  DBA  :: 
|BD:B*. 

For  the  force  in  the  direftion  FB  varying  as  D  ^%  its  efFe£l'in 

the  direftion  BH  will  cc  D  /  x  ^^  oc_£^2<iLf:. '  Now  DB,  B  5, 

and  the  angle  DBE,  being  given,  DE  is  thence  given.  And  it 
is  well  known  (fee  Simpfon's  Geora.  theor.  1 7.  of  max.  and  min.) 
.  that  the  folid'  of  the  fquare  of  one  part  of  a  line  into  the  other 
part  is  a  maximum,  when  the  former  part  is  the  double  of  the 
latter.  Confequently  D  ,;  mull  be  =  2  E  « ;  fo  that  E  e,  or  its 
equal  BF,  will  be  |  DE. 

But,  fine  B  *  F  :  radius  : :  BF  ( =|  DE)  :  B  5, 
and  radius  :  fine  DBA  : :  BD  :  DE, 
whence,  componendo,  fine  B  ^  F  :  fine  DBA  : :  -f  BD  :  B  ^. 

.549.  CoR;  3.  The  proportion  in  the  preceding  corollary  can 
only  obtain  when  B  Hs  equal  to  or  greater  than  4  DE.  For, 
when  B  ^  is  lefs  than  4  DE,  E  e  (which  is  always  lefa  than  B  b) 
cannot  be  equaj  to  4  DE  ;  but  will  approach  the  neareft  to  it 
when  BF  coincides  with  B  i,  that  is,  when  the- angle  Fi^Hor 
ABH  is  of  90°  ;  and  in  this  cafe  the  effe£t  will  be  a  maximum 
when  the  dire£tion  of  the  motion  is  perpendicular  to  the  plane. 
If  the  given  angle  DBA  be  a  right  angle  (which  appears  to  be 
the  moft  advantageous,  becaufe  then  DE=DB),  it  follows  that 
fine  ABH  will  be  to  radius  as  ■]-  of  the  velocity  of  the  ftream  to 
the  velocity  of  the  plane  or  fail.  Hence,  if  the  force  of  the  wind 
be  capable  of  producing  a  degree  of  velocity  in  a  Jhip  greater  than  \ 
if  its  oiun,  velocity,  it  is  evident  that  the  Jhip  may  run  fwifter  upon 
an  oblique  courfe  than  ivhen  flie  fails  direBly  before  the  -wind.  If' 
the  velocity  be  to  that  of  the  wind  as  i  to  3,  and  ^he  courfej  be 
109°  2§',  the  force  of  the  wind  upon  the  veffel  to  promote  its 
motion  will  be  greater  than  the  force  in  a  direfl:  courfe  of  180°, 
in  the  ratio  of  ^  32  to  -^  27,  ocof  3  ■  1 748  to  3.  See  Maclaurin'i 
Fluxioffs,  ■ixi.gxg. 

^,550.  Prop.  To  determine  the  relations  of  velocity,  fpace,  and  time, 
of  a  ball  moving  in  a  fluid,  in  which  it  is  projeffed  with  a  givefi 
velocity. 

I.  Let  a  =:'the  firft  velocity  of  proje£l:ion,  x  the  fpace  de- 
fcribed  in  dny  time  /,  and  v  the  velocity  then.     Now,  by  ftep  4, 

art.  542.  the  accelerative  force /=g^'^-,  where  N  is  the  den.ii 

fity  of  the  ball,  n  that  of  the  fluid,  and  d  the  diameter.    Therc-« 
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fore  the  general  equatiqn  v  -u—g/s  becomes  vv  =  ~~^p{;  and 

hence  —=:——x=—bx,  putting  b  for  „        .    The  corredJ: 

fluent  of  this  is  log.  a-  log.  v,  or  log.  —=b  x.    Or,  putting  c= 

27i8.28i82»j  the  number  whofe  hyp.  logv  is  i,then  is  —  =  c*^, 

aind  the  velocity  v  = — 55-  ■=c  c"'"'.  , 

2.  The  velocity  v  at  any  time  being  the  c"'"'  part  of  the  firll 
velocity,   therefore  the  velocity  loft  in  any  time  will  be  the 

I  — ^-bx  part,  or  the  — - —  part  of  the  firft  velocity. 
c 

Exam.  i.    If  a  globe  be  projefted  with  any  velocity  in  a 

medium  of  the  fame  denfity  with  itfelf,  and  it  defcribe  a  fpace 

equal  to  3  rf  or  3  of  its  diameters.     Then  x  =  ^d,  and  ^= 

j^=g;^;  therefore  bx—^,  and  the  velocity  loft  is  ^—^I-i  = 

-—^,  or  nearly  -|  of  the  proje£lile' velocity, 

ExAMP.  2.  If  an  iron  baH  of  2  inches  diameter  were  pro- 
Jefted  with  a  velocity  of  1206  feet  per  fecond;  to  find  the 
velocity  loft  after  moving  through  any  fpace,  as  fuppofe  500 
feet  of  air  :  we  fliould  have  d=-^^=^,a=-i2oo,  jv=5oo,  N  = 

.1         CI  insc  3.i2."5oo.'5.6  gi 

*]i,  «=-00i2  ;  and  therefore  b  x==-s--,—  =  ^,   „  ^   ■  = , 

ind  i/=  — -^ — =  998  feet  per  fecond :  having  loft  202  feet,  or 

nearly  ^  of  its  firft  velocity. 

Exam.  3.     If  the  earth  revolved  about  the  fun,  in  a  medium 

•as  denfe  as  the  atmofphere  near  the  earth's  furface ;  and  it 

were  required  to  find  the  quantity  of  motion' loft  in.  a  year. 

_  Then,  fince  the  earth's '  mean  denfity  is  about  44,   and    its 

diftance  from  the  fun  12000  of  its  diameters,  We  have  24000 

X  3-1416  =  75398  diameters  =  *,  and  bx^  ______  = 

7-5398  5   hence  — j^  =  441-4  parts  are  loft  of  the  firft  ^no- 
tion in  the  fpace  of  a  year,  and  only  the  ^^  part  remains. 
5.  To  find  the  tlme^;  we  have  #=  -  =— =^ — ~'   Now, 
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to  find  the  fluent  of  this,  put  z  —  c^^;  then  is  ^a?  =  log:  z, 

'-  ■       ■   .  .  ,  X     .  .  . 

and  ^  *•  =  — ,  or  «  =  5—  ;  confequently  if  or  • — ~  =  —=~  j 

z  -         b.z  ^  '  a  a         ab 

and-hence  t  =  — = — --.     But  as  t  and  *•  vgnlfh  together,  and 

ab        ab  °  ■ 

£:*"'.  I 

when  *?  =  o,  the  quantity  ——  is  =-;7j  ;    therefore,  .by  correc- 
tion,  t  = ; —  =5—  —  -—=--( —    the  time  fought; 

'  •    ab  bv  la  b     \v  a   )■  »      ' 

Xvhere  h  =  4~-r  >  »"^  '"  —  "ET"  the  telocity. 

55  I.  Prop.  To  determine  the  relations  of  [pace,  time,  and  velo- 
city, when  -a  globe  defcends,  by  its  own  weight,  in  an  injiniti 
fiuid. ' 

The  foregoing  nptaiion  remaining,  viz.  ^  =  diameter,  N 
and  n  the  denfity  of  the  ball  and  fluid,  and  v,  s,  t,  the  velo- 
city, fpace,  and  time,  in  motion  ;  we  have  ^is  d^  ^  the  mag- 
nitude of  .the  ball,  arid  -j-  "^d^  (I^T  — «)=its  weight  in  the  fluidi 

alfo  m—  ^"    °    =  its  refiftance  from  the  fluid  ;  confequently 

\  If  d^  (N  — «)  —  '""."'    is,  the  motive  force  by  which  the  ball 

is  urged;  which  being  divided  by  ^jf'N  d^,  the  quantity  of 

matter .  moved,  givesy=i— —  —  g    jfj  for   the  ,  acceleratlv5 

force. 

2.  Hence  w  =g  fs,  and  i  =-—-,= =— -  >< 

^,  putting  ^=-3^,, and -i-=    g.«i(N-.)    '  ^"^  "^^^ 
^  nearly  ;  the  fluent  of  which  is  j  =  — r  X  log.  of  — ^-r-,  an  £Si 

preflTion  for  the  fpace  s,  in  terms  of  the  velocity^,  whcnj  and 

V  begin'  together. 

"3.  Totdetermine  -y  in  terms  oi s,  put  (r=27i828i828  ;  then, 

fince  the  log.  of  — ^-r-  =  zbs,  therefore  ■-^=z:c^'>^ ,  or^^'  = 

.1,  .  -  °  a-  v'  '  a~v'  '  o 

c"''«  ■,  and  hence  v=,/ a~ac-"^s,  the.  velocity  fought. 

4."  The  greateft  velocity  is  to  be  founds  as  in  ftep.  5  of  art, 

542.  by  making/ or  i-^  -^  ~-^  =  e,  vi^hich   gives  >  v  = 
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^f  g'^d .  -ZIIL  =  J  a.    The  fame  •  value  is  alfo  obtained  by 

>/  3  ;l 

making  the  fluxion  of  v^,  or  of  a  —  ac'^^^  ,  =  o.  An4  the  fam« 
value  of  V  is  obtained  by  making  s  infinite,  for  then  f-*^  =  o. 
But  this  velocity  ^/a  cannot  be  attained  in  any  finite  time,  and 
it  only  denotes  the  velocity  to  which  the;  general  value  of  v  or 

i/a—aC'^^  continually  approaches.  It  is  evident,  however, 
that  it  will  approximate  towards.it  the  fafter,  the  greater^  is,  or 
the  lefs  d  is  ;  and  that,  the  diameters .  being  very  fmall,  the 
bodies  defcei^d  by  nearly  uniform  velocities,  which  are  directly 
jn  the  fubduplicate  ratio  of  the  diameters. 

•  s  /    1 

5.    To  find  the  time  t;   we  have  /  =  -—  =      /  V  ^ 
. .    Then,  to  find  the  fluent  of  this  fluxion,  put 


z  =  ^i_^-zbs'=-^,  or  z^  =  i-c-^^' ;  hence  z  z  =  b  s  c^^, 
and  ^=jibr  =  "f  •  -r=^'  confequently  t  =~  .  ^, ,  and 
therefore  the  fluent  is  t  =  -/ .     x  log.  it-  =     /  .  ■  x 

Joe.  — ■ =  —.—7-  X  log.  —,—^ — ,  which  is  the  gene- 

^  I  _  V .  - c-"'^        ^^^  */"-«'  ^ 

ral  expreffion  for  the  time. 

Note.    If  the  globe  be  fo  light  as  to   afcend  in  the  fluid,  it  _ 
is  only  neceffary  to  change  the  figns  of  the  firft  two  terms 
in  the  value  of  fy  or  the  accelerating  force,  by  which  it  be- 
comes /=  -^  -  I  ~y~N^ '  ^^^  *^^"  to  proceed  in  all  refpeflis 

as  before. 

For  more  examples  fee  Dr.  Mutton's  Seleil  Exercifesj  from 
whence  feveral  articles  in  this  chapter  were  taken. 


The  theory  of  the  refiftance  of  fluids  when  confidered  in  its 
atmoft'  extent,  is  very  intricate  and  perplexing.  Befides  the 
propofitions  on  this  fubjeft  in  Newton's  Prineipta,  lib.  2,  the 
reader  may  be  referred  to  the  theory  of  John  Bernoulli  in  his 
Diflertation  on  the  Communication  of  Motion,  and  that  of 
M.  jyAlenpiert  in  his  Hydrodynamica.     The  latter  theory  is 

yofc.  I.  MM 
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genuine  and  unexceptionable,  but  extremely  intricate,  requiring 
a  minute  acquaintance  with  the  mofi  abftrufe  analyfis  ;  and  it 
furniftaes  only  one  new  propofition  that  is  of  any  pra£licat 
utility.  The  theory  of  M.  Geotges  Juan  in  his  Examen  Marl- 
time^  and  that  of  M.  La  Grange,  a  fketch  of  which  may  be  feen 
in  Prony's  ArchtteSiure  Hydraulique,  include  all  the  confidera- 
tions  that  ought  to  be  comprifed  in  fuch  difcuffions  :  but  they 
prefent  numerous  difficulties  infeparable  from  the  analyfis  itfelf^ 
3nd  furnifli  but  few  praflical  refultSr 
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CHAPTER  VI. 


Experiments  on  the  Resistance  of  Fluids. 


552.  In  the  preceding  chapter  we  have  given  fome  of  thit 
moft  ufeful  propofitions  in  the  ordinarytheory  of  the  refiftance 
of  fluids,  and  have  referred  to  the  works  of  other  authors  in 
which  more  rigorous  theories  are  exhibited.    But  in  all  theories 
refpedling  the  motions  and  actions  of  fluids,  there  are  aflTump- 
tions  which  depend  on  the  judgment  of  the  inveftigator ;  fo 
that  it  is  always  proper  to  put  every  fuch  theory  to  the  teft  qf 
experiments.     If  it  be  highly  dcfirable  that  thefe  branches  of 
fcience  be  reduced  to  rules  capable  of  being  employed  in  prac- 
tice with  ceitainty,  and  if,  as  is  our  opinion,  this  can  never  be 
completely  attained  by  theory  alone,  it  becomes  a  matter  of 
great  importance  to  fubjeft  thefe  points  to  an  extenfive  and 
Varied  feries  of  experiments  ;  to  difcufs  thefe  experiments  with 
care,  and  to  compare  them  with  the  theory  adopted,  in  order  to 
difcover  where  it  is  deficient,  and  to  fupply  the  deficiencies.     A 
Multiplicity  of  fa£ls  attentively  analyfed,  and  reduced  as  far  as 
gofllible  to  general  lawsj  may  correft  the  refults  of  theory,  or 
conjpofe  of  themfelves  the -outlines  of  a  kind  of  theory  which 
may  be  readily  adapted  to  the  ufual  occafions  of  praftice.     Un- 
der thefe  impreflions  we  have  already  ftated  the  refults  of  expe  : 
yiments  on  the  effluence  of  fluids,  and  the  motion  of  water  ' 
wheels  (chaps.  2  and  4,  book  IV.) ;  and  Ihall  now  exhibit  the 
moft  curious  and  important  refults  which  have  been  deducec} 
from  experiments  on  the  refiftance  of  fluids.- 

553.  Experiments  on  this  fubje£l  are  by  no  means  numerous  | 
at  leaft  fuch  as  can  be  depended  on  for  the  foundation  of  any 
pradical  application.  The  firft  that  have  this  charader  are 
thofe  pubiiflied  by  Mr.  Robins  in  1742,  in  his  treatife  on  gun- 
nery. They  were  repeated  with  fome  additions  by  the 
Chevalier  Borda,  and  fome  account  of  them  publiflied  in  the 
Memoirs  of  the  Academy  of  Sciences  in  1763.  In  the  Philo- 
fophical  Tranfadions  of  the  Royal  Society  of  Lpndon,  vol. 
jlxxiii,  there  are  fome  experiments  of  th?  fanie  kind  ou  a  lar^ffl? 
ibaie  byJVIlr.  Edgeworth- 
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In  all  thefe  experiments  the  refiftances  were  found  to  be  very 
pearly  in  the  proportion  of  the  fquares  of  the  velocities ;  but 
they  were  found  confiderably  greater  than  the  weight  of  the 
cdlumn  of  air  whofe  height  would  produce  the  velocity  in  a 
falling  body.  Mr.  Robins's  experiments  on  a  fquare  of  i6 
inches,  defcribing  25 '2  feet  per  fecond,  indicate  the  refiftance 
to  be  to  this  weight  nearly  as  4  to  3.  Borda's  experiments 
upon  the  fame  furface,  ftate  the  difproportiort  to  be  ftill  greater. 

The  refiftances  are  found  not  to  be  in  the  proportion  of  the 
furfaces,  but  increafe  confiderably  fafter.  Surfaces  of  9,  16, 
36,  and  81  inches,  moving  with  one  velocity,  had  refiftances  in 
the  proportion  of  9, 17^^,  42fi  and  io4|. 

Now  as  this  deviation  from  the  proportion  of  the  furfa,ce3 
increafes  with  great  regularity,  it  is  moft  probable  that  it  con- 
tinues to  increafe  in  furfaces  of  ftill  greater  extent ;  and  thefe 
are  the  moft  generally  to  be  met  with  in  practice  in  the  action 
of  wind  on  fhips  and  mills. 

Borda's  experiments  on  8 1  inches  fliew  that  the  Impulfe  of 
wind  moving  one  foot  per  fecond,  is  about  '-j^  of  a  pound  on. 
a  fquare  foot.  Therefore,  to  find  the  impulfe  on  a  foot  corre- 
fponding  to  any  velocity,  divide  the  fquare  of  the  velocity  by 
500,  and  we  obtain  the  impulfe  in  pounds.  Mr.  Roiife  of 
Leicefterftiire  made  many  experiments,  which  are  mentioned 
with  great  approbation  by  Mr.  Smeaton.  His  great  fagacity 
and  experience  in  the  ereftion  of  windmills  oblige  us  to  pay  a 
ConCderable  deference  to  his  judgment.  Thefe  experiments 
confirm  our  opinion,  that  the  impulfes  increafe  fafter  than  the 
furfaces.  The  following  table  was  calculated  from  Mr.  Roufe's 
(sbfervations,  and  may  bf  confidered  as  pretty  near  the  truth. 
Velocity  in  Ft.  Inayt(lse  on  a  Ft,  in  Pound?. 

O  O'OOO 

?Q  Q"I29 

30  2'o59 

4P  3  "660 

SO  5718 

0(?  8"234 

19  ?i'207 

iBp  14-638 

9?  |8'526 

TPQ  22-87? 

3i(?  27-675 

I2q  32-926 

?3Q  3^-654 

'40  44-§3?> 

^59  51-46^ 
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If  we  multiply  the  fquare  of  the  velocity  in  feet  by  l6,  the 
produ£l  will  be  the  impulfe  or  refiftance  on  a  fquare  foot  in 
grains,  according  to  Mr.  Roufe's  numbers. 

<;S4-  The'gre:\teft  deviation  from  the  theory  occurs  in  the 
oblique  impulfes.  Mr.  Robins  compared  the  refiftance  of  a 
wedge,  whofe  angle  was  90°,  with  the  refiftance  of  itsbafe  ;  and 
inftead  of  Jinding  it  lefs  in  the  proportion  of  ^2  to  i,  as  de- 
termined by  the  theory,  he  found  it  greater  in  the  proportioa 
of  55  to  68  nearly ;  and  when  he  formed  the  body  into  a  pyra- 
mid, of  which  the  fides  had  the,  fame  furface  and  the  fame 
inclination  as  the  fides  of  the  wedge,  the  refiftance  of  the  bafc 
and  face  were  now  as  55  to  39  nearly-:  fo  that  here  the  fame 
furface  with  the  fame  inclination  had  its  refiftance  reduced 
from  68  to  39  by  being  put  into  this  form.  Similar  deviations 
occur  in  the  experiments  of  the  Chevalier  Borda  s  and  it  may 
be  coUefted  from  both,  that  the  refiftances  diminifh  more 
nearly  in  the  proportion  of  the  fines  of  inpidence  than  in  the 
proportion  of  the  fquares  of  thofe  fines. 

The  irregularity  in  the  refiftance  of  curved  furfaces  is  as  great 
as  in  plane  furfaces.  In  general,  the  theory  gives  the  oblique  , 
impulfes  on  plane  furfaces  much  too  fmall,  and  the  impulfes  on 
curved  furfaces  tqo  great.  The  refiftance  of  a  fphere  does  not 
exceed  the  fourth  part  of  the  refiftance  of  its  great  circle,  inftead 
of  being  its  half;  but  the  anomaly  is  fuch  as  to  leave  hardly  any 
room  for  calculation.  It  would  be  very  defirable  to  have  the 
experiments  on  this  fubje(3t  repeated  in  a  greater  variety  of  cafes, 
and  on  larger  furfaces,  fo  that  the  errors  of  the  experiments  may 
be  of  lefs  confequence.  , 

Mr.  Robins  having  proved  that  in  very  great  changes  of  velo- 
city the  refiftance  does  not  accurately  follow  the  duplicate  ratio 
of  the  velocity,  lays  down  two  pofitions,  which  he  fuppofes 
may  be  of  fome  fervice,  particularly  in  the  pra£i:ice  of  artillery, 
till  a  more  complete  and  accurate  theory  of  refiftance,  and  the 
changes  of  its  augmentation,  may  be  difcovered.  The  firft  of 
thefe  is,  that  till  the  velocity  of  the  projeifHle  furpafs  i  ioq  or 
1200  feet  per  fecond,  the  refiftance  maybe  efteemed  in  the 
duplicate  ratio  of  the  velocity.  The  fecond  is,  that  when  the 
velocity  exceeds  11 00  or  1200  feet  in  a  fecond,  then  the  abfo- 
lute  quantity  of  the  refiftance  will  be  nearly  3  times  as  great 
as  it  fliould  be  from  a  comparifon  with  the  fmaller  velocities. 
We  fliall  foon  fee,  however,  that  there  is  no  abrupt  change  in 
the  law  of  refiftance  ;  but  that  it  Is  flow  and  continual)  irein 
the  fniialleft  to  the  greateft  velocities. 
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555.  Dr.  HuttoH,  of  the  Royal  Academy  Woolwich,  has 
likewife  profecuted  the  fubjefl  of  the  refiftance  of  the  air  ex- 
perimentally, and  that  to  a  Gonfiderable  extent.  His'fexperi- 
jnents  were  made  not  only  with  the  whirling  machine,  in- 
vented "by  Mr.  Robins,  but  with  cannon  balls  of  different 
^eights,  from  i  lb.  to  6  lb. ;  alfo  with  figures  of  various 
ihapes,  and  with  planes  fet  at  a  variety  of  angles  of  inclination 
to  the  path  of  motion.  From  thefe  curious  experiments  the 
doftor  has  afcertained  the  refiftance  of  bodies  to  all  velocities, 
from  1  to  2000  feet  per  fecond ;  the  bodies  being  different, 
and  their  faces  at  different  angles  of  inclination.  Some  of  his 
general  tables  and  conclufions  deduced  from  thofe  experiments 
are  as  follow. 


Table  I.  Rejljlances  of  different  bodied. 


Veloc. 

Small 

hemis. 

flat 

side. 

Large 

)emis. 

Cone. 

Cylin- 
der. 

Whole 
globe. 

Besis. 
as  the 

per 
sec. 

flat 
side. 

round 
side. 

vertex. 

base. 

power 
of  the 
veloG. 

feet. 

oz. 

oz: 

oz. 

oz. 

oz. 

QZ. 

oz. 

i 

•028 

•051 

■020 

-028 

•064 

■050 

•027, 

4    . 

■048 

-   -096 

•039 

•048 

■109 

•090 

•047 

5 

•072 

•148 

■063 

•071 

-162 

•143 

•   -06  8 

6 

•103 

■an 

.-092 

•098 

•aas 

■205 

•094 

7 

•141 

•384 

•123 

•129 

-298 

-278 

-I2J 

8  - 

.  •184 

•368 

-160 

•168 

-382 

■360 

-162 

9 

•233 

•464 

•199 

-211 

•478 

•456 

•205 

10 

•287, 

■573 

•24a 

•260 

•?87 

■'•56.f 

•^5S 

11 

•349 

-698 

-292 

•315 

•712 

•688 

•310 

2-052 

1% 

•418 

•836 

•347 

•376 

-850 

-826 

•370 

a-043 

13 

•492 

■988 

•409 

-440 

I -000 

•979 

•435 

2-036 

14 

■573 

1-154 

•47  8 

■51a 

i-i66 

I-I45 

'S°5 

a-031 

15 

,•661 

1-336 

'S5^ 

■589 

1-346 

1-327 

•581 

2031 

16 

••754 

1-538 

■634 

-673 

1-546 

1-526 

•663 

4-033 

17 

•853 

1-757 

•721 

.    -762 

j-763 

'•745 

■75a 

2038 

18 

•959 

1-928 

-8i8 

■858 

2-002 

1986 

-S48 

2-044 

19 

1-073 

2-998 

•922 

•959 

a-26o 

a-246 

•949 

a  047 

iO 

I'igd 

2-544 

1-033 

I  069 

2-540 

a-528 

I-0J7 

2-051 

Mean 

propor. 

Nos. 

t40 

288 

119 

126 

291 

285 

ia4 

4-040 

1 

2 

3 

4 

5 

6 

7 

g 

9  , 

<\ 


In  this  table  are  contained  the  refiftances  to  feveral  forms  of 
bodies,  when  moved  with  feveral  degrees  of  velocity,  from  3 
feet  per  fecond  to  20.  The  names  of  the  bodies  are  at  the  tops 
©f  the  columns,  as  alfo  which  end  went  foremoft  through  th«' 
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air ;  the  different  velocities  are  in  the  firft  column,  and  the  re- 
£ftances  on  the  fame  line,  in  their  federal  columiiSj  in  avoirdu- 
pois ounces  and  decimal  parts.     So  on  the  firft  line  are  con- 
tained the  refiftances  when  the  bodies  move  with  a  velocity  of 
3  feet  in  a  fecond,  viz.  in  the  ad  column  for  the  finall  he- 
mifphere,  of  4f  inches  diameter,  its  refiftance  -028  oz.  when  the 
flat  fide  went  foremoft ;  in  the  3d  and  4th  columns  the  refift- 
ances tp  a  larger,  hemifphere,  firft  "with  the  flat  fide,  and  next 
the  round  fide  foremoft,  the  diameter  of  thisj  as  well  as  all  th& 
following  figures  being  6^  inches,  and  therefore  the  area  of  the 
great  circle  =  32  fq.  inches,  or  |.  of  a  fq.  foot;  then  in  the  5th 
and  6th  columns  are  the  refiftances  to  a  cone,  firft  its  vertex 
and  then  its  bafe  foremoft,  the  altitude  of  the  cone  being  6^ 
inches,  the  fame  as  the  diameter  of  its  bafe;  in  the  7th  column 
the  refiftance  to  the  end  of  the  cylinder,  and  in  the  8th  that 
againft  the  whole  globe  or  fphere.     All  the  numbers  ftiew  the 
real  weights  which  are  equal  to  the  refiftances  ;  and  at  the  bot- 
toms of  the  columns  are  placed  proportional  numbers,  which 
fliew  the  mean  proportions  of-the  refiftances  of  all  the  figures  to 
one  another  with  any  velocity.    Laftly,  in  the  9th  column  are 
placed  the  exponents  of  the  power  of  the  velocity  which  the 
refiftances  in  the  8th  column  bear  to  each  other,  viz.  which 
that  of  the  10  feet  velocity  bears  to  each  of  the  following  oneS, 
the  medium  of  all  of  them  being  as  the  2*04  power  of  the  velo- 
city ;  that  is,  very  little  above  the  fquare  or  fecond  power  of  the 
velocity,  fo  far  as  the  velocities  in  this  table  extend. 

556.  From  this  table  the  following  inferences  are  eafily  de- 
iduced. 

I.  That  the  refiftance  is  nearly  in  the  fame  proportion  as  the 
furfaces;  a  fmall  increafe  only  taking  place  in  the  greater  fur- 
faces,  and  for  the  greater  velocities.  Thus,  by  comparing 
together  the  numbers  in  the  2d  and  3d  columns  for  the  bafes 
of  the  two  hemifpheres,  the  areas  of  which  bafes  are  in  the 
proportion  of  I7|-  to  32,  or  5  to  9  very  nearly,  it  appears  that 
the  numbers  in  thofe  two  columns  exprefling  the  refiftances, 
are  nearly  as  i  to  2,  or  5  to  10,  as  far  as  the  velocity  of  iz 
feet ;  but  after  that,  the  refiftances  on  the  greater  furface  in* 
cteafe  gradually  more  and  more  above  that  proportion. 

II.  The  refiftance  to  the  fame  furface  with  different  veloci- 
ties, is,  in  thefe  flow  motions,  nearly  as  the  fquare  of  the  ve- 
locity ;  but  gradually  increaffes  more  and  more  above  that  pro- 
portion as  the  velocity  increafes.  This  is  manifeft  from  all  the 
columns ;  and  the  index  of  the  power  of  the  vetocity.is^  fet 
down  in  the  9th  column,  for  the  refiftances  in  the  8th,  the 
iinedium  being  2*04 ;  by  which  it^  appears^  that  the  tejiftance' 
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to  the  f^me  body  is,  in  thefe  flow  motions,  as  the  2*04  power 
of  the  velocity,  or  nearly  as  the  fquare  of  it. 

III.  The  round  ends,  and  (harp  ends,  of  folids,  fufFer  lefs 
refiftance  than  the  flat  or  plane  ends,  of  the  fame  diameter ;  but 
the  ftiarper  end  has  not  always  the  lefs  refifl;ance.  Thus,  the 
cylinder  and  the  flat  ends  of  the  hemifphere  and  cone  have 
more  refiftance  than  the  round  or  fliarp  ends  of  the  fan^e ;  but 
the  round  fide  of  the  hemifphere  has  lefs  refiftance  than  the 
ftiarper  end  of  the  corie. 

IV.  The  refiftance  on  the  bafe  of  the  hemifphere,  is  ta  that 
on  the  round,  or  whole  fphere,  as  2 j-  to  i,  inftead  of  2  to  i,  as 
the  theory  gives  that  relation.  Alfo  the  experimented  refift- 
ance on  each  of  thefe,  is  nearly  -J  more  than  the  quantity 
afligned  by  the  theory. 

;  V.  The  refiftapce  on  the  bafe  of  the  cone  is  to  that  on  the 
vertex  nearly  as,2-ro-  to  i  *,  and  in  the  fame  ratio  is  radius  to 
the  fine  of  the  angle  of  inclination  of  the  fide  of  the  cone  to  its 
path  or  axis.  So  that,  in  this  inftance,  the  refiftance, is  direfHy 
,as  the  fine  of  the  angle  of  incidence,  the  tranfverfe  feftion  be- 
ing, the  fame. 

VI.  When  the  hinder  parts  of  diflicrent  bodies  are  of  differ- 
ent forms,  the  refiftances  are  different,  though  the  fore  parts 
be  exadtly  alike  and  equal ;  owing  probably  to  the  different 
preffures  of  the  air  on  the  hinder  parts.  Thus,  the  refiftance  to 
the  fore  part  of  the  cylinder  is  lefs  than  on  the  equal  flat  fur- 
face  of  the  pone,  or  of  the  hemifphere ;  becaufe  the  hinder  part 
of  the  cylinder  is  more  preffed  or  pufhed  by  the  following  air 
than  thofe  of  the  other  two  figures ;  alfo,  for  the  fame  reafon, 
the  bafe  of  the  hemifphere  fuffers  a  lefs  refiftance  than  that  of 
the  cone,  and  the  round  fide  of  tlie  hemifphere  lefs  than  the 
whole  fphere. 
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^57*  Table  II.  Keftflance's  hoth  hy'experimeni  nnd  theory,"'to  a 
globe  of  I  "965  inches  diameter.  a 


Veloc.  peV 

con    1  n  -foot' 

Resist,  by 
exper. 

Resist,  by 
theory. 

Ratio  of 
exper.  to 

Resist,  a? 
thepower 

&CL>  1|,1  ICCLi 

oz. 

oz. 

theory. 

of  the  veloc. 

s 

o-oo6 

0-005 

1-20 

10  . 

0-0244 

0-020 

1-23 

15 

0-055 

0-044 

1-25 

20 

0-100 

0-079 

1-27 

25 

0-157 

0-123 

1-28 

2-022 

30 

0-23 

0-177 

r-30 

2-055 

40 

0-42 

0-314 

V33 

2-068 

50 

0-67 

0-491 

1-36 

•    2-075 

loo 

2-72 

1-964 

1-38 

2-059 

200 

II 

7-9 

1-40 

2-041 

300 

25 

18-7 

1-41 

2-039 

400 

45 

31-4 

1-43 

2-039 

foo 

72 

49 

1-47 

2-044 

600 

.  107 

75 

1-51 

2-051 

700 

151 

96 

1-57 

2-059 

8co 

205 

126 

1-63 

2-067 

900 

271 

159 

1-70 

2-077 

1000 

35® 

196 

i-7| 

2-o86 

1 100 

442 

238 

i-8(? 

2-095 

1200 

546 

283 

1-90 

2-102 

1300 

661 

332 

1-99 

2-107 

1400 

785 

385 

•2-04 

2-1 1 1 

1500 

916 

442. 

■2-@7 

2-II3 

'    1600 

1051 

503 

2-09 

2-113 

1700 

1186 

568 

2-08 

2-1 II 

1800 

1319 

636 

■2-07 

2-108 

1900 

1447 

709 

■2-04 

2-104 

20S0 

15651. 

786 

■  2-00' 

2-098 

In  the  firft  column  of  this  table  are  contained  the  feveral  ve- 
locities, gradually  from  o  up  to  the  great  velocity  of  2000  feet 
per  fecond,  with  which  a  ball  or  globe' moved.  In  the  2d  co- 
lumn are  the  experimented  refiftances  in  avoirdupois  ounces, 
In  the  3d ,  column  are  the  correfpondent  refiftances,  as  com- 
puted by  the  theory.  In  the  4th  column  are  the  ratios  of  thefe 
two  refiftances,  or  the  quotients  of  the  former  divided  by  the 
latter.  And  in  the  5th  or  laft,  the  indexes  of  the  power  of 
the  velocity  which  is  proportional  to  the  experimented  refiftance ; 
which  are  found  by  coitiparing  the  refift'ance  of  20  feet  velocity 
with  each  of  the  following  ones. 
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From  the  ad,  jd,  and  4th  columns  it  appears,  that  at  the 
liegiftning  of  the  motion  the  experimented  refiftance  is  nearly 
equal  to  Uiat  computed  by  theory  ;  but  that,  as  the  velocity  in- 
creafes,  the  experimented  refiftance  gradually  exceeds  the  other 
more  and  more,  till  at  the  velocity  of  1300  feet  the  former  be- 
comes  juft  double  the  latter;  after  which  the  difference  in- 
creafes  a  little'  further,  till,  about  the  velocity  of  1600  or  1700,' 
where  that  excefs  is  the  -greateft,  and  is  rather  lefs  than  2-^; 
after  this,  the  difference  decreafes  gradually  as  the  velocity  in- 
creafes,  and  at  the  velocity  of  2000  the  former  refiftance  again 
hecomes  juft  double  the  latter- 

From  the  la  ft  column  it  appears  that,  near  the  beginning,  or 
in  flow  motions,  the  refiftances  are  nearly  as  the  fquare  of  the 
velocities ;  but  that  the  ratio  gradually  increafes,  with  fome 
finaU  variation,  till  at  the  velocity  of  1500  or  1600  feet  it  be- 
comes as  the  2^  power  of  the  velocity  nearly,  which  is  its 
Ingheft  afcent ;  and  after  that  it  gradually  decreafes  again,  as 
the  velocity  go^ s  higher.  And  fimilar  conclufions  have  alfo 
Iseen  derived  from  experiments  with  larger  balls  or  globes. 

558.  Table  III.  Rejijiance  to  a  plane ^  fet  at  various  angl^ 
(d^  inclination  to  its  path^  > 


Experim.  re- 

Resist, by  this 

Sines  of  the 

Angle  with 

sistances. 

formula. 

angles  to  ra- 

the path. 

oz. 

•84j'-84>r  • 

dius  -840. 

0°  , 

•000 

•08O 

•000 

5 

•015 

'O09 

•073. 

10 

■044 

•035 

•146 

15 

•082 

•076 

•217 

20 

•133 

•131 

•287 

25 

*200 

-199 

•355 

30 

•278       ' 

•278 

•420 

35 

•362 

•363 

•482 

40 

•448 

•450 

•540 

45 

'534- 

•535 

•594 

50 

•619 

•613 

•643 

i5 

•684 

•680 

■688  >-    . 

<So 

•729 

'   -736 

•727 

65 

•770 

•778 

•761 

70 

•803 

•808 

^789 

75 

•823 

•826 

•811 

80 

•835 

•836 

•827 

85    ' 

•839 

•839 

•838 

90 

-840 

■840    ; 

-84Q 
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In  the  2d  column  of  this  table  ace  contained  tile  a9:ual  ex- 
perimented tefiftences  in  ounces,  to  a  plane  ^£32  fquare 
inches,  or  i  of  a  fquare  foot,  move<i  through  the  air  with  a  ve- 
locity of  exaftly  12  feet  per  iecond,  when  the  plane  was  fet  fo 
as  to  make,  with  the  <lire<9;ion  of  its  path,  the  correfponding 
angles  in  the  firft  column. 

And  from  thefe  Dr.  Huttrni  deduced  this  formula,  v'm. 
•Sv'-*"*,  which  brings  out  Very  nearly  the  fame  numbets,  and 
}s  a  general  theorem  for  every  angle,  for  the- fame  plane  of  -I  of 
a  foot,  and  moved  with  the  fame  velocity  of  12  feet  in  a  fecond 
of  time  J  where  j-  is  the  fine,  and  c  the  cofine  of  the  angles  of 
(ncliiiation  in  the  firft  column. 

If  a  theorem  be  defired  for  any  other  velocity  v,  and  any 
other  plane  whofe  area  is  a,  it  will  be  thus:  -jLav^j-'"'*^,  or 
toiore  nearly  ^^  a  w  ^"^ j  " '^-'^ 5  which  exhibits  the  refiftance 
very  nearly  to  any  plane  furface  ^k^hofe  area  is  a,  moved  thf  ought 
the  air  with  the  velocity  i>,  in  a  direftion  making  with  that 
plane  an  angle,  whofe  fine  is  s  and  cofine  c. 

If  the  fluid  be  water,  or  any  other  whofe  denfity  Is  different 
from  that  of  air,  the  formula  for  the  refiftance  mull  be  ia- 
creafcd  in  proportion  to  the  denfity. 

By  this  theorem  were  computed  the  numbers  in  the  3d  co- 
lumn, which,  it  is  evident,  agree  very  nearly  with  the  experi- 
mental refiftances  in  the  2d  column ;  excepting  in  two  or  three 
of  the  fmall  numbers  near  the  beginning,  which  are  of  the  leaft 
confequence.  In  all  other  cafes,  the  theorem  gives  nearly  the 
true  refiftance.  In  the  4th  or  laft  column  are  entered  the  fines, 
of  the  angles  of  the  firft  column,  to  the  radius  "84,  in  order  to 
compare  them  with  the  refiftances  in  the  other  columns.  Front 
whence  it  appears  that  thofe  refiftances  bear  no  fort  of  analogy 
to  the  fines  of  the  angles,  nor  yet  to  the  fquares,  or  any,  other 
power  of  the  fines.  In  the  beginning  of  the  columns,  the  fines 
much  exceed  the  refiftances  all  the  way  till  the  angle  is  between 
55°  and  60°}  after  which  the  fines  are  lefs  than  the  refiftances 
all  the  way  to  the  end,  or,  till  the  angle  becomes  a  right  angle.' 
See  Huttor^s  DiSionary,  art.  Resistance  of  Fluids. 
»  See  alfo  a  paper  by  Mr.  Vince  on  this  fubjeft  in  the  PhIL 
Tranf.  for  1798,  or  Nicholfon's  Journal,  vol.  iii.  p.  506- 


559.  Meffrs.  D'Alemherty  Condorcety  and  BoffUt,  purfuant  to 
tiie  diredtions  of  M.  Turgot,  comptroller-general  of  finances, 
made,  in  the  year  1775,  a  feries  of  experiments,  in  order  to 
perfe^  internal  oavigation  5  and  the  refiftance  of  fluids  was  the 
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principal  objefl  of  theit  telearches.-  Their  experiments,  how- 
ever, were  confined  to  very  fmall  vddcities,  and  to  direB  refift- 
aneesj  fo  that  their,  refults,  as  might  be  expefted,  did  not  dif- 
fer fenfibly  from  thofe  furnifhed  by  the  ordinary  theory^  But, 
in  1778,  Boflut  and  Condoreet  direfted  their  attention  to  ob- 
lique refiftances,  and  undertook  ','  A  new  feries  of  experiments, 
"  chiefly  intended  to  difcover  the  law  according  to  which  the 
*'  refiftance  experienced  by  an  angular  prow  diminifhes  in  pro- 
•'  portion  as  the  angle  of  that  prow  becomes  more  acute;  th* 
"  fluid  being  indefinite,  fuch  as  the  fea." 

Thefe  experiments  were  made  in  a  great  refervoir  fituated 
on  the  north  fide  of  the  ancient  Boulevards  of  Paris.  Thevef-> 
fels  were  prifmatic  (excepting  the  prow,  which  was  an  ifofceles 
wedge),  and  their  motion  was  produced  by  the  defcent  of  a 
weight,  which,  by  means  of  a  cord,  and  diffisrerit  pullies,  caufed 
the  veflels  to  advance.  During  the  firft  infhants  of  the  defcent 
of  the  weight,  the  motion  was,  accelerated  ;  but  the  vefl^el  foon 
acquired  a  uniform  velocity,  and  the  refiflance  of  the  water, 
relative  to  that  velocity,  makes  the  equilibrium  with  the  moving 
force  of  the  weight  due  to  gravity,  &c. 

The  following  table  comprifes  69  experiments  of  Bofliut  on 
fimple  angular  prows.  The  firft  five  were  made  with  a  boat 
in  form  of  a  rectangular  parallelopiped,  the  length  of  which 
was  4  feet,  breadth  2  feet,  depth  in  the  fluid  2  feet,  and  height 
of  the  part  jutting  out  of  the  fluid  about  7  feet.  , 

The  other  64  experiments  were  made  with  14  veflels  in 
form  of  a  prifm,  the  prows  being  ifofceles  vvedges,  having  their 
vertices  forwards :  thefe  vertical  angles  increafed  gradually 
from  12°,  24",  36°,  &c.  to  180°;  the  length  of  each  veflel 
was  4  feet,  breadth  2  feet,  depth  in  the  water  2  feet,  height 
out  of  the  water  about  7  feet :  all  in  Paris  meafure.  The  titles 
ef  the  columns  require  no  explanation. 


Chap.  VI.]  Rejijiana^  Experiments  concerning^ 
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The  djredt  refiftan.ee  on  the  end  of  the  veflol  without  an 
Jfofceles  prow  may  be  reprefented  bjr  any  arbitrary  number,  as 
^0000  iai  inftance. 

4n4  if  the  angle  of  the  prow,  or  that  fpyoied  af  the  foye-p^rt 
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cf  thereflef  or  fummit  of  the  triaogular  fe£lion,  be  x,  the  rc- 
&lance  wili  be  exprefied  by  the  formdla  j  oooo  cof.  ^x.  To  Cor- 
ie£t  this  expreffi6n  by  means  ©f  the  foregoing  table,  we  may  ob- 
lerve  that^  when  the  angle  x  andergoes  a  variation  of  r2°,  eScfe 
e£  the  angles  at  the  bafe  of  the  ifofcefes  prow  will  vary  6°  t  caU- 
ing  this  latter  variation  q,  M.  BoSitt  dedaced  from  the  table 

the  additive  corredtion  3"i53  (-—1  ^  ^'^i  ■*  and  q  being  exprefleci 

m  decimal  parts  of  the  radius  unity..  Thus  the  whole  refifii- 
ance  againft  the  prow,  eftimated  in  the  oppofite  direftton  ta 
that  of  the  motion  of  the  boat,  is  equal   to  loooo  cof.  ^;k-|- 

3T53  (— )  ^'^K     And  this,  formula  will  be  fvifEcicntly  exa£% 

when  the  extreme  angle  of  the  prow  is  greater  than  1 2° :  but 
when  that'angle  is  lefs  than  r  2°  the  theorem  will  err  in  exce§- 

560.  Such  are  the  conclufions  and  rules  which  have  been  de- 
duced from  fome  of  the  moft  judicious  experiments-  on  the  re>- 
fiftance  of  fluids  to  the  motion  of  bodies  pafling  through  them. 
ConGdering  the  number  and  importance  of  thefe  inferences 
with  refpeflfc  to  the  magnitude  and  extent  of  the  experiments 
from  which  they  were  drawn,  we  cannot  bat  earneftly  wife 
that  thofe  who  have  leifure  and  opportanity  to  purfue  foch  en- 
quiries, would  ftill  further  extend  and  vary  their  refearches  in 
this  department  of  experimental  philofophy.  Much  valnable- 
knowledge  may  be  expeGed  to  refuh  from  labours  of  this 
kind :  for  it  isj  probably,  only  by  reiterated  experiments  arid  ol>. 
fervations  that  fiifEcieni  data  can  be  obtained  to  perfe^  the- 
fliecry  of  two  momentous  branches  of  mechanical  fcience,  via, 
thofe  relating  to  the  motion  of  military  projeQiles,  andtoth,^ 
njancEuvjres  of  veffcls.  at  fea» 


END  OF  VOLUME  I.. 
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